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Abstract: In this paper, we construct an affine model of a Riemann surface with a flat Riemannian
metric associated to a Schwarz—Christoffel mapping of the upper half plane onto a rational triangle.
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1. Introduction

We give a section by section summary of the contents of this paper.

In §1 we define the Schwarz—Christoffel conformal map Fg (2) of the complex plane
less {0,1} onto a quadrilateral Q, which is formed by reflecting a rational triangle T, 1,
in the real axis.

In §2, following Aurell and Itzykson [1] we associate to the map Fg the affine Riemann
surface S in C? defined by " = ¢"~"0(1 — &)"~™, where C? has coordinates (&,7) and
n = ng + 11 + ne. Thinking of S as a branched covering

n:S8—=C\{0,1}:(&n)—¢

with branch points at (0,0), (1,0) and oo corresponding to the branch values 0, 1, and oo,
respectively, we show that S has genus 5 (1 +2 — (dg + dq + deo)), where d; = ged(n, 1))
for j = 0,1, . Let Sreg be the set of nonsingular points of S. The map 7 = 7, Sreg * Sreg =
C\ {0,1} is a holomorphic n-fold covering map with covering group the cyclic group
generated by

R : Sreg C Cc? o Sreg C C2: (E1) s (& e¥ /).

In §3 we build a model greg of the affine Riemann surface Sreg. The quadrilateral Q is
holomorphically diffeomorphic to a fundamental domain D of the action of the covering
group on Seg. Rotating Q by

R:C — C:z s 2mi/ny

gives a regular stellated n-gon K*, which is invariant under the dihedral group G gen-
erated by the mappings Rand U : C — C : z — z. We study the group theoretic
properties of K*. We show that K* is invariant under the reflection $U) = R™ U in the ray
{tezm’l"/ ne (C| t > 0} for j = 0,1, c0. To construct the model greg of the affine Riemann
surface Sreg from the regular stellated n-gon K* we follow Richens and Berry [2]. We
identify two nonadjacent closed edges of cl(K*), the closure of K*, if one edge is obtained

from the other by a reflection Sl((j ) = RKSU)R* for some j = 0,1,00. The identification
space (cl(K*) \ O)~, where O is the center of K*, is a complex manifold except at points
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corresponding to O or a vertex of cI(K*), where it has a conical singularity. The action
of G on K* \ O induces a free and proper action on the identification space (K* \ O)~,
whose orbit space greg is a complex manifold with compact closure in CP?, with genus
3 (n+2— (do+dy +dw)). Moreover Syeg is holomorphically diffeomorphic to the affine
Riemann surface Sreg-

In §4, we construct an affine model §reg of the Riemann surface Seg. In other words,
we find a discrete subgroup & of the 2-dimensional Euclidean group E(2), which acts freely
and properly on C \ V' such that after forming an identification space (C\ V)~ the &
orbit space (C\ V)~ /g is holomorphically diffeomorphic to Sreg. We now describe
the group ®. Reflect the regular stellated n-gon K* in its edges, and then in the edges
of the reflected regular stellated n-gons, et cetera. We obtain a group 7 generated by 2n

translations T so that Tf Towivo Tfi" sends the center O of K* to the center of a repeatedly

reflected reflected n-gon. The set V7 is the union of the image under Tf lo-vvo TZ%” of a

vertex of cl(K*) and its center O for every (¢1,...,¢2,) € (Z>0)*". Let ® be the semi-direct
product G x 7. The fundamental domain of the & action on C\ V7 is cl(K*) less its
vertices and center. Identifying equivalent open edges of K* \ O and then taking G orbits,
it follows that the affine model §reg of the affine Riemann surface Sreg is the & orbit space
(C\VH)~ /@.
In §5 we show that the mapping

00D C Sreg CC* = QCC:(g,n) = (Fgei)(&y) =2

straightens the nowhere vanishing holomorphic vector field X (11) on 8reg, that is,
Tenoa X&) = 5 for every (&,717) € D. We pull back the flat metric y = dzodz
! 1)

on C by g to the metric I on Sreg. So d is a local developing map. Since a% is the geodesic
vector field on (Q, v[g), it follows that X is a holomorphic geodesic vector field on (Syeg, I').

In §6 we study the geometry of the developing map Jg. The dihedral group G
generated by R and U : Sreg — Sreg : (&,17) — (C,7) is a group of isometries of (Sreg, T').
The group G generated by Rand U : C — C : z + Z is a group of isometries of (Q,¥|g).
Extend the holomorphic map ég to a holomorphic map map g+ : Sreg — K* by requiring
that Rio g+ = 5QoRf on R/ (D). This works since D is a fundamental domain of the
action of the covering group on Sreg, which implies Sreg = Ilp< anRj (D). Thus, the local
holomorphic diffeomorphism Jg+ intertwines the G action on (Sreg, I') with the G action
on (K*, v|k+) and intertwines the local geodesic flow of the holomorphic geodesic vector
field X with the local geodesic flow of the holomorphic vector field %

Following Richens and Berry [2] we impose the condition: when a geodesic, starting
at a point in int(cl(K*) \ O), meets 0K* it undergoes a reflection in the edge of K* that it
meets. Such geodesics never meet a vertex of cl(K*). Thus, this type of geodesic becomes a
billiard motion in K* \ O, which is defined for all time. Billiard motions in polygons have
been extensively studied. For a nice overview see Berger ([3], chpt. XI) and references
therein. An argument shows that G invariant geodesics on (Sreg, T') correspond under the
map dg\o to billiard motions on (K* \ O, ¥|(x+\0))-

Repeatedly reflecting a billiard motion in an edge of K* \ O and suitable edges of
suitable 7 translations of K* \ O gives a straight line motion A on C \ V. The image of the
segment of a billiard motion, where A intersects K* \ O, in the orbit space (C\ V")~ /g =

Sreg, is a geodesic. Here we use the flat Riemannian metric 4 on Sreg, which is induced by
the ® invariant Euclidean metric 7 on C \ V7 restricted to K* \ O. Consequently, (Sreg, 7)
is an affine analogue of the affine Riemann surface Sreg thought of as the orbit space of a
discrete subgroup of PGI(2, C) acting on C with the Poincaré metric, see Weyl [4].
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2. A Schwarz—Christoffel Mapping

Consider the conformal Schwarz—Christoffel mapping

dw
nm

Fr:Ct={¢€C|Im& >0} - T = Tyyun, CC: ¢ m
0 w1’7(1 — w)l’T

=z (1)

of the upper half plane C™ to the rational triangle T = T}, 4, ,, With interior angles %7‘[,
“L7, and =77, see Figure 1. Here ng + 111 + neo = nand n; € Z>1 for j = 0,1 and co with
1 < np <1y < neo. Because 1, is greater than or equal to either 1y or ny, it follows that the
corresponding side OC is the longest side of the triangle T = AOCD.

In the integrand of (1) we use the following choice of complex nth root. Suppose that
w e C\{0,1}. Letw = rge® and 1 — w = re’® where r, 1 € R~ and 6y, 6; € [0,27).
For w € (0,1) on the real axis we have ) = 6; =0, w =17y > 0,and 1 —w = r; > 0. So
(w0 (1 — w)" =)/ = (yg "7 "")1/" In general for w € C\ {0,1}, we have

(w70 (1 — w)"*m)l/n — (,{)“”O,f—”l)1/nei((”*”o)9o+(”*"1)91)/”_
From (1) we get
Fr(0) =0, Fr(1) =C, and Fr(e0) =D,

.M
51n77'r

Where C = fol ﬁ and D = enTOni(
w T (1-w) ~ 7

morphic mapping Fr sends int(C™ \ {0,1}), the interior of the upper half plane less 0 and
1, onto int T, the interior of the rational triangle T = T, n.,, and sends the boundary of
C*\ {0,1} to the edges of 9T less their end points O, C and D, see Figure 1. Thus, the

image of C* \ {0,1} under Fris cl(T) \ {O,C,D}. Here cl(T) is the closure of T in C.

T )C. Consequently, the bijective holo-

5 N\ TC

e
=TT Ni
n y

Figure 1. The rational triangle T = Ty u;n.. -

Because Fr|g ) is real valued, we may use the Schwarz reflection principle to extend
Fr to the holomorphic diffeomorphism

_ Fr(&), if&eCt\{0,1
Fo:C\{0,1} 5 Q=TUTCC:fz= (@), e eCrA 01 )
(@), i T {01).
Here Q = Quyn;n,, is a quadrilateral with internal angles 277722, 7t 27171 and 7%
and vertices at O, D, C, and D, see Figure 2. The conformal mapping Fosends C\ {0,1}
onto cl(Q) \ {O,D,C,D}.
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Figure 2. The rational quadrilateral Q.

3. The Geometry of an Affine Riemann Surface

Let & and 7 be coordinate functions on C2. Consider the affine Riemann surface
S = Sypn ne in C?, associated to the holomorphic mapping Fy, defined by

g(&n)=n"-¢g""1-¢""M =0, @)

see Aurell and Itzykson [1]. We determine the singular points of S by solving

0=dg(¢,n)
= —(n—mo)&" (1 —g&r M1 - 2o ) dE 4y dy (4)

n—ny
For (§,n7) € S, wehavedg(¢,n) = 0ifand only if (&,77) = (0,0) or (1,0). Thus, the set
Ssing Of singular points of S is {(0,0), (1,0) }. So the affine Riemann surface Sreg = S \ Ssing

is a complex submanifold of C?. Actually, Sreg € C*\ {57 = 0}, for if (§,77) € Sand 7 =0,
then either { =0or ¢ = 1.

Lemma 1. Topologically Sreg is a compact Riemann surface S C CP? of genus g = % (n+2-
(do +d1 + de)) less three points: [0:0: 1], [1:0:1],and [0:1:0]. Here d; = ged(nj, n) for
j=0,1,00.

Proof. Consider the (projective) Riemann surface S C CP? specified by the condition
[€:1: (] € Sifand only if

G(&n, Q) =gyt =g - = 0. )

Thinking of G as a polynomial in # with coefficients which are polynomials in ¢ and ¢,
we may view S as the branched covering

T:SCCP* = CP:[E:y:0]—[¢:7]. (6)
When { = 1 we get the affine branched covering
T=7lS:S=8N{{=11CC? = C=CPn{{=1}:(&7y) ¢ @)

From (3) it follows that 77 = wy (&" "0 (1 — &)"~")1/", where wy fork =0,1,...,n — 1
is an nth root of unity with and ( )/" is the complex nth root used in the definition of the
mapping Fr (1). Thus, the branched covering mapping 7t (6) has n “sheets” except at its
branch points. Since

_M _n _M
p=C (A= =T (1= (=8 (8a)
and

n

p=01-9" M 1-a-9)" "
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= (1= A- - -0+, (8b)

it follows that { = 0 and ¢ = 1 are branch points of the mapping 77 of degree ;—O and %’ since
dj = ged(n, n;) = ged(n — nj,nj) for j = 0,1, see McKean and Moll ([5], p. 39). Because

)

-(1- 1,1-2 M Mot
1= -t = et -
¢

- (_1)1*"71(;1“%"(1_(1_m)%+...), (8¢)

o is a branch point of the mapping 7 of degree 7-, where des = gcd(n,710). Hence
the ramification index of 0, 1, oo is do(dﬂo —1) = n—dy, n—dy, and n — de, respec-
tively. Thus, the map 7T has dy fewer sheets at 0, d; fewer at 1, and d. fewer at oo
than an n-fold covering of CP. Thus, the total ramification index r of the mapping 7 is
r=(n—dy)+ (n—d)+ (n—d). By the Riemann-Hurwitz formula, the genus g of S is
r = 2n+2g — 2. In other words,

g=1(n+2—(dy+di+d)). )

Consequently, the affine Riemann surface S is the compact connected surface S less the

point at co, namely, S = S\ {[0: 1: 0]}. So Sreg is the compact connected surface S less

three points: [0:0:1],[1:0:1],and [0:1:0]. O

Examples of S = Sy ;e

1. ng=1Lny=1n0=4n=6.Sdy=1,d1 =1,dew = 2. Hence
2¢=8-4=4.50g=2.

2. ng=2,n =2,10 =3;n=7. Sody =d; =de = 1. Hence
2¢=9-3=6.50g=3.

Table 1 below lists all the partitions {11, 19, e } of 7, which give a low genus Riemann
surface S = Sy 1 10

Table 1. Based on the table in Aurell and Itzykson ([1], p. 193).

g no, N1, N0, N g no, N1, Neo, N
1 1,11 3 3 2,2, 3 7
1 1, 1,2 4 3 1,3 3 7
1 1,2 3 6 3 1, 1,5 7
2 1,2 2 5 3 2,3, 3 8
2 1, 1,3 5 3 1,2 5 8
2 1,1, 4 6 3 1,1, 6 8
2 1,3, 4 8 3 2,3, 4 9
2 2,3, 5 10 3 1, 3,5 9
2 1, 4, 5, 10 3 1,2 6 9
3 3,4, 5 12
3 1, 5 6 12
3 1, 3, 8 12
3 2,5 7, 14
3 1, 6 7 14

~
~

Corollary 1. If n is an odd prime number and {ny, ng, ne} is a partition of n into three parts,
then the genus of S is  (n — 1).

Proof. Because 7 is prime, we get dy = d; = de = 1. Using the formula g = % (n+2-
(do +d1 +do)) weobtaing =1 (n—1). O
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Corollary 2. The singular points of the Riemann surface Sare [0:0: 1], [1:0: 1], and if neo > 1
then also [0 : 1 : 0].

Proof. A point [¢: 1 : {] € Sging ifand only if [§ : 77 : {] € S, that s,

0=G(G,n,g) =" oyt —gnro(g — gt (10a)
and
(0,0,0) = DG(@/ 1, C)
= (=g =" T (= mo)(§ = &) — (n—m)g),
nﬂnflgnf(noJrnl)’ (I’l _ ("0 + nl))nngn*HO*M*l

— (n—ny)g" (g -t (10b)

We need only check the points [0: 0:1],[1:0: 1] and [0: 1 : 0]. Since the first two
points are singular points of S = S\ {[0: 1: 0]}, they are singular points of S. Thus, we
need to see if [0 : 1 : 0] is a singular point of S. Substituting (0, 1,0) into the right hand
side of (10b) we get { (s ==y -0 =" Thus, [0 : 1: 0] is a singular point of S only if
Nneo >1. O

Lemma 2. The mapping

T = 71|Sreg : Sreg € C* — C\ {0,1}: (&, 17) — & (11)
is a surjective holomorphic local diffeomorphism.
Proof. Let (,17) € Sreg and let

(;rn—no—l(l _ C)n_nl_l (1 _ 2n—ng—m g)

n—ny
Wn72

. a n—ny a
X&) —’7£+ 7 an (12)
By hypothesis (¢,77) € Sreg implies that 77 # 0. The vector X(¢,7) is defined and is
nonzero. From (X 1 dg)(¢,17) = 0 and T(¢ ) Sreg = kerdg(¢, 77), it follows that X(¢,7) €
T(M)Sreg. Using the definition of X (&, #) (12) and the definition of the mapping 7 (7), we
see that the tangent of the mapping 77 (11) at (&, 77) € Sreg is given by

~ d
T(':J?)n" : T(g,;])Sreg — Tg(C\ {0,1}) =C: X(g,iy) — 17876 (13)

Since X(&,77) and 776% are nonzero vectors, they form a complex basis for Tz ) Sreg and
Tz(C\ {0,1}), respectively. Thus, the complex linear mapping T(¢,) 7 is an isomorphism.
Hence 7 is a local holomorphic diffeomorphism. [J

Corollary 3. 7 (11) is a surjective holomorphic n to 1 covering map.

Proof. We only need to show that 7T is a covering map. First we note that every fiber of 77 is
a finite set with 1 elements, since for each fixed ¢ € C\ {0,1} we have 71(¢) = {(¢&,7) €
Sreg|17 = wi (&M (1 — &)M)1/"} Here wy fork = 0,1,...,n — 1, is an n'™ root of 1 and
()™ is the complex n'" root used in the definition of the Schwarz—Christoffel map Fg (2).
Hence the map 7 is a proper surjective holomorphic submersion, because each fiber is
compact. Thus, the mapping 7 is a presentation of a locally trivial fiber bundle with fiber
consisting of n distinct points. In other words, the map 77 is a n to 1 covering mapping. [J
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Consider the group G of linear transformations of C2 generated by
R:C? = C2: (& 1) — (&e¥/My).

Clearly R" = id2 = e, the identity element of Gand G = {e,R,... ,’R"‘l}. For each
(¢, n) € S we have

(eZm'/nﬂ)n o ém—no (1 . C)n—nl — nn . érl’l—i’l(](l o é)n—nl —0.
SoR(¢,n) € S. Thus, we have an action of Q on the affine Riemann surface S given by
P:GxS—S:(3,(&n) — gEmn). (14)

Since G is finite, and hence is compact, the action ® is proper. For every g € G we
have ®¢(0,0) = (0,0) and ®¢(1,0) = (1,0). So &g maps Seg into itself. At ({,77) € Sreg
the isotropy group Gz ,) is {e}, that is, the G-action ® on Syeg is free. Thus, the orbit space
Sreg/ G is a complex manifold.

Corollary 4. Consider the holomorphic mapping
p: Sreg c CZ — Sreg/g - (Cz : (éﬂ) = [(gl ’7)]/

where [(&,1)] is the G-orbit {Dg(E,7) € Sreglg € G} of (&,1) in Sreg. The G principal bundle
presented by the mapping p is isomorphic to the bundle presented by the mapping 7 (11).

Proof. We use invariant theory to determine the orbit space S/ G. The algebra of polynomi-
als on C?, which are invariant under the G-action ®, is generated by 771 = & and m = 5".
Since (,77) € S, these polynomials are subject to the relation

-y (=)t =" =g (1= g) T =0 (15)

Equation (15) defines the orbit space S/ Gasa complex subvariety of C2. This subvari-
ety is homeomorphic to C, because it is the graph of the function 7y +— 717" (1 — 719 )" ™.
Consequently, the orbit space Sreg/ Gis holomorphically diffeomorphic to C \ {0,1}.

It remains to show that G is the group of covering transformations of the bundle
presented by the mapping 7 (11). For each & € C \ {0, 1} look at the fiber 7-1(¢). If (¢,77) €
71(¢), then RFL(E,y7) = (& €2/ M) € Sreq, since (& €2/ M) # (0,0) or (1,0) and
(&, e*2m/ny) € S. Thus, Ppar (T71(8)) € T 1(8). So Tt 1(&) C dr(n1(8)) € T 1(&).
Hence ®p (771(¢)) = 7 1(&). Thus, ®x is a covering transformation for the bundle
presented by the mapping 7. So g is a subgroup of the group of covering transformations.
These groups are equal because G acts transitively on each fiber of the mapping 7. [J

4. Another Model for Sieg

We construct another model ;SV}eg for the smooth part Syeg of the affine Riemann surface
S (8) as follows. Let D C Sreg be a fundamental domain for the G action ® (14) on Sreg. So
(& 1) € Difand only if for & € C\ {0,1} we have 7 = (&" "0 (1 — &)"™)1/" Here ( )!/"
is the n'h root used in the definition of the mapping Fg (2). The domain D is a connected
subset of Syeg With nonempty interior. Its image under the map 7 (11) is C\ {0,1}. Thus,
D is one “sheet” of the covering map 7. So 7T|p is one to one.

Using the extended Schwarz-Christoffel mapping Fp (2), we give a more geometric
description of the fundamental domain D. Consider the mapping

6:D C Sweg = QCC:(&n)— Fo(R(E ), (16)



Axioms 2021, 10, 49

8 0f 30

where the map 7 is given by Equation (11). The map ¢ is a holomorphic diffeomorphism
of int D onto int Q, which sends 0D homeomorphically onto 9Q. Look at cl(Q), which is a
closed quadrilateral with vertices O, D, C, and D. The set 4(D) contains the open edges
OD, DC, and CD but not the open edge OD of cl(Q), see Figure 3 above.

Lo
A

Figure 3. The image Q of the fundamental domain D under the mapping . The open edges OD, CD,
and CD of the quadrilateral are included; while the open edge OD is excluded.

Let K* = K}, . .. = Ho<j<u—1R/(8(D)) be the region in C formed by repeatedly
rotating Q = (D) through an angle 27t/n. Here R is the rotation C — C : z +— e?™/"z,
We say that the quadrilateral Q = Q2 1,21, 10 fOrms K*, see Figure 4 above.

Figure 4. The regular duodecagon K and the stellated regular duodecagon K* = K}, , formed by
rotating the quadrilateral Q4 44 through an angle 277/12 around the origin.

Theorem 1. The connected set K* is a regular stellated n-gon with its 2n vertices omitted, which
is formed from the quadrilateral Q' = OD’CD/, see Figure 5.

Figure 5. The dart in the figure is the quadrilateral Q' = OD’CD’, which is the union of the triangles
T = AOD'C and the triangle T.

Proof. By construction the quadrilateral Q' = OD’CD’ is contained in the quadrilateral
— mrl .
Q = ODCD. Note that Q C |J! : }W] RI(Q'). Thus,
J=lm7

K* = U RI(Q) € U RI(Q) ¢ U RI(Q) = K*.
j=0 j=0 j=0
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So K* = Ui RI(Q’). Thus, K* is the regular stellated n-gon less its vertices, one of
whose open sides is the diagonal D'D’ of Q. [

We would like to extend the mapping ¢ (16) to a mapping of Sreg onto K*. Let
S, (D) + Pri(D) C Sreg = RI(3(D)) K (511) = RI&(Ppi(E,1),
where @ is the G action defined in Equation (14). So we have a mapping
Ok 1 Sreg CC? — K* CC (17)

defined by (k) |¢Rj (p) =96 |<I’7ej (p)- The mapping dk- is defined on Sreg, because Sreg =
Ho<j<n-1Pgi (D), since D is a fundamental domain for the G-action @ (14) on Sreg- Because
K* =1ly<j<y—1R/(6(D)), the mapping k- is surjective. Hence 6+ is holomorphic, since
it is continuous on Syeg and is holomorphic on the dense open subset 11p< jgn—le (intD)
Of Sreg. Let U : C — C : z +— z and let G be the group generated by the rotation R and
the reflection U subject to the relations R” = U? = e and RU = UR~!. Shorthand G =
(U,R|U* =e=R" & RU = UR™'). Then G = {¢;RPU*, £ =0,1& p=0,1,...,n—1}.
The group G is the dihedral group D,,. The closure cl(K*) of K* = Hogjgn—le (Q)inCis
invariant under G, the subgroup of G generated by the rotation R. Because the quadrilateral
Q is invariant under the reflection U : z — Z, and UR/ = R7/U, it follows that cl(K*) is
invariant under the reflection U. So cl(K*) is invariant under the group G.
We now look at some group theoretic properties of K*.

Lemma 3. If F is a closed edge of the polygon cl(K*) and g|r = id|f for some g € G, then g = e.

Proof. Suppose that ¢ # e. Then ¢ = RPU' for some ¢ € {0,1} and some p € {0,1,...,
n —1}. Let ¢ = RPU and suppose that F is an edge of cI(K*) such that int(F) "R # &,
where R = {Rez| z € C}. Then U(F) = F,but U|g # idr. So g|r = RPU|f # idr. Now
suppose that int(F) "R = &. Then U(F) # F. So U|r # idp. Hence g|r # idg. Finally,
suppose that g = R? with p # 0. Then g(F) # F. So g|r #id|r. O

Lemma 4. For j = 0,1,00 put SU) = R™U. Then SU) is a reflection in the closed ray ¢/ =
{te!™Mi/m ¢ C|t € OD}. The ray (0 is the closure of the side OD of the quadrilateral Q = ODCD
in Figure 5.

Proof. SU) fixes every point on the closed ray ¢/, because
SU({te'™i’"| t € OD}) = R" ({te""™i/"| t € OD}) = {te!™i’"| t € OD}.

Since (S1))2 = (R"U)(R"U) = R"(UU)R™" = ¢, it follows that SU) is a reflection
in the closed ray ¢/. O

Corollary 5. For every j = 0,1,00 and every k € {0,1,...,n—1} let S,(Cj) = RS Rk Here
S,(] ) = S(()] ) =gl ), because R" = e. Then S,((] Visa reflection in the closed ray R¥¢/.

Proof. This follows because (S,(cj ))2 = R¥(S0))2R~* = ¢ and S,((j ) fixes every point on the
closed ray R¥/J, for
s (R¥({te!™i/"| t € OD})) = RS ({te!™i/"| ¢ € OD}))
= RF({te'™/"| t € OD}).
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Corollary 6. For every j = 0,1, c0, every Sg) withk =0,1,...,n—1, and every g € G, we have
gSlgj)g’1 = ng)fora uniquer € {0,1,...,n—1}.

Proof. We compute. Foreveryk =0,1,...,n —1 we have

RSYR™T = R(RFSDRF)RT = REFDSHDR(+1) — 5] (18)
and
US,Ej) u-!— U(R(Hn]v)URf(ij))u — R Uetnp) R Ue+y)
= Sg)(k—&-an) = ng), (19)
where t = —(k +2n;) mod n. Since R and U generate the group G, the corollary fol-
lows. O

Corollary 7. For j = 0,1,00 let G/ be the group generated by the reflections S](cj) for k =
0,1,...,n— 1. Then G is a normal subgroup of G.

Proof. Clearly G/ is a subgroup of G. From Equations (18) and (19) it follows that

gS,Sj)g_1 € G/ forevery g € Gand every k =0,1...,n — 1, since G is generated by R and
U. However, Gl is generated by the reflections S,((] ) fork =0,1,...,n — 1, that is, every

¢’ € G/ may be written as Si(lj) e Sg), where for £ € {1,...p} wehavei, € {0,1,...,n—1}.
-1 — o(g) D o-1 — () o— () - ' :
Sq 88's™h = g(S; +- 87008 t= (e8¢ (85,8 1) € GI for every ¢ € G, that s,
G’ is anormal subgroup of G. O
As a first step in constructing the model greg of Sreg from the regular stellated n-gon
K* we look at certain pairs of edges of cl(K*). For each j = 0,1, 00 we say two distinct
closed edges E and E’ of cl(K*) are adjacent if and only if they intersect at a vertex of

cl(K*). For j = 0,1,00 let £/ be the set of unordered pairs of equivalent closed edges E
and E’ of cl(K*), that is, the edges E and E’ are not adjacent and E/ = S%)(E) for some
generator S%) of G/. Recall that for x and y in some set, the unordered pair [x, y] is precisely
one of the ordered pairs (x,y) or (y,x). Note that ;_y &’ is the set of all unordered
pairs of nonadjacent edges of cl(K*). Geometrically, two nonadjacent closed edges E’ and
E of cl(K*) are equivalent if and only if E’ is obtained from E by reflection in the line
R™{ for some m € {0,1,...,n —1} and some j = 0,1, cc. In Figure 6, where K*, = KT,M’
parallel edges of K*, which are labeled with the same letter, are G’-equivalent. This is no
coincidence.

Figure 6. The triangulation 7. (K*) of the regular stellated hexagon K*. The vertices of cI(K*) are
labeled Xj = RiX for X = A,B,C and equivalent edges by a,b,c,d, e, f.
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Lemma 5. Let K* be formed from the quadrilateral Q = T U T, where T is the isosceles rational
triangle Tuynyn., less its vertices. Then nonadjacent edges of d cl(K*) are G%-equivalent if and only
if they are parallel, see Figure 7.

Proof. In Figure 7, let OAB be the triangle T with ZAOB = a«, ZOAB = ,and ZABO = 7.
Let OABA” be the quadrilateral formed by reflecting the triangle OAB in its edge OB. The
quadrilateral OABA" reflected it its edge OA is the quadrilateral OAB’A’. Let AC’ be
perpendicular to A’B’ and AC be perpendicular to A”B, see Figure 7. Then CAC' is a
straight line if and only if ZC'AB’ + ZB’AB + ZBAC = m. By construction ZC'AB’ =
/BAC = m/2—2yand Z/B'AB = 27t — 2. So

7 =2 —27) +2(w— ) = 37— 2B +7) — 21
=3 — 2+ B+7) +2(a—7) = T+ 2a— ),

if and only if « = <. Hence the edges A”B and A’'B’ are parallel if and only if the triangle
OAB is isosceles. [

Figure 7. The geometric configuration.

Theorem 2. Let K* be the regular stellated n-gon formed from the rational quadrilateral Qyyn,ne,
with dj = ged(nj,n) for j = 0,1,00. The G orbit space formed by first identifiying equivalent
edges of the regular stellated n-gon K* formed from Q less O and then acting on the identification
space by the group G is Sreg, which is a smooth 2-sphere with g handles, where g = % (n+2—
(do + di + deo)), less some points corresponding to the image of the vertices of c1(K*).

Example 1. Before we begin proving Theorem 2 we consider the following special case. Let
K* = K{ | ; be a regular stellated hexagon formed by repeatedly rotating the quadrilateral Q' =

OD'CD’ by R through an angle 27t/ 6, see Figure 6.

Let G° be the group generated by the reflections S,EO) = RKSOR—k = RZ+1{] for
k=0,1,...,5 Here S(9) = RU is the reflection which leaves the closed ray 0= {teip/6| te
OD'} fixed. Define an equivalence relation on cl(K*) by saying that two points x and y in
cl(K*) are equivalent, x ~ y, if and only if 1) x and y lie on d cl(K*) with x on the closed
edge Eand y = SS,?)(x) € S,(,?) (E) for some reflection 55,9) € GY or 2) if x and y lie in the
interior of cI(K*) and x = y. Let cI(K*)™ be the space of equivalence classes and let

p:cl(K*) = cl(K*)™ : p — [p] (20)

be the identification map which sends a point p € cl(K*) to the equivalence class [p], which
contains p. Give cl(K*) the topology induced from C. Placing the quotient topology on
cl(K*)™ turns it into a connected topological manifold without boundary, whose closure is
compact. Let K* be cl(K*) less its vertices. The identification space (K* \ O)~ = p(K* \ O)
is a connected 2-dimensional smooth manifold without boundary.
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Let G = (R,U| R® = e = U? & RU = UR™"). The usual G-action
Gxc(K)CGxC—c(K)CC:(g2)— g(z)

preserves equivalent edges of cl(K*) and is free on K* \ O. Hence it induces a G action on
(K*\ O)~, which is free and proper. Thus, its orbit map

o: (K*\O)™ = (K*\O)"/G = Sreg : 2+ 2G

is surjective, smooth, and open. The orbit space §reg = o((K*\ O)™) is a connected
2-dimensional smooth manifold. The identification space (K* \ O)™ has the orientation
induced from an orientation of K* \ O, which comes from C. So Sieg has a complex
structure, since each element of G is a conformal mapping of C into itself.

Our aim is to specify the topology of Seg. The regular stellated hexagon K* \ O
less the origin has a triangulation 7g-\o made up of 12 open triangles R/I(AOCD') and
RI(AOCD) for j = 0,1,...,5; 24 open edges R/(OC), RI(OD'), RI(CD'), and R/(CD') for
j=0,1,...,5 and 12 vertices R/(D’) and R/(C) for j = 0,1,...,5, see Figure 6.

Consider the set £° of unordered pairs of equivalent closed edges of cl(K*), that is,
£V is the set [E, S](CO)(E)] fork = 0,1,...,5, where E is a closed edge of cl(K*). Table 2
lists the elements of £Y. G acts on £°, namely, g - [E, Slgo) (E)] = [g(]:"),gsl((o)g_1 (g(E))], for
¢ € G. Since G is the group generated by the reflections S ]((0), k=0,1,...,5,itis anormal
subgroup of G. Hence the action of G on £V restricts to an action of G? on £° and the G
action permutes GY-orbits in £0. Thus, the set of GP-orbits in £° is G-invariant.

Table 2. The set £°. Here D} = R¥(D') and D = R¥(D’) for k = 0,2,4 and C; = R¥(C) for
k=1{0,1,...,5}, see Figure 6.

a = [D'C,s\”(D'C) = Dicy] b= [D'Cy, s\ (D'Cy) = DGy
d = [DjCa, 85" (D5C2) = DG ¢ = [DCs, S5 (DyC3) = D}y
e = [D}Cy, S\ (DCy) = DIC5] f = [DiCs, 8 (D}Cs5) = D'C]

We now look at the G-orbits on £°. We compute the G%-orbit of d € £° as follows.
We have

(UR) -d = [UR(D}C2), UR(SY" (D}C,))] = [UR(DSC2), UR(D}C))]
= [U(D3Gs), U(D}Cy)] = [DCs, Dy Co] = d.
Since

R?.d = R?. [D5Cy, 51" (DFCa)] = [R3(D}Ca), R3SYR2(RA(D5Ca))]

= [DjCy,8," (D4Cy)] = [D}Cy, D'C5] =
and
R*-d = [RY(D}Cy), R*SVR4(RY(DJCy))]
— [D'c,s?(D'c)] = [D'C, s (DC)] = [D'C,DyCy] = a,
the G orbit G - d of d € £%is (G°/(UR| (UR)?> =e¢))-d = H°-d = {a,d,e}. Here H" =
(V. = R} V® =e¢),since G® = (V = R, UR| V3 = ¢ = (UR)* & V(UR) = (UR)V™1).

Similarly, the G%-orbit G°- f of f € E%is H? - f = {b,c,f}. Since G'-duGgl-f =&
we have found all G%-orbits on £0. The G-orbit of OC is R/ (OC) forj=0,1,...,5, since
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U(OC) = OC; while the G-orbit of OD’ is RI(OD’), RI(OD’) for j = 0,1,...,5, since
u(opn’) = oD .

Suppose that B is an end point of the closed edge E of cI(K*). Then E lies in a unique
[E, S\ (E)] of £°. Let G° - [E, S\ (E)] be the G%-orbit of [E, S\ (E)]. Then g’ - B is an end
point of the closed edge ¢'(E) of ¢’ - [E, S,(,g)( E)] € % forevery ¢ € G. So O(B) = {¢-
B| g’ € G} the GP-orbit of the vertex B. It follows from the classification of GO-OI'bltS on
&% that O(D') = {D’, D}, D} and O(D’) = {D’,D’,D'4} are GO-orbits of the vertices of
cl(K*), which are permuted by the action of G on £°. 0, Furthermore, O(C) = {C,Cy,...,Cs}
and O(D'&D’) = {D’,D’, D}, D5, D)}, D'4} are G-orbits of vertices of cl(K*), which are
end points of the G-orbit of the rays OC and OD’, respectively.

To determine the topology of the G orbit space Sreg we find a triangulation of Sreg.
Note that the triangulation 7y« of K* \ O, illustrated in Figure 6, is G-invariant. Its
image under the identification map p is a G-invariant triangulation 7\ o)~ of (K*\ O)~.
After identification of equivalent edges, each vertex p(v), each open edge p(E), having
p(O) as an end point, or each open edge p([F, F']), where [F, F'] is a pair of equivalent
edges of cl(K*), and each open triangle p(T) in 7\ o)~ lies in a unique G orbit. It follows
that (p(v)), o(p(E)) or o(p([F, F'])), and ¢ (p(T)) is a vertex, an open edge, and an open
triangle, respectively, of a triangulation Tgreg = o(T(x-\0)~) of :Sv'reg. The triangulation
Tieg has 4 vertices, corresponding to the G orbits o(o(O(D"))), c(p(O(D"))), c(p(O(C))),
and o(p(O(D'&D’))); 18 open edges corresponding to o (o(R/(OC))), o(o(R/(OD'))), and
c(p(RI(CD"))) for j = 0,1,...,5; and 12 open triangles o(p(R/(AOCD’))) and
o(p(RI(AOCD"))) for j = 0,1,...,5. Thus, the Euler characteristic X(greg) of greg is
4 —18+12 = —2. Since g}eg is a 2-dimensional smooth real manifold, x(greg) =2-2g,
where g is the genus of S‘reg. Hence g = 2. So g'reg is a smooth 2-sphere with 2 handles, less
a finite number of points, which lies in a compact topological space S = cl(K*)™~ /G, that is
its closure, see Figure 8. This completes the example.

Figure 8. The G-orbit space §reg is 2-sphere with two handles.

Proof of Theorem 2. We now begin the construction of greg by identifying equivalent
edges of cl(K*). For each j = 0,1, let [E, sl )( E)] be an unordered pair of equivalent
closed edges of cl(K*). We say that x and y in cl(K*) are equivalent, x ~ y, if 1) x and y lie

indcl(K*)withx € Eand y = sl )( ) € S(O)( E) for somem € {0,1,...,n — 1} and some
j=0,1,000r2) x and y lie in intcl(K*) and x = y. The relation ~ is an equivalence relation
on cl(K*). Let cl(K*)™ be the set of equivalence classes and let

p:cl(K*) = I(K*)™ : p— [p] (21)

be the map which sends p to the equivalence class [p], that contains p. Compare this
argument with that of Richens and Berry [2]. Give cl(K*) the topology induced from C and
put the quotient topology on cl(K*)~. O

Theorem 3. Let K* be cl(K*) less its vertices. Then (K* \ O)~ = p(K* \ O) is a smooth manifold.
Furthermore, c1(K*)™ is a topological manifold.

Proof. To show that (K* \ O)™ is a smooth manifold, let E; be an open edge of K*. For
p+ € E4 let Dy, be a disk in C with center at p,, which does not contain a vertex of
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cl(K*). Set Dy, = K* N Dy, . For each j = 0,1, let E_ be an open edge of K*, which is

equivalent to E via the reflection S,(%), thatis, [cl(E+),cl(EZ) = S,S{) (cl(E4))] € &l is an
unordered pair of 55,][) equivalent edges. Let p_ = S,(,]Z) (p+)andsetD, = S%(D;). Then
Viy = p(Dj, UD,_) is an open neighborhood of [p] = [p+] = [p-] in (K* \ O)~, which is
a smooth 2-disk, since the identification mapping p is the identity on int K*. It follows that
(K*\ O)~ is a smooth 2-dimensional manifold without boundary.

We now handle the vertices of cI(K*). Let v be a vertex of cI(K*) and set D,, =

D Ncl(K*), where D is a disk in C with center at the vertex v, = rge!™. The map
Wy, :Dy CC—= Dy, CC: rel™ |r — r0|ei”5(9*90)

withr > 0and 0 < 8 < 1is a homeomorphism, which sends the wedge with angle
to the wedge with angle 7ts. The latter wedge is formed by the closed edges E, and E
of cI(K*), which are adjacent at the vertex v such that e”E/, = E, with the edge E/,
being swept out through int cl(K*) during its rotation to the edge E . Because cl(K*) is
a rational regular stellated n-gon, the value of s is a rational number for each vertex of
cl(K*). Foreachj=0,1,c0let E_ = S,(yjl) (E+) be an edge of cl(K*), which is equivalent to
E; and setv_ = S,(,]I) (v4+). Then v_ is a vertex of cI(K*), which is the center of the disk
D, =S (D,,).SetD_ =D,. ThenD = D, UD_ is a disk in C. The map W : D —
p(Dy, UDy_), where W|p, = poW,, and W|p_ = po s,(,?)oww*, is a homeomorphism
of D into a neighborhood p(D,, UD,_) of [v] = [v4] = [v_] in cI(K*)~. Consequently, the
identification space cl(K*)™ is a topological manifold. [

We now describe a triangulation of K* \ O. Let T/ = T , n—(14n,) be the open rational
triangle AOCD’ with vertex at the origin O, longest side OC on the real axis, and interior
angles 177, ", and "~ 7 Let Q' be the quadrilateral T' UT’. Then Q' is a subset
of the quadrilateral Q = ODCD, see Figure 5. Moreover K* = J}_) R‘(Q’). The 2n
triangles cl(R/(T”)) \ {O} and cl(R¥(T")) \ O withk = 0,1,...,1n — 1 form a triangulation
Tk\0 of K* \ O with 2n vertices R¥(C) and R¥(D’) fork = 0,1,...,1n — 1; 4n open edges
R¥(OC), RK(OD’), R¥(CD’), and R¥(CD’) for k = 0,1,...,n — 1; and 2n open triangles
RN(T'), RK(T’) with k = 0,1,...,1n — 1. The image of the triangulation Tk+\0 under the
identification map p (21) is a triangulation 7\ o)~ of the identification space (K* \ O)™.

The action of G on cl(K*) preserves the set of unordered pairs of S%) equivalent edges
of cl(K*) for each j = 0,1, 0. Hence G induces an action on cl(K*)™~, which is proper,
since G is finite. The G action is free on K* \ O and thus on (K* \ O)~ by Lemma A2. We
have proved

Lemma 6. The G-orbit space S = cl(K*)™ /G is a compact connected topological manifold with
Sreg = (K*\ O)~/ G being a smooth manifold. Let

o: (K~ =S =c(K*)~/G:z— zG.

Then o is the G orbit map, which is surjective, continuous, and open. The restriction of o to K* \ O
has image Sreg and is a smooth open mapping.

We now determine the topology of the orbit space Svreg. For each j = 0,1,00 and
€j =0,1,.. .,d]- —1 let A][v be an end point of a closed edge E of cI(K*), which lies on
i

the unordered pair [E, Sy) (E)] € &/. Then HI - Ag) is an end point of the edge H - E of
j j

the unordered pair H/ - [E, SEJ ) (E)] of £1. See Appendix A for the definition of the group
j

H;. The sets (’)(Ay)) = {H. Ag)} with ¢; = 0,1,...,d; — 1 are permuted by G. The
action of G on K* \ O preserves the set of open edges of the triangulation 7g+\. There are
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3n-orbits: R¥(OC); R¥(OD’), since OD’ = R(OD’); and R¥(CD), since CD” = U(CD) for
k=0,1,...,n—1. So the image of the triangulation 7\ under the continuous open map

p=0om|gno: K"\ O = Sreg (22)

where j = 0,1,00 and ¢; = 0,1,...,d; — 1; 3n open edges #(R¥(OC)), u(RI(OD")), and
#(R¥(CD)) for k = 0,1,...,n — 1; and 2n open triangles u(R¥(T')) and u(R¥(T")) for
k =0,1,...n — 1. Thus, the Euler characteristic )((greg) of S’reg isdy+dy +deo —3n+2n=
dy + di + dw — n. However, Sreg is a smooth manifold. So X(greg) = 2 — 2g, where g is the
genus of g’reg. Hence ¢ = 3 (n+2— (do + d1 + dw)). Compare this argument with that of
Weyl ([4], p. 174). This proves Theorem 2.

Since the quadrilateral Q is a fundamental domain for the action of G on K*, the G
orbit map Ji = co7r : K* C C — S restricted to Q is a bijective continuous open mapping.
However, 6 : D € S — Q C Cis a bijective continous open mapping of the fundamental
domain D of the G action on S. Consequently, the G orbit space is homeomorphic to the
G orbit space S. The mapping # is holomorphic except possibly at 0 and the vertices of
cl(K*). So the mapping 7o 0k : Sreg — Sreg is a holomorphic diffeomorphism.

is a triangulation 7'§reg of the G-orbit space greg with dg + di + deo vertices u(O( Agj))),

<

5. An Affine Model of Sieg

We construct an affine model of the affine Riemann surface Syeg as follows. Return
to the regular stellated n-gon K* = K ,, ..., which is formed from the quadrilateral Q =
Qunonyne less its vertices. Repeatedly reflecting in the edges of K* and then in the edges of the
resulting reflections of K* et cetera, we obtain a covering of C \ V' by certain translations
of K*. Here V7 is the union of the translates of the vertices of cl(K*) and its center O. Let
% be the group generated by these translations. The semidirect product & = G x ¥ acts
freely, properly and transitively on C \ V7. It preserves equivalent edges of C \ V* and it
acts freely and properly on (C\ V*)~, the space formed by identifying equivalent edges
in C \ V*. The orbit space (C \ V)~ /& is holomorphically diffeomorphic to Sreg and is
the desired affine model of Sreg. We now justify these assertions.
First we determine the group 7 of translations.

Lemma 7. Each of the 2n sides of the regular stellated n-gon K* is perpendicular to exactly one of

the directions

1M k1) i (23)

1 n 11
3[7_71'{'2](?]7” or e[ 27 n

fork=0,1,...,n—1

Proof. From Figure 9 we have ZD'CO = " 71. So ZCOH = 17 — L. 7r. Hence the line ¢,

containing the edge CD’ of K*, is perpendicular to the direction el2=37. Since ACOD!
is the reflection of ACOD' in the line segment OC, the line /1, containing the edge CD’ of
K*, is perpendicular to the direction e[-2+7317_ Because the regular stellated n-gon K* is
formed by repeatedly rotating the quadrilateral Q' = OD’CD’ through an angle 27”, we

find that Equation (23) holds. O
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Figure 9. The regular stellated n-gon K* two of whose sides are CD’ and CD'.

Since ZCOH = 1m — ™7, it follows that |H| = |C|sin7tl is the distance from
the center O of K* to the line {) containing the side CD’, or to the line ¢; containing

the side CD’. So ug = (|C|sin n%)e[%’%]m is the closest point H on {y to O and u; =
(IC| sin n%)e[_%J“n?l]”i is the closest point H on /1 to O. Since the regular stellated n-gon

K* is formed by repeatedly rotating the quadrilateral Q' = OD'CD’ through an angle 27",
the point

Uy = Ry = (|C|sin n%)e[%—%“"%]”i (24)
lies on the line /5, = R¥/y, which contains the edge R¥(CD’) of K*; while
1 .

g = Ry = (|C|sin7r-b)el =+ ket (25)

lies on the line /5, = R*{;, which contains the edge R¥(CD’) of K* for every k €
{0,1,...,n — 1}. Furthermore, the line segments Ouy; and Ouyy, 1 are perpendicular to the
line ¢y and ¢y 1, respectively, for k € {0,1,...,n —1}.
Corollary 8. Fork =0,1,...,n —1 we have

Tk = Up(y—y+1 and ki1 = Up(y—)- (26)
Proof. We compute. From (24) it follows that

i = U(ug) = UR"(ug) = R™¥(U(uy))

= R ¥(u1) = R" ¥(uy) = up(, g1, using (25);
while from (25) we get
gir1 = U(ugir1) = UR (ur) = R¥(U(u1)) = R" *(ug) = (-
O
Corollary 9. Fork, ¢ € {0,1,...,2n — 1} we have
U(k420) mod 2n = R'uy. (27)
Proof. If k = 2i, then u; = Riuy, by definition. So
Rlu = R™ug = 1311 90) mod 21 = U(k+20) mod 2-
Ifk=2i+1,thenu, = Riul, by definition. So

0, _ ol _
RPu = R™u1 = U(2(i44)11) mod 2n = U (k+2¢) mod 2n-
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Fork=0,1,...,2n — 1 let 7 be the translation
T :C—>C:z— z+42u. (28)
Corollary 10. Fork, ¢ € {0,1,...,2n — 1} we have
T(k+2¢) mod 211° R" = RloT. (29)
Proof. For every z € C, we have

T(k+26) mod 21(2) = 2+ 2U(k120) mod 20 USING (28)
=z+2R"'u; by (27)
= RY(R™*z 4 2uy) = Rloe (R '2).
O

Reflecting the regular stellated n-gon K* in its edge CD’ contained in ¢ gives a
congruent regular stellated n-gon Kj with the center O of K* becoming the center 2u
of Kj.

Lemma 8. The collection of all the centers of the reqular stellated n-gons, formed by reflecting K*
in its edges and then reflecting in the edges of the reflected reqular stellated n-gons et cetera, is

Lo
{10 - 02 1(0) € C| (Lo, ..., bou_1) € (Z20)*"} =

[ee]
={2 ) (bouo+---lay_1up-1)},
Loy ilon-1=0

where fork =0,1,...,2n — 1 we have

g
—_——
T,fk:Tko~~~oT;:C—>C:z»—>z—|—2€juk.

Proof. For each kg = 0,1,...,2n — 1 the center of the 2n regular stellated congruent n-
gon K formed by reflecting in an edge of K* contained in the line ¢, is T, (0) = 2uy,.
Repeating the reflecting process in each edge of K gives 21 congruent regular stellated -

gons Kj , with center at 7, (T, (0)) = 2(ug, + ug,), where ky = 0,1,...2n — 1. Repeating
this construction proves the lemma. [

The set V of vertices of the regular stellated n-gon K* is
(Vo = CeHGT) vy 1 = D@ DG foro < k < n—1),
see Figure 5. Clearly the set V is G invariant.
Corollary 11. The set

Y] lop—
Vvt = {7)[0...52”_1 = T()OO T OTz;’Lll(V”

VeVU{O} & (L, ..., lu-1) € (Zx0)*"} (30)
is the collection of vertices and centers of the congruent regular stellated n-gons K*, K , K ...

Proof. This follows immediately from Lemma 8. O
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Corollary 12. The union of K*’K;o’K;fkokv‘"Kltoklmkz””’ where £ > 0,0 < j </, and
0 <kj <2n—1,covers C\ VT, that is,

>0 0<j<t 0<kj<2n-1

Proof. This follows immediately from Kltoklmk =T, 0T, (K*). O

¢ l

Let 7 be the abelian subgroup of the 2-dimensional Euclidean group E(2) generated
by the translations T (28) for k = 0,1,...2n — 1. It follows from Corollary 12 that the
regular stellated n-gon K* with its vertices and center removed is the fundamental domain

for the action of the abelian group 7 on C\ V. The group 7 is isomorphic to the abelian

subgroup T of (C,+) generated by {2u;}7' "

Next we define the group & and show that it acts freely, properly, and transitively on
C\ V*. Consider the group & = G x T C G x T, which is the semidirect product of the
dihedral group G, generated by the rotation R through 271/# and the reflection U subject
to the relations R” = ¢ = U? and RU = UR!, and the abelian group T. An element
(RIUY, 2uy) of & is the affine linear map

(RU',2u;) : C — C : z — RIU'z + 2uy.
Multiplication in & is defined by
(RIUY, 2uy) - (RI'UY, 2up) = (RIFTUY, (RIUY) (2up) + 2uy), (31)
which is the composition of the affine linear map (R'UY, 2uy) followed by (RIUY, 2uy).
The mappings G — & : R/ +— (R/U’,0) and T — & : 2uy > (e,2uy) are injective, which
allows us to identify the groups G and T with their image in &. Using (31) we may write
an element (R/UY, 2u;) of & as (e, 2uy) - (R'UY,0). So
(€, 26} 21) mod 20) - (REUY,0) = (REUY, 2114 4y mod 20
For every z € C we have
RMU'z + 21 21 mod 20 = R*U'z + R¥U* (2u),  using (27),

that is,
(REU, 26 51 mod 20) = (RFUY, REU (2u)) = (RFU,0) - (e, 2u;).

Hence
(e/ 2”(j+2k) mod 2n) ’ (Rkuzro) = (Rkuél 0) ’ (6, 2”]')/ (32)

which is just Equation (29). The group & acts on C as E(2) does, namely, by affine linear
orthogonal mappings. Denote this action by

P:6xC—-C:((g1)2)— 1(g(2)).
Lemma 9. The set VT (30) is invariant under the & action.
Proof. Letv € V*. Then for some (£,..., 5, ;) € Z2} and some w € VU {O}

/A o
v= TOUO e OTZrzlnfll (w) = w(e,Zu’)(w)r

where 1/ = Zigl uy. For (RIU*,2u) € & withj =0,1,...,n —1and £ = 0,1 we have

Y(riut 20 % = Y(riut 2u)° Ple2uw) (@) = P(rivt pu)-(e.u) (W)
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= Yriut, riut u)+20) (W) = Plea(Rititu +u))- (Riut,0) (W)

= Yearittu+u) Wriu0) (@) = Yeawivtw-cuy) (@), (33)

where w' = 9 e ) (W) = RiUY(w) € VU{O}. If £ = 0, then

- 2n—1 , 2n—1 o 2n—1 ,
Riu'=RI( Y, b)) = ), GR (ug) = Y Lith(k42)) mod 205
k=0 k=0 k=0
while if / = 1, then
. 2n—1 . 2n—1 . 2n—1 ,
/
RU') =), R (U(uw)) = Y, GR () = Y Ltk (k)+2j) mod 2n-
k=0 k=0 k=0

Here k' (k) =2~} "} it=« see Corollary 8. So (e,2(RIU‘Y' + u)) € T, which implies

2n —k—1, if kis odd,

Yea(Ritfur+uy) (W) € VT, as desired. O
Lemma 10. The action of & on C \ VT is free.

Proof. Suppose that for some v € C\ V* and some (RIU’,2u) € & we have v =
V(Riut 2u) (v). Then v lies in some Kk, ...k, S0 for some v’ € K* we have

A o
v= TOOO o 'TZiVLll (vl) = lp(e,Zu’) (Z),),

where 1/ = 212251 E;uj for some (€}, ..., 05 1) € (Z>0)*". Thus,

Plepu)(0) = I:L’(Rfuf,zu).(e,zu’)(vl) = lP(RfU[,ZRfUZu’JrZu)(vI)'

This implies RIU! = e, that is,j=¢=0.502u" = 2RIU Y + 2u = 2u’' + 2u, that is,
u = 0. Hence (R/UY, u) = (e,0), which is the identity element of . [J

Lemma 11. The action of T (and hence &) on C \ V' is transitive.

Proof. Let Klto-“kz and K*{]--~k2/ lie in

c\wvi=kulU U U Ko

>0 0<j<( 0<kj<2n—1

Since KZO--~k[ = Tp,0 -+ 0T, (K*) and K;%Mkz/ = Tg,o -'oTk(](K*), it follows that

(Tkz/o cee OTkE))O (Tkéo cee oTkO)_l (K;;Ok{) = K*é)k;// O

The action of & on C\ V* is proper because & is a discrete subgroup of E(2) with no
accumulation points.

We now define an edge of C \ V' and what it means for an unordered pair of edges
to be equivalent. We show that the group & acts freely and properly on the identification
space of equivalent edges.

Let E be an open edge of K*. Since Ey..k,, = T, - - - T, (E) € KZO---k/' it follows that
Ex,..k, s an open edge of K;(*O,__k(. Let

¢ = {Epy,[0>0,0<j<0&0<kj<2n—1}.

Then € is the set of open edges of C \ V* by 12. Since 7,0 - - - 0 4, (0) is the center
of Kj; .., the element (e, k0 -+ 0Ty) - (& (Thyo -+ - 0Ty) 1) of & is a rotation-reflection of
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Ky

..., which sends an edge of K; . to another edge of g * K; . . Thus, & sends € into
0-ke ' ko--ky ko---ky

itself. For j = 0,1, oo let Qf;co---lq be the set of unordered pairs [E,... » Ellco~~~kg] of equivalent
open edges of K;0~~k/ thatis, Ex;...k, N El/([)“‘kg = @, so the open edges Ey ..k, = Tk, - - * T, (E)
and El/co---ké = Tg, - Tk, (E') of CI(K;;@--k() are not adjacent, which implies that the open
edges E and E’ of K* are not adjacent, and for some generator S,(,i) of the group G/ of
reflections with j = 0,1, co we have

Ellcou-kg = (’l’koo .. oTkO) (S%)((kao e o’Z,'k[))il(EkO...ké‘))).

Let ¢/ = Ur>0 Yo<j<e UngjSanl G;C()“'kg' So Uj:o,l,oo@j is the set of unordered pairs of
equivalent edges of C \ V. Define an action * of & on | j:O,l,oogj by

(8, 7) * [Exgky Eryoo,) = ([(ToT)(@(T) T (B ), (T ) (8((7) 71 (B, )])
= [(87) * Exyokyr (& T) * Eiyoo, I
where T = 7,0 - - - T,

Define a relation ~ on C\ VT as follows. We say that x and y € C\ VT are related,
x~y,ifl)x e F=1(E) € ¥ andy € F' = 7(E') € ¢ such that [F,F'] = [t(E),T(E')] €
&%, where [E, E'] € & with E/ = S%)(E) for some S € G/ and y = T(S%)(T_l(x))) for
somej=0,1,00,0r2)x,y € ((C \ V*) \ €and x = y. Then ~ is an equivalence relation on
C\ V*.Let (C\ V)™ be the set of equivalence classes and let IT be the map

I:C\VE = (C\VH)™: p [p], (34)
which assigns to every p € C\ V7 the equivalence class [p] containing p.
Lemma 12. 1|« is the map p (20).
Proof. This follows immediately from the definition of the maps [Tand p. [

Lemma 13. The usual action of & on C, restricted to C\ V™, is compatible with the equivalence
relation ~, that is, if x, y € C\ Vand x ~ y, then (g, T)(x) ~ (g, 7)(y) for every (g, T) € &.

Proof. Suppose that x € F = 7/(E), where T/ € 7. Theny € F' = v/(E’), since x ~ .
So for some S,(,i) € G/ with j = 0,1, 00, we have (/)" !(y) = 57(14)(.[71(3{))_ Let (g, 7) € &.

Then .
(&0 (7)) = () W) +ur = g(SW (T (x))) + 1.

So (g, 7)(y) € (g,7)* F. However, (g,7)(x) € (g,7)*Fand [(g,7) *F,(g,7) * F] =

(,7) * [F, F']. Hence (g,7)(x) ~ (g, 7)(y). O

Because of Lemma 13, the usual B-action on C\ V* induces an action of & on (C\
vy~

Lemma 14. The action of & on (C\ V)™ is free and proper.

Proof. The following argument shows that it is free. Using Lemma A2 we see that an
element of &, which lies in the isotropy group & /) for [F, F'] € &, interchanges the
edge F with the equivalent edge F’ and thus fixes the equivalence class [p] for every p € F.
Hence the & action on (C\ V1)~ is free. It is proper because & is a discrete subgroup of
the Euclidean group E(2) with no accumulation points. [J

Theorem 4. The &-orbit space (C\ V*)~ /& is holomorphically diffeomorphic to the G-orbit
space (K*\ O)~/G = Sreg.
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Proof. The claim follows because the fundamental domain of the ®-action on C\ V*
is K* \ O is the fundamental domain of the G-action on K* \ O. Thus, II(C\ V") is a
fundamental domain of the &-action on (C \ V)~, which is equal to p(K* \ O) = (K*\ O)~
by Lemma 12. Hence the ®-orbit space (C \ V+)™~ /@ is equal to the G-orbit space Syeg. So
the identity map from IT(C \ V) to (K* \ O)™ induces a holomorphic diffeomorphism of
orbit spaces. [

Because the group & is a discrete subgroup of the 2-dimensional Euclidean group
E(2), the Riemann surface (C\ V)~ /& is an affine model of the affine Riemann surface
Shreg:

6. The Developing Map and Geodesics

In this section, we show that the mapping
6:DC Seg > QCC:(E,1n)— (Foot)(&1)) (35)

straightens the holomorphic vector field X (12) on the fundamental domain D C Sreg,
see [6] and Flaschka [7]. We also verify that X is the geodesic vector field for a flat
Riemannian metric I" on D.

First we rewrite Equation (13) as

_ J
T T (X(E 1)) = g for (&n) eD. (36)

From the definition of the mapping Fg (2) we get

! 1
(@1 gy ¢ = 5 9

where we use the same complex nth root as in the definition of Fg. This implies

dz = dFQ =

? ?
5z = TeFalngz), for(&m €D (37)

For each (&,77) € D using (36) and (37) we get

]

R d
T@,q)(S(X(C,U)) - (TéFQ"T(éJi)”) (X(&m) = T‘:FQ(WE) T oz e

So the holomorphic vector field X (12) on D and the holomorphic vector field % on Q
are J-related. Hence ¢ sends an integral curve of the vector field X starting at (&,1) € D
onto an integral curve of the vector field % starting at z = 6(&,77) € Q. Since an integral

curve of % is a horizontal line segment in O, we have proved

Theorem 5. The holomorphic mapping 6 (35) straightens the holomorphic vector field X (12) on
the fundamental domain D C Syeg.

We can say more. Let u = Rez and v = Imz. Then
v =duodu + dvedo = dzodz (38)

is the flat Euclidean metric on C. Its restriction 7|c\y+ to C\ V* is invariant under the
group &, which is a subgroup of the Euclidean group E(2).

Consider the flat Riemannian metric 7| on Q, where 7 is the metric (38) on C. Pulling
back y|o by the mapping Fp (2) gives a metric

F=Ey(vlo) = lg" (1 - )" | A" dgedE
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on C\ {0,1}. Pulling the metric 7 back by the projection mapping 77 : C2 — C: (&, 7) — ¢
gives
F=mg =g o —g) " dgods

on C?. Restricting T to the affine Riemann surface Sreg gives I' = Ldgolde
Lemma 15. T is a flat Riemannian metric on Sreg.

Proof. We compute. For every (&, 7) € Sreg we have

TG ) (X(@Gn), X(En) =
— 1d§( ai n—ny §(1-¢)(1—
9
N3z

2n— "0 n I — 2n—ng—ny J—
9 @ =0 —np §(1=8)(1-—=—8)
o) 7AE (Mg + 5 = )

n 71»1 2 0

=

= d(n5z) - 58 (T5) = 1.

Thus, I is a Riemannian metric on Sreg. It is flat by construction. [

Because D has nonempty interior and the map ¢ (35) is holomorphic, it can be analyti-
cally continued to the map

5Q : Sreg - C* - QccC: (‘:rﬂ) = FQ(ﬁ(ffﬂ?))/ (39)

since § = ég|p. By construction 6,(7|g) = I'. So the mapping d, is an isometry of (Sreg, I')
onto (Q,v|p)- In particular, the map ¢ is an isometry of (D,T'|p) onto (Q, |p). Moreover,
J is a local holomorphic diffeomorphism, because for every (¢, 17) € D, the complex linear
mapping T(z ;)0 is an isomorphism, since it sends X (&) to & | Thus ¢ is a developing
map in the sense of differential geometry, see Spivak ([8], p. 97) note on §12 of Gauss [9].
The map ¢ is local because the integral curves of % on Q are only defined for a finite time,
since they are horizontal line segments in Q. Thus, the integral curves of X (12) on D are
defined for a finite time. Since the integral curves of i are geodesics on (Q, v|g), the image
of a local integral curve of > under the local inverse of the mapping ¢ is a local integral
curve of X. This latter local 1ntegral curve is a geodesic on (D, T'|p), since J is an isometry.
Thus, we have proved

Theorem 6. The holomorphic vector field X (12) on the fundamental domain D is the geodesic
vector field for the flat Riemannian metric T'|p on D.

Corollary 13. The holomorphic vector field X on the affine Riemann surface Sreg is the geodesic
vector field for the flat Riemannian metric T on Sreg.

Proof. The corollary follows by analytic continuation from the conclusion of Theorem 6,
since int D is a nonempty open subset of Sreg and both the vector field X and the Rieman-
nian metric I are holomorphic on Sreg. [

7. Discrete Symmetries and Billiard Motions

Let G be the group of homeomorphisms of the affine Riemann surface S (3) generated
by the mappings

R:8—=8:(&y)— (&) and U : S — S: (&) — (7).
Clearly, the relations R" = U? = e hold. For every (&, 1) € S we have
R7UE ) = UG, e/ My) = (,e2™/"7) = R(E7) = RUE, 7).

So the additional relation YR~ = RU holds. Thus, G is isomorphic to the dihe-
dral group.
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Lemma 16. G is a group of isometries of (Sreg, T').
Proof. For every (,17) € Sreg We get

RET(E, 1) (X(& 1), X(& 1)) = T(R(E 1) (Tie,nR(X(E 1), Ty R(X(E 1))

2n—ng—n
— F(g, eZm’/nﬂ) (eZm'/nﬂi + n—ng 6(1 — g)(l - nfgzo 1(:) ezm-/n d

o 7 =2 an’
i aag+ o 5(1—6)(1;W6) e2m'/n8817)

= i ) (@ ) =1
— A 5) @) = TEm(X(Em), X(Em)

and

UTT (&) (X(Em), X(&m)) =T UEm) (TigyU (X(Em), TigpU (X(Em))
— el ) Tl ) = TE(X(E), XE).
O

Recall that the group G, generated by the linear mappings
R:C—C:z—e?/"; and U:C — C:z+Z,
is isomorphic to the dihedral group.
Lemma 17. G is a group of isometries of (C, ).

Proof. This follows because R and U are Euclidean motions. [

We would like the developing map ég (39) to intertwine the actions of G and G and
the geodesic flows on (Sreg, I') and (Q, v|g)- There are several difficulties. The first is: the
group G does not preserve the quadrilateral Q. To overcome this difficulty we extend the
mapping 6 (39) to the mapping k- (17) of the affine Riemann surface Sreg onto the regular
stellated n-gon K*.

Lemma 18. The mapping ok (17) intertwines the action ® (14) of G on Syeg with the action
¥Y:GxK'—K':(gz)— g(z) (40)
of G on the reqular stellated n-gon K*.

Proof. From the definition of the mapping dx+ we see that for each (¢,77) € D we have
Sk« (RV(E,17)) = Rl6k+(E,n) for every j € Z. By analytic continuation we see that the

preceding equation holds for every (¢,7) € Sreg. Since Fo(&) = Fo(&) by construction

and 77(&,7) = & (11), from the definition of the mapping ¢ (35) we get 6(Z,77) = 6(&,7)
for every (&,17) € D. In other words, ég- (U(&,17)) = Udk+(E, 1) for every (¢,77) € D. By
analytic continuation we see that the preceding equation holds for all (§,7) € Sreg. Hence
on Sreg We have

OgroDg = T(p(g)O‘SK* for every g € G. 41)

The mapping ¢ : G — G sends the generators R and U of the group G to the generators
R and U of the group G, respectively. So it is an isomorphism. [
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There is a second more serious difficulty: the integral curves of % run off the quadri-
lateral Q in finite time. We fix this by requiring that when an integral curve reaches a point
P on the boundary dQ of Q, which is not a vertex, it undergoes a specular reflection at P.
(If the integral curve reaches a vertex of Q in forward or backward time, then the motion
ends). This motion can be continued as a straight line motion, which extends the motion
on the original segment in Q.

To make this precise, we give Q the orientation induced from C and suppose that
the incoming (and hence outgoing) straight line motion has the same orientation as 9Q.
If the incoming motion makes an angle a with respect to the inward pointing normal N
to dQ at P, then the outgoing motion makes an angle « with the normal N, see Richens
and Berry [2]. Specifically, if the incoming motion to P is an integral curve of %, then the
outgoing motion, after reflection at P, is an integral curve of R~ % = e 27/ ”%. Thus,
the outward motion makes a turn of —27t/n at P towards the interior of Q, see Figure 10
(left). In Figure 10 (right) the incoming motion has the opposite orientation from 0Q. This
extended motion on Q is called a billiard motion. A billiard motion starting in the interior
of c1(Q) \ (cI(Q) NR) is defined for all time and remains in cl(Q) less its vertices, since
each of the segments of the billiard motion is a straight line parallel to an edge of cI(Q) and
does not hit a vertex of cl(Q), see Figure 11.

Figure 10. Reflection at a point P on 9Q.

AN

A?A
AVIA ‘ %

Figure 11. A periodic billiard motion in the equilateral triangle T = Tj 1 ; starting at P. First, extended

by the reflection U to a periodic billiard motion in the quadrilateral Q = T U U(T). Second, extended
by the relection S to a periodic billiard motion in Q U S(Q). Third, extended by the reflection SR to a
periodic billiard motion in the stellated equilateral triangle H = K{; ; = QU S(Q)SR(S(Q))-

We can do more. If we apply a reflection S in the edge of Q in its boundary 9Q, which
contains the reflection point P, to the initial reflected motion at P, see Figure 12.

///;\\‘ aQ
-~V RN 5(@)

Figure 12. Continuation of a billiard motion in the quadrilateral Q to a billiard motion in the
quarilateral S(Q) obtained by the reflection S in an edge of Q.

The motion in S(Q) when it reaches 0S(Q), et cetera, the extended motion becomes a
billiard motion in the regular stellated n-gon K* = QU Hogkgn—lst(Q))/ see Figure 11.
So we have verified
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Theorem 7. A billiard motion in the reqular stellated n-gon K*, which starts at a point in the
interior of K* \ O and does not hit a vertex of cl(K*), is invariant under the action of the isometry
subgroup G of the isometry group G of (K*,y|k+) generated by the rotation R.

Let G be the subgroup of G generated by the rotation . We now show
Lemma 19. The holomorphic vector field X (12) on Syeg is G-invariant.

Proof. We compute. For every (,1) € Sreg and for R € G we have

_ _ 2n—ng—mnyg
27'(1/71[ i + n—ny 5(1 C)(l n ér) 0 }

Tie @ (X(E,m) = e T TR an
Comimy @ an E1-@-EEmy g
E (e ;7)6(;’ + n (eZm'/nW)an a(eZm'/nn)

= X(&,e¥/"y) = Xo @R (7).

Hence for every j € Z we get

Ty Pri (X, 1)) = Xo®@pi(E, 1) (42)

for every (§,n) € Sreg- In other words, the vector field X is invariant under the action of G
on Sreg. O

Corollary 14. For every (&, 1) € D we have
Xlo_(p) = TOje X|p. (43)
Proof. Equation (43) is a rewrite of Equation (42). O
Corollary 15. Every geodesic on (Sreg, T') is G-invariant.
Proof. This follows immediately from the lemma. [J

Lemma 20. For every (&,17) € Sreg and every j € Z we have

)
. Sen 44
CDRJ (‘:rﬂ) K ( (C ;7)) BZ e ( RJ(@,;])):R]L ( )

Proof. From Equation (41) we get 6«0 @ = YRodg+ on Sreg. Differentiating the preceding
equation and then evaluating the result at X(¢,17) € T(¢ ) Sreg gives

(Taog (&) 0k-0 T PR) X(E, 1) = (Tse (2.0) ¥ RO T )0 ) X (8, 17)

for all (¢,77) € Sreg. When (&,17) € D, by definition dx+(&,17) = 6(&, 7). So for every
(8,17) € Sreg

d d
Tie ok (X(E, 1)) = T( (&) = :
() ( ) (&) ( ) 3z ey 02 o)
Thus,
d
Tor )0k (Tie PrX(E1)) = Ts e, r;)‘I’R(aZ ) cw)’ (45)
z= K*

for every (¢,17) € D. By analytic continuation (45) holds for every (&,7) € Sreg. Now
TenPr sends T(g,,])Sreg to T¢R(g,,7)5reg- Since T(g,,])d)RX(C, n) = eZ”i/”X(Q, n) for every
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1) € Sreg, it follows that €2™/" X (&, 1) is in T, Stee. Furthermore, since T Yr
U g U D (&) Oreg Sxx (&17)
sends Ty, (z) K" t0 Ty (5, (2, K™, we get

d d
Ts.. (z, ‘I’R(— ) =R— .
K (g ’7) aZ Z:‘SK*(é/q) aZ RZZ‘YR(‘SK*(@W))
For every (,1) € Sreg We obtain
d
Tq)R(é’”)éK* (X(C’”)) - E Rz=¥p (g (¢, 7)>l (46)
z=Y R (O (C1

that is, Equation (44) holds with j = 0. A similar calculation shows that Equation (46) holds
with R replaces by R/. This verifies Equation (44). [

We now show

Theorem 8. The image of a G invariant geodesic on (Sreg, I') under the developing map o~ (17)
is a billiard motion in K*, see Figure 13.

Figure 13. (left) A billiard motion in K* = K{ | ;. (center) The points ¢, ¢’ and d, d’ in K* are identified,
which results in motion on a cylinder. (right) After identifying the points a, 4’ and b, b’ on the cylinder
the motion becomes a periodic geodesic on §reg = (K*\ {0})~/G on a smooth 2-torus less three
points.

Proof. Because ®; and ¥y, are isometries of (Sreg,I') and (K*,y|k+), respectively, it
follows from equation (41) that the surjective map dg+ : (Sreg, I') — (K*,v[g+) (17) is
an isometry. Hence Jk+ is a local developing map. Using the local inverse of dx+ and
Equation (44), it follows that a billiard motion in int(K* \ O) is mapped onto a geodesic in
(Sreg, I'), which is possibly broken at the points (¢;, 17;) = 6t (pi). Here p; € 9K* are the
points where the billiard motion undergoes a reflection. However, the geodesic on Sieg is
smooth at (¢;, 17;) since the geodesic vector field X is holomorphic on Seg. Thus, the image
of the geodesic under the developing map Jk~ is a billiard motion. [J

Theorem 9. Under the restriction of the mapping
VZUOH:C\V+—>(C\V+>N/Q§:S~reg (47)

to K* \ O the image of a billiard motion A, is a smooth geodesic /A\V(Z) on (§reg, Y), where v* () =
Ylew+-

Proof. Since the Riemannian metric v on C is invariant under the group of Euclidean
motions, the Riemannian metric 7| K*\0 On K*\Ois G-invariant. Hence Yk+\0 18 invariant
under the reflection Sy, for m € {0,1,...,n —1}. So 7|g«\o pieces together to give a
Riemannian metric ¢~ on the identification space (K* \ O)~. In other words, the pull back
of 7~ under the map IT|g-\o : K*\ O — (K*\ O)~, which identifies equivalent edges of K*,
is the metric |-\ o. Since IT|+\ o intertwines the G-action on K* \ O with the G-action on
(K*\ 0)~, the metric ™~ is G-invariant. It is flat because the metric 7 is flat. So 4~ induces
a flat Riemannian metric 7 on the orbit space (K* \ O)~/G = §reg. Since the billiard motion
A, is a G-invariant broken geodesic on (K* \ O, Yk+\0), it gives rise to a continuous broken
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geodesic /\ﬁ(z) on ((K*\ O)~, ™), which is G-invariant. Thus, 7\,,(2) = v(A;) is a piecewise
smooth geodesic on the smooth G-orbit space ((K* \ O)~/G = Sreg, 7).

We need only show that Xv(z) is smooth. To see this we argue as follows. Let s C K* be
a closed segment of a billiard motion 1y, that does not meet a vertex of cI(K*). Then s is a
horizontal straight line motion in cI(K*). Suppose that Ey, is the edge of K*, perpendicular
to the direction uy,, which is first met by s and let Py, be the meeting point. Let Sy, be the
reflection in Ey . The continuation of the motion s at Py, is the horizontal line RSy (s) in
K, Recall that K 'is the translation of K* by 7y,. Using a suitable sequence of reflections
in the edges of a suitable K;go k, each followed by a rotation R and then a translation in
T corresponding to their origins, we extend s to a smooth straight line A in C\ V*, see
Figure 14. The line A is a geodesic in (C\ V*, 7|¢\y+), which in K* has image XV(Z) under
the &-orbit map v (47) that is a smooth geodesic on (S~reg, 7). The geodesic v(A) starts at
v(z). Thus, the smooth geodesic v(A) and the geodesic XU(Z) are equal. In other words,

~

Ay(z) is a smooth geodesic. [

3

2 0
3 Qo

3
2 s 0 RSy(s) Z/RSQ(RSO(S)) 0
. 5 1 -
o 4 Op2
5 1 5 1
4 4

Figure 14. The billiard motion 7y, in the stellated regular 3-gon K7 ; ; meets the edge 0, isreflected in

this edge by Sy, and then is rotated by R. This gives an extended motion RSy,, which is a straight
line that is the same as reflecting -y, by U and then translating by 7.

Thus, the affine orbit space §reg = (C\ V')~ /@& with flat Riemannian metric 7 is the
affine analogue of the Poincaré model of the affine Riemann surface Sreg as an orbit space
of a discrete subgroup of PGI(2, C) acting on the unit disk in C with the Poincaré metric.
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Appendix A. Group Theoretic Properties

In this appendix we discuss some group theoretic properties of the set of equivalent
edges of cl(K*), which we use to determine the topology of S‘reg.

Let & be the set of unordered pairs [E, E'] of nonadjacent edges of cl(K*). Define an
action - of G on £ by

§[E E'] = [3(E), 8(E)]

for every unordered pair [E, E'] of nonadjacent edges of cl(K*). For every ¢ € G the edges
¢(E) and g(E’) are nonadjacent. This follows because the edges E and E’ are nonadjacent
and the elements of G are invertible mappings of C into itself. So @ = ¢g(ENE’) =
g(E) N g(E’). Thus, the mapping- is well defined. It is an action because for every g and
h € G we have



Axioms 2021, 10, 49

28 of 30

Since £ = |J ]-:O,Loogf , the action - of G on € induces an action - of the group G/ of reflections
on the set £/ of equivalent edges of cl(K*), which is defined by

g+ (B8 (E)] = [8;(B), g;(8 (E))] = [g;(E), (8,5 g7 D) (8 (E))],

forevery g; € G/, every edge E of cl(K*), and every generator Sl(cj) of G/, wherek =0,1,...,

n — 1. Since ng,Sj ) g]-_1 = Sﬁj ) by Corollary 6, the mapping - is well defined.

Lemma A1. The group G action « sends a Gl-orbit on EJ to another Gl-orbit on &J.
Proof. Consider the G/-orbit of [E, sﬁ,? (E)] € &I. For every ¢ € G we have

g+(G/- [E,SW(E)]) = (gG/g™Y)+(g- [E, SW(E)]) = G/ - (3-[E, SY(E))),

because G/ is a normal subgroup of G by Corollary 7. Since

g-[E, SV (E)] = [8(E),g(SW(E))] = [g(E),g5Wg " (g(E))]

and gSS,],')g_1 = s¥) by Corollary 6, it follows that g« [E, S%)(E)} €&l O

Lemma A2. Foreveryj=0,1,00andeveryk =0,1,...,n — 1 the isotropy group Gi ; of the G/
k

action on €1 at o, = [E, 5 (E)]is (5| (52 = ).

Proof. Every g € G;. satisfies

o = [ESV(E)] = g-d, = g [E, 50 (E)

if and only if

E,5Y(E)] = [3(E), g5 g (s(E))] = [3(E), S (g(E))]

if and only if one of the statements 1) g(E) = E & Sl((j) (E) = ng) (¢(E))or2) E = g(Sﬁj)(E))
& g(E) = S,((])(E) holds. From g(E) = E in 1) we get ¢ = e using Lemma 3. To see
this we argue as follows. If ¢ # e, then ¢ = RP(S(0))! for some ¢ = 0,1 and some
p €{0,1,...,n — 1}, see Equation (Al). Suppose that ¢ = R¥ with p # 0. Then g(E) # E,
which contradicts our hypothesis. Now suppose that ¢ = RPSU). Then E = g(E) =
RPSU)(E), which gives R™F(E) = SU)(E). Let A and B be end points of the edge E. Then
the reflection SU) sends A to B and B to A, while the rotation R™7 sends A to A and B to
B. Thus, R~P(E) # SU)(E), which is a contradiction. Hence g = e. If g(E) = S,(CJ) (E) in 2),
then (S,((])g)(E) =E. So S,(j)g = eby Lemma 3, thatis, g = S,((]). O

For every j = 0,1,00 and every m; = 0,1,...,(% —1 let Gij = {g € Gj|g]- :
mjdj
e md; = efn]_ d]-} be the isotropy group of the G/ action on &/ at e]mj g = [E, SE,JZJ) d]_(E)]. Since
Gi]- = <Sfr]l) d]-| (S%J) d]_)z = e) is an abelian subgroup of G/, it is a normal subgroup. Thus,
m]-d]' ]

Hi = Gf/Gij is a subgroup of G/ of order (Zn/dj)/Z = n/d]-. This proves

m;d;

177
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Lemma A3. For every j = 0,1, 00 and each mj =0,1,... ,dlj — 1 the Gl-orbit ofe{ﬂ_d_ in I is
171

equal to the Hi-orbit ofe]y'n_d_ in &J.
i

Lemma A4. For j = 0,1,00 we have HI = (V = R%| V"4 = ¢).

Proof. Since

sY) = RFSWR* = RE(RMU)R ™ = R+ = R0, (A1)
; 2mi+ L )d; . 4
we get S’(ij) g = R( A/ & U = (R%)"iSU). Because the group G/ is generated by the

reflections S,Ej ) fork =0,1,...,n —1, it follows that

‘ _ R W) /i, (g 2 ) _ g0 y-1y =
G C(V=RYS, [V =e=(S,,) & VS, =S, V) =K

K; is a subgroup of G of order 2n/d;. Clearly the isotropy group Gij = (S’(ij) 4 | (Sfij) dj)z =

. il

e) is an abelian subgroup of K/. Hence H/ = G//G/ ;o C K /G ;o= LJ, where L/ is a
Cnd; Cond;
i i

subgroup of K/ of order (2n/d i)/2 = n/d;. Thus, the group L/ has the same order as its
subgroup H/. So H' = LJ. However, L/ = (V = Rdf|V"/df =e). O

Let fé =R¢- eé. Then
fl=R'-é) =R [E,SU)(E)]
— [R'(E), R'SOR(R'(E))] = [R'(E), SY) (R'(E))].
So
V™. fl = v [RY(E), R'SUR™(RY(E))]
= [V™(R(E)), Vs V(v (R (E))
= [R™i*(E), sV (E)] =]

4 mdﬁ-é md]-—O-E'
This proves
n
-1
dj*l . ] djfl d]' ] n—-1
— m; —
UH-fi=U UV]'fej—Uegc' (A2)

since every k € {0,1,...,n — 1} may be written uniquely as m;d; + {; for some m; €

{0,1,...,%—1} and some ¢; € {0,1,...,d; —1}.
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