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1. Introduction and Preliminaries

The theory of orthogonal polynomials constitutes a basic topic in the framework
of special functions and approximation theory. From the classical monograph by Szegé,

doi.org/10.3390/axioms10020107 with an analytic approach to properties of those orthogonal polynomials as the location

of their zeros or their asymptotic behavior, the theory has raised great interest (see Ref-
erences [1-3] as excellent monographs) due to the variety of scientific fields where it
constitutes a useful tool (from Numerical Analysis to Fourier series, from Mathematical
Physics to Probability theory, from Coding theory to Discrete Mathematics, among oth-
ers), as well as by the different approaches from the point of view of spectral problems
for differential and difference operators (see Reference [4]), where classical orthogonal
polynomials are studied according to their hypergeometric character and the statement
of a hierarchy (Askey tableau) allowing a description of the different levels as limit cases
from a level to the lower one. Another approach is based on the algebraic analysis of
linear functionals and the corresponding sequences of orthogonal polynomials constituting
a structural approach where the Stieltjes function associated with the linear functional
play a central role. When they satisfy first order linear differential equations with poly-
nomial coefficients, a new hierarchy (semiclassical linear functionals) is stated and you
obtain a classification following a different characterization according to the degree of the
polynomial coefficients involved in the above differential equation (see References [5,6]).
The description of each class level constitutes an interesting problem completely solved
in the lowest levels of the hierarchy (see References [6,7]). The ways to generate a level
from the lowest one involves perturbations of the linear functionals which are not related
to the hypergeometric approach. Indeed, the multiplication by a polynomial, the divi-
Attribution (CC BY) license (https:// sion by a polynomial, the addition of Dirac delta linear functionals and their derivatives,
creativecommons.org/licenses /by / the symmetrization and cubic decomposition of orthogonal polynomials, the truncation of
10/). linear polynomials, among others, appear in a natural way. On the other hand, beyond the
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semiclassical families, Laguerre-Hahn linear functionals (see Reference [8]) are introduced
assuming the Stieltjes function satisfies a Riccati equation with polynomial coefficients.
They constitute a wide class where a new hierarchy is stated following the consideration of
the concept of class related, as in the semiclassical case, to the degree of the polynomial
coefficients involved in the Riccati equation. Again, you go from a level to the upper one
by using perturbations of linear functionals described as above, as well as new ones related
to associated and anti-associated transformations. A complete classification of the lowest
level has been done in Reference [8]. Examples of Laguerre-Hahn in other levels have been
analyzed in References [9-12], among others.

Taking into account the sequences of orthogonal polynomials with respect to a linear
functional satisfy a three-term recurrence relation, you can represent the multiplication
operator in terms of such polynomial basis by using a tridiagonal matrix (known in the
literature as Jacobi matrix). The eigenvalues of their principal leading submatrices are the
zeros of the orthogonal polynomials; thus, you can deal with quadrature rules where the
Christoffel constants are related to the norms of the eigenvectors associated with the zeros.
Jacobi matrices play a central role in the analysis of perturbations of linear functionals and
their consequences in quadrature formulas (see Reference [13]). In particular, LU, UL, and
OR factorizations of Jacobi matrices lead to new Jacobi matrices associated with spectral
linear transformation of linear functionals which show the interplay between the theory of
orthogonal polynomials and matrix analysis (see References [14-16]).

In the present contribution, we deal with perturbations of linear functionals and their
relevance in the Jacobi matrices and Stieltjes functions associated with them by consider-
ing two kind of transformations: the so-called Darboux transformations T; (in particular,
Christoffel and Geronimus transformations) and first kind associated transformations,
denoted by T(!). An intertwining problem between such transformations will by ana-
lyzed as the main novelty of our contribution. Thus, we present an approach involving
Darboux and first associated transformations in order to generate families of rational spec-
tral transformations which are new in the literature. Indeed, the previous contributions
(References [14-16]) focus the attention on individual Darboux transformations and their
relation with factorizations of the corresponding Jacobi matrices, as well as the connection
between the sequences of orthogonal polynomials with respect to such linear functionals.
In our work, we deal with an unified approach based on the three basic elements (Stieltjes
functions, orthogonal polynomials, and Jacobi matrices) taking into account they are inti-
mately related. As an application, such transformations are considered for Laguerre-Hahn
linear functionals in order to prove that the new linear functional is again a Laguerre-Hahn
linear functional, and we discuss its class. Our approach is based on the analysis of the
Stieltjes function that seems to be more natural that one recently done in Reference [10], only
for the Christoffel transformation, by using the functional equation that the Laguerre-Hahn
linear functional satisfies.

First of all, we will provide a basic background in order to have a self-contained
presentation.

Let u be a complex-valued linear functional defined on the linear space of polynomials
with complex coefficients P, i.e., u : P — C, p(x) — (u,p(x)). The linear functional
u is said to be quasi-definite (respectively, positive definite) if every leading principal
submatrix of the Hankel matrix H = (“iﬂ')?j‘:o is nonsingular (respectively, positive-

definite) where, by definition, u; =: <u, xk>, k € N. In this case, there exists a sequence

of monic polynomials (Py),>0 such that deg P, = n and (u, P,,(x) Py (x)) = Kyép,m, where
On,m is the Kronecker symbol, and K, # 0 (see Reference [2]). The sequence (Py),>0 is said
to be the sequence of monic orthogonal polynomials (SMOP) with respect to u.

Definition 1. Let u be a linear functional and q(x) a polynomial. Then, the linear functionals
g(x)uand (x — ¢)~"™u are defined, respectively, as

(q(x)u, p(x)) = (u,p(x)q(x)), peP,
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and

x—¢) "Mu,p(x)) = {u, = -
<( )", p( )> <“ (x—c)m
where D denotes the usual derivative operator.

The derivative u’ of a linear functional u is the linear functional defined as

(W', p(x)) = =(u,p'(x))-

Sometimes, we also use the notation Du to denote the derivative of u.

p(x) — p(c)

X —cC

Definition 2. Given the linear map 0. : P — P defined by 6.p(x) = , we introduce

the linear functional

((x =0 p(x)) = (w bep(x).
From the above Definition, we get

((x =) ™, p(x)) = (w,6"p(x)),
understanding that 07 p(x) = 0.(67 p(x)).

Definition 3. Let u be a linear functional and p(x) = Y J., a,x* be a polynomial, and then we
define the polynomial (u * p)(x) as

(e p)(x) = (g, P2 57 (z anunk>xk.

y k=0 \n=k
Here, u, means that the linear functional u acts on the variable y.
Definition 4 (Reference [6]). The product of two linear functionals u and v is defined from their
moments as follows:
(uv), = (uv, x" Z wv,_, n>0.

The above product is commutative, associative, and distributive with respect to the sum of
linear functionals.

Let ¢ be a complex number and let &, be the linear functional defined by
(0, x"y=c", neN

Notice that, for any linear functional, u, udyp = u. Moreover, if the first moment
of u is nonzero, then there exists a unique linear functional u~! such that uu=! = 4.
The moments of u™! are defined recursively by

(u :_ui Zui’l k 71 ks n>1, (uil)oiuol'
0 k=

Proposition 1 (Reference [6]). Let u, v be linear functionals and p(x) and q(x) polynomials.
The following properties hold.

(i) <uVrP( )) = (v, (uxp)(x)).

@) Olpa)(x) = (x)ep(x) +p(e) (6 ()
i) pR(x)u? = (pu)? + 2xp(x) (u * op) (x)u.
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(iv) p(x)(uv) = (p(x)v)u+ x(v*6pp)(x)u.

From Favard’s Theorem [2], we know that there exists a unique quasi-definite linear
functional u, with (P;),>¢ its corresponding SMOP, if and only if there exist two sequences
of complex numbers (a,),>1 and (by,),>0, with a, # 0,n > 1, such that

xPy(x) = Pyyq(x) + by Py(x) +a, Py q(x), n>0,

P_l (X) 0, Po(x) =1. (1)

The above recurrence relation can be expressed in matrix form as follows. If P =
(Py, Py, - -+ )T, then xP = JP, where AT denotes the transposed of the matrix A, and | is
the following tridiagonal semi-infinite matrix (monic Jacobi matrix; see Reference [2])

bp 1
ay b1 1

J= a, by

Definition 5. For k € N, we define the associated polynomials of the k-th kind (P,gk))nzor (also
called k-th associated polynomials; see Reference [2]) as the sequence of monic polynomials satisfying
the recurrence relation

PP () = PX, () + by PP (0) + 2k PO (), n >0,
PR =0, PP =1,

This means that a shift is introduced in the coefficients of the three term recurrence relation (1).
According to Favard’s Theorem, there exists a quasi-definite linear functional u(®), called the

k-associated transformation of u, such that (Pr(,k))nzo is its corresponding SMOP.

There is a direct representation of such polynomials as (see References [17,18])

Py (x) Pn(y)>l >k

P (x) = <uI1><Pk_1<y>uy, = >

2
Pkfl

Since (Py(x))y>0 and (P,El,)l(x))nzo are two linearly independent solutions of the
difference equation [18]

XWy = Wy i1 + bywy +apwy,_q, n2>1,

every solution can be represented as a linear combination of (P, (x)),>0 and (
In particular (see References [18,19]),

Pn—l (x))l’lZO'

PY (x) = A(x, k)Pu(x) + B(x, k)P, (x), n>k, 2)
where W
P
Al k) = - 200 g gy = Pl
ITm:l am Hm:l am

Definition 6. Let (P,),>0 be a SMOP with respect to u satisfying the recurrence relation (1).
The sequence of monic polynomials (P,(x;a)),>0 is said to be co-recursive of parameter a with
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respect to the linear functional w, if they also satisfy (1) but with initial conditions Py(x;a) = 1
and Py(x;a) = Py(x) — a. Notice that

Py(x;a) = Py(x) —aP\Y (x), n>0.
For co-recursive polynomials P, (x, a), the following three-term recurrence relation holds:

xPy(x;a) = Pyyq(x;a) + by Py(x;a) +ay Py _1(x;a), n>1,

x Py(x;a) = Py(x;a) + (bg + a) Py(x; a). ©)

Definition 7. Given a quasi-definite linear functional u, we can define the formal series

u
Su(z) =: 2 anl'

n=0

It is said to be the Stieltjes function associated with u.

Definition 8 (Reference [20]). Let t be a quasi-definite linear functional and S(z) its Stieltjes
function. u is said to be a rational spectral transformed of u if there exist polynomials A(z), B(z),
C(z), and D(z) such that

~ A(z)Su(z) + B(2)

S(z) = C(2)54(2) T D(2)’ A(z)D(z) — B(2)C(z) # 0.

The above mapping between two linear functionals is called rational spectral transformation.
In particular, if C(z) = 0, then W is said to be a linear spectral transformed of the linear functional u.
In such a case, the mapping between two linear functionals is called linear spectral transformation.

Theorem 1 (References [2,5,6,21,22]). Let Su(z), S,-1(2), S,)(2), and Sua (z) be the Stieltjes
functions associated with u, u=!, u(V), and w?, respectively. Then, the following relations hold:
(i)

Su(2)S,-1(z) = 1/2%

(ii)
uou(1) ) aV
Su(l)(Z) = *Tloz Su—l (Z) + ;T(Z — bo)
(ii)
—a g - l
R [roreag ot
(iv)
u
Sulz) = °a1 . @
(z—bo) — ﬁsuu) ()
Yo

Moreover, from the above equations, we can deduce the following relations between the corre-
sponding linear functionals.

u(l)uo u? a -1
u(l) — _-0 7Y xzu_ll ua — -0 <u_1 —|— (56) . (5)
ay Up up

As we have stated before, the analysis of perturbations of linear functionals constitutes
an interesting topic in the theory of orthogonal polynomials on the real line (scalar OPRL)
(References [14,15,20,23,24] and references therein). Among the perturbations of linear
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functionals, spectral linear perturbations have attracted the interest of researchers (see
Reference [20]). Such perturbations are generated by two particular families, the so-called
Christoffel and Geronimus transformations.

Christoffel perturbations, that appear when considering orthogonality with respect
to a new linear functional u = p(x)u, where p(x) is a polynomial, were studied in 1858
by E. B. Christoffel (see References [25,26]) when u is the linear functional associated
with the Lebesgue measure dy supported on the interval (—1,1) and dji(x) = p(x)du(x),
with p(x) = (x —¢q1) - - - (x — gn), a signed polynomial in the support of du. Connection
formulas between the corresponding SMOP are obtained therein. The location of their
zeros as nodes of the quadrature rules is also deduced. More recently, from a numeri-
cal point of view, in Reference [27], the authors focus the attention on the sensitivity of
Gauss—Christoffel quadrature with respect to small perturbations of the probability mea-
sure. On the other hand, the relations between the coefficients of the three term recurrence
relations of the corresponding SMOP have been extensively studied (see Reference [28]),
as well as the relation between the Jacobi matrices in the framework of the so-called discrete
Darboux transformations. They are based on the LU factorization of such matrices (see
References [14,29], among others).

Notice that the zeros of orthogonal polynomials with respect to a canonical Christoffel
transformation (a perturbation by a linear polynomial p(x) = (x —c)) of a nontrivial
probability measure) are the nodes in the Gauss-Radau quadrature formula. In the case
of a perturbation of the measure by a positive quadratic polynomial on the support of
the measure, the zeros of the corresponding orthogonal polynomials are the nodes of the
Gauss-Lobatto quadrature rule (see Reference [13]).

Geronimus transformations appear when you deal with perturbed functionals u de-
fined by p(x)u = u, where p(x) is a polynomial, and u is a quasi-definite linear functional.
Such a kind of transformations were used by J. L. Geronimus (see Reference [30]), in order
to provide an alternative proof of a result given by W. Hahn [31] concerning the charac-
terization of classical orthogonal polynomials (Hermite, Laguerre, Jacobi, and Bessel) as
the unique families of orthogonal polynomials whose first derivatives are also orthogo-
nal polynomials. Examples of such transformations have been done by P. Maroni [32]
for a perturbation of the type p(x) = x — ¢, also known as a canonical Geronimus trans-
formation. In a similar way, examples for the quadratic and cubic case can be found in
References [16,33-35], respectively.

In Reference [22], we study the following problem:

Problem 1. (Figure 1) Let u be a quasi-definite functional and let U = (x — c)uand (x —c)u = u
be a canonical Christoffel and Geronimus transformation of u, respectively. What is the relation
between uV) and @) (resp. V)2 There, V) (resp. @) is the associated linear functional of the
first kind of u (resp. ).

Associated
utransformatios u ( 1 )
Darboux )
transformation :
P

~

u—— u

Figure 1. Structure of Problem 1.

To give a solution of the above problem, we use the LU and UL factorization of the
monic Jacobi matrix associated with u as well as the co-recursive polynomials.
In the present contribution, we are interested to study the following problem.
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Problem 2. (Figure 2) Let u be a quasi-definite functional, and let u = (x —c)uand (x —c)u = u
be a canonical Christoffel and Geronimus transformation of u, respectively. What is the relation

between @ and uV) (resp. u(1)? There, u)) (resp. u(V) is the Christoffel (resp. Geronimus)
transformation of u).

Darboux
transformation

u————u

|
Associated : 2
transformation | :

N3
B C) I Y
Figure 2. Structure of Problem 2.

With this in mind, the structure of the manuscript is as follows. In Section 2, for a
canonical Christoffel transformation, we study the connection between the linear func-

tionals  and u(!). As a consequence, we deduce the relation between the corresponding
Stieltjes functions, as well as the sequences of monic orthogonal polynomials. In a second
step, we study the same problem when a canonical Geronimus transformation is consid-

—

ered, i.e., the relation between 1 and u(1. In Section 3, we analyze a general family of
linear functionals (the so-called Laguerre-Hahn) whose Stieltjes function satisfies a Riccati
equation. Once we introduce the definition of the class of such a linear functional, we
study the class of a Laguerre-Hahn linear functional when either a canonical Christoffel or
a Geronimus transformation is implemented. Finally, two illustrative examples about the
above questions are discussed.

2. Darboux Transformation and Associated Polynomials of the First Kind
2.1. Christoffel Transformation and Its Associated Polynomials of First Kind

Let u be a quasi-definite linear functional, and let (P, (x)),>0 be its corresponding
SMOP. If ¢ is a complex number, the linear functional u = (x — ¢)u is said to be a canonical
Christoffel transformation of the functional u. Let us assume that the linear functional u
is also quasi-definite which is equivalent to P, (c) # 0 for all n € N, and let (P,),> be its
SMOP. 1t is well known that (P,), >0 and (Py),> are related by

Pn+1(c)
Py(c)

We have the following relation between their Jacobi matrices.

(x — )Py (x) = Pypq(x) — Py(x), n>0.

Theorem 2 (References [14,29]1). Let | and | be the Jacobi matrices associated with u and
u = (x —c) u, respectively. If P,(c) # 0, forall n € N, then | — cI has a LU factorization, i.e.,

1 Bo 1
f] 1 ,Bl 1
—cl:=LU:= . ’

where L is a lower bidiagonal matrix with 1's in the main diagonal, and U is an upper bidiagonal
matrix with B, = —Py11(c)/ Py(c).

bn*CZ€n+ﬁnr bO*CZ,BO/
an = LuPu—1, n=12...
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Moreover, T— cI = UL, where

En_czgn+1+ﬁn/ n=0.12
anzgnﬁn/ o

Proposition 2 (Reference [20]). Let Sy(z) and Sg(z) be the Stieltjes functions associated with u
and u, respectively. Then, S (z) is a linear spectral transformation of Sy (z). Indeed, the moments
of u and u satisfy the following relation

u, = (u,x") = (u,(x —c)x") =u,1 —cuy.
From here,

Si(z) = (z—¢) Su(z) — uo. (6)

Since u is a quasi-definite linear functional, then u(!) is quasi-definite, Let (P, (x)),>0
be the SMOP with respect to u, and assume that P,(c) # 0 for every n € N. We are

interested to analyze the relation between the linear functionals @ and u(!) given by

uM := (x — c)uM) and @ := (x — c)u, respectively.

Proposition 3. The linear functionals u and u(l) are related as follows:

— -1
u) =s(x —c)(x —t) ((ﬁ)—l _ :56) , (7)
0
witht =a Pi(c) + by — @ and s = —PZ(C) L((]l)
RGO ~ Pi(c)mug’

Proof. In (Reference [22], Proposition 16), the following relation was proven.

Balx) + 2B, () = P (x) - L1 pi)

u — Pn(C) n71(x)/ n Z 0/ (8)

where (13;([1)),120 is the SMOP of the first kind associated transformation of the linear
functional u (see Definition 5). Notice that the polynomials in the left-hand side of (8) are
co-recursive of parameter a = — 3—8 with respect to the linear functional u. Let us denote

\M@:Em+gﬁzm,nza

such a monic polynomial sequence, and let w be the linear functional such that (V,),>¢ is
the corresponding SMOP. Then, from (5),

-1
wzy(@4_1%>_ ©)
If we expand the linear functional u(!) in the dual basis
< Vi (x)w )
(W, VE(x)) /) 0

of the polynomials (V,(x)),>0 [6] and using the fact that <u(1), Vi (x)> =0foralln > 2,
we get
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ORI LA A1 €O\
u o W, V2(2))
P
From the orthogonal relations, we obtain ag = u(()l), n = — Pzgg u(()l). Thus,
1

u® = 220 4uél) (V1(x) Py(c) (w, Vl(X)>)w

"~ P(c)  wy

Taking into account that (w, V1 (x)) = a3wy and (9), we obtain the result. [

Let us assume that Pr(ll)(c) # 0 for all n € N. Then, the SMOP (Pr(,l)(x))nzo with

respect to u(l) satisfies

(D) (1) P ()
(x —c)Py 7/ (x) =P, /1 (x) — O Py’ (x), n>0.
Py (c)

An equivalent condition is given in terms of the co-recursive polynomials (V,(x)),>0
defined in the above Proposition. Indeed:

Corollary 1. u) is quasi-definite if and only if d,, # 0 for every n € N, where

Vig1(e)  Va(c) .
det(vm(t) vn<t>>’ Free R
dy = with  Viy(x) = By(x) + 2B (x).
Vea(©) Va(o) m "
n—+1 n . o
det<v;;+1(c) V,i(c))' Fi=c
Moreover,
Vigo(x) Vigpa(x)  Vi(x

— Vn-‘rZ(t) Vn+l (t> Vn(t
(x—)(x - )PV (x) = n>0,

~—

where t is as in Proposition 3.
Proof. The proof is a consequence of (7). O

Proposition 4. The Stieltjes functions Sg(z) and S o (z) are related as follows.

where
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Proof. From (4) and (6),

S5:(2) = (z—¢)Syn) (2) —uy’)

ul®

uél) (Z—b) (Z_C) o (1)
ai 0 uOS ( )+ll0 uo

(2 ) =0 [(z — bo)Sa(2) + (2 — bo)to — wo(z — )] — u§" (Sa(2) + wo)
Si(z) +u

2.2. Geronimus Transformation and Its Associated Polynomials of the First Kind

Let v be a quasi-definite linear functional, and let (Py),>o be its corresponding SMOP.

Definition 9. Given a complex number c, a linear functional ¥ defined by (x — ¢)v = v is said to
be a canonical Geronimus transformation of the linear functional v.

It is important to emphasize that V is not uniquely defined since its first moment is
arbitrary. The explicit expression of V is [29]

v=(x—c) v+vpd..

If we assume that ¥ is also quasi-definite, and (P, ),;>0 is its corresponding SMOP, then
it is well known that (Py),>0 and (P,),> are related by [14,29]
Py(x) = Py(x) 4+ £uPy_1(x), n>1,

where
voPY (c) + VoPa(c)

Vopy(l_)z(c) +VoP,_1(c) ,

Thus, a necessary and sufficient condition on Vv to be a quasi-definite linear functional is

= 1 (10)

VoPu(c) —|—V0P ( ) #0, foralln>1. (11)
A second relation between (Py),>0 and (13,1),120 is (see Reference [29])
(x —c)Py(x) = ﬁn+1(x) + ‘Bnﬁn(x), n>0, (12)
where B = —DPy41(c)/ Pu(c).

Theorem 3 (Reference [20]). If Sy(z) and Sy (z) are the Stieltjes functions for v and v, respec-
tively, then Sg(z) is a linear spectral transformation of Sy(z). Indeed, taking into account that the
moments of V and v satisfy

vy = (v,x") = (V,(x —a) x") = V41 —CcVy,
then N
SV(Z) +V0
(z—c)

Returning to the previous discussion, (10) and (12) imply the following relation
between the corresponding monic Jacobi matrices associated with v and V.

Se(z) =
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Theorem 4 (References [14,23,24,29]). Let | and Tbe the monic Jacobi matrices associated with
v and ¥, respectively. If ¥ satisfies (11), then | — cI has an UL factorization. Indeed,

Bo 1 1
pr 1 61

J—cl:=UL:= B 61 , (13)

or, equivalently,

bn_C:€n+l+Bn, 1’120,1,...
ay = nBn, n=12...

where L is a lower bidiagonal matrix with 1's as diagonal entries, and U is an upper bidiagonal
matrix with B, = —Py11(c)/Py(c). Moreover,

J—cl=LU.

If we assume that £y := 0, then the corresponding entries satisfy

En—c:€n+ﬁn, n=20,1,...
En :gnﬁnfl, 1’121,2...

Observe that the UL factorization depends on the choice of ¥ since B9 = vo/¥y.

The matrices U and L given in (13) can be written

Bo|1 0 1100
u 0 L b
10 U ¢ o 0 L ¢

where U; and L; are upper and lower bidiagonal matrices, respectively. From here, we
deduce that the semi infinite matrix | (1) —¢I, with ](1) the Jacobi matrix associated with
v(l), has also an UL factorization, i.e.,

pr 1 1
(1) B2 1 b1
—cl:=UL := .
] 141 ‘33 .. 63 1
Moreover, since f; = ﬁ, then pB; also depends on the choice of ¥v5. Now,
0 —¢—po
if we define
P 1

_ 21\2 bz —C 1
JW —c 1th B Bs—c , (14)

—

then ]/(B is the Jacobi matrix associated with the linear functional u(!) defined by

—

u® = (x — C)*lu(l) 4 u((]l)dc, where u(()l) = u(()l)/,B1. (15)
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Let (Pr(ll))nzo be the SMOP with respect to a, Then, from (14), we can deduce
the following.

Proposition 5. Let (Z/’;(l))nzo be the SMOP with respect to the first kind associated transfor-

mation of the linear functional ¥ that will be denoted by w. Then, the polynomials (P,Sl) Yn>0 are
co-recursive of parameter a = {1 with respect tow, i.e.,

—

P () = BV () = 145, 37 (x), 1> 0. (16)

—

Moreover, the linear functional v such that (P,Sl) )n>0 is the corresponding SMOP can be
written as

—

A (1) ~1
v(l) = VO(W_l 2 56) . (17)

wo W

Proof. In Reference [22], Proposition 24, it is proved that, if the Jacobi matrix | — cI has a
LU factorization as in (13), then the Jacobi matrix [y associated with w satisfies

€1+,Bl 1 blA*C R 1
LBy b+ B 1 G bh—c 1
Jw—cl= N l3+pBs 1 = N ~ .. (18)
3pP2 3T P3 a3 b3 —c .

A comparison between the entries of the matrices (18) and (14) and taking into ac-
count (3), yield (16). (17) is a direct consequence of (5). O

Corollary 2. Under the hypothesis of Proposition 5, we get the following relations:

0. P = 1= 2= B) | BV () + FPra () n > 2
1 1

/1\ V(l) E -1
(i) (x—c)~tv® 4 vV, = 20 <w—1 - 156) .
Wy Wy

Proposition 6. The Stieltjes functions Sg and S o e related as follows:

A(z)Sg¢(z) + B(z)

S;@ (z) = (z=10)2S4(z) + (z — ¢)vp’
where
e = e 0
Az) =(z—¢) [;l(z—bo)JrVo ,  B(z)= ;T[Vo(z—bo)—vo]—%vo -

Proof. It follows the guidelines of the proof of Proposition 4. O

3. Laguerre-Hahn Linear Functional

Definition 10 (References [8,9,11]). A linear functional u is said to be of the Laguerre-Hahn
class if its Stieltjes function satisfies a Riccati equation

9(2)8u(2) = A(2)84(2) + B(2)Su(2) + C(2), (19)
where ¢p(z) # 0, A(z), B(z), C(z) are polynomials with

C(z) = (Du*609)(2) — (u*68oB)(z) — (u? % B2A) (2). (20)
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Recall that 0y was given in Definition 2. In particular, if A(z) = 0, then the linear functional
is said to be semi-classical.

Proposition 7 (References [8,9,11]). Let u be a quasi-definite and normalized linear functional,
ie., ug =1, and let (Py),>0 be its corresponding SMOP. The following statements are equivalent

(1) u is a Laguerre-Hahn functional.
(ii) u satisfies the functional equation
D(p(x)u) + p(x)u — A(x)(x 'u?) =0, (21)

where ¢p(x), A(x), B(x), C(x) are the polynomials in (19) and

p(x) = —[9'(x) + B(x)].
(iij) ~ Each polynomial P,(x) verifies the so-called structure relation

n+d
PP )+ ADPY () = T ABelx), nZs+l.

k=n—s

Here, ¢(x) and A(x) are the polynomials given in (19), s = max{t —1,d — 2} and
d = max{r,m}, where r = deg ¢, t = degy, and m = deg A.

Remark 1. We notice that there are changes of signs in the previous characterizations compared to
the works of Maroni [5,61, Belmehdi [7], Marcelldn and Prianes [11,12], and many other authors.
This is because, in these articles, the Stieltjes function was multiplied by a negative sign.

In characterization (ii), we must notice that you have not uniqueness in the represen-
tation. Indeed, if u is Laguerre-Hahn, and ¢(x) is a polynomial, then u also satisfies the
functional equation

D(q(x)¢(x)u) + (9(x)$(x) — q'(x)9(x))u — g(x) A(x) (x " u?) = 0.
Notice that the above implies that, if u is a Laguerre-Hahn functional, then the Ricatti

Equation (19) is not unique. With this in mind, we give the following definition:

Definition 11 (References [8,9,11]). The class of a Laguerre-Hahn functional u is the nonnega-
tive integer number defined as

s := minmax{deg ¢(x) — 1, max{deg ¢(x),deg A(x)} — 2},
where the minimum is taken among all polynomials ¢(x), P(x), and A(x) such that u satisfies (21).

Taking into account that the class of a Laguerre-Hahn linear functional is very useful
in order to state a hierarchy of such families, we need to give a simple way to characterize it.

Proposition 8 (References [9,11]). Let u be a Laguerre-Hahn linear functional, and let ¢(x)
and (x) be non-zero polynomials with deg ¢(x) =: r, deg(x) =: t and deg A(x) =: m, such
that (21) holds. Let s := max{t — 1,d — 2} with d = max{r,m}. Then, s is the class of u (s = s)
if and only if

T (I6(@) + ¢/ ()] + [ A(a)| + | (w, 0 (x) + 629 (x) — (w0, A(x)])|) > 0.
a:¢(a)=0

From the above Theorem, there is an alternative way to find the class in terms of the
polynomials involved in the Riccati Equation (19). Indeed:
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Corollary 3 (References [9,11]). Let u be a Laguerre-Hahn functional satisfying (19) such
that deg ¢(x) = r, deg A(x) = m and degyp = t with p(x) = —[¢'(x) + B(x)]. Lets =
max{t —1,d — 2} with d = max{r,m}. Then, s = s if and only if the polynomials ¢(x), A(x),
B(x) and C(x) are coprime or, equivalently,

I (!A(a)l + |B(a)| + |C(a)|) > 0.
a: ¢(a)=0

Theorem 5. Let u') be the first associated transformation of u and assume without lost of

generality that uy = u(()l) = 1. If uis a Laguerre-Hahn functional of class s satisfying (19), then so

isuV). In this case, we have that

¢1(2)S. 1) (2) = A1(2)S2) (2) + B1(2)S ) (2) + Ci(2), (22)
where
$1(z) = ¢(2),
A1(z) = a1 C(2),
B1(z) = —=2(z — bg)C(z) — B(z),
C1(2) = o [9(2) + A(2) + (2 = b)B(2) + (= b)°C(2)].

The above polynomials are coprime. Moreover, if 5, is the class of u!), then s —2 < s; < s.

Proof. Let a be a zero of ¢1(x). If A1(a) # 0, we get the result. If Aj(a) = 0, then
Bi(a) = —B(a). If B(a) # 0, we stop the analysis. If Bi(a) = 0, then Cy(a) = A(a) # 0
necessarily, since, in other cases, we would have a contradiction with the class of u. Thus,
we have that ¢1, A1, B;, and C; are coprime.

Now, since u is of class s, then deg ¢ < s +2,deg A < s+2and degp < s+ 1. Denote

542 s+1 s5+2

Pp(x) =) Aexk, B(x) =) Bixk, Alx) =Y agxk. (23)
k=0 k=0 k=0

Using (20), we have deg C < s. Moreover,

5
C(x) := Z Ckxk = —(Ast2+ Bst1 +asy2)x®
k=0
— (Aot1 +200As 12 + Bs + Boy1bo + o1 + 2bottsy2)x® L4 -

On the other hand, taking into account that

p1(x) = —[¢'(x) — 2(x — bo)C(x) — B(x)]
= —[(s +2)Ass2 — 2cs — ,35+1]x5+1 —[(s+1)Asy1 —2c5 1 +2bgcs — Bs]x® +- -+,

then, we can distinguish the following cases:

1) IfAsip #0,thens; =s.
(2) IfAsip =0and2cs + Bs11 # 0, thens; =s.
(3) IfAsip =0and 2cs + Bs+1 = 0, we have the subcases:
(3-1) IfAs;yq #0,thens; =s—1.
(3-2) IfAsy1 =0and2cs_ 1 —2bgcs + s # 0, thens; =5 — 1.
(3-3) IfAsy1 =0and2cs_1 —2bpcs + Bs = 0.
(3-3-1) In this case, the leading coefficient of A;(x) reduces to a1cs = a1(Bs4+1 +
®s42). If zero, then, from item (3), Bs+1 = 0. In conclusion, we would
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have ((s +2)As41 + Bst1) = As+2 = ag4p = 0, which is contradictory
with the class of u. Thus, a;¢s # 0 and 51 = 5 — 2.
O

Corollary 4. With the notation of (23), if s and s, are the classes of u and u'Y), respectively,
we get:

o If|Bst1 + asia| + |Asia| # O, then s1 = s.
o If[Bss1 +asia| + [Asyo| = 0and [Bs 4+ 2(botts 2 + ts1)| + [Asa| # 0, then s =5 — 1.
o If|Bst1 + asio| + [Asi2| 4 [Bs +2(boas 2 + as1)| + [Asp1]| =0, then s; = 5 — 2.

3.1. Linear Spectral Transformation on Laguerre-Hahn Functional

Now, we will deduce some results concerning the Christoffel and Geronimus transfor-
mation when the original linear functional u is Laguerre-Hahn.

3.1.1. Christoffel Transformation

Theorem 6. Let u = (x — c)u. If u is Laguerre-Hahn functional of class s with uy = up = 1
satisfying (19), then u is also a Laguerre-Hahn functional satisfying the equation

¢(2)S5(z) = A(2)S5(2) + B(2)Su(2) + C(2), (24)
where
$(2) = (z—c)p(2),
A(z) = A(z),
B(z) = ¢(z) +2A(2) + (z — ¢)B(2),
C(z) = ¢(z) +2A(z) + (z — ¢)B(z) + (z — ¢)*C(z).

Moreover, the class of u, denoted by s, satisfies s —2 <5 < s+ 1.

Proof. (24) is a direct consequence from the fact that you can write, by using (6), Su(z) in
terms of S (z) and then you replace it in (19). Moreover, the linear functional u satisfies
the distributional equation

D(¢(x)u) + Pp(x)a — A(x)(x'a?) =0,

with (x) = (x — c)p(x) — 2[p(x) + A(x)] and P(x) = —[¢/(x) + B(x)]. Thus, if 5 is the
class of u, it follows from above that

deg(¢) =7 <s+3, deg() = T<s+2,
d = max{7, i} <s+3, §<max{f—1,d—2} <s+1,

where deg B(x) = 7.
On the other hand, since u is a Laguerre-Hahn functional of class 5, then there exist
polynomials ¢(x), ¢(x) and A(x) such that

D(P(x)u) + P(x)u+ A(x)(x'u?) =0, (25)

and 5 := max{deg¥(x) — 1, max{deg¢(x),deg A(x)} — 2}. Using (6) again, and taking
into account (25), we have that u also satisfies the distributional equation

D((x —c)p(x)u) + (x —c) [P(x) + 2A(x) Ju+ (x — ¢)?A(x)(x 1u?) =0.
With this in mind,

deg(¢) =r <5+3, deg(p) =t <5+2,
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d = max{r,m} <544, s <max{t—1,d—-2} <5+2.
Asaconclusion, s —2<s§<s+1. O

The above gives bounds for the class of u. However, the following result show that
the class only depends on the value c and never take the value s — 2.

Theorem 7 (Reference [10]). Let u = (x — c)u be a linear functional such that up = uy = 1
and where u is of class s. If s is the class of u, then

e Ss=s5+1,ifp(c) #0and A(c) # 0.

e GS=y5,ifp(c)=A(c) =0,¢(c) #0and A'(c) # 0.

o« 5=s—1Lifp(c) = Alc) = p(c) = A'(c) = 0.

3.1.2. Geronimus Transformation

Theorem 8. Let U be the linear functional defined by (x — c)u = u. Assume that ug = tp = 1.
If w is a Laguerre-Hahn functional of class s satisfying (19), then so is U. In this case

$(2)S4(z) = Az)S3(2) + B(2)Sa(2) + (=), 26)
where

$(z) = (z —c)¢(2), (27)

Az) = (z—¢)*Al2), (28)

B(z) = —[¢(z) +2(z — ¢)A(2)] + (z — ¢)B(2),

C(z) = A(z) — B(z) + C(2).

The class 3 of G depends only on the zero x = c. Moreover, s — 1 < < 5+ 2.
Proof. Let a be a zero of ¢(x), and then
¢'(a) +(a) = (a—c)(¢'(a) + Pp(a) +2A(a)), A(a) = (a—c)*A(a) (29)
and
(w009 (x) + 63 (x) — (wx 6o A) (x))
= (u, 009 (x) + 079 (x) — (u* 000aA) (x)) + ¢ (a) +¢'(a) + A(a), (30)

where
P(x) = (x = o)[p(x) +2A(x)]. (31)

Observe that, from (27), (28), and (31), we get (29) in a straightforward way. Now,
to find (30), let us notice that

0.9(x) = (x — )0ap(x) + 2600, A(x) + ¢(a) + 26gA(a), (32)
039 (x) = (x — )79 (x) + ¢/ (a). (33)

On the other hand, using (28) and Proposition 1 (ii), we get

(800, A)(x) = 0p((x — ¢)?0,A(x)) + A(a)
= (x — ¢)*(6082A) (x) + (x — 2¢)(6,4)(0) + A(a).

Thus, from the above and Proposition 1 (iii) and (iv),

<a2, (x — c)2909aA(x)> - <u2, (QOGaA)(x)> + 2t (xu, BpBa A(x)),
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(@, (x = 20)(804)(0) ) = Tio((2 <) + x8lp) (644) (0),
@%M@>:mA@.

Taking into account (32), (33), and the fact that (6,4)(x) — (6,A4)(0) = x0p0,A(x), we
get (30). Using the above, we obtain that, for any zero a # ¢ of ¢(x),

[$(a) +¢'(a)] + |A(a)] + |(w, 62(x) + 65(x) — (uxBo[6,A(x)])) | # 0.

The proof of the second part is essentially the same as the one given in Theorem 6,
and, as a consequence, we do not deal with. However, we point out that u satisfies the
distributional equation

D((x — c)p(x)h) + (x — o) [¥(x) + 2t A(x)]a + (x — ¢)?A(x)(x1a?) = 0.
O

Proposition 9. Let (x — c)u = u, and let s and § be the class of u and U, respectively. Let

us define
_Js+2, degA=s5+2,
s+, deg A < s+2.
Then,
(€ #0=5=¢

—[¢'(a) +2A(c)] +B(c) #0=>5=¢—1,
1] = { A'(c)=B'(c)+C'(c) #0=>5=g—1,
—[¢'(a) +2A(c)] + B(c) =0 =
A'(c)=B'(c)+C'(c) =0=[2],
¢'(c) #0=>5=¢g-2
2] = Alc) #0=8=g-2,
P'(c)=0= . '
A(c) = 0is not possible.

Proof. Notice that deg cp(x) 5+3,deg A(x) < s+ 4, and deg P(x) < max{s+1,5+2},
where ¢(x) = (x — ¢)p(x), A(x) = (x — c)2A(x),and P(x) = (x — ) (p(x) +2A(x)). Since

5= maX{deg $(x) — 1, max{deg p(x), deg A(x)} — 2}'

if ¢(c) # 0, then there are two possibilities. If deg(A) = s+ 2, thens = s+ 2. If deg(A) <
s +2,thens = s+ 1. Now, if ¢(c) = 0 and A(c) — B(c) + C(c) = 0, then we can divide
both sides in (26) by (z — ¢)

¢(2)S5(2)

:(Z—QA@w%@y+(—Lffg-+mu@}+B@05ﬁ@y+

A(z) — B(z) + C(z)
(z—¢) '
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If —[¢'(a) +2A(c)] + B(c) # 0, then’s = g — 1. On the other hand, if
— [¢'(a) +2A(c)] + B(c) =0 (34)

and A’(c) — B'(c) + C(c) = 0, then, in (26), we can divide both sides by (z — c)?, and, as a
consequence,

28 51(2) = A3 (2) + (- 2y + PO B Y5y, AL BELLCE),

If ¢'(c) # 0, thens = g — 2. Finally, if ¢/(c) = 0, then A(c) # 0 since, otherwise,
B(c) = 0 by (34). This yields the Equation (21) is reducible contradicting the class of u. O

4. Examples

Example 1. Let (P,(la’ﬁ ) (x))n>0 be the monic Jacobi polynomials of parameters («, B). For a, p >
—1, these polynomials are orthogonal with respect to the positive definite linear functional u(“F)

defined by
1

(o), p)) = [ pl1 -2+ x)fdx, px) € P

The explicit expression for these polynomials is

(@B), \ 1 o m+a\ (n+p ok n—k
P, (x)_Sn(tx,,B)k;O(n—k>( ' )(x Df(x+1)""", n>0,

where

2n+a+ B
| .

Sn(a,B) = (

Here, () = % and T'(z) = [~ t*~Ye~"dt is the Gamma function. The orthogonal-

ity relation reads

|
(ule), PP (1)) () ) = ppswspn L2t DT+ B+ DEGn ot ot Dty
Qu+a+p+1)(TRn+a+p+1))

nm-

The monic Jacobi polynomials satisfy the three term recurrence relation (see Reference [2])

xP,(,’X’ﬁ) (x) = P,Ei’?)(x) + by P,E“’ﬁ)(x) +ay Pr(loﬁlf)(x), n>0,

PP () =1 PP (x) =0,

where ,
B —u
b = 7 > 0/
" 2n+2tatp)ntatp) T
dn+pB)(n+a+p)(n+a)n
ay, = > , n>1
2n—-1+a+B)2n+a+p)’Q2n+a+p+1)
except that when « = —B, by = Band by = 0, n > 1. In particular, if o = p = —1/2,

1

the polynomials P,(Z 272) T, (x) are said to be the monic Chebyshev polynomials of the first
11 N
kind. If &« = B = 1/2, the polynomials P,Ez'z) : Uy (x) are said to be the monic Chebyshev

_1
27

polynomials of the second kind. Let u =: ul _%), and then it is clear that, for c = —1,

i=(x+1u=u22.
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Taking into account that T,Sl) (x)

U (x) foralln > 0and u® = (x +1)u® = u(3)
(see Figure 3), then, from Theorem 3, we have the functional relation

_ -1
u3d) = <x+1>2((u<—%f%)) 1—;56) ,

Notice also u(2:2) = (x+ 1)2u(%'_%); therefore,

1 -1
u(%r—b_((u(—%r%)) —iéé) b+ b

Using (3) with a = —1 and the fact that fil x(1—x)"2(1 4 x)"V2dx = —71/2, we get
that ¢y = ¢y = 0. Thus, we conclude that

Pt ()

as well as
13
(x+1)°Py2?) ()
P(%'_%)(X) P(%'_%)(x) P(%'_%)(x)
1 n+2 n+1 n
217 det 1/4 —-1/2 1
1/4(n+2)2(n+3)%> —1/2(n+1)>(n+2)> n?(n+1)>2
Christoffel
trans(for{r)lation ( 1 1)
AN x+ _7/7
Ti(x) —— P, %' (x)
I
Associated :
Polynomials <

~ 13
U, (x) — P77 (x)

Figure 3. Perturbation of Jacobi polynomials by a canonical Christoffel transformation with (x + 1).

Example 2. Let (L&+1),>0 be the monic Laguerre polynomials of parameter « + 1 with & > —1,
which are orthogonal with respect to the positive definite linear functional v

(v,p(x)) = 1"(0c1+2) /Ooo p(x)x* e %dx, p(x) € P.

The following properties are very well known in the literature (Reference [2]):
(i) Recurrence relation.

xLpth(x) = LT (x) + @n+ a+2)LsT (x) + n(n + a + 1) LT} (x), n >0,
L x)=1,  L*'(x)=0.
(ii)

Explicit formula as an hypergeometric function:

| n _ kK
= e

(@1 K7

where (a), := (a)(a+1)---(a+n—1), (a)g = 1is the Pochhammer symbol.
i a1 i ! ) ‘
(iii) (xiLn )(0) (-1) (n_z,)!(zx+1+2)n,l.
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(iv) (v, LA (x)LE (%)) = n!(a + 2)n6pm-

The linear functional v satisfies the distributional equation [25] D(xv) + (x —a —2)v =0,
and, as a consequence, it is a Laguerre-Hahn functional of class s(v) = 0. Its Stieltjes function
satisfies the first order linear differential equation

z8y(z) = (—z+a+1)Sy(z) + 1. (35)

In Reference [36], the authors studied the first kind associated Laguerre polynomials which
are denoted by (L% (x,1)) 0. In particular, it was proven that these polynomials are orthogonal
with respect to the positive definite functional v\V) defined by

1 o xotlp—x
M I / .
<V rp(x)> 1—*(0‘4_3) 0 p(x) ’\I’(l, 7a’xe_ni)’2 X,
where 1 o
1II(C, a, X) = m/o tc_l(l + t)a_c_lé’_Xtdt,

Re(c) >0, —m/2<3m/4+argx < /2.
The associated monic orthogonal polynomials of the first kind (L% (x, 1)), satisfy the
Sfollowing properties:

(i) Explicit formula.

L8 (x,1) = (=1)"(n + 1) (a +3), x
g (—n)gx (k—n,l,oc+2 )
Y i x3h ;1)
= (k+ 1)+ 3)x a+k+3, k+2

i} —1)"
) LA1(0,1) = (vc+>1 (&4 2)ps1 — (n+ 1)1,
(i) <v<l>, L&+ (x, 1) L&+ (x, 1)> = (n+1)!1(& +3) b m-

Using Theorem 5 and (35), we get that the functional v\') is Laguerre-Hahn of class zero
satisfying the distributional equation

D(xvD) + (x —a —4)vD) — (6 42) (xl {v(l)} 2) =0.

From Proposition 7, we have the structure relation

d n+1
xELgﬂ (x,1) + (a+2)L8 T (x,2) = Y A Li T (x,1); n> 1.
k=n

Using (2) and comparing the coefficients on both sides, we get
)‘n,n+1 = (” + 1)/ An,ﬂ = (Tl +a+ 3) (1’1 + 2)/

as well as the relation

d
xaLﬁﬂ (x,1) = L& (x) = (—x+a+n+3)LAT1 (x, 1)+
(n4a+3)(n+2)L% 1 (x,1), n>1
Besides, from (22), its Stieltjes function satisfies the differential equation

28! 0)(z) = (+2)82(z) + (—z+a +3)S o) (2) + 1.
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Next, let V be the linear functional defined by the Geronimus transformation xv = v with

Vo = . Then, from Section 2.2 with ¢ = 0, we get

(a+1)
fa _ ]' i o ,—X p(o) 0 o ,—X
() = gy fy (PO = pO)xte*dxt o [Tt an
= F(oc1+2) /000 p(x)x*e *dx, p(x)€P.

If Jy41 is the monic Jacobi matrix associated with v, then J,,1 has UL factorization as in (13)
with B, =a+n+1,n >0, ¢, =n, n > 1. Therefore,

Jat1 = UL — Jop1 =: LU = o
Notice that L% (x) = L&(x) for all n € N. Now, let v be the Geronimus transformation
of v(1) obtained from (15), and then

e} xtxefx p(o)
/0 (p(x) = p(0) }‘I’(l,—zx,xe*ni)fdx_'— (x+2)

(v, p(x)) = r(alﬁ)

—

Let (Py(x,1))u>0 be the SMOP with respect to v(1). Then, from Corollary 2, we get the three
term recurrence relation

xPy(x,1) = Pyiq(x, )(x) + 2n+a+1)P(x, 1)+ (n+1)(n+a+1)P,_1(x,1), n>1,
Py(x,1) =1  Pi(x,1)=x—(a+2),

as well as the following connection formula:

Pax1) = - Ll 1)~ 1%, () n>2

+1

—

Using Theorem 8, we get that the linear functional w := (a +2)v\)) is a Laguerre-Hahn
functional, and
2280 (z) = (0 +2)2282,(z) — z(z 4+ a + 2)Sw(z) + z.

Note that its equation is reducible to

280 (z) = (0 +2)28%,(z) — (z4 &« +2)Sw(z) + 1.

Taking into account that the polynomials are coprime, then the class of w is also zero. Since
P1(x) = x + (a + 1), then w satisfies the distributional equation

D(xw)+ (x+a+1)w— (a + 2)x(x_1[w]2) =0.

5. Concluding Remarks

In this contribution, we have focused our attention on linear and rational spectral
transformations of linear functionals and the corresponding action both on the Jacobi
matrices and Stieltjes functions associated with them. In particular, in such a framework,
we have solved the following intertwining problem. Given a linear spectral transformation T,
we dealt with the analysis of the transformation R such that T, T() = R T,, where T denotes
the associated transformation of the first kind. We have applied this fact to the analysis of
corresponding polynomials. The behavior of the Laguerre-Hahn linear functionals when
one deals with the above transformations has been analyzed, and the class of the resulting
linear functional has been discussed. Finally, some illustrative examples concerning Jacobi
and Laguerre polynomials have been presented.
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