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Abstract: The transient electromagnetic method (TEM) is widely used in the exploration of mineral,
petroleum, and geothermal resources due to its sensitivity to low-resistivity bodies, limited site
constraints, and strong resistance to interference. In practical applications, the TEM often uses a
long wire source instead of an idealized horizontal electric dipole (HED) source as the excitation
source. This is due to the complex external conditions and the relatively large distance between the
receiving zone and the transmitter source. Compared to the HED, the long wire source can provide a
larger excitation current, generating stronger signals to meet the requirements of a higher signal-to-
noise ratio or deeper exploration. It also produces longer-duration signals, thereby providing better
resolution. Additionally, for the interpretation of TEM data, three-dimensional forward modeling
plays a crucial role. However, the mature traditional TEM forward method is based on a simple,
sometimes inappropriate model, as it is well established that the induced polarization (IP) effect is
widely present in the deep earth, especially in oil and gas reservoirs. The presence of the IP effect
results in negative responses in field data that do not conform to the traditional theoretical decay law
of TEM, which can significantly impact data processing and inversion results. To address this issue,
a TEM forward modeling method considering the IP effect based on the spectral element method
(SEM) has been developed in this study. Firstly, starting from the Helmholtz equation satisfied by
the time domain electric field, we introduce the Debye model with polarization information into the
forward modeling by utilizing the differential form of Ohm’s law. As a result, we derive the boundary
value problem for the time domain electric field that considers the induced polarization effect. Using
Gauss–Lobatto–Legendre (GLL) polynomials as the basis functions, the SEM is employed to discretize
the governing equations at each time step and obtain spectral element discretization equations. Then,
temporal discretization equations are derived using the second-order backward Euler formula, and
the linear system of equations is solved using the Pardiso direct solver. Finally, the electromagnetic
responses at any time channel are obtained via SEM interpolation and numerical integration, thereby
achieving three-dimensional TEM forward modeling considering the IP effect. The results indicate
that this method can effectively reflect the spatial distribution of polarizable subsurface media. It
provides valuable references for studying the polarization parameters of subsurface media and
performing a three-dimensional inversion of TEM data considering the induced polarization effect.

Keywords: transient electromagnetic method; long wire source; spectral element method; induced
polarization; hydraulic fracturing monitoring

1. Introduction

The transient electromagnetic method (TEM) is a time-domain electromagnetic explo-
ration method that uses a step wave or pulse current as an excitation source to measure the
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pure secondary field after the primary field is turned off [1,2]. Due to the broadband nature
of the emitted waveforms, which have high resolution, greater detection depth, sensitivity
to good conductors, and less susceptibility to terrain limitations, TEM is widely applied in
practical fields such as mineral resource exploration [3]. For example, Strack conducted test
surveys using the loop-source transient electromagnetic method in the Sydney Basin. The
inverted geoelectric results showed a qualitative correspondence with the local geological
conditions, indicating the feasibility of the transient electromagnetic method in deep min-
eral and oil/gas exploration [4]. Yan et al. utilized the long-offset transient electromagnetic
method to identify local structures in the southern carbonate rock region [5]. Cheng et al.
employed the transient electromagnetic method to predict the water-rich level of rock
layers near boreholes, which is crucial for safe mineral production [6]. Yang et al. utilized
the transient electromagnetic method for hydrogeological exploration in the Longdong
coal mining area to determine the extent of abnormal areas in goaf regions [7]. TEM relies
on inversion to reconstruct underground models, and inversion accuracy is based on se-
lecting an appropriate forward modeling method. Traditional transient electromagnetic
forward modeling methods include the Integral Equation Method (IEM) [8–10], Finite
Difference Method (FDM) [11–14], Finite Element Method (FEM) [15–18], Finite Volume
Method (FVM) [19–21], and Spectral Element Method (SEM) [22–24]. Among them, the
IEM only requires the physical grid discretization of the anomalous body region rather
than the entire computational domain. This effectively reduces the number of unknowns,
resulting in a smaller system of linear equations and faster computation speed, thus achiev-
ing higher solving efficiency. However, the resulting coefficient matrix of the IEM is dense
and asymmetric. When simulating complex geoelectric models, the grid partitioning needs
to be fine enough to meet the computational accuracy requirements, leading to large mem-
ory requirements and inflexibility in simulating complex models. The FDM discretizes
the computational domain with regular hexahedral grids and places degrees of freedom
at nodes, edges, and faces, making it intuitive and easy to implement in programming.
However, due to the limitations of grid partitioning formats, the computational accuracy
is affected, especially in the simulation of complex models, where severe trapezoidal or
stepped approximations may occur. The FEM can discretize the computational domain
using regular hexahedra or unstructured tetrahedra, providing more flexibility in simu-
lating complex models. However, the detailed grid partitioning leads to a more complex
coefficient matrix, limiting computational efficiency. The FVM is considered to be a nu-
merical simulation method derived from both finite element and finite difference methods,
combining their advantages and disadvantages. The SEM used in this study is a numerical
simulation method that combines the ideas of finite element and spectral methods. It
performs high-order spectral integration operations within each finite element discretized
grid. SEM provides flexibility in simulating complex geoelectric models and inherits the
exponential convergence properties of spectral methods, achieving optimal computational
efficiency while ensuring computational accuracy [25].

In recent years, TEM forward modeling techniques have gradually matured due to up-
dates in forward modeling methods and the optimization of computational efficiency [26–28].
When conducting forward simulations for mineral exploration, it is typically assumed
that the electrical resistivity of the subsurface medium is a real-valued quantity. However,
studies have shown that rock formations such as shale, which contains small pores and
fractures, exhibit significant polarization effects [29,30]. With the increasing demand for
unconventional oil and gas exploration, such as shale gas, the traditional methods that
only consider real-valued electrical resistivity are unable to effectively explain the negative
response phenomena observed in collected data, which leads to deviations between the
inversion results and the actual geological conditions. Therefore, the development of
three-dimensional TEM forward modeling considering the induced polarization (IP) phe-
nomenon caused by the frequency dispersion of rock conductivity in the electromagnetic
exploration frequency range is urgently needed [31,32]. Man et al. calculated the time
domain electromagnetic field response considering the IP effects using a frequency–time
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conversion method in finite difference forward modeling [33]. To overcome the limitations
of the frequency–time conversion method, Zhang et al. directly introduced a complex
resistivity model into the time domain governing the equations of unstructured finite
element modeling and performed airborne transient electromagnetic three-dimensional
forward modeling [34]. However, in TEM forward modeling that considers the IP effect, the
commonly used electromagnetic field excitation sources are mainly loop sources, and there
is limited research on long wire sources, which poses more challenges [35,36]. Compared
to loop source transient electromagnetic, the long wire source method provides higher
resolution, is suitable for deep exploration, and better meets the current demands for uncon-
ventional oil and gas resource exploration [37,38]. Furthermore, there are various models
available to describe the frequency dispersion characteristics of polarizable rock formations,
such as the Debye model [39], Cole–Cole model [40], Wait model [41], Dias model [42],
GEMTIP model [43,44], and Zonge model [45,46]. Among these models, the Debye model
has a wide range of applications. It can simulate the frequency dispersion characteristics of
solid, liquid, and mixed-phase media conductivity. It is suitable for simulating complex
underground media with multiple phases and porosity. The Debye model is relatively
simple, with fewer induced polarization parameters, making it easier to implement in
numerical simulations.

This study conducted three-dimensional TEM forward modeling simulations using
the long wire source and considering the IP effect based on the Debye model. Firstly,
the accuracy and effectiveness of the algorithm were verified by comparing the results
with the one-dimensional solutions for a homogeneous half-space and layered media.
Then, the influence of different IP parameters on the electric field response curves was
analyzed, followed by the simulation of the three-dimensional electric field response of
underground low-resistivity polarizable bodies and multiple regular anomalous bodies.
Finally, by combining the model based on the real physical parameters of a shale gas
field, the three-dimensional transient electromagnetic response characteristics during multi-
stage hydraulic fracturing were studied, demonstrating the effectiveness and feasibility of
the three-dimensional transient electromagnetic spectral element method considering the
induced polarization effect in monitoring multi-stage hydraulic fracturing.

2. Spectral Element Method
2.1. Boundary Value Problems and Variational Problems

In TEM forward modeling based on the SEM, conduction current predominates, so
the displacement current term is typically neglected. In this case, the diffusion equation for
the electric field is satisfied:

∇×∇× E + µ
∂Je
∂t

= −µ
∂Js
∂t

(1)

where E represents the electric field intensity, µ is the magnetic permeability, Je is the
conduction current density, and Js is the source current density. The source term in this
article is a long wire source, which can be considered as the cumulative effect of the electric
field generated by countless tiny electric dipoles.

To ensure the uniqueness of the solution for the time domain electromagnetic field,
boundary conditions need to be applied within the computational domain and on its
boundaries. Additionally, initial conditions need to be imposed on the field values. The
tangential electric field continuity must be satisfied at the interfaces between different
media within the computational domain:

n̂ × (E1 − E2) = 0 (2)

where E1 and E2 represent the electric fields on the two sides of the interface between
two different media. At the boundaries, it is assumed that the electromagnetic field
attenuates with increasing distance from the source at the boundaries. When the physical
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extent of the domain is large enough, the electric field at the boundaries is 0, thus requiring
Dirichlet boundary conditions:

E|∂Ω = 0 (3)

The initial conditions for time-domain transient electromagnetic problems can be
complex and depend on the type and waveform of the excitation source. In this paper,
considering a long wire electric source as the excitation source, when the transmitted
waveform is a downward step wave, the initial conditions are as follows:

E|t=0 = EDC (4)

where EDC represents a steady-state electric field generated via a direct current (DC) flow.
When the excitation waveform is any other arbitrary waveform, the initial conditions are
as follows:

E|t=0 = 0 (5)

To simplify the solution process, it is necessary to transform the boundary value
problem in its differential form into an integral form using the Galerkin weighted residual
method. This leads to a weak formulation problem that can be solved. The residual form of
the time-domain governing equation is defined as follows:

Rt = ∇×∇× E + µ
∂Je
∂t

+ µ
∂Js
∂t

(6)

In this paper, the SEM is employed to discretize the computational domain into multi-
ple elements (Figure 1). The residual of the nth element Ωe is defined as Rt

n. By applying
the Galerkin weighted residual method and performing the necessary manipulations, the
following expression is obtained:∫

Ωe

[(∇× ν)× (∇× E)]ndΩe + µ
∫

Ωe

[
ν · ∂Je

∂t

]
n
dΩe + µ

∫
Ωe

[
ν · ∂Js

∂t

]
n
dΩe = 0 (7)Minerals 2024, 14, x FOR PEER REVIEW 5 of 18 
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Here, ν represents the weight function. When using the spectral element method for
solving, the weight function is chosen as the three-dimensional vector high-order spectral

element basis function
∼
Φ formed via Gauss–Lobatto–Legendre (GLL) polynomials. Similar

to the FEM, the scalar SEM cannot satisfy the physical boundary conditions of vector
electromagnetic fields, leading to spurious solutions in the computed results. On the other
hand, the vector SEM can automatically satisfy the internal boundary conditions of the
governing equations. Therefore, this paper adopts the vector spectral element method to
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solve the transient electromagnetic forward problem. The placement of degrees of freedom
within the interior plane of the element is shown in the figure (Figure 2).
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2.2. SEM Considering the IP Effect

Considering the frequency dispersion of conductivity in forward simulations can
effectively control the issue of non-uniqueness in inversion. In this paper, the Debye model
(Figure 3) is introduced into the transient electromagnetic spectral element method.
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The conduction current density Je in the conventional control equation can be described
using the differential form of Ohm’s law, which is

Je = σE (8)

In the above equation, σ represents the conductivity. The conductivity exhibits fre-
quency dispersion when the subsurface anomaly is a polarizable medium. It can be
described using the Debye model as follows:

σ(ω) = σ0

[
(1 − m)

(
1 − 1

1 + iωτ

)]−1
(9)

In the above equation, σ0 represents the zero-frequency resistivity, m represents the
polarizability, ω represents the angular frequency, τ represents the time constant, and i
represents the imaginary unit. In the frequency domain, by substituting Equation (9) into
Equation (8) and rearranging them, we obtain

σ0E(ω) + iωτσ0E(ω) = Je(ω) + iω(1 − m)τJe(ω) (10)

By performing the inverse Fourier transform, we can convert it from the frequency
domain to the time domain:

σ0E(t) + τσ0
∂E(t)

∂t
= Je(t) + (1 − m)τ

∂Je(t)
∂t

(11)
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To ensure a stable discretization in the time domain and accurate forward simulation
results, this paper adopts a variable step-size second-order backward Euler approximation
formula:

∂Ft

∂t
=

(2Kn + 1)Ft − (Kn + 1)2Ft−1 + K2
nFt−2

(Kn + 1)∆t
(12)

where Ft represents the field value at time t, ∆t represents the time step size, and Kn
represents the ratio of adjacent time steps. After discretizing in the time domain, we can
derive the formula for calculating the time domain conduction current density. Substituting
it into the conventional time domain control equation (Equation (1)) and rearranging them,
we obtain the time domain spectral element control equation considering the IP effect:

∇×∇× Et + µσ0G0 · Et = µσ0(G1 · Et−1 − G2Et−2 + G3Je
t−1

− G4Je
t−2

)− µ
∂Js
∂t

(13)

where
G0 = (2Kn+1)(Kn+1)∆t+τ(2Kn+1)2

(Kn+1)2∆t2+(1−m)τ(2Kn+1)(Kn+1)∆t

G1 = (2Kn+1)(Kn+1)2τ

(Kn+1)2∆t2+(1−m)τ(2Kn+1)(Kn+1)∆t

G2 = (2Kn+1)K2
nτ

(Kn+1)2∆t2+(1−m)τ(2Kn+1)(Kn+1)∆t

G3 = (Kn+1)3∆t
(Kn+1)2∆t2+(1−m)τ(2Kn+1)(Kn+1)∆t

G4 = K2
n(Kn+1)∆t

(Kn+1)2∆t2+(1−m)τ(2Kn+1)(Kn+1)∆t

(14)

3. Accuracy Verification

To ensure the accuracy of the algorithm, this study utilized the proposed method
to calculate the electric field response in a layered medium and compared it with the
one-dimensional analytical solution with the same parameters (Figure 4a). The strati-
graphic parameters are set as follows: the thicknesses are 500 m, 100 m, and infinite, and
the resistivities are 100 Ω·m, 20 Ω·m, and 100 Ω·m, respectively. Figure 4b shows the
relative error between the two methods. In terms of algorithm parameters, the spectral
element method was set to order 3, resulting in a total of 6480 elements, 184,525 nodes, and
543,840 degrees of freedom after mesh refinement, the time steps are shown in Figure 5.
Each time step calculation requires two calls to the Pardiso solver to solve a linear system
of equations. In the initial call, assigning the right-hand side takes about 15 s, followed
by an LU decomposition step that takes around 11 s. Then, a back substitution step takes
about 0.15 s. Subsequently, only back substitution is performed until a change in the time
step occurs, at which point the right-hand side changes, and the above operations need
to be repeated. From the figure, it can be observed that the relative error between the
two methods is below 5%, meeting the required accuracy and demonstrating the practical
feasibility of the algorithm. Additionally, this study considered a homogeneous half-space
model with a source length of 1000 m, offset distance of 5000 m, subsurface resistivity of
1000 Ω·m, polarization rate of 0.1, and time constant of 1. A three-layer dielectric model
with a low-resistivity polarization layer in the intermediate layer, as shown in Table 1,
was also investigated (Figure 6). The electric field responses were obtained using both
the spectral element method and the one-dimensional numerical simulation (Figure 7a,b).
From Figure 7, it can be observed that under the same observation parameters, the electric
field response obtained using the proposed algorithm exhibits a high degree of agreement
with the corresponding one-dimensional numerical simulation curve [47].
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4. Numerical Experiments

To investigate the influence of different IP parameters of subsurface media on the
electric field response curves for the accurate inversion of subsurface structures and rock
properties, a homogeneous polarizable half-space model with a resistivity of 1000 Ω·m
is set up. The polarization factor, denoted as “m”, is controlled at 0.1. The variable time
constant τ is changed to 0.01 ms, 0.1 ms, 1 ms, 10 ms, and 100 ms, respectively. The electric
field responses are calculated and plotted for comparison to observe the effect of different
time constants on the electric field response. From Figure 8, it can be observed that when
the time constant is less than 1 s, the smaller the value of τ, the later the negative response
of the electric field appears and the smaller its amplitude. When the time constant is greater
than 1 s, the smaller the value of τ, the earlier the negative response of the electric field
appears and the larger its amplitude. Furthermore, with the time constant τ set to 0.1 s, the
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polarization factor “m” is changed to 0.1, 0.2, 0.3, and 0.4, respectively. The corresponding
electric field responses are calculated and plotted for comparison to observe the effect
of different polarization factors on the electric field response. Figure 9 shows that as the
polarization factor increases, the negative response of the electric field appears earlier and
with a larger amplitude.
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In addition, this study designed underground models of a low-resistivity anomaly
and multiple anomalies to investigate the electric field response characteristics of polarized
underground bodies. Figure 10 shows the model of the low-resistivity anomaly, with a
600 m long wire source as the transmitter, a current intensity of 100 A, a measurement
grid of 600 m × 800 m, a spacing of 50 m between measurement points, a total of 221 mea-
surement points, and an anomaly size of 200 m × 400 m × 400 m. The resistivity of the
anomaly is 10 Ω·m, the polarizability is 0.5, the time constant is 1 s, and it is buried at a
depth of 400 m. The resistivity of the surrounding rock is 1000 Ω·m.
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Figure 10. Model of a low-resistivity polarized anomaly.

Figure 11 illustrates the electric field responses of a polarized anomaly with low
resistivity at various time channels in the xy plane. Figure 11a–e correspond to the responses
at time channels of 0.01 ms, 0.1 ms, 1 ms, 10 ms, and 55 ms, respectively. The white dashed
line represents the position of the anomaly. The electric field response values gradually
decay over time. In the early stage, the electric field response to the anomaly decays faster
compared to the surrounding rock, while in the later stage, the decay is slower, and the
response values are higher than the surrounding rock. By analyzing the decay of the electric
field response over time, we can make an approximate inference about the distribution of
the anomaly body in the xy plane.

Figure 12 shows the computed electric field responses in the xz plane for the low-
resistivity polarized anomaly model from Figure 10. Figure 12a–e correspond to the
electric field responses at time channels of 0.01 ms, 0.1 ms, 1 ms, 10 ms, and 100 ms,
respectively. The white dashed line represents the position of the anomaly. From the figure,
it can be observed that at the initial time channel, the region of the anomaly displays a
higher electric field value compared to the surrounding rock. As time progresses, the
electric field gradually starts to decay. At 1 ms, the anomaly region displays a lower
electric field response compared to the surrounding rock. At 10 ms, the anomaly region is
accurately displayed, and at 100 ms, negative response values appear in the anomaly region.
Additionally, from the figure, the buried depth and size of the low-resistivity polarized
anomaly can be inferred.
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To explore the application prospects of the TEM considering the IP effect based on
the SEM in complex underground media, multiple models of relatively low-resistivity or
high-resistivity anomalies were designed (Figure 13). The transmitter length was 600 m,
and the burial depths of the anomalies were 400 m, 550 m, and 400 m, respectively. The
sizes of the anomalies were 100 m × 100 m × 100 m, 150 m × 150 m × 150 m, and 150 m
× 100 m×150 m, with resistivities of 10 Ω·m, 1000 Ω·m, and 10 Ω·m, respectively. The
surrounding rock had a resistivity of 100 Ω·m., and the polarizability of the anomalies was
0.5, with a time constant of 1. Figure 14 illustrates the electric field responses of multiple
polarized anomalies in the xz plane. The white dashed lines indicate the positions of the
anomalies. It can be observed from the figure that this method can simultaneously reflect the
approximate positions of multiple polarized anomalies underground. However, it exhibits
higher sensitivity towards low-resistivity anomalies, and the response to these anomalies is
more pronounced at 10 ms. Compared to low-resistivity polarized bodies, high-resistivity
polarized bodies exhibit more intense negative responses with larger amplitudes.
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Figure 14. Electric field response at different channels in the xz plane for multiple polarized anomaly
bodies (The white dashed box indicates the location of the anomaly): (a) 0.01 ms, (b) 0.1 ms, (c) 1 ms,
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5. Three-Dimensional Forward Modeling of Hydraulic Fracturing

Forward modeling is a numerical simulation method that simulates the physical
phenomena of subsurface media to match the observed results. Its main purpose is to
integrate with the actual geological conditions. To simulate the feasibility of the transient
electromagnetic considering the IP effect based on SEM in hydraulic fracturing monitoring,
this study refers to the well data of Well Jiaoye 30 in the Fuling Shale Gas Field area and
designs a physical model of two-stage fracturing (Figure 15). The length of the source is
3000 m, the thickness of the fracturing layer is 300 m, and the fracturing area extends along
the y direction by 500 m after each fracturing stage. The resistivity before fracturing is
50 Ω·m, and the IP parameters are all set to 0. After fracturing, the resistivity decreases
due to the injection of fracturing fluid, assuming the resistivity decreases to 5 Ω·m, with
a polarizability of 0.5 and a time constant of 1. Figure 16a–d show the contour maps of
the voltage difference at 1 ms, 10 ms, 100 ms, and 1 s time channels before and after the
first-stage fracturing, while Figure 16e–h show the contour maps of the voltage difference
at 1 ms, 10 ms, 100 ms, and 1 s time channels before and after the second-stage fracturing.
From the figures, it can be observed that the fracturing range in the xy plane at each time
channel varies due to the attenuation of the electromagnetic signal over time. The reverse
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voltage appears after 100 ms, and the fracturing area is displayed most accurately. In
addition, it can be observed that the overall voltage difference values after the second-stage
fracturing are higher than those after the first-stage fracturing in the same time channel.
The stronger the signal, the easier it is for the instrument to capture the electromagnetic
response of multiple fracturing stages. These results indicate the promising application
of the TEM time domain spectral element method considering the IP effect in shale gas
fracturing detection.
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Figure 16. Contour map of voltage difference at different time steps before and after hydraulic frac-
turing (The white dashed box represents the fracturing zone): (a–d) represent the voltage difference
before and after first-stage hydraulic fracturing at different time steps of 1 ms, 10 ms, 100 ms, and 1 s;
(e–h) represent the voltage difference before and after second-stage hydraulic fracturing at different
time steps of 1 ms, 10 ms, 100 ms, and 1 s.
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6. Conclusions

This article demonstrates through accuracy validation and comparative experiments
with different parameters that the proposed method effectively considers the influence of
the IP effects. It shows that the polarization effects have a significant impact on the electric
field response, with a more severe negative response observed for higher polarizability.
Additionally, the method introduced in this article incorporates the Debye model through
the differential form of Ohm’s law and discretizes it directly in the time domain using
a variable step-size second-order backward Euler method. This approach avoids errors
associated with frequency selection and discretization in frequency domain algorithms,
resulting in a more direct and accurate treatment of time domain data. The adoption of
the SEM allows for flexible simulation of complex geological models while maintaining a
certain level of computational efficiency.

Furthermore, a series of three-dimensional validation experiments reveals promising
practical applications of this research in shale gas hydraulic fracturing monitoring and
other production scenarios. It provides a reliable reference for subsequent data processing,
analysis of induced polarization parameters, and inversion studies. Future research aims
to incorporate more comprehensive models of complex resistivity to enhance the analysis
of induced polarization parameters. Additionally, there are plans to simulate more com-
plex underground geological conditions to expand the scope of application and improve
its prospects.
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