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Abstract: The attainable region (AR) is an optimization method adopted for use in comminution to
achieve different objective functions, which all converge to optimising the production of the desired
particle size distributions for downstream processes. The technique has so far mostly been used to
optimise the breakage of particles in tumbling mills. It achieved the desired purpose by unveiling
all possible outcomes derived from a combination of operational parameters that are bound by
trajectories showing the limitations of a system. The technique has given the scientific community
lenses to see the behaviour of different parameters in ball mills otherwise known as the black boxes
due to their concealing nature. Since its inception, the AR technique has been applied to data obtained
from the laboratory tests and simulated industrial mills and the results sometimes contradict or
confirm the conventional milling practices in the industry. This makes the already conservative
mining industry sceptical about its adoption. This review thus assesses the milestone covered as
far as the AR development in comminution is concerned. It also helps to clarify the sources of the
discrepancies between the AR results and the conventional knowledge concerning the optimisation
of ball mill operational parameters.

Keywords: attainable region; ball mill; operational parameters; optimisation

1. Introduction

The comminution process is one of the largest consumers of energy in the mining and
mineral processing industries [1], owing to the very low energy efficiency of the process.
The low efficiency is caused by the inherently inefficient nature of the process emanating
from the imbalances of the mechanical energy input relative to the energy required to
generate new fracture surface area [2]. The input energy is lost during the particle breakage
to other processes with very little energy contributing to particle breakage. The lost energy
is wasted on processes such as driving the mechanical parts of the equipment, heat, and
sound energy [3]. This problem has been haunting the mining industry from birth and over
time; it became more and more pronounced owing to the increase in mining costs brought
about by the depletion of high-grade ores, among other issues. To address this problem,
considerable effort has been expended towards optimising the comminution circuits so that
the desired particle size distributions could be achieved at as minimum energy expenditure
as possible. Among the different optimisation techniques employed to solve this problem
is the attainable region (AR) technique.

The AR is defined as a set of all possible outputs from a reactor system for the given
kinetics and feeds [4]. In 1997, Glasser and Hildebrandt proposed AR as a new way of
analysing reaction systems in chemical engineering. The tool worked well on the laboratory
and pilot scales. Then, appreciating the similarities between comminution and chemical
reactions, Khumalo et al. [5–7] extended the AR technique to comminution process studies.
Since then, AR analysis has been successfully used to optimize the comminution of different
types of ore. It is a flexible tool used for graphical analysis of data, which overlooks milling
parameters but instead focuses on the fundamental breakage process and determines the
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set of all achievable distributions under the process conditions. This provides the designer
with the best pathway to achieving a specific objective function from the system feed which
could be to maximise the production of a given size class or minimise energy expenditure
in the circuit [5].

The successful application of AR in comminution systems initially requires the iden-
tification of fundamental processes of the system. For comminution, the fundamental
processes are typically composed of breakage, mixing and separation. The AR work in
literature so far has been focused mainly on particle breakage in tumbling mills and to a
lesser extent on mixing. For these fundamental processes, the production of particles with
a certain particle size distribution (PSD) usually formulates the objective function. The
description of the fundamental processes and the characterisation of the objective function
require the knowledge of state variables, which in turn enables each PSD to be represented
as a point in an n-dimensional space in relation to input specific energy. PSDs are com-
monly described by cumulative distribution functions where size analysis is represented by
a plot of the cumulative mass fraction against the particle size diameter. Khumalo et al. [5]
observed that single point product representation enables the establishment and better
control of the comminution processes.

Specification of state variables is required, and these are the variables that characterise
the characteristic vector of the dynamic system, hence the behaviour of the comminution
system. The characteristic vector is defined by the number of particle size fractions in
a given PSD. For instance, if the target is to achieve a specific PSD defined by i particle
size classes, the vector of dimension i–1 would be the characteristic vector. Thus, for i = 3,
the mass fraction in each size (mi) is represented in two-dimensional space with the mass
fraction in size class 3 determined using mass balance. For i = 4, three-dimensional space
represents mi in each size class and mass balance will be used to determine the fourth mass
fraction in size class 4 [5].

Grinding a feed size fraction from which the subsequent distributions are truncated
enables the grinding profiles for each size fraction to be developed. If it is a two-dimensional
problem, middling size and fines size fractions would be generated and either of them
could define the objective function of the breakage system depending on which of them
formulates the key variable of interest. Thus, the characteristic vector would be defined by:

mi = [m1,m2,m3],

and that would be the space in which the AR is determined. Both the feed and the product
streams should be represented as points in dimensional space. Figure 1 is an illustration of
how experimental data can be represented. The grinding profiles can be grouped into mass
fractions m1, m2 and m3, where m1 is termed the feed size fraction, m2 the middling size
fraction and m3 the fines size fraction. The margins of the mass fractions are dependent
on the objective function to be achieved. For example, if we consider m1 to consist of size
classes 1 and 2, m2 to be made of size classes 3 to 5 while size class 6 constitutes m3, we can
clearly define our objective function.

Figure 2 illustrates the mass fractions of m1, m2 and m3. If the objective is to maximize
the production of the middling (m2), then from the AR analysis illustrated here, we can
interpret the graph to determine the optimal grinding time.

We can then extend this analysis to compare the discrete maxima of m2 obtained under
different specified operating conditions. An example of different maxima of m2 obtained
with dissimilar media charges (J) at a single speed is illustrated in Figure 3.
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Figure 1. (a) Grinding profiles of all six class sizes versus time. (b) Cumulative mass fraction versus average particle size [8].

Figure 2. Grinding kinetics as plotted for the three size classes Feed class (m1), Middling class (m2)
and Fines class (m3) [9].

Figure 3. Mass fraction of m2 versus the number of revolutions [8].

Now that mass fractions at different grinding times have been clearly explained,
the next step is to present the data in a final AR format. Figure 4 shows how particle
size distributions (PSD) can be connected with grinding time. In this plot, the boundary
curve describes the processes used and can be interpreted in terms of pieces of equipment
(implicitly identifying the equipment required for best performance). Mass fractions
external to the AR defined by its trajectory cannot be achieved. The turning point of the
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curve isolates an optimum solution when the objective is to maximize the mass in size
class 2 (m2). This solves the optimization problem and provides the process control policy
needed to achieve that objective.

Figure 4. Representation of particle size distributions as a single trajectory in the AR space [7].

To explain further and clarify the PSD as a single trajectory in Figure 4, Figure 5 is
presented which shows a plot of m1 vs. m2 size fractions. In Figure 5, point A represents
the feed of the mill and point B is the turning point of the curve which isolates an opti-
mum solution when the objective is to maximize the production of m2, hence solving the
optimization problem in the system.

Figure 5. The plot of m1 versus m2 for silica sand for size 600 µm during the batch milling process [9].

At point C, 45% of the feed material has been broken into m2 and m3, which then
comprise 40% and 5% in the product stream, respectively. In the curve is also shown point
C′ which has the same concentration of 40% of m2 when 90% of m1 is milled. The amount
of m1 which remains in the system at C is 55% and m3 is (100 − m1 − m2) = 5% whereas at
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C′, m1 which remains in the system is 10% and m3 is (100 − m1 − m2) = 50% as determined
by mass balance. Thus, more fines are produced at point C′ than at point C even if the
concentration of m2 in the stream is the same at both points.

Line AE is a 45◦ line and breakage along that line corresponds to the breakage of
material during the grinding process from m1 to m2 only, with no production of unwanted
fines (m3). Conversely, the line from A to the origin corresponds to the breakage of material
in m1 directly to m3, thus producing no m2. To maximise the rate of producing m2 from m1,
the grinding process should be operated as close to line AE as possible. Thus, the initial
breakage at A produces mainly m2 and little m3 for every quantity of m1 broken and has
the maximum rate of breakage of m1 to m2.

The power of AR lies in its ability to determine the performance of the optimal circuit
as well as the operational conditions to be used in the optimal process circuit. It also defines
process targets accurately, which in turn permits the engineer to measure the actual process
efficiency against a theoretical target. Khumalo et al. [5] were able to validate their AR
predictions by showing a good fit between their calculations and their experimental results.
They then investigated the theoretical implications of their basic model for different specific
energy inputs [6] and successfully used AR analysis to optimize milling circuits that also
include the classification of particle sizes [7]. The main focus of the work done by Khumalo
and his colleagues [5–7] was on achieving the desired product with optimal use of energy.

Metzger et al. [8] used the same AR analysis technique but applied it to a different
parameter: optimizing the total time of operation. They found that the AR could be used to
determine optimal policies to reduce milling processing time. Katubilwa et al. [9] also used
the AR to analyse the effect of ball size on milling, based on the experimental data they had
collected from milling coal. They confirmed the generally accepted trend that grinding balls
of small diameter tended to promote the production of fine particles at a higher rate than
can be achieved by large balls. Mulenga and Bwalya [10] then used MODSIM® (Academic
Version 3.6, Mineral Technologies Inc, Salt lake City, UT, USA) to simulate an industrial
mill and generated data which they used to analyse ball filling, slurry concentration and
feed flow rate within the AR framework.

Danha et al. [11] used the AR to optimise the size reduction of a platinum group
minerals (PGM) ore in a laboratory grinding mill, specifically focusing on the effect of
slurry concentration on the product size distribution (PSD). Using the same technique, they
were also able to determine the optimal grinding time and energy needed to achieve the
maximum production of the desired size fraction. In the same work, they also revealed
that mixing is desirable in certain instances to maximise the production of a given size
fraction, especially if the m1 vs m2 trajectory is concave. Danha et al. [12] then investigated
the breakage behaviour of a bed of particles using AR to identify the optimum operating
parameters. The objective function of the work was to minimise energy usage in the
breakage process whilst maximising the production of the desired size fraction. Thus, they
used the AR technique to determine the ball size needed to achieve the objective function.
The work also looked at mixing as an important fundamental process needed in the event
of maximising the productions of fines.

Hlabangana et al. [13] further explored the technique by applying it to optimise
the grinding time required to achieve the maximum production of the desired size frac-
tion. Ball and powder filling was at the centre of their optimisation scheme. Later on,
Hlabangana et al. [14] used the AR to optimise the milling and leaching of low-grade ore.
They particularly maximised the material recovered whilst minimising the cost associated
with the recovery. The AR of the 3D plots enabled the authors to achieve all possible recov-
eries from different milling and leaching times. This was achieved through overlaying a
contour plot of the objective function on the 3D plot. Using the laboratory scale mill, Hla-
bangana et al. [15] conducted tests and explored the effect of varying the feed and grinding
media size distribution on the product fineness using AR. After that, Hlabangana et al. [16]
used the AR to analyse and optimise the impact energy on a bed of PGM, particularly
focusing on the effect of drop weight shape on the product fineness.
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Mulenga and Chimwani [17] extended the use of the AR from batch milling to contin-
uous and full-scale milling using Austin et al.’s [18] scale-up procedure, then optimised
the residence time of particles in the mill. Their investigation was limited to the plug flow
and well-mixed mill transport models without exit classification. The AR of the desired
product size was identified as well as the pivotal operational parameters. Using the same
scale-up scheme, Chimwani et al. [19] demonstrated the ability of AR to optimise milling
circuits at an industrial scale by assessing the effect of ball sizes and power draw on the
production of the desired size fraction. The authors scaled up laboratory data to a prese-
lected industrial mill of known parameters and specifications and demonstrated the ability
of AR to optimise milling at that scale. Chimwani et al. [20] then later took advantage of
the transport model developed for an industrial mill by Makhokha et al. [21] to determine
the optimal residence time of ore in the ball mill using the AR. The authors evaluated the
energy requirements of the mill at that residence time to produce a maximum amount of
the desired fraction. This work also explored the effects of the operational speed and mill
filling on the particle residence time.

Chimwani et al. [22] used the AR technique to explore the effect of ball mixture
on the production of the floatable size range applicable to a platinum-bearing ore. The
authors generated a simulation program that comprises the grinding circuit and ball wear
models, which were used to determine the optimum make-up balls needed to produce
the maximum amount of the desired size range. Chimwani and Hildebrandt [23] then
optimised an open mill circuit using the AR technique in terms of the energy consumption
needed to produce a given size range. The approach in that work was slightly different
from the rest in that an operating region that comprised the best combination of mill
speed and ball filling that produced the highest amount of floatable size fraction with
minimum energy consumption was determined from the optimisation scheme. Two years
later, Chimwani et al. [24] optimised the production of the desired size range in a grinding
mill through tailoring the feed size distribution. The AR technique was utilised to analyse
the data simulated using the population balance model and the analysis revealed that the
milling process is efficient only to a point where the rate of producing the desired product
size is greater than or equal to the rate of producing unwanted fines.

Emmanuel et al. [25] used the AR technique to optimise impact energy and particle
size during the breakage of a bed of olivine particles, demonstrating that the technique
is applicable in sustainable soil stabilization projects. Using the technique, they found
spherical drop weights to be more influential in maximising the production of the desired
size fraction.

As has been shown above, a considerable amount of work has been done by re-
searchers over the years to apply the AR methodology to comminution processes with
important insights drawn from the results. On the one hand, some of the results from the
AR analysis confirmed what is already known in the comminution world whilst on the
other hand, some results revealed things that were concealed by other analysis techniques
yet important in the optimisation of comminution circuits. This review thus helps to
shed light on the important insights drawn from the AR analysis technique as applied to
tumbling mills, to encourage its adoption by the generally conservative mining industry.

2. The AR Application in Comminution

To effectively apply this graphical analysis technique to optimise various operating
conditions of comminution circuits and unlock its potential, several researchers have
coupled it with the population balance model [7,9,19,20,22], with insightful information
drawn from the work. The population balance model is a size-mass balance that takes into
account the selection and breakage functions resulting in the full description of the grinding
process. If a size-mass balance is performed for particular size i, the rate of production
of size i material equals the sum of the rate of appearance from breakage of all larger



Minerals 2021, 11, 1280 7 of 23

sizes minus the rate of the disappearance by breakage. This is symbolically expressed as
follows [18]:

dwi(t)
dt

= −Si.wi(t) +
i−1

∑
j=1

Sj.bij.wj(t) (1)

where Sjbijwj(t) is the rate of appearance of size i material produced by the fracturing of
size j material; Siwi(t) is the rate of disappearance of size i material by breakage to smaller
sizes; Si is the selection function of the material considered to be of size i; wj(t) is the mass
fraction of size i present in the mill at time t; and bij is the mass fraction arriving in size
interval i from breakage of size j. Si is the selection function that represents the rate of
breakage of particles of size xi.

Austin et al. [18] proposed the following empirical model to define the variation of
the selection function with particle size:

Si = a.xα
i .Qi = a.xα

i .
1

1 +
(

xi
µ

)Λ (2)

where xi is the maximum limit in the screen size interval i in mm; Λ and α are posi-
tive constants that are dependent on material properties; a is a parameter dependent on
mill conditions and material properties, which indicates how fast the grinding is; µ is a
parameter dependent on mill conditions; and Qi is the correction factor accounting for
abnormal breakage.

The distribution of fragments produced by breaking size i before re-breakage occurs
is called the primary daughter fragment distribution bij. It is the ratio of mass from size
class j reporting to size class i [18]:

bij =
mass of particles from class j broken to size i, t→ 0

mass of particles of class j broken, t→ 0
where i < j

A more convenient way of describing the breakage function is to represent it in
cumulative form

Bij =
i

∑
k=n

bkj (3)

where Bij is the sum of the fraction of material that is less than the upper size of size interval
i resulting from the breakage of size j material. bkj is the cumulative breakage function of
particles of size xj reporting to size class i.

To relate the cumulative breakage function to particle size, the following empirical
model can be used [18]:

Bij = Φj

(
xi−1

xj

)γ

+
(
1−Φj

)( xi−1

xj

)β

(4)

where β is a parameter characteristic of the material used, the value of which is generally
greater than 2.5; γ is a material-dependent parameter, the value of which is typically found
to be greater than 0.6; and Φj is a material-dependent parameter representing the fraction
of fines that are produced in a single fracture step. Its value ranges from 0 to 1.

The breakage and selection function parameters determined were used within the PBM
framework [19,20,22] and the academic version 3.6 of MODSIM® (Mineral Technologies
Inc, Salt lake City, UT, USA) [10] to generate data from simulations at different operational
parameters both at laboratory and full-scale milling. All the simulations had a similar
objective of generating data for analysis using AR. This review thus provides a yardstick
for determining the difference between the results obtained from the AR analysis and what
is conventionally known in comminution, for optimum operational parameters of different
comminution devices and test equipment.



Minerals 2021, 11, 1280 8 of 23

3. Different AR Application Scenarios

It is important to understand that AR is an optimisation tool that uses an approach
which is equipment independent. As mentioned in the foregoing sections, its application
has been to a greater extent on ball mills. The ball mill is composed of a number of
operational parameters. In some instances, researchers have focused on a particular
operational parameter [8,9,11,13–17,19,20,22–24,26] whilst in some cases, the optimisation
scheme focused on all parameters at once to achieve a given objective function [19]. This
makes grinding materials in a manner conducive to achieving the objective function key to
good mineral processing. The engineer who controls the milling operation thus needs to
strike a balance between reducing the size of the particles and minimizing over-grinding (to
maximize efficiency). On the one hand, under-grinding yields a product that is too coarse
and has a degree of liberation too low to be economically feasible when the downstream
separation process has been completed. Over-grinding, on the other hand, tends to reduce
the materials below the size required for most efficient separation and additionally results
in unnecessary waste of energy.

These considerations have prompted several researchers to investigate the milling
process in detail, studying milling parameters such as ball size, slurry filling, residence time
distribution, grinding media filling and media shape, and subsequently to make various
recommendations to ensure the efficient operation of ball mills. These systematic studies
were carried out by Kelsall et al. [27–31] and other pioneers in the field, whose recommen-
dations established a basis that researchers such as Austin et al. [18] and Yekeler [32] have
built upon to propose models that describe the effects of typical grinding parameters on the
milling process. In tumbling ball mills, the rate of breakage and overall mill performance is
affected by, among other factors, fractional ball filling (J), the fraction of critical speed (φc),
the fraction of the mill volume filled by powder (fc), powder filling (U), solids concentration,
ball and feed size distributions.

With the introduction of the AR optimisation tool, researchers looked again into
the optimisation paradigm from the perspective of the graphical analysis tool. In the
subsequent section, a detailed review is given on the application of the technique on
different milling operational parameters.

3.1. The Fractional Ball Filling

Fractional ball filling (J) is conventionally expressed as the fraction of the mill volume
filled by the ball bed at rest, assuming a formal bed porosity of 0.4. It can be expressed
as [18]:

J =

(
mass of balls
ball density

)
mill volume

× 1.0
(1− 0.4)

(5)

Metzger et al. [8] investigated the effect of the grinding media filling (J) and multiple
speeds on the breakage of silica sand particles using the AR graphical analysis. They used
a benchtop laboratory ball mill loaded with grinding media. The authors found that the
single mill speed (φc = 0.21) and the lowest media filling of J = 1.5% produced a maximum
amount of m2 compared to J = 10 and 21.5%. Hlabangana et al. [13] also found the media
filling of J = 4% to be a better policy for optimising the mill after comparing it to J = 10.7%
from the laboratory experiments performed on silica and gold ores.

These results contrasted those of Austin et al. [18] and Ozkan et al. [33] which sug-
gested that energy is most efficiently used at φc = 0.75 and J = 40% but in large-scale
ball milling. This is on account of a widely held belief that as the mill draws maxi-
mum power, the rate of breakage also gets to the maximum. Motivated by that disparity,
Metzger et al. [8] performed experiments with the parameters of ball filling (J = 31.5%)
and mill speed (φc = 0.71) but the process was not optimised as expected; rather, a lower
amount of the desired size was produced.

However, Fortsch et al. [34] reported a slightly lower media filling. The authors used
the under-loading multiplier concept which is pronounced by the hole or gap in the middle
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of the charge as the mill is turning. They then reported that operating a ball mill at 75%
critical speed and a 22% charge level creates a higher cataracting region than at 75% critical
speed and 40% charge level. The multiplier concept is shown in Figure 6.

Figure 6. Illustration of the difference in load behaviour for different ball charge levels but rotating
at the same mill speed (after [34]).

They also observed that cascading action provides the highest grinding efficiency
because of the high total surface area exposed to contact. Finally, Fortsch and his colleagues
argued that as the ball filling is increased, the breakage rate initially rises to a maximum
and then decreases.

In their quest to extend the AR methodology to full-scale milling and, also to under-
stand the cause of the difference between Metzger et al. [8] AR analysis results from lab
data and that of Austin et al. [18] and Ozkan et al. [33] from large scale milling, Mulenga
and Chimwani [17] used the Austin et al. [18] scale-up procedure to scale laboratory data
to an industrial continuous milling. Although the main objective was to optimise the
residence time in terms of the plug-flow and well-mixed transport models, their work
showed that higher ball fillings led to the faster production of the desired size fraction.
In particular, the recommended range of ball filling by Mulenga and Chimwani [17] was
J = 25%–30% for the range of J = 20%–35% investigated, which was not far from that
proposed by Fortsch et al. [34]. However, the authors observed that the high-power draws
and throughputs achieved when high ball fillings were used require an extensive inquiry
into the possibility of a trade-off between throughput and mill power draw.

In that light, Chimwani et al. [19] scaled up data obtained from laboratory batch
milling of a platinum ore using empirical models to an operational industrial mill on which
some plant survey had been conducted. Higher media filling of J = 40% was presented in
that work, confirming what is traditionally acceptable in milling practices under which
most concentrators operate. These results were slightly different from what Mulenga and
Chimwani [17] found of J = 20%–30%. The difference is perhaps owing to the approaches
used. In the former, the media filling was optimised independently of other operational
parameters or other parameters were held constant whereas, in the latter, all the parameters
were optimised at once to maximize the production of m2 (−75 + 9 µm). To optimise many
parameters at once, a search algorithm was generated to search for the optimal values of
mill operational parameters J, U, d and φc that would produce the highest amount of the
desired size fraction. The calculation procedure utilised the Matlab® (Version R2017a/15,
Natick, MA, USA) function “fmincon” which uses a sequential quadratic programming
method. The method solves a quadratic programming sub-problem and an estimate of the
Hessian of the Lagrangian is updated after each iteration by globally converging all the
unknown parameters simultaneously and not adjusting them one at a time.

Later on, Chimwani et al. [20] extended the enquiry to the use of the AR technique, de-
termining the optimal residence time of ore in the industrial ball mill. In earlier work [17,19],
the assessment was limited to the plug flow and fully-mixed mill models. Later, they used
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a tank in series model after determining that it was more realistic and assessed the energy
requirements at different ball filling to maximise the production of the desired particle size
fraction for floatation. It was found that the highest amount of material in the −75 + 9 µm
size range was achieved at J = 35% but the residence time was optimised at J = 40%. In
terms of the energy assessment, operating at a higher ball filling of J = 40% was found to
be a better choice if the mill is to be optimised as shown in Figure 7. These results were
confirmed by Mulenga and Bwalya [10] who, through data generated from the simulation
of the same industrial mill using MODSIM®(Academic Version 3.6, Mineral Technologies
Inc, Salt lake City, UT, USA), found optimum ball filling to be within the range of 35 to 40%.

Figure 7. Effects of media filling level on mill throughput on (a) the extent of energy used and (b) the residence time [20].

3.2. The Rotational Speed

The mill rotational speed is normally specified as a fraction of the critical speed φc.
The critical speed is the theoretical rotational speed at which balls centrifuge on the mill
case and do not tumble. This is given by [18]:

Critical speed φc, rpm =
42.2√
D− d

(6)

The rotational speed affects the product size distribution and how fast the shell liners
wear. Shoji et al. [35] found that the industrial mill rotational speeds in use were 70%–80%
of critical speed for a ball mill with effective lifters. The typical operational philosophy is
to run the mill at the speed at which the trajectories followed by the balls are such that the
descending balls fall on the toe of the charge and not on the liners. This is attributable to
concordant studies that demonstrated that low speeds give rise to abrasive grinding owing
to the cascading of the balls, which in turn results in finer grinding and increased liner wear.
At higher speeds, cataracting tends to dominate the grinding process, resulting in coarser
end products and reduced liner wear. Further increase of the mill speed to close to 100%
leads to centrifuging; the media are carried around in an essentially fixed position against
the shell [36]. Understanding that there is no cast in stone mill rotational speed which is
a one size fits all for the mill optimisation, subsequent research was conducted using AR
analysis techniques to optimise grinding mills in terms of the operational parameter and it
is interesting to assess the results against the traditionally acceptable practice.
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First to carry out the enquiry was Metzger et al. [8] who then suggested through
AR analysis that energy is most efficiently used at low mill rotation rates to produce the
maximum amount of m2, thus contradicting what is traditionally known, which is running
the mill at φc = 75%. The authors observed that operating the mill at φc = 3% as shown
in Figure 8 produced the largest amount of the desired size fraction with efficient energy
utilisation, but after the longest grinding time. Thus, Metzger et al. [8] proposed that
instead of running the mill at a single rotational speed, the ore should be milled in a series
of mills where the first mill can operate for a shorter period at a higher energy input
followed by grinding in the subsequent mill at a lower energy input for a longer time. This,
as per their conjecture, helps to utilize the overlapping grinding profiles and achieve a
given objective function of producing the amount of the desired size range in half the time
taken to produce that material in a single rotation speed.

Figure 8. Mass fraction of size class two vs. one for different ball mill critical speeds [8].

Upon extending the AR technique from the batch to continuous milling, Mulenga
and Chimwani [17] found that the critical speed of φc = 70% recorded the shortest time
during the residence time optimisation. That rotational speed also produced the maximum
amount of m2. Although the results confirmed what Shoji et al. [35] also observed, the
authors acknowledged the use of simplified flow models which were unrealistic in essence.
Despite the achievement of the objective function of the study, Mulenga and Chimwani [17]
proposed the use of a more comprehensive simulation model that integrates all the relevant
aspects of milling operations for the generation of more relevant data. In that breadth,
Chimwani et al. [19] scaled up laboratory data to an industrial mill and found that φc = 40%
produced the highest amount of the desired size fraction which was −75 + 9 µm. Even the
search algorithm developed to optimise the ball filling, interstitial filling, critical speed and
ball diameter whilst maximising the production of the desired size fraction confirmed the
critical speed of φc = 40% to be optimal. This disagreed with the common practice which
recommends 75% of critical speed as optimal.

To further explore the output limits of a system in terms of the rotational speed,
Chimwani et al. [20] stretched the enquiry of the AR technique analysis to the realistic
model. The results obtained confirmed what the same authors found in their earlier work,
that the critical speed of 40% produced the maximum amount of the desired size fraction
(−75 + 9 µm) with minimal energy expenditure. Later, Chimwani and Hildebrandt [23]
explored the possibility of determining the optimal conditions in terms of energy consump-
tion that optimises the production of the desired size fraction as dictated by the ball filling
and mill speed. The authors used a different approach from the one used in their earlier
work. The new approach optimised the circuit based on a set output rate of the desired
size fraction. The output rate was set based on the lower boundary of the AR which was
slightly lower than the peak value. The difference between the amount of the desired size
fraction at the peak and that on the lower boundary of the AR was found to be insignificant
whereas that of the energy expended to produce the amount of the desired size fraction
at the peak and that at the lower boundary was very significant. For further clarification,
the analysis of the attainable region was performed using contour plots, which unveiled
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further opportunities to fine-tune the optimization paradigm. The work of Chimwani and
Hildebrandt [23] showed that it is possible to sacrifice less than 1% of m2 produced to save
energy by more than 30%. Operating the mill speed at 40% critical speed instead of the
conventional practice of operating between 70% and 80% was confirmed to be the best
practice since it saves energy expended by 15%. This, whilst confirming the earlier findings
by Chimwani et al. [20] about rotational speed, shows that mill speed is an important factor
in the optimization of milling circuits.

3.3. Mill Filling by Powder

The fraction of the mill filled by powder (fc) is expressed as the function of the mill
volume filled by the powder bed, using a formal bed porosity of 0.4. This is calculated
using Equation (7). The fraction of the mill filled by powder (fc) must be determined for
every mill operation in which a different J is used since the mill should not be under- or
over-filled. Under-filling the mill leads to energy wasted in steel-to-steel contacts, which
produces little breakage, but instead, unwanted material wear. Over-filling the mill, on the
other hand, leads to an effect called powder cushioning, which impedes the efficiency of
the breakage action. That is why it is imperative to fill the mill with an appropriate volume
of powder. The fraction fc of the mill to be filled by powder can be calculated as follows:

fc =

(
mass of powder
powder density

)
mill volume

× 1.0
0.6

(7)

A similar definition applies to the slurry, provided that the density of powder in
Equation (7) is replaced by an appropriate density of slurry.

In order to relate powder loading to ball loading, the formal bulk loading of powder
is compared to the formal porosity of the ball bed [18]. This way, the notion of powder
filling (U) can be introduced, that is, the fraction of the spaces between the balls, at rest:

U =
fc

0.4J
(8)

Austin et al. [18] reported that the values of U between 0.6 and 1 will generally give
the most efficient breakage in the mill. The authors attributed the small breakage rates
obtained with a low powder filling to the little collision spaces between the balls that
would be filled with powder. Previous works [33,37,38] have shown that the grinding rate
is affected in the same manner regardless of whether it is the slurry or powder that fills
the interstices of the mill bed. Latchireddi and Morrell [39] and Tangsathitkulchai [38]
proposed U = 1 as the way to ensure efficient milling. Chimwani et al. [19] also confirmed
the same value from their AR analysis of scaled-up data. The authors found this value both
when they optimised the operational parameter solely and when optimised it together
with other parameters using the search algorithm.

Intending to reduce the grinding time required to maximise the production of material
in the desired size fraction (−150 + 75 µm), Hlabangana et al. [13] used the AR technique
to optimise the grinding process in terms of powder filling. Their results revealed that
at U = 1, the rate of production of the desired size is maximised, confirming what the
previous researchers have found regardless of whether the AR analysis technique was
used or not. Later, Hlabangana et al. [40] continued with their enquiry about the effects of
powder filling on the production of the desired size fraction using the AR technique and
demonstrated that the optimum powder filling for a given grinding action is related to the
limits of the product specification. The authors thus showed that U = 1 was the optimum
value for maximising the production of −150 + 75 µm whilst U = 1.75 was the optimum for
producing −850 + 150 µm as shown in Figure 9. This encouraged the authors to propose
the use of mills in series with different U values as long as the product requirements in
terms of particle sizes are different. However, their results confirmed previous suggestions
of U = 1 for similar product requirements.
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Figure 9. Grinding profiles for the gold ore at different U values for (a) finer feed and (b) coarser
feed [40].

3.4. Ball Diameter

Several published research studies have shown concordance in finding that fine
particles are ground effectively by small balls, because of the increase in the rate of ball-on-
ball contacts per unit time [18,41–44]. Furthermore, if a representative unit volume of the
mill is considered, the number of balls in the mill increases, as 1/d3. On the other hand,
larger balls have been found to do a better job as far as the milling of hard ores and coarser
feeds are concerned, since high impact energy is required to break them [41]. To add to the
existing literature about the ball size effect on milling kinetics, some researchers resorted to
assessing it through the lenses of AR analysis.

First to undertake the analysis was Katubilwa et al. [9], who through a theoretical
inquiry utilised the AR technique to investigate the effect of ball diameter on milling
kinetics. Their objective function was slightly different from the one pursued in most
research work concerning the AR analysis, that is, to maximise the production of the
middling size fraction commonly known as m2. For Katubilwa et al. [9], the objective
function was to maximise the production of the material less than 75 µm, which is basically
m3. The ball sizes under investigation were: 10, 20, 30, 40 and 50 mm. Those balls were used
on three different feed sizes: a coarse feed 26,500–22,400 µm, a medium feed 6700–4700
µm, and a fine feed 600–425 µm. The AR analysis showed that when grinding a coarse
feed, the 20 mm ball size produced the highest amount of m3 for any amount of m1 ground,
but the story changed for a medium feed where 10 mm ball produced the highest amount
of m3. For the finest feed, the curves were superimposed, and that showed that there is
a feed size beyond which ball size ceases to matter from an AR analysis point of view.
The general conclusion from that work is that smaller diameters were more effective at
producing materials under 75 µm although they are shunned in the industry because of
the cost. The authors also acknowledged that the effect of ball size could be different for
some other operating conditions and that a mixture of balls of different diameters might be
able to take advantage of both small and large media confirming what is conventionally
known about the subject. The observation of the mixture of balls as a better option was
later emphasised by Mulenga and Bwalya [10].

To shed more light on the subject, Metzger et al. [45] investigated the effect of grinding
media size among other parameters on the optimal production of the desired size fraction
m2. The authors only compared how the 44.5 mm and 25.4 mm ball diameters differ
in grinding ability of feed size 5600–4000 µm. They found 44.5 mm diameter ball sizes
to optimise the production of m2 which was the desired size fraction. The results of
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Katubilwa et al. [9] and that of Metzger et al. [45] are not comparable owing to different
objective functions pursued in each work.

To bring more insights into the subject, Mulenga and Chimwani [17] through their
introduction of AR to continuous milling, investigated the effect of ball sizes; 10, 20, 30 and
40 mm on the production of the desired size fraction (−75 + 9 µm). The results show that
smaller balls promote a faster production of the desired size fraction. Since the results
confirmed the patterns reported by Austin et al. [18] and Napier-Munn et al. [41], they
confirmed the widely accepted theory pertaining to the effects of ball size in milling,
which requires ball diameter to be tailored to the target product. In the same vein,
Chimwani et al. [19] scaled up the laboratory data to a full industrial mill and observed
that as the ball size decreased, the maximum achievable mass fraction of the desired frac-
tion (−75 + 9 µm) decreases as well. Their investigation only covered ball sizes 20, 30 and
40 mm and from that investigation, 40 mm balls were found to produce the highest amount
of the desired size fraction. The authors also confirmed the same results when they used a
search algorithm scheme to optimise all the parameters at once. Through their simulation
of a full-scale mill with a realistic model, Chimwani et al. [20] demonstrated that residence
time is largely dependent on ball diameter and that correct adjustment of ball diameter is
needed for the optimisation of the residence time. However, the assessment of ball size
using AR analysis is still sparse from an energy perspective.

Chimwani et al. [22] investigated the make-up ball charge that would guarantee
maximum production of the floatable size range applicable to platinum-bearing ore using
the AR technique. Their results revealed 20 mm balls to constitute make-up balls that
produced the highest amount of (−75 + 9 µm) which was the desired size fraction (98.3%).
This was followed by 40 mm balls as a make-up charge which produced m2 of 94.6%. The
results from the AR analysis in that work confirmed those found by Bwalya et al. [46]. The
authors went on to argue that despite 20 mm balls producing the maximum amount of the
desired size fraction, it was advantageous to charge 40 mm balls as make-up charge owing
to the insignificant difference in the amounts of m2 produced which was just 3.7%.

Hlabangana et al. [15] used the AR analysis to investigate the effect of ball size and
feed size distribution on the production of the desired size fraction. The investigation
focused particularly on the mixture of ball sizes rather than one size as investigated in other
previous work. The ball mixtures investigated, which constitutes the combinations of 50,
20 and 10 mm and that of 20 and 10 mm ball sizes, were investigated on feed size classes
−1700 + 850 mm and −1180 + 850 mm. Their AR analysis revealed that the three-ball
mixture maximised the production of m2 (−150 + 75 µm) from the grinding of a coarser
size whilst the binary ball mixture maximised the production of the desired size fraction
from milling the finer feed, as shown in Figure 10.

When the enquiry was extended to the optimisation of m3, the results presented in
Figure 11 show that the three-ball diameter mix produced fines at the fastest rate for the
coarser feed whilst the binary mixture performed better than its rival for the finer feed
although overall, it was a 10 mm diameter ball which maximised the production of m3 for
that feed size. The results from Hlabangana et al. [15] reinforce that the grinding media
diameter should be matched according to the feed and desired product size distributions.

In their quest to optimize the impact energy of breaking particles bed, Danha et al. [12]
used AR analysis to assess the breakage behaviour of a bed of silica particles. The assess-
ment was conducted from the drop weight data generated using 10, 20 and 30 mm steel ball
sizes. Their results showed that 20 mm balls produced the maximum amount of the desired
size fraction (−600 + 200 µm) at a height of 1.2 m. However, the least energy expenditure
was experienced with 10 mm balls indicating that energy consumption increased inversely
with the media size. The work also demonstrated that large ball sizes were desirable if the
key variable of interest is the amount of material in the fines (m3) since they break most of
the material directly from the feed (m1) to the fine size fraction, in a single drop.
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Figure 10. Mass fraction m2 vs. milling time for various ball sizes (a) feed size = −1700 + 850 µm
(b) feed size −1180 + 850 µm [15].

Figure 11. Mass fraction m3 vs. m1 for various ball sizes (a) feed size = −1700 + 850 µm (b) feed size
−1180 + 850 µm [15].

Using the same drop weight technique, Hlabangana et al. [16] used AR analysis to
optimise the impact energy needed to break a bed of particles. What differentiates their
work from that of Danha et al. [12] is their objective function which was focused on the
drop weight shape rather than the size. The shapes investigated were ellipsoid, sphere and
cube. Their results showed that the ellipsoid drop weights produced the highest amount
of the desired size fraction (−850 + 150 µm) at the highest rate at 1.5 m drop height on a
bed of 15 g mass powder. The cube-shaped weight produced the least amount of m2. In
the same fashion, Emmanuel et al. [25] conducted drop weight tests on Olivine sand and
optimised the impact energy and particle size using the AR analysis. Their tests were done
with drop weights of oval, cube and sphere shapes, albeit with a different objective function
from that of Hlabangana et al. [16], which was to maximise the production of m2. That of
Emmanuel et al. [25] was to optimise the production of m3. Their results showed that the
highest amount of m3 was produced using the spherical drop weights of 0.441 kg in fewer
drops compared to what was achieved by other shapes. The bed and drop height were
30 g and 2.5 m, respectively. The authors attributed the superior spherical performance to
a better contact mechanism and a higher surface area.
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3.5. Feed Size Distribution

Feed size distribution is among the milling operational parameters that were investi-
gated over the years. The studies conducted about the parameter range from the effect of
mono-sized feed on the PSD by Kanda and Kotake [47] and that of binary feed of coarse and
fines by Fuerstenau and Abouzeid [48] with valuable insights drawn from both studies. To
add to what was already known, Hlabangana et al. [15] used the AR analysis to investigate
the effect of feed size distribution on the milling efficiency of a laboratory mill. Their results
showed that a feed size distribution was effectively milled by a mixture of balls and this
was believed to have been caused by bigger balls dealing with coarser particles whilst
smaller balls participated more in grinding finer particles. This influenced the authors to
emphasise the importance of closely monitoring the match between the feed size and ball
size distributions to improve the performance of milling circuits.

Chimwani et al. [24] extended the enquiry of the effect of the feed size distribution
(FSD) but focused on tailoring the FSD to maximise the production of −75 + 9 µm. Results
from this work revealed that feeds which consist of higher fractions of finer sizes lead to
higher throughputs of the desired size product than feeds with a higher percentage of
coarse particles. In addition to that, their AR analysis also showed that feed tailoring can
be valuable in ball milling only to a certain operation time, beyond which the nature of the
feed distribution ceases to be of significance to the performance of the mill. The work also
showed that using a ball mill with a small residence time that breaks a small quantity of
the feed helps to achieve grinding of the material only at high to maximum grinding rates.

3.6. Solid Content

Solid content is the weight of solids in the mixture. The fraction of solids, which in
turn determines the viscosity of the mixture, has a strong influence on the operation of the
mill. The more viscous the slurry is, the longer the residence time it takes in the mill and
the higher the cushioning of the media whilst the less viscous the mixture is, the higher the
rates of wear owing to the excessive contacts between the media. This thus requires solid
content to be optimised. Tangsathitkulchai and Austin [49,50] have shown that a solid
content of between 40% and 45% vol.% of solids provides the best grinding conditions for
ores in ball mill and that has become the traditionally acceptable milling practice.

Danha et al. [51] used the AR technique to assess the optimal slurry density needed to
maximise the production of the desired size fraction (−45 + 15 µm). The authors specifically
used the technique to reduce the grinding period and grinding energy required to achieve
their objective function. From their analysis, it was shown that within the first 10 min of
grinding, the grinding rate was independent of the percent solid concentration. Further
analysis of the results revealed that the 33% solid concentration produced the highest
amount of m2 within the shortest period whilst the 50% solid concentration produced the
highest amount m3 (<9 µm) as presented in Figure 12.

Even when assessed in terms of energy, the 33% solid concentration led to the most
efficient use of energy to produce m2 as depicted in Figure 13 whereas, for m3, it was the
50% solid concentration. This demonstrates that energy expenditure is the function of
slurry density which in turn is dictated by the objective function.



Minerals 2021, 11, 1280 17 of 23

Figure 12. (a) m2 vs. m1 (b) m3 vs. m1 for different concentrations of solids [51].

Figure 13. Grinding energy versus m2 [51].

4. Discussion and the Future of AR in Comminution

Since its inception, the AR analytical tool has demonstrated its ability to optimise
milling circuits. The work done so far has been to a greater extent on ball mill operational
parameters. This is probably because ball mills are known to be the largest consumers
of energy in the mining industry. Thus, most of the work undertaken so far using the
novel optimisation technique has demonstrated the technique’s ability to optimise the
size reduction machine. The ball mill was optimised based on the operational parameters
involving the fractional ball filling (J), the fraction of critical speed (φc), powder filling (U),
solids concentration, ball diameter (d) ball and feed size distributions, to achieve a given
objective function which could be to maximise the production of the desired size fraction
that is m2 in some cases or m3 in other cases. Other parameters such as the drop weight
and height from the drop weight data were also optimised.

These operating parameters are complex and interactive. Thus, a graphical approach
such as AR can help to visualise all possible solutions more easily for a system analysing
the effect of either a single or multi-parameter on the achievement of the objective function.
In a multi-parameter regime, where all parameters were varied to achieve given targets,
the AR graphically showed the value of each varied parameter needed to achieve the
target [19] whilst in the event where one parameter was varied whilst the others were held
constant (most cases), the AR revealed the optimum value of that parameter at which the
system target was achieved.
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The analytical tool has provided an alternative approach of how to arrive at a product
size distribution that can be optimally controlled to maximise the production of the desired
size fraction. Work done on AR has established good ground for the development of the
novel technique in the minerals industry. When tested at an industrial scale on a preselected
industrial mill to optimize the product size distribution, its capacity to predict changes
and ascertain optimal mill operating conditions was demonstrated. In some cases, the AR
analysis revealed optimal conditions which have often come into conflict with some of the
traditionally acceptable milling conditions under which most concentrators are operated.
The conflict was in some cases attributed to the oversimplification of the processes analysed
since the main objectives pursued in such work [8,13] was to demonstrate the ability of
the tool to optimise processes. Thus, its application has not been adopted in the mining
industry because of the conservative nature of the industry. However, the benefits availed
by the AR analysis are difficult to ignore.

When applied to assess the optimal ball filling needed to produce the desired product
in different research works, the AR technique pointed to different values of J needed to
achieve the objective function. The analysis from laboratory data pointed to low values of J
especially those of Hlabangana et al. [13] and Metzger et al. [8]. In both works, the range of
ball fillings investigated was also on the low side with that of Hlabangana et al. [13] ranging
from 0.3%–10.7% whilst that of Metzger et al. [8] ranging from 1.5%–21.5%. Although
the ability of AR to determine optimal policies and reduce processing times and energy
expenditure in ball mills and milling circuits was, in general, superbly demonstrated in
these research works, there was no common platform to compare their findings with
those from traditionally acceptable milling practice. Thus, Metzger et al. [8] carried out
experiments at φc = 0.71 and J = 31.5% to bring the comparison closer to home. They
still found that low values of J produced more of the desired size fraction than what
was produced at higher values of J. The conflict in the findings among others such as
oversimplified processes was attributed to the difference in the main objective functions
being pursued, with that of AR being to maximise the production of the desired size fraction
whilst that in traditional practices being to optimise power consumption. The other reason
could also be that the effect of other operational parameters was not considered in the
AR analysis, since we have learnt in the foregoing that all the parameters are complex
and interactive. The powder filling was not given in the work, which also influences the
particle composition of the product size distribution.

The AR analysis was then applied on scaled-up data, [10,17,19,20,23] and the results
produced the values of J ranging from 35%–45% from different applications, confirming
the traditionally accepted milling practices [18,33,34]. From the scaled-up data, the values
of ball filling found from different AR analyses were differentiated by the transport models
used as well as the objective functions. The optimisation paradigm in Chimwani et al. [23]
was focused more on the trade-off between the energy and the amount of the desired size
fraction produced. Although the milling operational conditions differentiated the observed
ball filling values needed to produce the desired size fraction between the laboratory and
full-scale milling, the ability of the AR analysis technique to condense the results into a
graphical overview that is practical and easier to interpret was demonstrated.

The AR analysis of the effect of the ball mill rotational speed on a laboratory scale
revealed that low speed (φc = 3%) is desirable to achieve the maximum production of the
desired size, albeit with the longest grinding period [8]. The difference between the critical
speed proposed by Metzger et al. [8] and those used in traditional milling practices is owing
to, among other factors, the range of critical speed investigated by Metzger et al. [8] which
is more on the lower side (3% to 37%), low value of J used and their objective function
which was to maximise the desired size fraction with minimal energy usage. Although
the objective function was achieved, the mining industry will find it difficult to use such a
rotational speed owing to the longer processing time required to achieve it.

The extension of an AR analysis of the operational parameter to an industrial mill
showed that the rotation rate of φc = 40% optimised the production of the desired size
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fraction [17,19,20,23] both in terms of the grinding time and energy. This does not agree
with the common practice which recommends 75% of critical speed as optimal. Again, this
is due to different objective functions pursued. Thus, it will be interesting to conduct a
comprehensive cost and benefit analysis which is all-encompassing to determine the best
practice since low rotational speeds have often been associated with high wear rates of mill
shell liners. At present, mills are generally run at 69% of critical speed to conserve liners.
Therefore, an approach that integrates all the relevant aspects of milling operations or a
pilot plant needs to be developed to generate data that will provide a more authoritative set
of operational parameters. Although the AR analysis has tipped the mill rotational speed
to be the major player in the optimisation of milling circuits, the parameter is normally
optimized at the point of plant installation.

From different investigations of the effect of powder filling undertaken, the re-
search which involved the use of AR analysis [15,19,40] unanimously agreed that the
ball mill was optimised at U = 1. This confirmed the traditionally acceptable milling
practices which were influenced by previous research, preceding the dawn of AR. How-
ever, Halabangana et al. [40] argued that U is influenced by the product requirements after
finding the value of U = 1.75 optimising the production of a product coarser than what
was produced in other cases where the value of U = 1. Although their claim is valid, it
is not surprising especially considering that as we go further upstream in terms of the
product size requirements, the feed size also becomes coarser, resulting in the change of the
operational conditions as influenced by other operational parameters in a dynamic system.

The ball diameter has received considerable attention from researchers. Traditionally,
it is known that smaller balls grind fine particles more effectively whilst coarser particles
are ground more efficiently by bigger balls [18,41–44]. Katubilwa et al. [9] confirmed
that information when they found that smaller balls effectively produced materials under
75 µm. Important insights brought to light by the AR analysis are that the optimisation of
other parameters such as the residence time [20], the feed size [15] and the product size
distribution [17] also depend on ball size distribution. Although most of the AR work
undertaken on an industrial ball mill pointed to 40 mm diameter balls as the optimum
ball size to produce the desired size fraction, it is important to note that the optimisation
scheme was performed using mono size balls. Therefore, it is reiterated that a mixture
of balls would perform better than any mono size to grind a feed with a wider particle
size distribution since it would take advantage of both small and large media and that
reinforces what is conventionally known about the subject [10]. What is still sparse though
in the literature is the optimisation of the ratio of ball sizes against the feed size distribution.
Since the feed size distribution from a continuous feed is dynamic, so should be the ball
size distribution. However, matching such a dynamic process would be difficult, which
then brings to light the need for mills in series with each mill, grinding tailored feed using
ball sizes optimised for that particular mill. This can be achieved using the methodology
used by Chimwani et al. [22] in which the authors investigated the make-up ball charge
using AR analysis that enables the achievement of the objective function since it aligns
with the practical approach practised in industry.

The AR analysis from drop weight test data conducted revealed that large ball sizes
were desired for producing m3 [12] since they promote the breakage of most of the material
from m1 to m3. Although it is true for drop weight set up, the opposite is true in an
industrial ball mill as confirmed by AR and non-AR analysis results. This is possibly due
to the different orientation of balls between the drop-weight test and ball mill set up, which
are well-defined and stochastically varying, respectively. As for the ball shape, the AR
analysis by Hlabangana et al. [16] revealed that the ellipsoid produced the highest amount
of m2 whilst that of Emmanuel et al. [25] suggested the sphere-shaped balls as the desired
balls for maximising the production of m3. This consolidates the assertion that product
requirements are also a function of ball shapes in a grinding environment.

The AR analysis work conducted to optimise feed size distribution by a couple of
researchers led them to converge on a conclusion that a feed size distribution is efficiently



Minerals 2021, 11, 1280 20 of 23

ground by a mixture of ball sizes. This agrees with a widely known fact that small particles
are effectively ground by small balls and so are the bigger particles by bigger balls [15,24].
Although the subject has not received wide coverage, the conclusion from the few pieces
of research undertaken, which recommends close monitoring of the match between the
feed size and ball size distribution, is noteworthy. Feed tailoring has also come in handy
in ensuring optimisation of the ball mill from the feed size distribution perspective since
it promotes the matching of the ball size distribution with the particles being fed into the
mill. Small ball mills in series which offer smaller residence time to particles as proposed
by Chimwani et al. [24] reinforce the feed tailoring technique. This is true especially
considering that feed tailoring can be valuable in ball milling only up to a certain operation
time, beyond which the nature of the feed distribution ceases to be of significance to the
performance of the mill.

The solid content has also not received much attention as far as AR analysis is con-
cerned, which makes it a fertile field of research. The only research conducted using
the novel technique suggested different solid concentrations for different objective func-
tions [11]. Lower values (33%) were proposed [11] than what is currently used in industry
(40%–45%) from earlier research [49,50]. The disparity between the values proposed re-
quires further investigations to be conducted on a pilot scale in a continuous milling
environment using the AR analysis.

The comprehensive assessment of the cost and benefit analysis of the settings proposed
by the AR on a pilot plant would determine whether the technique will be adopted or not.
Especially considering that no company would want to stop a fully operational plant to
test the recommendations from AR analysis at the expense of production output.

Summary

The AR has shown great potential to optimise milling circuits. For systems investi-
gated, the novel technique not only enabled the determination of performance targets but
also the configuration of mills to achieve the set targets and objective functions. What
differentiates the AR analysis results from different operational scales is the difference in
operational conditions emanating from the complex and interactive nature of the operating
parameters. Ranges of values investigated which did not cover the whole spectrum of
possible values also contributed to the differences observed in some instances between
what is conventionally known, and the AR analysis results. The other contributing factor
was the optimisation approach, which in some cases focused on all operational parameters
at once whilst in some other cases which comprise the majority; the parameters were
optimised one at a given time. The objective functions defined by the process targets also
contributed to what differentiates the AR results from the conventional milling practices
currently followed in the industry. The other notable factor that also contributed to the
disparity is the oversimplification of the processes analysed which needed to underscore
the underlying concepts and principles of application of the AR tool in milling processes
optimisation. Nonetheless, the opportunities offered by the AR technique are overwhelm-
ing hence difficult to ignore. Therefore, to encourage its adoption in the industry, the next
stage is to apply it to a pilot plant that mimics a real mineral processing plant.

5. Conclusions

This review has shown important milestones reached by the AR methodology in
the optimisation of ball milling circuits. The AR analysis has demonstratively produced
the process targets and the control policies to achieve the targets of different operational
parameters. When analysed at different operational scales i.e., laboratory batch scale and
full-scale continuous milling:

• Low values of J produced more of the desired size fraction than higher values of J
at the laboratory scale showing the disparity between the AR results and what is
conventionally known in the mining industry. The difference was largely owing to
different main objective functions being pursued.



Minerals 2021, 11, 1280 21 of 23

• J values optimised using AR analysis from the industrial and continuous milling data
range from 35%–45% for different applications, confirming the traditionally accepted
milling practices in the mining industry.

• Low speeds are desirable for the maximum production of the desired size fraction, at
the laboratory scale as per the AR analysis.

• At an industrial scale, φc = 40% optimised the production of the desired size fraction
in terms of energy, disagreeing with 75% currently used in industry. The objective
functions pursued contribute to this difference as well.

• There is unanimous agreement in literature both from traditional practices and AR
point of view that the ball mill is optimised at U = 1.

• Optimisation of other parameters such as the residence time, the feed size and the
product size distribution also depend on ball size distribution.

• What is common across all the optimisation techniques regardless of the objective
function is that a mixture of balls efficiently breaks a wide feed size distribution
since it takes advantage of both small and large media and that it reinforces what is
conventionally known about the subject.

• Feed tailoring promotes the matching of the ball size distribution with the particles
being fed into the mill.

• Small ball mills in series which offer smaller residence time to particles are suitable
for tailored feeds since the difference in feed size distribution ceases to be significant
beyond a certain operating time.

• The optimum slurry density from an AR analysis point of view is lower than what is
currently used in the industry.

The opportunities offered by the AR technique are noteworthy and hence are difficult
to overlook. Therefore, to encourage its adoption in the industry, the next stage is to apply
it to a pilot plant that mimics a real mineral processing plant. Thorough investigations
of the solids concentration in slurry, the feed flow rate and the ball size distribution are
needed from an AR perspective. Then, the study of milling circuit configurations can
be integrated in order to consolidate the position of the AR technique as an alternative
analysis tool.

Funding: This research was funded by NRF Grant No: 120394.

Acknowledgments: The author wishes to thank the NRF and the University of South Africa for
supporting this work.

Conflicts of Interest: The author declares no conflict of interest. The funders had no role in the design
of the study; in the collection, analyses, or interpretation of data; in the writing of the manuscript, or
in the decision to publish the results.

References
1. Napier-Munn, T. Is progress in energy-efficient comminution doomed? Miner. Eng. 2015, 73, 1–6. [CrossRef]
2. Tromans, D. Mineral comminution: Energy efficiency considerations. Miner. Eng. 2008, 21, 613–620. [CrossRef]
3. Borg, G.; Scharfe, F.; Kamradt, A. Improved Particle Liberation by High-Velocity Comminution—The new VeRo Liberator. World

Min. Surf. Undergr. 2016, 68, 1.
4. Glasser, D.; Hildebrandt, D. Reactor and process synthesis. Comput. Chem. Eng. 1997, 21, S775–S783. [CrossRef]
5. Khumalo, N.; Glasser, D.; Hildebrandt, D.; Hausberger, B.; Kauchali, S. The application of the attainable region analysis to

comminution. Chem. Eng. Sci. 2006, 61, 5969–5980. [CrossRef]
6. Khumalo, N.; Glasser, D.; Hildebrandt, D.; Hausberger, B. An experimental validation of a specific energy-based approach for

comminution. Chem. Eng. Sci. 2007, 62, 2765–2776. [CrossRef]
7. Khumalo, N.; Glasser, D.; Hildebrandt, D.; Hausberger, B. Improving comminution efficiency using classification: An attainable

region approach. Powder Technol. 2008, 187, 252–259. [CrossRef]
8. Metzger, M.J.; Glasser, D.; Hausberger, B.; Hildebrandt, D.; Glasser, B.J. Use of the attainable region analysis to optimize particle

breakage in a ball mill. Chem. Eng. Sci. 2009, 64, 3766–3777. [CrossRef]
9. Katubilwa, F.M.; Moys, M.H.; Glasser, D.; Hildebrandt, D. An attainable region analysis of the effect of ball size on milling.

Powder Technol. 2011, 210, 36–46. [CrossRef]

http://doi.org/10.1016/j.mineng.2014.06.009
http://doi.org/10.1016/j.mineng.2007.12.003
http://doi.org/10.1016/S0098-1354(97)00144-0
http://doi.org/10.1016/j.ces.2006.05.012
http://doi.org/10.1016/j.ces.2007.02.036
http://doi.org/10.1016/j.powtec.2008.03.001
http://doi.org/10.1016/j.ces.2009.05.012
http://doi.org/10.1016/j.powtec.2011.02.009


Minerals 2021, 11, 1280 22 of 23

10. Mulenga, F.K.; Bwalya, M.M. Application of the attainable technique to the analysis of a full-scale mill in open circuit. J. South.
Afr. Inst. Min. Metall. 2015, 115, 729–740. [CrossRef]

11. Danha, G.; Hildebrandt, D.; Glasser, D.; Bhondayi, C. Application of basic process modelling in investigating the breakage
behaviour of UG2 ore in wet milling. Powder Technol. 2015, 279, 42–48. [CrossRef]

12. Danha, G.; Legodi, D.; Hlabangana, N.; Bhondayi, C.; Hildebrandt, D. A fundamental investigation on the breakage of a bed of
silica sand particles: An attainable region approach. Powder Technol. 2016, 301, 1208–1212. [CrossRef]

13. Hlabangana, N.; Danha, G.; Hildebrandt, D.; Glässer, D. Use of the attainable region approach to determine major trends and
optimize particle breakage in a laboratory mill. Powder Technol. 2016, 291, 414–419. [CrossRef]

14. Hlabangana, N.; Danha, G.; Bwalya, M.M.; Hildebrandt, D.; Glasser, D. Application of the attainable region method to determine
optimal conditions for milling and leaching. Powder Technol. 2017, 317, 400–407. [CrossRef]

15. Hlabangana, N.; Danha, G.; Muzenda, E. Effect of ball and feed particle size distribution on the milling efficiency of a ball mill:
An attainable region approach. S. Afr. J. Chem. Eng. 2018, 25, 79–84. [CrossRef]

16. Hlabangana, N.; Nhira, E.; Masayile, N.; Tembo, P.; Danha, G. A fundamental investigation on the breakage of a bed of PGM ore
particles: An attainable region approach, part 2. Powder Technol. 2019, 346, 326–331. [CrossRef]

17. Mulenga, F.K.; Chimwani, N. Introduction to the use of the attainable region method in determining the optimal residence time
of a ball mill. Int. J. Miner. Process. 2013, 125, 39–50. [CrossRef]

18. Austin, L.G.; Klimpel, R.R.; Luckie, P.T. Process Engineering of Size Reduction: Ball Milling; Society of Mining Engineers of the
AIME: New York, NY, USA, 1984.

19. Chimwani, N.; Mulenga, F.K.; Hildebrandt, D.; Glasser, D.; Bwalya, M.M. Scale-up of batch grinding data for simulation of
industrial milling of platinum group minerals ore. Miner. Eng. 2014, 63, 100–109. [CrossRef]

20. Chimwani, N.; Mulenga, F.K.; Hildebrandt, D.; Glasser, D.; Bwalya, M.M. Use of the attainable region method to simulate a
full-scale ball mill with a realistic transport model. Miner. Eng. 2015, 73, 116–123. [CrossRef]

21. Makokha, A.B. Measuring, Characterization and Modelling of Load Dynamic Behaviour in a Wet Overflow-Discharge Ball Mill.
Ph.D. Thesis, University of the Witwatersrand, Johannesburg, South Africa, 2011.

22. Chimwani, N.; Mulenga, F.K.; Hildebrandt, D. Ball size distribution for the maximum production of a narrowly-sized mill
product. Powder Technol. 2015, 284, 12–18. [CrossRef]

23. Chimwani, N.; Hildebrandt, D. Modeling of an open mill with scalped feed for the maximum production of a desired particle
size range. Part. Sci. Technol. 2018, 37, 314–324. [CrossRef]

24. Chimwani, N.; Mohale, T.; Bwalya, M.M. Tailoring ball mill feed size distribution for the production of a size-graded product.
Miner. Eng. 2019, 141, 105891. [CrossRef]

25. Emmanuel, E.; Anggraini, V.; Syamsir, A.; Paul, S.C.; Asadi, A. Attainable Region Approach in Analyzing the Breakage Behavior
of a Bed of Olivine Sand Particles: Optimizing Impact Energy and Particle Size. Minerals 2020, 10, 1096. [CrossRef]

26. Metzger, M.J. Numerical and Experimental Analysis of Breakage in a Mill using the Attainable Region Approach. Ph.D. Thesis,
Rutgers, The State University of New Jersey, New Brunswick, NJ, USA, 2011.

27. Kelsall, D.F.; Reid, K.J.; Restarick, C.J. Continuous grinding in a small wet ball mill—Part, I. A study of the influence of ball
diameter. Powder Technol. 1968, 1, 291–300. [CrossRef]

28. Kelsall, D.F.; Reid, K.J.; Restarick, C.J. Continuous grinding in a small wet ball mill—Part II. A study of the influence of hold-up
weight. Powder Technol. 1969, 2, 162–168. [CrossRef]

29. Kelsall, D.F.; Reid, K.J.; Restarick, C.J. Continuous grinding in a small wet ball mill—Part III. A study of distribution of residence
time. Powder Technol. 1970, 3, 170–178. [CrossRef]

30. Kelsall, D.; Stewart, P.; Weller, K. Continuous grinding in a small wet ball mill. Part IV. A study of the influence of grinding media
load and density. Powder Technol. 1973, 7, 293–301. [CrossRef]

31. Kelsall, D.F.; Stewart, P.S.B.; Weller, K.R. Continuous grinding in a small wet ball mill—Part, V. A study of the influence of media
shape. Powder Technol. 1973, 8, 77–83. [CrossRef]

32. Yekeler, M. Breakage and morphological parameters determined by laboratory tests. In Handbook of Powder Technology; Elsevier:
Amsterdam, The Netherlands, 2007; Volume 12, Chapter 9; pp. 437–486. ISSN 0167-3785.

33. Ozkan, A.; Yekeler, M.; Calkaya, M. Kinetics of fine wet grinding of zeolite in a steel ball mill in comparison to dry grinding. Int.
J. Miner. Process. 2009, 90, 67–73. [CrossRef]

34. Fortsch, D.S. Ball charge loading-impact on specific power consumption and capacity. In Proceedings of the IEEE Cement
Industry Technical Conference, Phoenix, AZ, USA, 9–14 April 2006. [CrossRef]

35. Shoji, K.; Austin, L.; Smaila, F.; Brame, K.; Luckie, P. Further studies of ball and powder filling effects in ball milling. Powder
Technol. 1982, 31, 121–126. [CrossRef]

36. Wills, B.A.; Napier-Munn, T. Mineral Processing Technology: An Introduction to the Practical Aspects of Ore Treatment and Mineral
Recovery, 7th ed.; Elsevier Science & Technology Books: Amsterdam, The Netherlands, 2006.

37. Shoji, K.; Lohrasb, S.; Austin, L. The variation of breakage parameters with ball and powder loading in dry ball milling. Powder
Technol. 1980, 25, 109–114. [CrossRef]

38. Tangsathitkulchai, C. Effects of slurry concentration and powder filling on the net mill power of a laboratory ball mill. Powder
Technol. 2003, 137, 131–138. [CrossRef]

http://doi.org/10.17159/2411-9717/2015/v115n8a9
http://doi.org/10.1016/j.powtec.2015.03.034
http://doi.org/10.1016/j.powtec.2016.07.075
http://doi.org/10.1016/j.powtec.2016.01.001
http://doi.org/10.1016/j.powtec.2017.05.025
http://doi.org/10.1016/j.sajce.2018.02.001
http://doi.org/10.1016/j.powtec.2019.02.005
http://doi.org/10.1016/j.minpro.2013.09.007
http://doi.org/10.1016/j.mineng.2014.01.023
http://doi.org/10.1016/j.mineng.2014.06.012
http://doi.org/10.1016/j.powtec.2015.06.037
http://doi.org/10.1080/02726351.2017.1370048
http://doi.org/10.1016/j.mineng.2019.105891
http://doi.org/10.3390/min10121096
http://doi.org/10.1016/0032-5910(68)80007-5
http://doi.org/10.1016/0032-5910(69)80005-7
http://doi.org/10.1016/0032-5910(69)80069-0
http://doi.org/10.1016/0032-5910(73)80038-5
http://doi.org/10.1016/0032-5910(73)80065-8
http://doi.org/10.1016/j.minpro.2008.10.006
http://doi.org/10.1109/CITCON.2006.1635707
http://doi.org/10.1016/0032-5910(82)80013-2
http://doi.org/10.1016/0032-5910(80)87016-1
http://doi.org/10.1016/j.powtec.2003.08.048


Minerals 2021, 11, 1280 23 of 23

39. Latchireddi, S.; Morrell, S. Slurry flow in mills: Grate-only discharge mechanism (Part-1). Miner. Eng. 2003, 16, 625–633.
[CrossRef]

40. Hlabangana, N.; Danha, G.; Mguni, N.; Madiba, M.; Bhondayi, C. Determining an optimal interstitial filling condition: An
Attainable Region approach. Powder Technol. 2018, 327, 9–16. [CrossRef]

41. Napier-Munn, T.J.; Morrell, S.; Morrison, R.D.; Kojovic, T. Mineral Comminution Circuits—Their Operation and Optimization; JKMRC
Monograph Series; University of Queensland: Queensland, Australia, 1996.

42. King, R.P. Modeling and Simulation of Mineral Processing Systems; Butterworth-Heinemann: Berlin/Heidelberg, Germany, 2001;
ISBN 0-7506-4884-8.

43. Katubilwa, F.M.; Moys, M.H. Effect of ball size distribution on milling rate. Miner. Eng. 2009, 22, 1283–1288. [CrossRef]
44. Deniz, V. The effects of ball filling and ball diameter on kinetic breakage parameters of barite powder. Adv. Powder Technol. 2012,

23, 640–646. [CrossRef]
45. Metzger, M.J.; Desai, S.P.; Glasser, D.; Hildebrandt, D.; Glasser, B.J. Using the attainable region analysis to determine the effect of

process parameters on breakage in a ball mill. AIChE J. 2011, 58, 2665–2673. [CrossRef]
46. Bwalya, M.; Moys, M.; Finnie, G.; Mulenga, F. Exploring ball size distribution in coal grinding mills. Powder Technol. 2014, 257,

68–73. [CrossRef]
47. Kotake, N.; Daibo, K.; Yamamoto, T.; Kanda, Y. Experimental investigation on a grinding rate constant of solid materials by a ball

mill—effect of ball diameter and feed size. Powder Technol. 2004, 143–144, 196–203. [CrossRef]
48. Fuerstenau, D.; Abouzeid, A.-Z. Effect of fine particles on the kinetics and energetics of grinding coarse particles. Int. J. Miner.

Process. 1991, 31, 151–162. [CrossRef]
49. Tangsathitkulchai, C.; Austin, L. The effect of slurry density on breakage parameters of quartz, coal and copper ore in a laboratory

ball mill. Powder Technol. 1985, 42, 287–296. [CrossRef]
50. Tangsathitkulchai, C.; Austin, L. Slurry density effects on ball milling in a laboratory ball mill. Powder Technol. 1989, 59, 285–293.

[CrossRef]
51. Danha, G.; Hildebrandt, D.; Glasser, D.; Bhondayi, C. A laboratory scale application of the attainable region technique on a

platinum ore. Powder Technol. 2015, 274, 14–19. [CrossRef]

http://doi.org/10.1016/S0892-6875(03)00134-1
http://doi.org/10.1016/j.powtec.2017.12.031
http://doi.org/10.1016/j.mineng.2009.07.008
http://doi.org/10.1016/j.apt.2011.07.006
http://doi.org/10.1002/aic.12792
http://doi.org/10.1016/j.powtec.2014.02.044
http://doi.org/10.1016/j.powtec.2004.04.014
http://doi.org/10.1016/0301-7516(91)90024-D
http://doi.org/10.1016/0032-5910(85)80068-1
http://doi.org/10.1016/0032-5910(89)80087-7
http://doi.org/10.1016/j.powtec.2014.12.048

	Introduction 
	The AR Application in Comminution 
	Different AR Application Scenarios 
	The Fractional Ball Filling 
	The Rotational Speed 
	Mill Filling by Powder 
	Ball Diameter 
	Feed Size Distribution 
	Solid Content 

	Discussion and the Future of AR in Comminution 
	Conclusions 
	References

