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Abstract: Granular structure plays a very important role in the model construction, theoretical analysis
and algorithm design of a granular computing method. The granular structures of classical rough sets
and fuzzy rough sets have been proven to be clear. In classical rough set theory, equivalence classes
are basic granules, and the lower and upper approximations of a set can be computed by those basic
granules. In the theory of fuzzy rough set, granular fuzzy sets can be used to describe the lower and
upper approximations of a fuzzy set. This paper discusses the granular structure of type-2 fuzzy rough
sets over two universes. Definitions of type-2 fuzzy rough sets over two universes are given based on
a wavy-slice representation of type-2 fuzzy sets. Two granular type-2 fuzzy sets are deduced and then
proven to be basic granules of type-2 fuzzy rough sets over two universes. Then, the properties of lower
and upper approximation operators and these two granular type-2 fuzzy sets are investigated. At last,
several examples are given to show the applications of type-2 fuzzy rough sets over two universes.

Keywords: type-2 fuzzy rough sets; granular structure; lower approximation operator; upper approximation
operator; two universes

1. Introduction

According to Chen et al., granular computing is a general computing theory for using granules
such as classes, clusters, subsets, groups and intervals to build an efficient computational model for
complex applications with huge amounts of data, information and knowledge [1].

Rough set theory [2], proposed by Pawlak in 1982, can be used to reveal and express knowledge
hidden in information systems in the form of decision rules by the concepts of lower and upper
approximations. Here, equivalence classes are used as the basic granules to express the lower and
upper approximations. Taken in this sense, rough set theory is a granular computing method.

Traditional rough set theory only manipulated decision systems with symbolic attribute values,
whereas in some real-world applications, the values of attributes could be both symbolic and real-valued.
In 1990, Dubois and Prade [3] proposed the definition of fuzzy rough sets by combining fuzzy sets and
rough sets, then many studies were carried out in the field of fuzzy rough sets [4-14]. In [15], fuzzy rough
sets were applied to feature selection for the first time. Wu et al. studied the generalized fuzzy rough
sets using both constructive and axiomatic approaches [16,17]. Mi and Zhang [18] introduced the
definitions of generalized fuzzy lower and upper approximation operators determined by a residual
implication and studied the composition of two approximation spaces. Yeung et al. [19] studied the
lattice and topological structures of fuzzy rough sets. Chen et al. discussed the granular structure
of fuzzy rough sets and developed a theory of granular computing based on fuzzy relations in [20].
They proposed the concept of granular fuzzy sets and investigated the properties of these sets using
constructive and axiomatic approaches. The granular fuzzy sets were used to describe the lower and

Symmetry 2017, 9, 284; d0i:10.3390/sym9110284 www.mdpi.com/journal /symmetry


http://www.mdpi.com/journal/symmetry
http://www.mdpi.com
http://dx.doi.org/10.3390/sym9110284
http://www.mdpi.com/journal/symmetry

Symmetry 2017, 9, 284 2 of 29

upper approximations of a fuzzy set within the framework of granular computing, and the structure
of attribute reduction in terms of granular fuzzy sets was characterized.

Type-2 fuzzy rough set is a combination of rough sets and type-2 fuzzy sets. As an extension
of fuzzy sets, type-2 fuzzy sets [21] are useful in circumstances where it is difficult to determine the
exact membership functions of a fuzzy set because the membership degrees are fuzzy themselves.
Type-2 fuzzy rough sets may solve problems with higher complexity, and there have been several
literature works in this field [22-24]. In some practical applications, we often encounter situations
involving more than one universe. For example, in medical diagnosis, a certain disease may
simultaneously have several symptoms, whereas one symptom may be shared by different diseases.
Zhang et al. [25] proposed a general study of interval-valued fuzzy rough sets on two universes of
discourse. Sun et al. [26] defined the fuzzy compatible relation and presented the fuzzy rough set
model on the different universes. Liu et al. proposed the graded rough set model on two distinct,
but related universes in [27]. Ma et al. [28] presented the properties of the probabilistic rough set over
two universes and discussed the uncertainty measure of the knowledge granularity and rough entropy
for a probabilistic rough set over two universes. Sun et al. [29] considered a problem of emergency
material demand prediction based on a fuzzy rough set model over two universes. Yang et al. proposed
a fuzzy probabilistic rough set model on two universes and presented concepts of the inverse lower
and upper approximation operators in [30]. However, type-2 fuzzy rough sets over two universes
have not been discussed.

As generalizations of rough sets, type-2 fuzzy rough sets over one or two universes can be
incorporated into the scope of granular computing if we can reveal their granular structures, and the
granular structures will be beneficial to their application. In [24], we generalized the concepts of
granular fuzzy sets in [20] to the frame of type-2 fuzzy sets and presented a definition of granular
type-2 fuzzy sets without proof of its reasonability. Then, we discussed the granular structure of type-2
fuzzy rough sets over one universe based on these two granular type-2 fuzzy sets.

In this paper, the granular structure discussed in [24] will be generalized to the type-2 fuzzy
rough sets over different universes based on novel granular type-2 fuzzy sets, which are deduced
from the definition of type-2 fuzzy rough sets, and consequently, more reasonable than those given
in [24]. The rest of this paper is organized as follows. Fundamental concepts and properties that will
be used in this paper are reviewed in Section 2. Section 3 introduces the definition of a type-2 fuzzy
rough set over two universes. In Section 4, the granular structure of type-2 fuzzy rough sets over
two universes is discussed using granular type-2 fuzzy sets. Some illustrative examples are given in
Section 5, and conclusions are presented in Section 6.

2. Preliminaries

2.1. Type-2 Fuzzy Sets

To facilitate the discussion, we introduce the basic definitions and properties of type-2 fuzzy sets
in this section with reference to [31,32].

For a nonempty universe X, a type-2 fuzzy set A on X can be characterized by a type-2
membership function y 4 (x,u), i.e.,

A={((xu),pa(x,u))lx e X,ue C01]},

or

A= /xeX /ue]x palxu)/(x,u), ] €[0,1],

where 0 < i 5(x,u) < 1and [ [ denotes union over all admissible x and u. F(X) denotes the class of
all type-2 fuzzy sets on the universe X.

For a given x/, y ;(x’,u) is a fuzzy set on ]/, which is called a vertical slice of 5 (x,u) or a
secondary membership function, and it can be denoted by i ;(x") or f,,. ], is called the primary
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membership of x’. The amplitude of a secondary membership function is called a secondary grade.
A vertical-slice representation of a type-2 fuzzy set is:

A= mase=[_| [ St/

Mendel and John [32] presented a wavy-slice representation for discrete type-2 fuzzy sets (both X
and |, are assumed to be discrete) in 2002. Suppose that X is discretized into N values, x,...,xy,
and that at each of these values, ], is discretized into M; values, i.e.,

- M My
A=Y fu @) P2+ 4 (Y fo 08 /a2y
k=1 k=1

For a discrete type-2 fuzzy set A, take exactly one element from [y, Jx,, .- Jens

namely ujl, u]2,. . u]N, each with its associated secondary grade, namely f, (u]1 )s fxo (ujz), oo fay (u]N),

then we get a wavy-slice of 4, i.e.,

A=

o= Yl ) /ul) /i, ul € T € (0,1,

M=

Il
_

1

which is called an embedded type-2 set. An embedded type-1 set A; is the union of all the primary
memberships of set Aj, ie.,

u?/xi, u{ € Jx, C[0,1].

1=z

Aj=

Il
-

The total of A; is 1Y, M; and so is that of Aj.

The Representation Theorem [32] (the wavy-slice representation of a type-2 fuzzy set) proposed
by Mendel and John indicates that a discrete type-2 fuzzy set A can be represented as the union of its
embedded type-2 sets, i.e.,

n
A=) A
j=1
where n = [TV, M;.

Consider two discrete type-2 fuzzy sets A and B, which are expressed by their embedded

type-2 sets:

na ng N fx<(u])/u
A=Y Aj=) y Bttt
j=1 j=1li=1 !
d:
an ~ ng ng N 9 (wk)/wk
B — Bk — Z i 1 1 ,
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the operations of union, intersection and complement are defined as follows:
AB =
ng
ZZ{fxl )/\gxl(wl)/”l\/wl]/xl+ -+

j
[fow;V) A gy (W) /1y v (] /xn ),

,Z )3 {[fxl(“]i) /\gx](w]{)/u]i AWk /xp 4.+

[ (12 A G () /1l A0 /20 },

B ng N . A N M
(A0 = BBt 50 = BB 0
j=1 i= i=1 j=1

uAUB<x1>—:§fx,< ) A gy (@05) /v o = g (i) U jup ()

]7 g

.”AmB(xZ): 3 an ( )/\gx( i’c)/” AW —.“A( )IT‘uB(xl)
j=1k=1

M; ) )
X)) = Z{fxi(uﬁ)/(l —uj) = ~pg(xi),
=

where 1 5 (x;) U pg(x;) and p z(x;) M pg(x;) indicate the join and meet of the secondary membership
functions 4 (x) and pg(x;), and —pu 4(x;) indicates the negation of the secondary membership
function p 4 (x;).

Considering two discrete type-2 fuzzy sets A and B, which have unique embedded type-2 sets, i.e.,

A— foz( i)/ and B:%gxi(wi)/wi

Xi

7

i=1 X i—1

then A < Bis defined as u; < w; and fy, (u;) < gv,(w;) (Vi=1,...,N).
For a family of discrete type-2 fuzzy sets with unique embedded type-2 sets:

()
A = Zu, ver,

1

where T is a finite index set, the union of these type-2 fuzzy sets is:

AW = % Aver £/ Voyer u

Xi

7

yeT i=1

and the intersection of these type-2 fuzzy sets is:

n A1) — % /\ﬂyerfag?)(”lm)/ Nyer ”lm.

yer i=1 i
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Obviously, Uycr A" < U, erB) and Nyer A0 < N erBO) if A < BO) (v € T).

Let X and Y be two nonempty universes. A type-2 fuzzy relation from X to Y is a type-2 fuzzy set
R e F(X xY).If X =Y, then R is called a type-2 fuzzy relation on X.

A discrete type-2 fuzzy relation R can be represented as the union of its embedded type-2 sets:

where ng =TT T/ My (My; = U(xi,y]') ), and R is the I-th embedded type-2 set of R.

2.2. Fuzzy Rough Sets

In 1982, Pawlak proposed the theory of rough set as a new mathematical tool for reasoning about
data. For a finite and nonempty universe X, if R C X x X is an equivalence relation on X, i.e., R is
reflexive, symmetric and transitive, the pair (X, R) is called an approximation space. For any x € X,
[x]r = {y € X : (x,y) € R} is called the equivalence class containing x. The family of all equivalence
classes defines a partition of the universe X. Two elements x and y are said to be indiscernible if they
belong to the same equivalence class. Given an arbitrary set A C X, it may be characterized by a pair
of lower and upper approximations defined as:

RA=U{[x]r: [x]r CA} ={xe X:[x]g C A},

RA=U{[x|r: [x]grNA#QD}={x e X: [x]rNA#D} =U{[x]g:x € A}.

RA =n{([x]r)°:x € A}, RA=n{([x]r)°: A C ([x]r)}.

That is to say, equivalence classes can be used as basic granules to approximate a set.
Let X be a nonempty universe and R be a fuzzy binary relation on X. The fuzzy rough set of a
fuzzy set A is a pair (R(A), R(A)) such that for every x € X :

R(A)(x) = supmin{R(x,y), na(y)}, (1)
yeX
R(A)(x) = yig}f(max{l —R(x,y), ua(y)}- 2)

Chen et al. [20] discovered the granular structure of fuzzy rough sets and pointed out that fuzzy sets
[xA]X and [x,]% were basic granules corresponding to the equivalence classes, which were defined as:

[alk (W) = T(R(x,y),A), [0alj(y) = S(N(R(x, 1)), N(A)),

where x, is a fuzzy point, T is a triangular norm, S is a triangular conorm, N is a negator and T and S
are dual with respect to N. For a T-fuzzy similarity relation R, the lower and upper approximations of
a fuzzy set A can be expressed as the union or intersection of some basic fuzzy information granules:

RoA = U{[xalk : [xalk € A}, RpA = U{[xamlk : x € X};
RsA = N{lxn(aqylr 1 ¥ € X}, ReA =n{[xa]g: A C [z}

3. Type-2 Fuzzy Rough Sets over Two Universes

Since type-2 fuzzy sets can be used to describe more uncertainties than type-1 fuzzy sets because
the membership functions of type-2 fuzzy sets are themselves fuzzy, type-2 fuzzy rough sets can be
used to solve problems with more uncertainties. In this section, we will extend the definition of type-2
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fuzzy rough set proposed in [24], which was defined on one universe, to the circumstance of two
different universes.

Definition 1. Let X and Y be two nonempty finite universes and R € F(X x Y) be a type-2 fuzzy relation
from X to Y. The triple set (X, Y, R) is called a type-2 fuzzy approximation space over two different universes.
For any type-2 fuzzy set B € E(Y), the lower approximation R(B) and the upper approximation R(B) of
B with respect to (X, Y, R) are two type-2 fuzzy sets in X, respectively. If R and B can be represented as
R =Y0% Ryand B = Y3g" | Bg by the representation theorem, we have:

_ Aye [R5 (x,y) A Bg(y)]

= her =Ry (my) VB ¥ €%

— Ayev [R5 (x,y) A Bg(y)]
KaBp) ) = G R, o) A Bs ()]

where R+, and R., are the embedded type-2 set and embedded type-1 set of R, respectively, and R (x,y) is the
simplified notation of R, ((x,y), Ry(x,y)), whereas Bg and Bg are the embedded type-2 and embedded type-1
set of B, respectively, and Bz;(y) is the simplified notation of Bg(y, Bg(y)).

e X,

Consequently, R(B) and R(B) can be calculated by:

iﬁg

i M§

and

=
=

=
=

R(B) = Ry (Bp).
04 1

]
I
T

The ordered pair (R(B), R(B)) is called a type-2 fuzzy rough set over two universes.

Note: If R and B degenerate to be interval type-2 fuzzy sets,

Ry(Bp)(x) = Ayev[(1 =Ry (x,y) V Bg(y))],

Rv(Bﬁ)(x) = Vyev[Ry(x,y) A Bg(y)],
and:

R(B) = { A [T =Ry (x,y) vV Bg(y))]}

R(B) = {V [Ry(x,y) A Bg(y)]}-
r=1p=1 yey

If R and B degenerate to be type-1 fuzzy sets, then:
R(B)(x) = Ayev[(1 = R(x,y)) V B(y)],

R(B)(x) = Vyer [R(x,9) A BW)],

which are in accordance with the definition of (type-1) fuzzy rough set over two universes given in [29].
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Example 1. Let X = {x1,..., %}, Y = {y1,...,y6}. Suppose R is a type-2 fuzzy relation from X to Y,
which can be defined as follows:

1/04 1/06 1/04 05/07+1/06 1/03 1/02

1/07 1/03 1/0.2 1/05 1/0.8 1/0.6

Rix,y) = | 1/05 1/02 1/06 1/03 1/0.7 1/0.1
v 11704 1/06 1705 1/0.7 1/05 1/03
1/03 1/05 1/07 1/03 1/06 1/0.8

1/01 1/07 1/038 1/0.6 1/03 1/0.2

Then, R = Y3 _ Ry, where Ry and Ry are embedded type-2 sets of R:

1/04 1/06 1/04 05/0.7 1/03 1/02
1/0.7 1/03 1/02 1/05 1/08 1/06
1/05 1/02 1/06 1/03 1/0.7 1/0.1
1/04 1/06 1/05 1/07 1/05 1/03]’
1/03 1/05 1/0.7 1/03 1/06 1/0.8
1/01 1/07 1/08 1/06 1/03 1/02

Ry(xi,y;) =

1/04 1/06 1/04 1/06 1/03 1/02

1/0.7 1/03 1/02 1/05 1/0.8 1/0.6

Rolxsy)) = 1/05 1/02 1/06 1/03 1/0.7 1/0.1
e 1/04 1/06 1/05 1/0.7 1/05 1/0.3
1/03 1/05 1/0.7 1/03 1/0.6 1/0.8

1/01 1/07 1/08 1/06 1/03 1/02

Considering a type-2 fuzzy set in' Y (Figure 1a):

B & n 1/04+0.5/0.2 n & i 1/0.7 i ﬂ n 1/0.5,
A1 Y2 Y3 Y4 Y5 Ye

we have B = 2/23:1 Bg, where:

- /1 1/0 1/1 1/07 1/1  1/0.5
BlZLJ’_L_‘_L_i_ / +L+ /
Y1 Y2 Y3 Ya Ys Ye

and
- 1/1 05/02 1/1 1/07 1/1 1/05
_ V1, 0502, 11 1707 1L 1

By, =
n Y2 Y3 Y4 Ys Ye

are embedded type-2 sets of B, the lower approximation R(B) and the upper approximation R(B) of B with
respect to (X, Y, R) (Figure 1b) can be calculated as follows:

-, _05/04 1/05 1/07 1/04 1/05 1/03
By = 20704 105 107 1/04  1/05  1/03

R
*l( 1) X1 X2 X3 X4 X5 X6
- 0.5/04 05/05 05/0.7 05/04 05/05 0.5/03
Ri(B2) = /04 05/05, 05/07  05/04 , 05/05 , 05/ /
— X1 X7 X3 X4 X5 X6
L~ 1/04 1/05 1/07 1/04 1/05 1/0.3
Rz(Bl) = / + / + / + / + / + / ’
—= X1 X2 X3 X4 X5 X6
L 05/04 1/05 1/0.7 1/04 1/05 1/03
&(B2)=/+/+/+/+/+/,

X1 X2 X3 X4 X5 X6
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1/04 1/05  1/07  1/04  1/05  1/03
_ 1/04, 1705, 1/07  1/04 , 1/05  1/03,

~ ~ 2 2 ~ ~
R(B)=}, ) Ry(Bp)

=1p=1 X1 X2 X3 X4 X5 X6
- 05/07 1/08 1/0.7 1/07 1/0.7 1/0.8
Ri(By) = / + / + / + / + / + / ,
X1 X2 X3 X4 X5 X6
= 0.5/0.7 05/0.8 05/0.7 05/0.7 05/0.7 0.5/0.8
Ry(By) = 2°/07  05/08 | 05/07 , 05/07 , 05/0.7 , 05/08
X1 X2 X3 X4 X5 X6
= 1/06 1/08 1/0.7 1/0.7 1/0.7 1/0.8
Rz(Bl) = / + / + / + / + / + / ’
X1 X2 X3 X4 X5 X6
= 0.5/0.6 05/0.8 05/0.7 05/0.7 05/0.7 0.5/0.8
Ro(By) = 22006 05/08  05/07 , 05/07 | 05/07  05/08
X1 X2 X3 X4 X5 X6
2 2
= = = 05/07+1/06 1/08 1/07 1/07 1/0.7 1/08
R(B)=Y_ Y Ry (Bg) = /07+1/06 | 1/08  1/07, 1/07 | 1/07 , 1/08
=1 p=1 X1 X2 X3 X4 X5 X6

Next, we will discuss the properties of the lower and upper approximation operators.

y ]Ag(x,ll)
1 1 1
1
1
1
11
u 0.5
1 /
0.8
0.6
0.4
0.2
0 n Y2 Y3 Ya Ys Yo y
(a)
, M)
R(B)
T —]
) [T 10 | T T
11
u
1 /
0.8
0.6
0.4
0.2
0 X1 X7 X3 X4 X5 X6 x
(b)

Figure 1. (a) A type-2 fuzzy set B, which is defined in Y; (b) the lower approximation and the upper
approximation of B with respect to (X,Y, R), which are type-2 fuzzy sets defined in X. The solid lines
depict the upper approximation R(B); the dotted line depicts the lower approximation R(B).
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Lemma 1. Let X and Y be two nonempty finite universes and R be a type-2 fuzzy relation from X to Y. For any
A,B € F(Y), if Ry, Ay, By are embedded type-2 sets of R, A and B respectively, the following properties hold:

1. Ry(Bg) = (Ry(Bp))

2. Ry(Bf) = (Ry(Bp))S;

5. RoldeBy) = R4 Uy By
4. Ry(AyNBg) = Ry(As) NR,(Bp)
Proof

2. Foranyx € X,

) Ayex [R5 (x,y) A Bj(y)]
=  Ayer[@ =Ry (x,y) V Bp(y)]
Aye [R5 (x,y) A Bg(y)]
Vyer [Ry (x,y) A B ()]

= Ry(B§)(x).

3. Foranyx € X,

— Ayev R} (x,y) N A (y) A Bg(y)]
RAALBI® = G A (Al VB
o Nex R () A AT A {Ayey [RG(x,y) A Bg(y)]}
T Vyer[Ry () A Ax(y)] V {Vyex[Ry(x,y) ABg(y)]}
_ Ner Ry (ny) A AL ()] . Ayev [R5 (x,y) A Bg(y)]
Vyey[Ry(x,y) A Aa(y)] — Vyer[Ry(x,y) A Bg(y)]
— Ry(A) () URy (Bp)(x)

4. Foranyx € X,

Ry (AxNBp)(x)
Ayer [R5 (x,y) N AL (y) A By (y)]
Aye[(1 = Ry (x,y)) V ((Aa(y) A Bg(y))]
Ayey [R3(x,y) N AL ()] A{Ayex [R3(x, y) A Bg(y)]}
Ayex[(1 =Ry (x,y)) V Ac(y)] AM{Ayer[(1 = Ry (x,9)) V Bg(y)]}
Ayev [R5 (x,y) A AL (Y)] Ayer [R5 (x,y) A B3 (y)]
Nyev[(1 =Ry (x,1)) V Au(y)]  Ayer[(1 —Ry(x,y)) V Bg(y)]
= Ry(Ax)(x) MRy (Bp)(x).




Symmetry 2017, 9, 284 10 of 29

Theorem 1. Let X and Y be two nonempty finite universes and R be a type-2 fuzzy relation from X to Y.
Forany A, B € F(Y), the following properties hold:

L. R(B) = (R(B))

2. R(B) = (R(B))";

3. R(AUB)=R(A)UR(B);

4. R(ANB)=R(A)NR(B).

Proof

1 R(B) = D% T2, Ry (Bg) = E0%, 32 (Ry (Bp))* = (R(B))*.

R(B)
2 R(B) = D%, X, R (B) = K% Xt (Ry (Bg)* = (R(B)).
R(AUB) = TR, Yoty X2 Ry (AU Bp)

= ZzR:l Yot 273321 [Ry(Ax) URy(Bg)]

= IR T Ry (Aa) UXR Y58 Ry (Bp)

= R(A)UR(B).

4. E(A N E) = 221;1 2211 223:1 R
= Zszl ZZi1 223:1 [ ~’y e
= Zszl ZZi1 &(Atx N 221;1 223:1 &(Bﬁ)
= R(A) N R(B).

O

4. Granular Structure of Type-2 Fuzzy Rough Sets over Two Universes

The granular structures of classical rough sets and ordinary fuzzy rough sets are clear, and the
lower and upper approximation sets can be represented by some basic granules. Here, we will discuss
the basic granules in type-2 fuzzy rough sets over two universes, which can be used to calculate the

lower and upper approximation sets of a type-2 fuzzy set.
In classical rough set theory, for a nonempty and finite universe X and an equivalent relation
R C X x X, the upper and lower approximation sets of A C X can be defined as follows:

RA = U{[x]r : x € A},

RA = n{([x]g) : x € A°}.

Take A = {y} and A = X — {y} = {y}° in the above two equations respectively, and we have:
R({y}) = U{lxlr s x € {y}} = [yl

R({y}) = n{([x]r)*: x € {y}} = (y]r)".

Next, we will try to find the “equivalence classes” of a type-2 fuzzy point and its complement,
both of which should be type-2 fuzzy sets.

Let Y be a nonempty universes. A type-2 fuzzy point in Y is a special type-2 fuzzy set defined as
follows: forany z € Y,

w, ) ou/A ifz=y
yA(Z)_{ 1/0, ifz#y ’

where A € [0,1] and u € (0,1]. The complement of i/}, denoted by ﬁ, is also a type-2 fuzzy set on Y:
foranyy €Y,

i,y ) u/l1=A, ifz=y
(Z){l/l, if z#£y
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Definition 2. Let X and Y be two nonempty finite universes. Suppose R is a type-2 fuzzy relation from X to Y,
R, is an embedded type-2 set of R and R., is the corresponding embedded type-1 set. For a type-2 fuzzy point
vh € E(Y), two granular type-2 fuzzy sets [y] & and [yﬁ]zvz are defined as: for any x € X,
v v
= NzeyRE(x,z) A
1A _ U _ zeY Ny
WA, () = Ral () = =R

and AoeyRE (x,2) A
v 5 W o zeY X,z H

Let My ={[ylz v €Y, A€ 01],pe 1} My ={[ylg v €Y, A€[01],pe (0,1]}.

From the above definition, it is clear that ([y/}] R = [yi*\]% and ([yf'\]lyz ) = [yﬁ]% .
v v v v

Example 2. Consider the type-2 fuzzy relation R given in the previous example. Take a type-2 fuzzy point

(¥4)9.7, by (x1,2)
NyeyRE(x;,z) N1
1 A N — zeY 107 17 -
(Wadoslr, () = =% S ho7 !

L...,6; v=1,2,

we have 05/0.7 1/05 1/03 1/07 1/03 1/06
1 /\ _ . . . . . . .
[(va)orlz, = ) + % + %3 + Ta + s + e
1/06 1/05 1/03 1/07 1/03 1/0.6
194 _
[(va)ozlR, = T Txm U m T o Tx
s0:
1 2 1
[(va)oslg = Z[(?M)oy]]%
=1
05/0.7+1/06 1/05 1/03 1/0.7 1/03 1/06
_ /0.7 +1/ n / n / n / n / n /0.6
x1 X2 X3 X4 X5 X6
By:
NzeyRE(x;,2) A1
1 1V ze€Y Ny Ay .
v L) = = 1 e ; == 1 2
(o7, (00 = =, (] (1 -0y = 1 TR
we have: 05/03 1/05 1/07 1/03 1/07 1/04
1 \Z — . . . . . . .
[(v4)o7lg, m T m T T Tm  Tx
1/04 1/05 1/07 1/03 1/0.7 1/04
1V
[(va)o7lg, n  m T T a T T Tx
S0.
1 v . 1 v
[(yadoslg = Zl[(m)oy]m
")/:
05/03+1/04 1/05 1/07 1/03 1/0.7 1/04
_ /03+1/ n / +/ +/ +/ +/ '

X1 X2 X3 X4 X5 X6

[(ya)b71% and [(ya)gy)} are depicted in Figure 2. Obviously, [(y4)j]} is exactly the complement
of [(ya)o k-



Symmetry 2017, 9, 284 12 of 29

, w(x,u)

Figure 2. The solid lines depict [(}/4)(1)_7]}z and the dotted lines depict [(y4)(1)_7}%.

Theorem 2. Let X and Y be two nonempty finite universes and R be a type-2 fuzzy relation from X to Y. If R,
is an embedded type-2 set of R and R., is the corresponding embedded type-1 set, fory € Y, Ay, A» € [0,1],
11, 12 € (0,1], we have:

Lo WhIR, VIR, = AR
2. [l Nl = WAk
. Wk, VIR, = Ak
4 hlk NWAE = ORIk -
Proof.

1. Foranyx € X,

NaeyR5(x,2) Apr AaeyRE(x,2) A iz
Ry(x,y) A Aq Ry(x,y) A Ay
_ NzeyR3 (x,2) N pa A pia = ]41/\P’2]/~\ (x)
Ry A (M VA Favaelr,

Wil (U ER (v =

2. Foranyx € X,

NaeyR5(x,2) Apr — NaeyRE(x,2) A pia
Ry(x,y) A Aq Ry(x,y) A Ay
_ NzeyR5 (x,2) A ja A iz = [y ()
Ry(x, ) A(A AAy)  Phalry WY

Wl ()N ER (1) =

3. FPoranyx € X,

[yﬁi]ﬁﬁx) U Mé]%v (x)
/\ZEYR'*y(er) A p /\ZEYRg(x/Z) N p2
(1-Ry(x,y)) V(1 —A1)  (1-=Ry(x,y)) V(1-A2)
NzeyRY (x,2) Apg A pa A2 1Y
T Ry VI (At~ Paniali, ()
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4. Poranyx € X,

Wiz, () M RlR, ()
AzeyR%(x,2) Ay AzeyR%(x,2) Ao
(1-=Ry(xy) V(1 —-A1) (1-Ry(x,y))V(1-A2)
Nzey R (x,2) N pn A pa

= ARy V= (v~ Mk, ()

O

Theorem 3. Let X and Y be two nonempty finite universes. Suppose RV and R(2) are type-2 fuzzy relations
from X to'Y and Ry and Ry are embedded type-2 sets of RV and R(2), respectively, then fory € Y, A € [0,1],
e (01,

Lo ARk, = WAIR, N IATR,
2 Whn, — WA U
3. Whlk e, = AT, VAR
4 Wlkur, = Walk, NWAlR,
Proof.

1. Foranyx € X,

Pacv(Ry(5,2) A Ry(x,2) A
Ra(x,y) ARg(x,y) A A
[Azey Ry (x,2) A p] A [/\zeYRE(x/Z) Ayl
[Ra(x,y) ANATA [Rp(x,y) AA]

= Al () N lR, ().

iAo, (1) =

2. Foranyx € X,

) Meev(RE(3,2) A Ry (x,2) A g
[yi]ﬁauﬁﬁ(x) = [Ra(X,]/) VRﬂ(x,]/)] AN
[Azey Ry (x,2) A p] A [/\zeYRE(x/Z) Al
[Ra(x,y) AA]V [Rg(x,y) A A]

= [hlr, () U lg, (%)

3. FPoranyx € X,

.  eer(Ri(n2) AR (x,2) Ap
Wilror, ) = TR A R(x,y)] V(1 —A)
[NzeyRa(x,2) A ] A [Azey Ry (x,2) A
[(1—=Ra(x,y) V(A —=A)]VI[(1—-Re(x,y) V(1-A)]
= [Valk, () U g, ().
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4. Poranyx € X,

.  Meer(Rilo2) ARS(6,2) Ap
[%\]Ruufzﬁ(x) T o Ra(x,y) V Rﬁ(x,y)] Va—n)
[AzeyRG(x,2) A p] A [Azey Ry (x,2) A ]
(1= Ra(x,y)) V(1 =M AL = Rp(x,y)) V(1 - A)]
= WK 0N, ()

O

Lemma 2. Let X and Y be two nonempty finite universes. Suppose R is a type-2 fuzzy relation from X to Y,
R, is an embedded type-2 set of R and R., is the corresponding embedded type-1 set. For y € Y, A1, A5 € [0,1],

u1,m2 € (0,1],

L IfA <Ay < o, [y,\l]
2. A=A < i, [V

[I/Az]

A

R,
1

R, =Wk

%!< '7\."

Proof. Obviously. O

Theorem 4. Let R be a discrete type-2 fuzzy relation from X to Y, where X and Y are nonempty finite universes.
For a discrete type-2 fuzzy set B € F(Y), if R, and Bg are embedded type-2 sets of R and B respectively, we have:
B*

= )
R (Bﬁ) yEY[yBg(y)]%Y}

and: B
S y
R (Bﬁ) - myGY[yBE(y)]R,Y

Proof. For any x € X,
B() 5 B Nzey R (x,2) A Bg(y)
uer[}/Bﬂ(y)] (x) - uyEY R’y<x’ y) A B‘B (y)
Ayer[Ry(x,y) ABg(y)]

" Vyer[Ry(x,y) ABg(y)] = Ry(Bp) (x).

By(y),y NaevRy (x,2) A (]/)
HVEY[yBg(i)]R'y(x) = lyey [1—Ry(x,y)]V Bﬁ( )
Ner Ry AR

(x).

R [ =Ry ) v Bay)] — RalBp)

We have mentioned in Section 2.2 that basic granules in the theory of the classic rough set are
equivalence classes, and the lower and upper approximations of a crisp set can be computed by the
basic granules or the complements of the basic granules. Similarly, in the theory of fuzzy rough set,
Chen et al. [20] proved that [x;]% and [x,]3, which are called basic granules of fuzzy rough sets,
corresponded to the equivalence classes and the complements of equivalence classes, respectively,
and the upper and lower approximations of a fuzzy set can be expressed as the union or intersection of
basic granules. Taking Mlg7 and Ml\{7 as basic granule sets, the above theorem reveals that these basic

granules can be used to compute the upper and lower approximations of a type-2 fuzzy set by the
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operators of union and intersection. Therefore, M% and M% correspond to the equivalence classes
r v

and the complements of equivalence classes, respectively.

Example 3. Similar to the previous example, we can calculate granular type-2 fuzzy sets of ygl g ; foranyy € Y:

05/04 1/0.7 1/05 1/04 1/03 1/0.1
()i, = 2202 W7 100 | 1048 208 | 02,
1 X1 X X3 X4 X5 X6
05/0 1/0 1/0 1/0 1/0 1/0
A Pl Tk Tt A Bt
(W2dolg, ==t T T T T
05/04 1/02 1/06 1/05 1/07 1/0.8
[(ya)ilg, = /04, 1702 1/06 1705 107 1/
1 X1 X7 X3 X4 X5 X6
0.5/07 1/05 1/03 1/0.7 1/03 1/0.6
1 1A _
[(va)oslg, = T n T T T T R
05/03 1/08 1/07 1/05 1/06 1/03
[(y5)%],%=/+/+/+/+/+/,
1 X1 X2 X3 X4 X5 X6
05/02 1/05 1/01 1/03 1/05 1/02
1 1A
[(]/6)0.5}1{1_ ) + % + P + x4 + o + P
3 5 _ BY (¥)1A
Ri(By) = U[yBi(y)]R]
yeYy
05/0.7 1/08 1/0.7 1/07 1/0.7 1/0.8
= / + / + / + / + / + / )
X1 X2 X3 X4 X5 X6

0.5/1 1/1 1/1 1/1 1/1 1/1
v P et e Tk A Tt A Bt
[(y1)olg, Pt st ettt e T
05/04 05/0.7 05/0.8 05/04 05/05 05/03
[(v2)03]%, = /04, 05/07, 05/08 , 05/04 , 05/05 , 05/03
1 X1 X2 X3 X4 X5 X6
05/1 1/1 1/t 1/1 1/1 1/1
[(]B)(%]E]: xl +72+73+74+75+76,
0.5/07 1/0.7 1/07 1/0.7 1/07 1/0.7
1V _
[(va)oalg, T e Tt n T m T e T
05/1 1/1 1/1 1/1 1/1 1/1
[(]/5)(1)]%1: xl +72+73+74+75+76/
0.5/08 1/05 1/09 1/0.7 1/05 1/0.8
1 \.{ p—
[(y6)oslg, o T T hm T T T
~ o~ B*
RiB) = Nk,
yey
05/04 05/05 05/0.7 . 4 . . 0.5/0.
_ / n / " / +05/0 +05/05+ 5/ 3‘
X1 X2 X3 X4 X5 X6

5. Examples

Example 4. Suppose X = {x1,x2,x3, x4} is a set of four different houses, all of which can be described by
an attribute set Y = {y1, Y2, Y3, Y4, Y5}, where yy stands for Structure, y, stands for Position, y3 stands for
Surrounding facilities, y4 stands for Price and ys stands for Greening.

The correlation degree between X and Y (i.e., R(xi,yj) ) is given in Table 1.
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Table 1. Correlation degree between x; and y;.

X\Y w0 Y2 3 Ya ys
X 1/1  1/08 1/03+05/04 1/09 1/0.6
xn 1/06 1/03 1/0.8 1/1  1/04
x3  1/04 1/06 1/0.5 1/1  1/08
x, 1/1 1/05 1/0.6 1/03 1/0.7

Suppose A is a client who wants to purchase a house among the four alternative offers, and the demand of
A can be described by a type-2 fuzzy set (Figure 3a):

~ 1/09 1/04+08/05 1/1 1/02  1/07

4 1/09,1/04+08/05 ,1/1,1/02, 1/07
hn Y2 Y3 Ya Y5

By the definitions of the lower and upper type-2 fuzzy rough approximation operators, we can calculate the

lower and upper type-2 fuzzy rough approximations of A.
Since R = Ry + Ry and A = Ay + Ay, where:

1/1 1/08 1/03 1/09 1/06
Ri(x,y)— | 1/06 1/03 1/08 1/1 1/04
g 1/04 1/06 1/05 1/1 1/08 |’

1/1 1/05 1/0.6 1/03 1/0.7

1/1 1/0.8 05/04 1/09 1/0.6

1/06 1/03 1/08 1/1 1/04

1/04 1/06 1/05 1/1 1/08 |’

1/1 1/05 1/06 1/03 1/07
1/09 1/04 1/1 1/02 1/0.7

A = + +——+ + ,
n Y2 Y3 Y4 Ys

1/09  08/05 1/1  1/02  1/07

Ry (i, yj) =

Ay = + + ==+ + ,
1 Y2 Y3 Y4 Y5
we have: 1/02 1/02 1/02 1/05
Ri(Ay) = ~ + ~ + =+ —,
- X1 X2 X3 X4
I 0.8/0.2 0.8/0.2 0.8/0.2 0.8/0.5
Ri(A2) = o T, T T
L. 05/02 1/02 1/0.2 1/05
Ro(Ay) = / n / n / . / ,
X1 X2 X3 X4
and: 0.5/02 0.8/02 0.8/02 0.8/05
Ra(As) = .x1. N .xz. N .xa. N .x4. .
Thus,
A 1/02 1/02 1/02 1/05
R(A) = 102 1/02 1702 | 1/05
X1 X2 X3 X4
From 1/09 1/08 1/0.7 1/0.9
R1(A1) = ~ + — + =+ =,
X1 X2 X3 X4
- . 0.8/0.9 0.8/08 0.8/0.7 0.8/09
Ry(Ay) = 28/09  08/08  08/07  08/09

X1 X2 X3 X4
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— _ 05/09 1/08 1/07 1/09
Ry(Ay) = 2/09 1708 1/0.7 1709
X1 X2 X3 X4
— _05/09 08/08 08/07 08/09
X1 X2 X3 X4
we have: 1/09 1708 1/07 1/09
R(A) = =4 — + ~ + .

X1 X2 X3 X4

Consequently (Figure 3b),

o =, . 1/02+1/09 1/0241/08 1/02+4+1/07 1/05+1/09
B(A)+R(A)=/ +/+/ +/+/ +/+/ +/.

X1 X2 X3 X4

Let:
Ty = (il max{C(R(A) (x)}},

i

T = {jl ggg?{C(R(A)(xj))}},

where C(R(A)(x;)) is the centroid of R(A)(x;).

FTiNTaNTs # @, then x;(i € Ty N\ Ty N T3) is the best choice of A.

IfFTiNT, N T3 = @, then consider Ty N Ty: if Ty N Ty # @, we have that x;(i € Ty N Ty) is the best
choice of A; if T1 N Ty = @, we take x;(i € T3) as the best choice of A [29].

Since Ty = {4}, T» = {1,4}, Ts = {4}, x4 is the best house for A.

From the definition of A, it is clear that client A pays most attention to y3 and vy, the surrounding facilities
and the structure, and y4, price, is the least important factor. x4 is the best house both in surrounding facilities
and structure.

y "‘A(x/ u)

0.8

u

yd

0.8
0.6
0.4

0 Structure Position Surrounding  Price Greening y

(a)

Figure 3. Cont.
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L Hlow)
R(A)
_-_-_‘—-—-_
_-_-_-_-_-_/
ROA) oo
11
u
1 /
0.8
0.6
4
0.2
0 X X2 X3 X4 x
(b)

Figure 3. (a) Demand of client A; (b) the lower approximation and the upper approximation L of A
which are type-2 fuzzy sets defined in X. The solid line depicts the upper approximation R(A);
the dotted line depicts the lower approximation R(A).

Consider another client for house purchasing (Figure 4a):

- 1/0. . . . . .
5o /06+1/05+1/03+1/04+1/07+1/02_
1 Y2 Y3 Y4 Y5
Take: 1/06 1/05 1/03 1/07 1/0.2
B, — 6 S5 3 7 .
A1 Y2 Y3 Y4 Ys
and: 1/06 1/05 1/04 1/07 1/0.2
B, — 6 S5 4 7 2
! Y2 Y3 Y4 Y5

Using the definition of granular type-2 fuzzy sets, we can compute the upper and lower approximations of B:

R(B) = Ry(By) +
R(B) = Ry(By) +
where: o

Ry(By) = [(3/1)(116]% U [(yz)(lm]%
Ri(B2) = [(y)dslf, U [(v2)65)%,
Ry(By) = [(yl)(l).s]?gz U [(yZ)o.s]?zz
Ra(B2) = [(y)bely, U r2)bsIh,
Ry(Br) = [(y1)oalg, N [(v2)oslE,
Ri(By) = [(%)04] [(yZ) ]
Ry(By1) = [(%)odv [(y2)05]
Ro(B1) = [(y1)hal}, N [<yz>o.51ﬁz

‘ = %z

mz
wz
Odl

Ry(B1)
2(B1)

R
2

2),
2),

Ri(By) + +
1(By) + +

‘ = %z
‘ = 7}1
U:lz

U[(ys)baly, U l(ys)o2lz,

[(%)04]

U [(y4)(1).7]1%1
Ul(ya)ozlk, U l(ws)oalg,

U [(y3)0.3]R2 U [(y4)(1).7]1%2 U [(y5)6.z]£2

U [(y2)8al, U 1)1, U Lvs)aal,

N[(ya)oslg, N[(ys)aslk,
N [(]/4)(1).3]v

[(V4)(1).3] R

N [(w2)b7]%,
[(yS)(l).s]zygl [(]/5)0 8]

, 1 [(y5)0s]

)

[(%)6.7]1%2 N

P m< m< m<

N [(y3)aslk, N [(va)dalk, N [(v5)oslk,
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and:

[(ys)(l).z;]l%l

[(yl)(lm]ﬁ

2

>

[(y2)6.5] Ry
[(]/3)(113]1432

[(]/4)(1).7]1432

>

[(ys)(l).z] Ry

3kl

[(]/1)(1).4]1%1 =

[(]/2)(1).5]

<

1

[(v3)brl
()bl
[(v5)hal}

v)oel¥,

()hal},
(Al

[(¥3)5.7] Ry

1/06 1/06 1/04 1/0.6
/ n / n / n /

X1 X2 X3 X4
1/05 1/03 1/05 1/0.5
/ n / n / n /

X1 X2 X3 X4
1/03 1/03 1/03 1/0.3
/ n / n / n /

X1 X2 X3 X4
1/0.7 1/0.7 1/0.7 1/0.
/ n / n /0 n /0.3
X1 X2 X3 X4
1/02 1/02 1/02 1/0.2
/ " / n /0 n /0
X1 X2 X3 X4
1/03 1/04 1/04 1/04
/ " / n /0 n /0
X1 X2 X3 X4

05/06 1/06 1/04 1/0.6
/ n / n / n /

X1 X2 X3 X4
0.5/05 1/0. 1/0. .

/ I /0.3 " /0.5 n 1/0.5

X1 X2 X3 X4

05/03 1/03 1/03  1/03
/ n / + / n /

X1 X2 X3 X4
05/07 1/07 1/07 1/0.3
/ n / n / n /

X1 X2 X3 X4

05/02 1/02 1/02 1/02
/ n /0 n /0 n /0
X1 X2 X3 X4

05/04 1/04 1/04 1/04
/ n / n / n /

X1 X2 X3 X4

1/06 1/06 1/06 1/0.6
/ n / n / n /
X1 X2 X3 X4
1/05 1/07 1/05 1/05
/ n / n / " /
X1 X2 X3 X4
1/0.7 1/03 1/05 1/04
/ n / n / " /
X1 X2 X3 X4

1/0.7 1/0.7 1/0.7 1/0.7
/ " / n / " /
X1 X2 X3 X4
1/04 1/06 1/02 1/0.3
/ n / n / n /
X1 X2 X3 X4

1/0.7 1/04 1/05 1/04
/ n / n / n /
X1 X2 X3 X4

05/06 1/06 1/06 1/06
/ n / n / n /

X1 X2 X3 X4

05/05 1/07 1/05 1/05
v _ 05/ n / n / L /

X1 X2 X3 X4

05/06 1/03 1/05 1/04
v _ 05/ n / n / . /

X1 X2 X3 X4

19 of 29
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05/0.7 1/07 1/0.7 1/0.7
v _ 05/ n / + / n /

1 ~ p—
[(¥4)03] Ry X X 3 X
05/04 1/06 1/02 1/03
1 \.{ p—
[(yS)o.s]Rz ) + % + P + %
05/06 1/04 1/05 1/04
()bt =+, Tt a
Then, we have:
.~ 1/04 1/03 1/02 1/03
Ri(By) = / " / n / " / ,
X1 X2 X3 X4
.~ 1/04 1/04 1/02 1/03
Ry(By) = /04, 1/04 , 1/02 | 1/03
- X1 X2 X3 X4
S ooay 05/04 1/03 1/02 1/0.3
*2( )= X1 - X2 * X3 * xy
L 05/04 1/04 1/02 1/0.3
&(32) B X1 - X2 * X3 N xg
and: 1/04 1/03+1/04 1/02 1/03
R(B) = —4 2= +1/0s 102 1703
X1 X2 X3 X4
From: 107 1/07 1/07 1/06
Ry(By) = — + — + — + —,
X1 X2 X3 X4
- 1/0.7 1/07 1/0.7 1/06
Ri(Bz) = / + / + / + /! ,
X1 X2 X3 X4
— 05/0.7 1/0.7 1/0.7 1/0.6
Ry(By) = o + o + P + P
- . 0.5/0.7 1/0.7 1/0.7 1/0.6
Ry(By) = Y + 5 + x3 + Y2
we have: 1/0.7 1/07 1/07 1/0.6
R(B) = — 4 —+ e
X1 X2 X3 X4

Consequently (Figure 4b),

R(B) + R(B)
_ 1/04+1/0.7 n 1/03+1/044+1/0.7 n 1/0.2+1/0.7 n 1/03+1/0.6
B x1 X2 X3 X4 '

Since Ty = {1}, T» = {1,2,3}, T3 = {1}, x1 is the best house for B.

For client B, the most important factors are yy and vy, the price and the structure; the least important
factor is ys, the greening. The above method considered all the requirements of the client: the choice x1 is of good
behavior in y4 and yq; whereas, xy and x5 are affordable, but not well structured. Figure 4a depicts the demand
of B, and Figure 4b depicts R(B) and R(B). It can be seen from Figure 4b that the memberships of x, are largest

in both R(B) and R(B). That is to say, x1 is the best choice of client B.
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| Halxu)
1 1
1
1 1
14
u
1 /
0.8
0.6
0.4
0.2
0 Structure Position Surrounding  Price Greening y -
(@)
4 M)
R(B)
e ———
R(B) BRRARELLECIEIN S S LS TTTNN VRO
14
u
1 /
0.8
0.6
0.4
0.
0 X X2 X3 Xq ;x
(b)

Figure 4. (a) Demand of client B; (b) the lower approximation and the upper approximation of B, which
are type-2 fuzzy sets defined in X. The solid line depicts the upper approximation R(B); the dotted
lines depict the lower approximation R(B).

Example 5. We use an emergency decision-making problem to illustrate the application of type-2 fuzzy rough
sets over two universes. Since emergency management is closely related to social stability and economic
development, many studies have been conducted on it. In this example, we use the granular type-2 fuzzy sets of
type-2 fuzzy rough sets to analyze such a problem and compare it to the model of fuzzy rough set on probabilistic
approximation space over two universes proposed by Sun et al. in [33].

Unconventional emergency events, such as tornadoes, typhoons, earthquakes and floods, often occur
unexpectedly, and the severity and extent of the impact are difficult to describe precisely. Approaches to handling
uncertainty and incomplete data and information can be used to study the emergency decision-making problem.

Sun et al. [33] investigated the application of fuzzy rough set on probabilistic approximation space over two
universes by an emergency decision-making problem. In order to compare with their method, we use a similar
example in this section with some data modified.

Consider an emergency decision-making problem during an earthquake and suppose that the area affected
can be divided into several different disaster areas according to the administrative district or the distribution of
geography. We use X = {x1,...,x¢} to denote the set of disaster areas. The general characteristic factors that are
used to describe the emergency event are denoted by Y = {y1, ...,y }, where yy stands for Affected population,
Y2 stands for Economic loss, y3 stands for Risk of occurrence of a new disaster, y4 stands for Damage
to transportation, ys stands for Number of destroyed facilities, yq stands for Possibility of a disease
outbreak and y; stands for Weather conditions. The degree of the relationship between these characteristic
factors and the disaster areas is available based on history records about past earthquakes. For the convenience
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of comparison, we use the data given in [33], which are presented in Table 2. The larger the value of R(x;,y;),
the more important the characteristic y; for the area x;. For example, R(x5,y1) = 0.2 < 0.7 = R(x4,y1)
implies that more population is affected in area x4 than in xs.

In[33], A = %12 + % + % + %’ + %56 + ?T: + 0?79 is th.e fuzzy description of al? the cha‘mcteri?tic
factors, and the conclusion is: (1) xp, x3 and x5 are the most seriously affected areas, which need immediate
rescue; (2) x4 does not need rescue immediately; (3) the situation of x4 and xq cannot be decided because of

insufficient information.

Table 2. Fuzzy relation R from X to Y.

R(x,y;) Y1 Y2 Y3 Ya Ys Yo Y7
x 03 01 04 04 01 01 05
X 03 03 05 01 03 01 05
X3 04 03 05 01 03 01 06
x4 07 04 02 01 02 01 03
xs 02 05 02 03 05 05 04
Xg 03 05 02 02 02 03 03

Since we cannot acquire accurate and sufficient information immediately after the earthquake, if the exact
memberships for those characteristic factors are unavailable, the information collected after a new earthquake can
be described by a type-2 fuzzy set A on Y:

1/02 1/08 1/05+4+08/06 1/03 1/06 1/01405/02 1/0.841/09
/+/+/+/+/+/+/+/+/+/'

A =
n Y2 Y3 Y4 Ys Ye Y7
By the wavy-slice representation of a type-2 fuzzy set,
~ 8 ~
A=Y A
p=1
where:
~ 1/02 1/0. . . . . .
A = / " /08+1/05+1/03+1/06+1/01+1/08,
n Y2 LAl Ya Ys Yo Y7
~ 1/02 1/0.8 0.8/06 1/03 1/0. . .
A, = / n / n / " / n /O6+1/01+1/08
n Y2 Y3 Y4 Ys Ye Y7
e 1/0.2 1/0. 1/0. 1/0. 1/0. 5/02 1/0.
Ay = / i /08+ /05+ /03+ /O6+05/0 " /08,
n Y2 Y3 Ya Ys Ye Y7
A - 1/02 1/08 1/05 1/03 1/06 1/01 1/09
! no v v v v vy
~ 1/02 1/08 1/05 1/03 1/0.6 05/02 1/09
As = / n / n / n / n / n / i /
n Y2 Y3 Ya Ys Ye Y7
5 1/02 1/0.8 A 0.8/0. 1/0. 1/0. 1/01 1/0.
A, = / n / n /06+ /03+ /06+ /0 n /09’
n Y2 Y3 Y4 Ys Ye Y7
5 1/0. . .8/0. . . 5/0. .
A, = /02 1/0.8 08/06+1/03 1/06+05/02+1/08
LA Y2 Y3 Y4 Y5 Ye Y7
~ 1/02 1/0. .8/0. . . 5/0. .
Ag — /0 n /08+08/06+1/03+1/06+05/02+1/09'
n Y2 Y3 Ya Ys Yo Y7

Then, we present a procedure for the emergency decision-making problem based on the granular type-2

fuzzy sets of type-2 fuzzy rough sets over two universes.

A5y
Step 1. Computing all the granular type-2 fuzzy sets [(y;) Aﬁ Ez] ;]ﬁ, (B =
]

1,...,8j=1,...,7) (Table 3);
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Step 2.
Step 3.

Step 4.

Step 5.

Step 6.

Step 7.
Step 8.

Computing R(Ag) = U7 [(y])A (y ]Rfor[% =1,.

Computing R(A) = 22:1 R(Aﬁ) (Table 5);
A*
Computing all the granular type-2 fuzzy sets [(y;) Af
ﬁ

Computing B(Aﬁ) = ﬂ7 [(y])AC 2y ]Rfor/% =1,.
Computing R(A) izgzl B(Aﬁ)~ (Table 8);
Computing sum of R(A) and R(A) (Table 9);
Making the decision according to:

., 8 (Table 4);

] (B=
., 8 (Table 7);

T = {i| Qg{c(ﬁ(ﬁ)(xi))}},

T = {il g}gg{C([R(A

8ji=1,...
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,7) (Table 6);

where C is the centroid of fuzzy sets. If Ty N T, N T3 # @, then x;(i € Ty N Ty N T3) is the most seriously

affected areas. f TINTo, N T3 =
most seriously affected areas; if Ty N Ty =

@, then consider Ty N Ty: if Ty N Ty # @, we have x;(i € Ty N Ty) is the
@, we take x;(i € T,) as the most seriously affected areas [29].

Since Ty = {x¢}, T» = {x3}, Ts = {x¢}, x3 is the most seriously affected area, which needs to
be rescued immediately. Since {4} = {i|min,,ex{C(R(A)(x;))}} = {i| ming,ex{C(R(A)(x;))}} =
{i| miny,ex{C([R(A) + R(A)](x;))}}, x4 is the least seriously affected area.

Aj(y))

Table 3. Granular type-2 fuzzy sets [(y;) Ai (y/' )]ﬁ
]

[( 1)12281)]12 X1 X2 X3 X4 X5 X6
[(y1)d2)R 1/02  1/02 1/02 1/02 1/02  1/02
[(v2)b.8)R 1/01  1/03 1/03 1/04  1/0.5 1/0.5
[(y3)g5)R 1/04 105 105  1/02  1/02  1/02
[(y3)§;g R 0.8/04 0.8/0.5 0.8/05 08/02 08/02 08/02
[(va)03)R 1/03 1/01  1/01  1/0.1 1/0.3 1/0.2
[(y5)d6]R 1/00  1/03 1/03 1/02 105  1/02
[(%)é,g R 1/01  1/01 1/01 1/01  1/01  1/01
[(ve)93]x  05/01 05/0.1 05/01 05/01 0.5/02 0.5/0.2
[(y7)§8]/\ 1/05 1/05  1/0.6 1/03 1/04 1/03
[(y7)d0)R 1/05 1/05  1/06 1/03 1/04 1/03

In Table 3, the maximums for every granular type-2 fuzzy sets have been highlighted in bold. We have the
following conclusion:

© 2 N R w o=

Considering characteristic factor y, all the areas are equally serious;
Considering characteristic factor vy, area xs and area x¢ are more serious;
Considering characteristic factor y3, area xp and area x3 are more serious;
Considering characteristic factor y4, area x1 and area x5 are more serious;
Considering characteristic factor ys, area x5 is more serious;

Considering characteristic factor ye, area xs and area x¢ are more serious;
Considering characteristic factor y7, area x3 is more serious;

Avea x3 is serious in the aspect of y3 (risk of occurrence of a new disaster) and y; (weather conditions);
Area x4 is the least serious area.
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Table 4. The upper approximations R(A 8)-

K(Aﬁ) X1 X2 X3 X4 X5 X6
R(A;) 1/05 1/05 1/06 1/04 1/05  1/05
R(A;) 08/05 08/05 08/06 08/04 08/05 0.8/05
R(A3) 05/05 05/05 05/06 05/04 05/05 05/05
R(Ay) 1/05 1/05 1/06 1/04 1/05  1/05
R(As) 05/05 05/05 05/0.6 05/04 05/05 05/05
R(A¢) 08/05 08/05 08/0.6 08/04 08/05 0.8/05
R(A;) 05/05 05/05 05/06 05/04 05/05 05/05
R(Ag) 05/05 05/05 05/06 05/04 05/05 05/05
Table 5. The upper approximation R(A).
x1 X2 x3 x4 x5 X6
R(A)(x;) 1/05 1/05 1/06 1/04 1/05 1/05
C(R(A)(x;)) 05 0.5 0.6 0.4 0.5 0.5
Table 6. Granul 2f A3y
able 6. Granular type-2 fuzzy sets [(y]')A:;(yj)]R'
A (yj)

[(y) Ag (Z;)]IV? x1 x2 x3 x4 X5 X6
[(y1)bs]% 1/0.7 1/07 1/06 1/03 1/08  1/07
[(y2)02]% 1/09 1/08 1/08 1/08 1/08  1/0.8
[(yg)é_gm 1/06 1/05 1/05 1/08 1/08  1/08
[(va)gilz ~ 08/0.6 08/0.6 08/0.6 08/08 08/08 08/08
[(ya)d 7% 1/0.6  1/09 1/09 1/09 1/07  1/08
[(ys)d4]% 1/09 1/07 1/07 1/08 1/06  1/0.8
[(yé)é,g]g 1/09 1/09 1/09 1/09 1/05  1/07
[(ye)U3]y  05/09 05/09 05/09 05/09 05/05 05/0.7
[(y7)o2l% 1/08 1/08 1/08 1/08 1/08  1/0.8
(7)1 1% 1/09  1/09 1/09 1/09 1/09  1/09

Table 7. The upper approximations R(Apg).

R(Ap) x1 X2 x3 Xg X5 X6

R(A;) 1/06 1/05 1/05 1/03  1/05  1/07

R(A;) 08/06 08/06 08/06 08/03 08/05 08/0.7

R(A3) 05/06 05/05 05/05 05/03 05/05 05/0.7

R(Ay) 1/06 1/05 1/05 1/03  1/05  1/07

R(As) 05/06 05/05 05/05 05/03 05/05 05/0.7

R(As) 08/06 08/06 08/06 08/03 08/05 08/0.7

R(4A7) 05/06 05/06 05/06 05/03 05/05 05/0.7

R(Ag) 05/06 05/06 05/06 05/03 05/05 05/0.7

Table 8. The lower approximation R(A).
x1 X2 X3 x4 x5 X6
R(A)(x;))  1/06 1/05+08/0.6 1/05+08/06 1/03 1/05 1/0.7

C(R(A)(x;)) 06 0.54 0.54 03 05 07
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Table 9. Sum of lower approximation and upper approximation R(A) +

25 of 29

R(A).

X1

X2

X3

X4 X5 X6

1/05+1/0.6

0.55

1/0.5+0.8/0.6

0.54

1/05+1/0.6

0.55

1/0.3+1/0.4
0.35

1/0.5
0.5

1/05+1/0.7
0.6

Consider another type-2 fuzzy description for an earthquake:

.6/0.7 .
B 0.6/0 +1/08+

1/02+41/0.3
/02+1/ n

1/0.5
/05,

1/0.7
07,

1/0.4
/04,

0.5/0.6+1/0.9 n 1/0.1

Y1

Y2

Y3

Y4

Ys

Yo Y7

By the wavy-slice representation of type-2 fuzzy sets, B can be represented as B = 2?3:1 B p, where:

- 0.6/0.7 1/02 1/0. . . .5/0. .

B — / n /0 n /05+1/O7+1/04+05/06+1/01,
A1 Y2 Y3 Y4 Y5 Ye Y7

- 1/08 1/02 1/05 1/07 1/04 05/06 1/0.1

By = /08 1702 1705 1/07 | 1/04 , 05/06 , 1/ ,
| Y2 Y3 Ya Ys Ye Y7

B — 0.6/0.7 1/03 1/05 1/0.7 1/04 0.5/06 n 1/0.1

3 ! v2 3 Ya Y5 Ye vy’

- 0.6/0.7 1/02 1/05 1/0.7 1/04 1/09 1/0.1

By = / + / + / + / + / + / + / ,
U1 Y2 Y3 Ya Ys Yo Y7

- 06/07 1/03 1/05 1/0.7 1/04 1/09 1/0.1

Bs = / + / + / + / + / + / + / ,
Y1 Y2 Y3 Ya Ys Yo Y7

B - 1/08 1/02 1/05 1/0.7 1/04 1/09 1/0.1

¢ yi v v vy vy

- 1/08 1/03 1/05 1/0.7 1/04 05/06 1/0.1

B, = / + / + / + / + / + / + / ,
Y1 Y2 Y3 Ya Ys Ye Y7

- 1/08 1/03 1/05 1/07 1/04 1/09 1/0.1

By = / + / + / + / + / + /! + / .
A Y2 Y3 Y4 Y5 Ye Y7

Similar to the above procedure, we should compute Ty, T,, Tz, and the computation process is presented in

the following tables (Tubles 10—

16):

B;(y;
Table 10. Granular type-2 fuzzy sets [(y;) BZ EZ] ;]
]

A
R

B (y))
[ 1>B§<y’>

12 x1 X2 x3 X4 X5 X6
[(y1)d%]%k  0.6/03 06/03 0.6/04 0.6/0.7 0.6/0.2 0.6/0.3
[(y )EB]R 1/03 1/03 1/04 107  1/02  1/03
[(y2)9 SR 1/01  1/0.2 1/0.2 1/0.2 1/0.2 1/0.2
[(y2)55]R ok 1/01  1/0.3 103  1/0.3 1/0.3 1/0.3
[(y3)55)R 1/04  1/0.5 1/0.5 1/02  1/02  1/02
[(ya)d,]R 104 1/01 1/01 1/01  1/03  1/02
[(ys)d.4)R 1/01 1/03 1/03 1/02  1/04  1/02
[(yé)gé]ﬁ 05/0.1 05/01 05/01 05/01 0.5/0.5 05/0.3
[(Y6)50lR 1/01  1/01  1/01  1/0.1 1/0.5 1/0.3
[(¥7)01)R 1/01  1/01  1/01  1/01  1/01  1/01

In Table 10, the maximums for every granular type-2 fuzzy sets have been highlighted in bold. We have the

following conclusion:

1.

Considering characteristic factor 1, x4 is more serious;
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Considering characteristic factor vy, x1 is the least serious area;
Considering characteristic factor y3, xp and x3 are more serious;
Considering characteristic factor y4, x1 is more serious;
Considering characteristic factor ys, xs is more serious;

Considering characteristic factor ye, X5 is more serious;

Considering characteristic factor yy, all the areas are equally serious;

© NS G W

Area x4 is serious in the respect of y; (affected population) and y, (economic loss).

Table 11. The upper approximations R(Bpg).

R(B,g) X1 X2 X3 X4 X5 X6

R(B;) 05/04 05/05 05/05 05/0.7 05/05 0.5/03
R(B;) 05/04 05/05 05/05 05/0.7 05/05 0.5/03
R(B3) 05/04 05/05 05/05 05/0.7 05/05 0.5/03
R(By) 06/04 06/05 0.6/05 06/0.7 06/05 0.6/03
R(Bs) 06/04 06/05 0.6/05 06/0.7 06/05 0.6/03
R(Bs) 1/0.4 1/0.5 1/0.5 1/0.7 1/0.5 1/0.3
R(B;) 05/04 05/05 05/05 05/0.7 05/05 0.5/03
R(Bg) 1/0.4 1/0.5 1/0.5 1/0.7 1/0.5 1/0.3

Table 12. The upper approximation R(B).

X1 X2 X3 X4 X5 X6

(B)(x;) 1/04 1/05 1/05 1/07 1/05 1/03
C(R(B)(x;)) 04 0.5 0.5 0.7 0.5 0.3

Bs(yj)

Table 13. Granular type-2 fuzzy sets [(y;) B[E (y_)]X.
p\Yi

B (yj)
[(yf)Bg(y;)]I\é X1 X2 X3 Xq X5 X6

(y1)%8]y  0.6/07 0.6/0.7 0.6/0.7 06/0.7 0.6/08 0.6/0.7

[
[(v1)52]} 1/08 1/08 1/08 1/08 1/08 1/0.8
[(y2)d 8]} 1/09 1/07 1/07 1/06 1/05 1/05
[(y2)571} 1/09 1/07 1/07 1/06  1/05  1/05
[(y3)55) % 1/06 1/05 1/05 1/08 1/08  1/0.8
[(ya)da)% 1/07  1/09 1/09 1/09 1/07  1/08
[(VS)é.g]X 1/09 1/07 1/07 1/08 1/05  1/0.8
[(y6)9:4 ¥ 05/09 05/09 05/09 05/09 05/06 05/07
[(yé)%1 ¥ 1/09 1/09 1/09 1/09 1/09  1/09
[(y7)b 0]} 1/05 1/05 1/04 1/07 1/06  1/07
Table 14. The upper approximations R (Bﬁ).
B(ﬁﬂ) X1 X2 X3 Xq X5 X6

0.5/05 05/05 05/04 05/06 05/05 05/05
0.5/05 05/05 05/04 05/06 05/05 05/0.5
0.5/05 05/05 05/04 05/06 05/05 05/05
0.6/0.5 0.6/05 0.6/04 06/06 0.6/05 0.6/0.5
0.6/05 06/05 0.6/04 06/06 0.6/05 0.6/0.5
1/0.5 1/0.5 1/0.4 1/0.6 1/0.5 1/0.5
0.5/05 05/05 05/04 05/06 05/05 05/05
1/0.5 1/0.5 1/0.4 1/0.6 1/0.5 1/0.5

W =

o a

gl
N

T T T T El T T T
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Table 15. The lower approximation R(B).

X1 X2 X3 X4 X5 X6
B(B)(xi) 1/05 1/05 1/04 1/06 1/05 1/05
C(B(B)(x,-)) 0.5 0.5 0.4 0.6 0.5 0.5

Table 16. Sum of lower approximation and upper approximation R(B) + R(B).

X1 X2 X3 X4 X5 X6
[B(B)+7(B)](xl) 1/04+1/05 1/05 1/04+1/05 1/06+1/0.7 1/05 1/03+1/0.5
C([K(B) +F(B)}(x,)) 0.45 0.5 0.45 0.65 0.5 0.4

Since Ty = Ty = T3 = {x4}, x4 is the most seriously affected area and needs immediate rescue.
In [33], the description of an earthquake is a fuzzy set:

L, 02,08 05 03 06, 01 09
Vi Y2 Y3 Va4 Ys Yo Y7~

that is to say, exact memberships of the characteristic factors y; (i = 1,...,7) have been decided by the
information acquired after the earthquake. However, if the information is insufficient and the memberships of
some factors cannot be decided, we have to take fuzzy sets as membership functions of those factors. In this
example, we consider such conditions and use type-2 fuzzy sets as the descriptions of emergency events:

/O2+1/08+1/05+08/06+1/03+1/06+1/01—|—05/02+1/08+1/09
n Y2 Y3 Y4 Ys Ye Y7

A:

and:

0.6/0.7+1/0. . . . . . . . . .
_ /0.7 + /08+1/02+1/03+1/05+1/07+1/04+05/06+1/09+1/01'
Y1 Y2 Y3 Ya Ys Ye Y7

T

A reasonable decision-making process for the unconventional emergency event has been made using the
type-2 fuzzy rough sets over two universes. For the type-2 fuzzy description A, whose secondary membership
functions are equal to or close to the corresponding memberships of the fuzzy description A, the decision is similar
to that of [33], whereas for the type-2 fuzzy description B, whose secondary membership functions are equal to or
close to the corresponding memberships of the complement of A, i.e., A° = %18 + %22 + %35 + %47 + % + %69 + %,
an almost opposite conclusion has been made. Furthermore, the granular type-2 fuzzy sets make it possible to

analyze the problem from each aspect.

6. Conclusions

Rough set theory is a method of granular computing, and equivalence classes are basic granules that
can be used to approximate a set. Whether the granular structure of type-2 fuzzy rough sets over two
universes is as clear as that of classical rough sets is what the authors want to discuss. At first, the definition
of a type-2 fuzzy rough set over two different universes is proposed based on a general type-2 fuzzy
relation from one universe to another, and the lower and upper approximations of a type-2 fuzzy set
are defined in terms of membership functions. Then, two granular type-2 fuzzy sets are defined for an
arbitrary type-2 fuzzy point, which are proven to be analogous to equivalence classes and complements
of equivalence classes of rough sets respectively, since they can be used to express the upper and lower
approximations of a type-2 fuzzy set by the operators union and intersection. Therefore, these granular
type-2 fuzzy sets are the basic granules of type-2 fuzzy rough sets and can be considered to be type-2
fuzzy equivalence classes and complements of type-2 fuzzy equivalence classes of a type-2 fuzzy point.
The authors discussed the properties of the upper and lower type-2 fuzzy rough approximation operators
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and the granular type-2 fuzzy sets. Two illustrative examples showed some simple applications of the
model proposed in this paper. Future work by the authors will consider the practical application of the
granular structure of type-2 fuzzy rough sets over two universes.
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