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Abstract: Asymmetry plays a significant role in the transmission dynamics in novel discrete fractional
calculus. Few studies have mathematically modeled such asymmetry properties, and none have
developed discrete models that incorporate different symmetry developmental stages. This paper
introduces a Taylor monomial falling function and presents some properties of this function in a delta
fractional model with Green’s function kernel. In the deterministic case, Green’s function will be
non-negative, and this shows that the function has an upper bound for its maximum point. More
precisely, in this paper, based on the properties of the Taylor monomial falling function, we investigate
Lyapunov-type inequalities for a delta fractional boundary value problem of Riemann-Liouville type.

Keywords: Riemann-Liouville operator; Green’s functions; falling function; Lyapunov inequalities
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1. Introduction

Discrete fractional calculus in fractional calculus theory is a topic that has motivated
a significant number of investigations in the past few decades. Also, many researchers
have demonstrated that discrete fractional problems describe natural phenomena in a more
systematic way and more precisely than integer-order fraction problems; they are classic
with regular time differences. Research has been conducted on practical models appearing
in the areas of engineering, physics and computer science (cf. [1-6]).

Taking into account the previous considerations, an important topic in discrete fractional
calculus is to achieve computations of boundary and initial value problems whose initial and
boundary conditions are of the form of nabla or delta difference operators (cf. [7-13]). In
recent years, boundary and initial value problem computations when considering the nabla
fractional and the delta fractional with different types of discrete operators bases have been
achieved (e.g., [14-21]). In recent years, delta fractional problems when Green’s function is
deduced from Laplace transformations have been solved (e.g., [22-24]).

Recently, in [25], the following results on the delta BVP have been presented.
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Theorem 1 (see [25]). Let « € (1,2), let a, b be two real numbers such that b = a + Ny, let
h,A: Ty — R, and let A(t) > 0. Then, the fractional BVP

_(QE%Aafl(Avf))(t) =h(t+a—1), teT,,

fla) =0, f(b)=0,

has the unique solution

where

7(”((;?’5,5;))) ¢(t,a), t<r—1,

G(t,r) =

2o0) ot,0) — g(t,p(r), t>71,

and ¢(t, p(r)) is the Cauchy function defined by

a—1

?t,p(r) = 1 . ?}‘“_)jig) , €N, M

where o(r) =r+1, p(r) = r — 1, and Ny, T, and T* are defined later in Section 2.

Theorem 2 (see [25]). Leta € (1,2), A: Tyyq — (0,00), 62 + 63 > 0, and 63 + 63 > 0. Then,
the fractional self-adjoint BVP

- (u-‘,R-]an_l(Avf)) (t) =0, te TquZ/
Sif(a+1)—6(Vf)(a+1)=0, )

33f(b) +04(V£)(b) =0,

only has a trivial solution if

50 boo(r—a—24a)%1  §16(b—a—2+4a)2L
R CERVRIP Vi v V(o (@) A () 7 0.
Theorem 3 (see [25]). The Green’s function for the BVP (2) can be expressed as
f(t,r), t<r—1,
G(t,r) =
g(t,r), t=>r,
1 (b+a—r—1)a=L
1) = 3 (4203000900, p(r) + dn000t,0) C S
93(02 — 01) 6(6 =) (b+a—r—1)2=1
A F@AQ) )

and

g(t,r) = f(t,r) = ¢(t p(r)).
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In this paper, based on the above results, the non-negativity of G(t,) will be proven
and we will examine the upper bound for the maximum value of the function. In other
words, beyond Green’s function G(t, r), in the present paper, we examine and investigate
Lyapunov-type inequalities for the delta BVP:

(S5 AV () = B+ e~ Df(tHa—1), 1€ Tu
Sif(a+1)—6(Vf)(a+1)=0, 3)

33f(b) +04(V £) (b) = 0.

The rest of the paper is structured as follows: Section 2 is separated into two parts; in
Section 2.1, we review and discuss the literature on delta fractional operators, and we will
present and prove some essential lemmas in Section 2.2. Section 3 is devoted to explaining
the Taylor monomial falling function and some of its properties (in Section 3.1) and its
related results with the implementation of Green’s function (in Section 3.2). Section 4
presents an accurate solution obtained when computing a relevant eigenvalue problem
corresponding to the BVP (3). Finally, Section 5 includes the most relevant concluding
remarks of present and future works.

2. Delta Fractional Operators and the Basic Lemmas

Let 67 > 0, and N be a set of natural numbers. Then, we define the notations N, :=
a+Nand )N := b —N, for a,b € R. Furthermore, let T, := {a,a+1,...,b} such that
b =a+k, for some k € Ny.

2.1. Delta Fractional Operators
The A—fractional sum operator is defined in [1] (Definition 2.25) as follows:
Rl t—a
( Lo f) (t) = Y Hy a(t,o(r)f(r), fortinNyq, )
r=a

and the A—fractional difference operator is defined in [26] (Theorem 2.2) as follows:

t+a

(RI,;A"‘ f) (t) = ; H_w_1(t,a(r))f(r), for tin Nopn_a, )

forn —1 < a < nand f is defined on N,. It is important to state that the falling Taylor
monomial function is given as follows:

t—r)&
Hy(t,7) == lg(oc—k)l' (6)
and the falling function is defined by
I(t+1)
o
T +1_a) @

Lemma 1 (see [1,27]). Ifa,a € RY, then
e Fort e Ny, we have

aJIi]a?A_aHlX(t/a) - HtX+tX(tfa)/
SEAYH, (ta) = Hyy(t,a),

such that a + « and a — « are non-negative integers.
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e ForteNgy,asn—1<a<n, wehave
(aenRhA™ REASF) (1) = £(1). ®)

e te& Ny, wehave

t
Z Hy(r+a—1,a) = Hy 1(t +a,a),
r=a+1
t
Y Hu(r+a+1,0(r)) = Hypa (t+ o, ).
r=a+1

Lemma 2 (see [28]). Assume that f,k : S — R and attain their max in S. Then, we have

|f(t) —k(t)| < max{f(t),k(t)} < max{maxf(t),maxk(t)},

tesS tes

for each fixed t € S.

2.2. Basic Lemmas
In this subsection, we state and prove some necessary lemmas which will be useful later.

Lemma 3. If A(t) =1, then,
(a)  The identity ¢ in Theorem 2 can be expressed as follows:

(;‘ = ((52 - (51)53 + 51(53 Htx—l(b +a—2, {1) + 5154 H,X,Q(b +a— 3,11). (9)

(b)  The identities f(t,r) and g(t,r) in Theorem 3 can be expressed as follows:

Flbr) = % (0103 Hya (0= 2,0) Hy o (b + a,0(r)
+ 6104 Ha_1(i’ +a— 2,{1) H,sz(b +a—1, 0’(7‘))
+03(02 — 1) Hu1 (b + &, 0°(r)) + 64(62 — 61) Ha2 (b + & — 1/(7(7))]~
and

g(t,r) = f(t,r) — Hy1(t + a,0(r)). (10)

Proof. For the first item, we have

Xb: (r—a—3+a)%2 Xb: Ar(r—a—3+a)r=1

r=a+2 F(D‘ - 1) r=a+2 F(D‘)

b (r—a—2+a)ﬂ7 boo(r—a—-34a)l
r=a+2 F(D() r(a)
(b—a+a—2)2"1

S Ttw "

r=a+2

By putting this result in the equation

boo(r—a—34a)%2 §10,(b—a—3+a)2
G = 0203 + 0103 ,
r:;rz Ia—1) I'(a—1)

we get the desired result.
The second item can be obtained from the definition of the falling function (6) and (1). Thus,
the proof is complete. [
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The proofs of the following two lemmas are straightforward and we will omit them.

Lemma 4 (see also [27]). Assume that v € N,. Then, we have
(i) Ifa>0,then

®  The function Hy(t + a + 1,0(r)) is decreasing with respect to r, for t € N,_.
®  The function Hy(t + a +1,0(r)) is increasing with respect to t, for t € N,.

(i) Ifa> —1,then
e Hy(t+a+1,0(r)) >0, fort € N, 1.
e Hy(t+a+1,0(r)) >0, fort €N,

(iii) IfO > a > —1, then
®  The function Hy(t +a + 1,0(r)) is increasing with respect to r, for t € N,.
®  The function Hy(t + o +1,0(r)) is increasing with respect to t, for t € N, .

(iv) Ifa > 0, then the function Hy(t +a + 1,0(r)) is non-decreasing with respect to t, for
teN,_1.

Lemma 5 (see also [27]). Assume that « > « > 0. Then, we have
Hy(t+a—1,a) > Hy(t+a—1,a),
for each fixed t € N,.

3. Taylor Falling Function and Green’s Function Results
3.1. Taylor Falling Function

This subsection starts by introducing the Taylor falling function:

_ Hy(t+a+1,0(r))
ho((trr) — Ha(t—i—(x—l,ﬂ) ’

(11)

forr € Nyi1,t € Nyand & > —1. Therefore, the following theorem concerns some positivity
results on this function.

Theorem 4. The function defined in (11) has the following properties:

1. hu(t,r) > 0.

2. ha(t,r) <1, wherex > 0,and hy(t,r) > 1, for —1 < a < 0, or, specifically, ho(t,r) = 1.
3. The function hy(t,r) is nonincreasing with respect to t, for « > 0.

4. The function hy(t,r) is nonincreasing with respect to t, for —1 < a < 0.

Proof. Proof of (1). By considering the definition, we have

(t—r+a) IFt—a)l(t—r+a+1)
h'x(t'r):(t—a—i—a—l)ﬁ:I"(t—a+oc)F(t—r+1)' (12)

Asitisclear thatT'(t —a), T(t—r+a+1),T(t—a+wa),I(t—r+1) > 0,it follows from (12)
that h,(t,7) > 0.

Proof of (2). This follows from the monotonicity of Hy(t + a« + 1,0(r)) with respect to .



Symmetry 2024, 16, 337 6 of 14
Proof of (3). Let us consider
B e ) I (e o ) S Gl b
v = [ EERE = - e
_It—al(t—r+a+1) T{H—a-1DI({t—r+a)
TT(t—a+a)(t—r+1) T(t—at+a—1)I(t—r)
_T(t—a-1)T (t—r—i—oc){(t—a—l)(t—r—i—oc)l]
S T(t—at+a—-D)I(t—r)|[(t—a+a—1)(t—7)
Frt—a—1DI't—r+a)
ta+zx)F(tr+1)} (13

:a(r—a—l)[rg
(

Since (r —a—1) >0and I'(t —r+a),T(t —a—1),T(t —a+a), T(t—r+1) > 0, then we
see that Vi, (t,7) > 0in (13).

Proof of (4). Rearranging (13), we see that

(14)

Vh o(t,r) = —a(r—a—1) [r(t_a—l)r(t—r+a)]

I'(t—a+a)l(t—r+1)

From (14), (r—a—1) > 0and T'(t —r+a),T(t—a—1),T(t—a+a), T(t—r+1) > 0,
then Vh_,(t,r) <0, as required. Thus, the proof is done. []

3.2. Green’s Function Results

In this subsection, we examine some properties of G(t, ). The first lemma shows the
positivity of the functions in Theorem 3.

Lemma 6. Let 61,03,07,04 > 0and 61 < &y, and let (9) hold. Then, we have

1. VteT, andthen ¢ > 0.
2. f(t,r)>0,V(t,r) € Ty x Tyyq such that r—1 > t.
3. g(t,r) >0, VY(tr) € Ty x Tyyqsuchthat v < t.

Proof. Proof of (1). As we know from Lemma 4 that H, (b +a —2,a),Hy 2(b+ a —
3,a) > 0, we have

&= (60 —01)03+6103H, 1(b+a—2,a)+6104Hy 2(b+a —3,a) > 0.

Proof of (2). According to Lemma 4, it is clear that H,_1(b + «,0(r)), Hy—2(b + a —
1,0(r)) >0,Vr € Tyygand Hy 1(t +a —2,a) > 0, ¥V € T,. In addition, we know
that¢ > 0, V t € T, according to (2). Therefore, we have

Fltr) = % (0163 Hya (£ 2~ 2,0) Hya (b 4w, 0(r))

+51§4H,X_1(t+0c72,a) Hu,z(b+ﬁc*1,0'( ))+53(52*51) a— 1(b+0( 0'( ))
+64(62 = 81) Hoa(b+a —1,0(r))] 20,

YV (t,r) € Ty x Tyyq thent <v—1.

Proof of (3). For this property, consider
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gt r) = % (6105 Hoa (40— 2,0) Hya (b + 0, 0(1)

=Hy 1(b+a—2,a)Hy 1(t+a,0(r)) {

+06104Hy 1(t+a—2,a)Hy 2(b+a—1,0(r)) +63(62 — 1) Hy_1(b+a,0(r))
+04(82 — 01) Hy—o(b+a —1,0(r)) — E Hy 1 (t+ oc,a(r))}

= é [54(52 —81)Hyo(b+a—1,0(r)) 4+ 03(62 — 61) (Hy—1(b + o, (7))

— Hy_1(t+a,0(r))) + 6164 (H,x,l(t ta—2,0)Hy2(b+a—1,0(r))
— Hyq(t+0,0(r)) Hyo(b+ o — 3,11))

+ 6105 (Hoa(t 42— 2,0)Ho 1 (b + a,0(r)
- Hzx—l(b ta— 2ra>Ha—1 (t + 0{,(7(1’)))]

1
= E[El + Ex+ E3+ E4, (15)

where

El = 54((52 — (51)Ha_2(b + a0 — 1,0’(7")),‘

Ey = 35(02 — 61)(Hy—1(b,0(r)) — Hy—1(t,0(1)));

Es = 6164 (Ha t+a—2,a)Hy o(b+a—1,0(r)) — Hy_1(t+a,0(r)) Hy_a(b+0a — 3,a));

Ey = 6103 (Ha bt —2,a)Hy1(b+a,0(r) — Hy_1(b+a —2,a)Hy_1(t + uc,U(r))).

In (15), we know that ¢ > 0, V¢t € T,. So, it remains to prove that E, > 0, for
r=1,2,3,4.

1
1

e For E;: According to Lemma 4, Hy,_»(b+a —1,0(r)) > 0, Vt € T,. Therefore, E; > 0.

e For Ey: By using Lemma 4, H,_1(t +a,0(r)) < Hy_1(b+w,0(r)), V (t,r) € T, x Tpqq
such that t > r. Hence, E; > 0.

e For E3: Again, by using Lemma 4, H, 1(t +a,0(r)) < Hy_1(t+a —2,a) > 0 and
Hy 2(b+a—3,a) <Hyo(b+a—1,0(r)), ¥ (t,r) € Ty x Tyiqsuch thatr < t. These
lead to E5 > 0.

e  For E4: We consider

Hy1(b+a,0(r) Hy
Hy1(b+a—2,a) H,_

= Ha—l(b +ua— Z,Q)Ha_1(f —l—lx,O'(r)) |:h"‘_1(b’r) _ 1] ]

ha,1 (f, T)

Hy 1(b+a —2,a),Hy,1(t + a,0(r)) > 0 by Lemma 4, and h,_1(t,7) < hu_1(b7),
V (t,r) € T, x T,41 by Theorem 4. Therefore, we get E4 > 0 as desired.

Asaresult, g(t,7) >0, VT, x T,yq, such thatr < t. Also, G(t,7) >0, V (¢,7) € Ty x Tyyq.
This ends our proof. O

The positivity of Green’s function can be deduced from the following theorem.
Theorem 5. Let 61,07,03,04 > 0and 51 < 8y, and let (9) hold. Then, we have
G(t,r) >0,

for (t,r) € Ty x Tpiq.
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Proof. The proof can be deduced from the next lemma. O

To obtain the above result, we need to show that the functions in Theorem 3 are
increasing.

Lemma 7. Let 61,07,03,04 > 0and &1 < &, and let (9) hold. Then, we have that

1. f(t,r)is an increasing function with respect to t ¥/ (t,r) € Tq x Toyq such that t <r —1.
2. g(t,r)is an increasing function with respect to t ¥ (t,r) € Ty X Ty4q such that v < t.

Proof. Proof of (1). We consider

1
Vif(tr) = 7 [0183 Hooalt + 0 = 3,0) Hoa (b + 0, 0(r)
+ 0184 Hy 2(t+a —3,) Hy 2(b+a —1,0(r)).
From Lemma 4, it is clear that H, 1(b,0(r)), Hy—2(b,c(r)) > 0V r € T,y1 and Hy (¢ +
a—3,a)>0VteT, 1. Moreover, ¢ >0Vt € T, according to Theorem 2. Thus, we get

Vif (t, r) > 0, and this implies that (1) holds true.

Proof of (2). According to (15), we have

4
+ 0104 (Ho ot + & = 3,0)Hy (b +a —1,0(r))

Vig(t,r) = 1 l—ég(&z —61)Hy o(t+a—1,0(r))

4—a40+a7Ldﬂﬁh4w+m—&M)

+ 6163 (Ha_z(t o —3,a)Hy_1(b+a,0(r))
—Hy 1(b+a—2,a)Hy 2(t+a—1, a(r)))]

- % [Es + Eq + E], (16)

where
Es = —03(6 — 61)Hy 2(t+a—1,0(r)),
Eg = 614 (Ha_z(t ta—3,a)Hy o(b+a—1,0(r))
— Hoa(t+a=1,0(r)Hy (b +a—3,0)),
E7 = 6105 (Hoo(t + & — 3,a) Hy_1 (b + &, (r))

—Hy 1(b+a—2,0)Hy o(t+a— 1,(7(7))).

As itis clear that { > 0Vt € T;41, we only need to show that E; <0, i =5,6,7.

e For Es: Clearly, from Lemma (4), Hy_(t,0(r)) >0V (t,7) € Ty x Ty4q such thatr > ¢
implies that Es < 0.
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e  For E4: We consider

Ha72(t +a— 3,a)H,x,2(b +a— 1/‘7(7)) - Ha72(b/a)Hlx72(t/ ‘7(7))

Hy 2(b+a—1,0(r))
Hafz(b +a— 3,a)

=Hy 2(b+a—-3,a)Hy 2(t+a—1,0(r)) [

. Hafz(t +a— 3,0)
Hy 2(t+a—1,0(r))

— Hy o(b+a—3,a)Hy o(t+a—1,0(r)) [hz(l”) - 1]

h,x_z(t, 7‘)

By considering Lemma (4), we see that Hy,_»(b+a —3,a)Hy_»(t +a —1,0(r
Moreover, by considering Theorem 4, we have hy_»(t,r) < hy_5(b,7), V (
T, x T,11. Therefore, Eg < 0.

e For E;: According to Lemma (4), it can be seen that H,_»(t +a —3,a) < H, »(t +
a—1,0(r))and Hy 1(b+a,0(r)) < Hy 1(b+a—2,a)V (t,¥) € T, x T,y1 such that
r < t implies that Ey < 0.

Then, the proof is complete. [

)

> 0.
r) €

The following theorem demonstrates the boundedness of Green’s function.

Theorem 6. Assume that 81,62,03,84 > 0and 81 < 6y, and let (9) hold. Then, for G(t, ), we have

max  G(t,r) <Y, (17)
(t,V)ETa XTIH—I

where

1
Y = 5[5153 He 1(b+a—2,a)Hy 1(b+a—1,a)
+ 6104 Hy_q (b +ua—2, a) H,xfz(b +ua—2, a)
+05(0r — 61) Hy1(b+a — 1,0) + 64(65 — 51)].

Proof. According to Lemma 7, we see that

(t1)eTx Ty Glt,r) = ,g%rifl{f(P(r)rT),Dé(r, r}.

On the other hand,
Flo(r),r) = % (6163 Ho-a(p(r) + & —2,) Hyoa (b + 2, 0())
+ 6104 Hy—1(p(r) + & —2,a) Hy 2 (b+a —1,0(r)) + 03(62 — 01) Hy1(b + &, 0(7))
+ 54(52 — (51) H,X_z(b +a — 1,0’(1’))],

and we let
1
ki) =5 (6105 Hy 1 (7 + = 2,0) Hy 1 (b+,0(r))

+ 6104 Hy 1(r+a—2,a)Hy_2(b+a—1,0(r))
+03(02 — 01) Hy—1(b + o, 0(r)) + 04(62 — 1) Hy—2(b+ & — 110(7))]:
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forr € T,11. It follows from Lemmas 4 and 6 that
0< flp(r),r) <k(r) ré€Ta. (18)
Also, we have

g(r,r) = é {(51(53 Hy 1(r+a—2a)Hy 1(b+a,0(r))

+ 6104 Hy 1(r+a—2,a)Hy_2(b+a—1,0(r))
+03(02 — 01) Hy—1(b + o, (1)) + 04(62 — 1) Hy—2(b + & — 1/‘7(7))} -1
—k(r) -1, re Tos. (19)

Therefore, by considering Lemma 6, it is known that

0<g(r,r) <k(r), r€Te. (20)

As

max Hy 1(r+a—2,a) =Hy, 1(b+a—2,a),

r€Tg4q

max Hy, 1(b+wa,0(r)) = Hy_1(b+wa,0(a)),

r€Ta 41

max Hy »(b+a—1,0(r)) =Hyo(b+a—-1,b+1) =1,

r€Tai1

we can deduce that
k(r)y <Y, reT,. (21)
Therefore, according to Lemma 4 and the inequalities (18), (20), (21), we get

max  G(t,r) = max {f(c(r),r),g(r, 1)}

(1) €TaxTyyq r€Ta 41

< { max f(o(r),r), max g(r,r)} < max k(r) <Y,

r€Ta 41 r€Ta41 r€Taq
as desired. O

The next theorem shows the boundedness of Green'’s function in a limited summation.

Theorem 7. Let 61,02,03,04 > 0and 61 < &y, and let (9) hold. Then, for G(t,r), we have
b
Y. G(t,r) <A, V(tr)€TyxTapa, (22)
r=a+1

where
A= % [51(53 Hy 1(b+a—2a)Hy 1(b+a—2,a)

+ 0104 Hy1(b+a—2,a) H o(b+a —3,a) +63(60 — 1) Hu—1 (b +a —2,a)
+04(6 — 81) Hyo(b+a — 3,a)].
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Proof. Consider

b t b
Y Glt,r)= Y gtr)+ Y ftr)
r=a+1 r=a+1 r=t+1
b
— Y Fr) - Y Hea(ttao()
r=a+1 r=a+1

1 b
== |6163Hu1(t+a—2,a) Y Hy1(b+a,0o(r))
g r=a+1

b
+6104Hy 1 (t+a—2,a) Y Hyo(b+a—1,0(r))
r=a+1

b
+(62—01)83 Y, Hu1(b+a,0(r))
r=a-+1

b
+(62—061)0s Y, Hya(b+a—1,0(r))
r=a+1

— Zt: Hy 1(t+a,0(r)).
r=a+1

Further simplifications lead to

b
Y. Glt,r) = (4163 Hya(t 42 —2,0)Hy(b+ 2 —1,0)
r=a+1 ér

+51(54 Hzx—l(t +ua— 2,a)Ha_1(b +ua— 2,[1)
+ (62 = 01)0sHa(b+ = 1,a) + (6 — 61) 84 Hy 1 (b + o — 2,a) |
—Hy(t+a—2,0a)

_1
¢
—Hy 1(b+a—2,a)H,(t+a— 1,a))

(5153 (H,H(t o —2,a)Hy(b+a—1,a)

+ 6104 (Ha,l(t—l—zx —2,a)Hy 1(b+a—2,a)
—Hy(t+a—1,a)Hy 2(b+a— 3,a))
+ (5 —51)(53(Ha(b+tx—1,u) —Ha(t—l—zx—l,a))
4 (82 — 81)04Hy1 (b, +a — 2a)].
Fort € T,, we have Hy(t,a) > 0 and
max Hy(b+a —1,a) = Hy(b+a —1,a),

teT,

max Hy 1(b+a—2,a) =Hy, 1(b+a—2,a),
teT,

which together with the last equation give the required (22). The proof is complete. [

Now, we can formulate a Lyapunov-like inequality for the delta BVP (2) in the follow-
ing theorem.
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Theorem 8. Let 1,6,,03,04 > 0and 61 < 6y, and let (9) hold. If the solution to the delta BVP (2) is
nontrivial, then

Z |B(r |> ~ (23)
r=a+1

Proof. Let us set B as a Banach space with the norm:
= r)|.
LfIl = max|£(r)]

By considering Theorems 1 and 3, we see that the solution to (3) satisfies
b
f#) =3 G(tr)B(r)f(r),
r=a+1
for t € T,. Therefore, according to Theorem 6, we have

b
Y. G(tr)B(r)f(r)

r=a+1

<maxl Y. G(tr)|B(r ||f(r)|]

1711 = max|f(r)| = max

a

t€Ta r=a-+1

b
<|f||rr€1%><l2 (frr)IB(r)I]

a Lr=a+1

<YIfIl Z |B(r)

r=a+1

This leads to

Z |B(r |>*

r=a+1

The proof is complete. [

4. Application

The specific class of operator equations, which appears frequently in quantum me-
chanics, consists of eigenvalues and eigenfunctions. For this reason, this section has been
dedicated to examining the lower bound for the eigenvalues related to the delta BVP (3). If
1 < a < 2and f is a nontrivial solution to the delta BVP,

_(R%Aafl(vf))a) +Af(H) =0, teT,o,
of(a+1)—6(Vf)a+1)=0,

33f(b) +64(Vf)() =0,

whereas f(t) # 0, forall t € T,;1, we have
(24)

according to Theorem 8.
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5. Concluding Remarks

Throughout this paper, we have considered a kind of fractional falling function and
investigated some of its properties. This occurred in Green’s function of a BVP of delta
Riemann-Liouville fractional type. Lyapunov-type inequalities have been obtained for
the delta fractional BVP under the general boundary conditions. The results show that
Green’s function is non-negative and this leads to an upper bound for its maximum value.
To better understand this point, an example shows the estimation of the lower bound for
the eigenvalue of the delta BVP.
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