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Abstract: This study computationally investigates small-scale flickering buoyant diffusion flames in
externally swirling flows and focuses on identifying and characterizing various distinct dynamical
behaviors of the flames. To explore the impact of finite rate chemistry on flame flicker, especially
in sufficiently strong swirling flows, a one-step reaction mechanism is utilized for investigation.
By adjusting the external swirling flow conditions (the intensity R and the inlet angle α), six flame
modes in distinct dynamical behaviors were computationally identified in both physical and phase
spaces. These modes, including the flickering flame, oscillating flame, steady flame, lifted flame,
spiral flame, and flame with a vortex bubble, were analyzed from the perspective of vortex dynamics.
The numerical investigation provides relatively comprehensive information on these flames. Under
the weakly swirling condition, the flames retain flickering (the periodic pinch-off of the flame) and
are axisymmetric, while the frequency nonlinearly increases with the swirling intensity. A relatively
high swirling intensity can cause the disappearance of the flame pinch-off, as the toroidal vortex
sheds around either the tip or the downstream of the flame. The flicker vanishes, but the flame retains
axisymmetric in a small amplitude oscillation or a steady stay. A sufficiently high swirling intensity
causes a small Damköhler number, leading to the lift-off of the flame (the local extinction occurs at
the flame base). Under the same swirling intensity but large swirling angles, the asymmetric modes
of the spiral and vortex bubble flames were likely to occur. With R and α increasing, these flames
exhibit axisymmetric and asymmetric patterns, and their dynamical behaviors become more complex.
To feature the vortical flows in flames, the phase portraits are established based on the velocity
information of six positions along the axis of the flame, and the dynamical behaviors of various
flames are presented and compared in the phase space. Observing the phase portraits and their
differences in distinct modes could help identify the dynamical behaviors of flames and understand
complex phenomena.

Keywords: flickering flame; swirling flow; flame mode; vortex breakdown; phase portrait

1. Introduction

The study of diffusion flames is closely related to the flame stability and fire safety of
many industrial and environmental applications [1–3], for instance, combustor stability [4],
wild firefighting [5], and energy generation [6,7]. The “flickering” or “puffing” of a buoyant
diffusion flame has been of research interest for several decades. The vibratory motion of
Bunsen diffusion flames was first discovered and referred to as “the flicker of luminous
flames” by Chamberlin and Rose [8]. A similar phenomenon in a Burke–Schumann diffu-
sion flame [9] was described as “the vibration is seen to consist of a progressive necking
of the flame which can lead to the formation of a flame bubble, which burns itself out
separated from the anchored flame”. It is now well known that the flicker of diffusion
flames is a self-exciting flow oscillation and not caused by an externally forced vibration or
by the alternate flame extinction and re-ignition.
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Many works have attempted to study the underlying mechanism of flickering diffusion
flames. Chen et al. [10] conducted flow visualization of a methane jet diffusion flame and
provided a piece of confirmative experimental evidence to the vortex-dynamical physical
picture that the luminous flame was elongated vertically and contracted horizontally
by the outside large toroidal vortices (the buoyancy-induced instability), causing the
formation of a “neck” or even the pinch-off of the flame top. For flame flickering, Sato
et al. [11] experimentally observed two different modes of tip flickering (merely elongating
periodically) and bulk flickering (being separated periodically). Many studies [12–15]
have shown that the buoyancy-induced flickering of flames is a hydrodynamic global
instability rather than a convective instability. Interestingly, similar flickering phenomena
were observed in buoyant jet and plume flows [16–18] and the wake of droplets and porous
spheres flame [19–21]. Such axisymmetric periodic oscillation can be observed in premixed
and partially premixed flames [22,23].

Previous studies [24–29] found that the flickering of flame is a buoyancy-dominated
flow phenomenon, which is relatively insensitive to other flame parameters. As a result,
the flicker frequency f0 is proportional to (g/D)1/2, where g is the gravity and D is the
diameter of jet nozzle or pool, and the proportionality factor slightly varies among many
fuels [25]. This correlation led to the dimensionless scaling law, St ∼ Fr−1/2, where
St = f0D/U0 is the Strouhal number and Fr = U2

0 /gD is the Froude number. By directly
calculating the non-dimensional circulation Γ∗ of a toroidal vortex within a periodic process
of flame flicker, Xia and Zhang [30] obtained

Γ∗(τ) = ChRi St−2 + CjFr1/2St−1 (1)

where Ri =
(
ρ∞/ρ f − 1

)
gD/V2 is the Richardson number; ρ f is the flame density and ρ∞

is the ambient density; Ch is the constant prefactor for the advective motion of the toroidal
vortex and Cj is a constant relating to the circulation addition of the inflow. By applying
the criterion of Γ∗(τ) = constant for a vortex shedding process [31], they obtained a
generalized scaling law of the flame flickering frequency and validated it with the previous
scaling laws and data from existing literature for Fr ≪ 1 and Ri ≫ 1. Recently, Yang and
Zhang [32] studied the vortex dynamics in flickering buoyant diffusion flames in weakly
swirling flows and extended a vortex-dynamical scaling theory for the flame flicker with
an external swirl.

Dynamical behaviors of multiple flickering flames have recently attracted much
research interest. Kitahata et al. [33] first reported the in-phase and anti-phase modes
for two identical oscillating candle flames with different gap distances between flames.
Dange et al. conducted flow visualization for dual flickering flames and found that the
buoyancy-induced vortices have significant interactions in determining different dynamical
modes [34]. This vortex-dynamical mechanism was substantiated by numerical simula-
tions [35,36] and experiments [37,38] for various (laminar and turbulent) diffusion flames.

In recent years, Okamoto et al. [39] investigated three flickering candle flames in an
equilateral triangle arrangement and observed four distinct dynamical modes such as the
in-phase mode, the partial in-phase mode, the rotation mode, and the death mode. By com-
putationally reproducing these four modes, Yang et al. [40] utilized the vortex interaction
(vorticity reconnection and vortex-induced flow) to interpret the underlying mechanisms.
For three flickering flames in the isosceles triangle arrangement, Chi et al. [41] carried
out systematical experiments and developed a Wasserstein-space-based methodology to
identify seven dynamical modes. Forrester [42] experimentally observed four candle flames
in a square arrangement and reported an initial-arch-bow-initial “worship” oscillation
mode. For larger systems of flickering flames, there are richer dynamical phenomena, while
the flame–vortex interaction [43,44] and vortex–vortex interaction [18] present bases for
causing dynamical flame modes.

The co-existence of swirling flows and flames is very common in nature and engi-
neering applications. In nature, for example, fire whirls [1,3,45–49] formed by ambient
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swirls usually present a powerful but disastrous combustion. In many combustion en-
gines, swirling flows are actively introduced to stabilize the diffusion flames [50], and
the flame–vortex interaction mechanism is significant [44]. Particularly, there is a need
to thoroughly understand the impact of swirling flows on flame flicker, leading to many
impactful studies both through experimental approaches and numerical analysis. Chuah
and Kushida [51] showed that the external vortical flows stabilized the flickering flame
and increased the flame height. Gotoda and coworkers [52,53] studied the stabilization
of flames with burner rotation and found that the flame axisymmetric flicker could turn
into low-dimensional deterministic chaos at sufficiently large rotation speeds. Specifically,
flames become non-axisymmetric and exhibit spiral oscillation, as shown in Figure 1a.
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By generating a spinning flow through spiral air entrainment, Coenen et al. [47] re-
ported that sufficiently strong swirling flows could curb the puffing instability, and pool
fires might transition into a helical instability or a vortex bubble, as shown in Figure 1b.
These flames exhibit complex geometric fashions. Lei et al. [54] utilized the rotation of a
mesh screen to generate a vortical flow around a buoyant diffusion flame and identified dif-
ferent flame patterns, such as pulsating, inclined, steady, transitional, and cylindrical flames,
shown in Figure 1c. They found that the pressure variation in the azimuthal direction in-
duces asymmetry in the flow field and the flame inclination. Particularly, buoyancy-driven
flame oscillation still existed in the weak fire whirls and the pulsation frequencies were
higher than that without any swirl [46]. Recently, Ju et al.’s experiments [49] reported a
higher pulsating frequency of a fire whirl under increased circulation conditions.

Despite the above-mentioned noticeable progress toward understanding buoyant
diffusion flames subject to externally swirling flow conditions, the dynamical behaviors of
small-scale buoyant diffusion flames in a large range of swirling flow intensities are still
unclear, and the corresponding interpretations based on vortex dynamics were inadequately
attempted. Consequently, the present study aims to provide a relatively comprehensive
investigation of the dynamical behaviors of flickering buoyant diffusion flames under
variable external swirling flow conditions, as well as the vortex-dynamical analysis of the
different dynamical behaviors. The rest of the paper is organized as follows. In Section 2,
the computational methodology for the flickering buoyant diffusion flames and the external
swirling flows is expatiated. Section 3 presents and discusses finite rate chemistry on the
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flame flicker and the six distinct flame dynamical behaviors. Some concluding remarks are
given in Section 4.

2. Computational Methodology

In the present study, the unsteady, three-dimensional, low-Mach, and variable-density
flow with chemical heat release was solved using the Fire Dynamics Simulator (FDS) [55],
of which the governing equations are as follows:

∂

∂t
(ρ) +∇·(ρu) = 0 (2)

∂

∂t
(ρYi) +∇·(ρYiu) = ∇·(ρDi∇Yi) +

.
m′′′

i (3)

∂

∂t
(ρu) +∇·(ρuu) = −∇∼

p −∇·σ + (ρ − ρ∞)g (4)

∂

∂t
(ρhs) +∇·(ρhsu) =

Dp
Dt

+
.
q′′′ −∇· .

q′′ (5)

ρ =
pW
RT

(6)

where Equation (2) is the continuity equation including the density ρ and the velocity vector
u; in Equation (3) for mass fraction Yi of specie i, Di and

.
m′′′

i are the diffusion coefficient and
the mass production rate per unit volume by chemical reactions, respectively; Equation (4)
is the momentum equation that includes the pressure perturbation of

∼
p, the viscous stress

of σ, the background air density of ρ∞, and the gravity of g = (0, 0,−g); Equation (5)
denotes that the energy equation with the sensible enthalpy of hs under low Mach number
approximation, the backpressure of p, the heat release per unit volume of

.
q′′′, and the heat

flux vector of
.
q′′ ; Equation (6) is the state for an ideal gas with the molecular weight of the

gas mixture of W, the universal gas constant of R, and the temperature of T. More details
of the numerical algorithms for the governing equations can be referred to [55].

Figure 2a shows the square column of 16D × 16D × 24D for the present computational
domain. The characteristic length of the gaseous fuel jet is D = 10 mm. The bottom wall
(grey area) is set as an impermeable, non-slip, and adiabatic solid boundary, while the cen-
tral fuel inlet of methane gas is ejected at the uniform velocity U0. The other sides are set as
an open boundary condition. On these boundaries, the local pressure gradient determines
whether gases flow inwards or outwards. A kinetic energy-conserving central difference
scheme was used to carry out the spatial integration, and an explicit second-order predic-
tor/corrector scheme was used to advance the time integration. In the present problem
of small-scale buoyant diffusion flames, the one-step overall reaction of the methane/air
combustion was adopted to avoid the complexity and high computation cost of a detailed
reaction mechanism. The finite rate chemistry (OFC) of the one-step methane/air reaction
was used and expatiated in Section 3.1. More details of the computational setups can refer
to our recent work [32] on buoyant diffusion flames in weakly swirling flows. In addition,
previous computational works [40,56] have proven the reliability of this computational
platform in successfully reproducing various synchronization modes in dual and triple
flickering flame systems.

We carried out domain- and mesh-independence studies and adopted a uniform
structure mesh of 160 × 160 × 240 for the parametric studies to ensure high accuracy with
reasonable computational cost. Our previous study [32,56] shows that the mesh refinement
(each grid has ∆x̂ = ∆ŷ = ∆ẑ = 10−2) is sufficient to capture the essential features of
the buoyancy-induced flicker of a laminar diffusion flame. Particularly, the central region
(8D × 8D × 12D with ∆x̂ = ∆ŷ = ∆ẑ = 5 × 10−3) is further refined in the present cases
to analyze closely the flame lift-off behavior due to the emergence of local flame extinc-
tion [57]. Figure S1 shows that the flame frequency of the benchmark case (the flickering
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buoyant diffusion flame without local flame extinction) in the 160 × 160 × 240 mesh can be
accurately calculated.
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(b) The swirling flow is adjusted by the four wind walls with inlet velocity U =
(

U⊥, U∥
)

, where α

is the included angle between velocity components and R = U/U0. The contour of the Y−Z plane
shows the vertical component ω̂z of vorticity.

To impose swirling flows into the computational domain, the four lateral sides loading
the inlet air, namely the “wind wall”, are set up, as shown in Figure 2b. Uα = U⊥ + U∥
is the inlet velocity on the wind wall. U⊥ and U∥ are the normal and azimuthal velocity
components, respectively. α is the angle between the two components. Consequently,
the airflow circulation is formed in the central region. The magnitude U =|Uα| and
the angle α of inlet airflow can be adjusted to control the central vortical flow. Similar
approaches [58,59] have been reported to adjust the swirl of the incoming air. To facilitate
the following presentation and discussion of results, all quantities are non-dimensionalized
by D,

√
gD, and ρ∞. The intensity of the swirling flow is measured by a dimensionless

parameter R = U/U0, which has similarity with the swirl number in defining the ratio
of the swirling quantity and the axial jet quantity [50]. The notations of all quantities are
consistent with those in the previous study [32].

To validate the swirling flow generated by the present approach, we conducted a
series of simulations of non-reacting flows up to R = 1.30. For example, the flow fields
are at R = 0.17 and α = 45◦ in Figure 3a. The vortical flow is characterized by a circular
area of significantly concentrated vorticity, forming a vortex core, according to the velocity
fields and streamlines in the Y−Z plane and the X−Y planes at ẑ = 3, 6, and 9. As shown
in Figure 3b, the radial profiles of azimuthal velocity ûθ in several X−Y planes are plotted
for quantifying the vortical flow fields. Importantly, along the radial direction ûθ linearly
increases up to ûθ,max at r̂a and then gradually decays. The trend of ûθ is similar to the
previous experimental measurement of transverse flow [48]. For the present vortical flows
in a large range of R, ûθ(r̂a) is proportional to R and r̂a is around 0.8. In addition, the radial
profiles of ûθ from eight azimuth positions are almost the same within the range of r̂ ≤ 2,
indicating a good axis symmetry of the flow in the region that is of interest. It is noted that
a slight non-symmetry of the flow may occur around the fuel inlet, but this has negligible
influence on the flame downstream.
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Figure 3c shows that the vortical strengths, defined by the dimensionless circulation
Γ̂ =

∫
udl/

√
gD3, are enhanced with increasing R when α is fixed at 45◦. In addition,

the scaling correlation of Γ̂ ∼ R6/5 is valid for a quite wide vertical range up to ẑ = 9.
Figure S2 shows that the maximum azimuthal velocity ûθ,max is proportional to U and
the radial location r̂a of vortex cores generated at different R is approximately a constant.
Therefore, R is proportional to the non-dimensional circulation imposed by the rotatory
flow, which is evaluated as 2πr̂aûθ,max. It should be noted that the angular velocity of the
swirling flow Ω̂ increases with R and is estimated to ûθ,max/(2πr̂a).

3. Results and Discussion

In this section, we considered the finite rate chemistry on flame flicker and attempted
to reproduce flame phenomena observed in the previous experiments [46,47,52,54]. The
following questions will be answered.

1. How finite rate chemistry affects a flickering buoyant diffusion flame;
2. How a flickering buoyant diffusion flame exhibits when the surrounding airflow

is swirling;
3. Why the flame flicker vanishes once the swirling intensity increases to a certain degree;
4. What the vortex-dynamical interpretations for the flame variation under different

swirling conditions are.

3.1. Finite Rate Chemistry Effects on Flame Flicker

For pool flames and jet flames with relatively low flow velocities, the flow motion
is dominated by buoyancy and remains laminar in most of the flow region (it could be
turbulent far downstream of the flame). As a result, the flames are far from extinction when
the flow characteristic time τf is much larger than the chemical reaction characteristic time



Symmetry 2024, 16, 292 7 of 23

τc, and the defined Damköhler number of a flickering buoyant diffusion flame [2,57] can be
assumed to be sufficiently large:

Da = τf /τc ≫ 1 (7)

where the flow characteristic time is defined as the smallest one among various flow time
scales, such as the buoyancy time scale (D/g)1/2 and the convection time scale D/U0.

τf = min
[
(D/g)1/2, D/U0

]
(8)

and the chemical reaction characteristic time τc can be determined by the fastest reac-
tion. Based on the large Damköhler number approximation, the previous computational
works [32,40,56] were formulated and carried out on the computational platform of FDS.
Consequently, the simplified chemistry model (e.g., the mixing-limited chemical reaction
model [55]) is sufficient for modeling the flickering buoyant diffusion flames with relatively
small sizes and reactive fuels, and more sophisticated combustion and turbulence models
are usually unnecessary.

In the present problem, the externally swirling flow introduces an additional swirl time
scale 1/Ω, where Ω is the angular velocity of the swirling flow. Consequently, Equation (8)
must be updated by

τf = min
[
(D/g)1/2, D/U0, 1/Ω

]
(9)

As a large range of the swirling flow intensity was considered in the present problem, 1/Ω
can be too small to invalidate the large Damköhler number assumption, potentially causing
local extinction of the flame [28,57]. To qualitatively capture the local extinction of diffusion
flames and avoid the unnecessary complexity of a detailed reaction mechanism brought to
the present problem, however, a prototypical one-step finite-rate reaction model was used:

d[F]/dt = −Ae
−Ea
RTf [F]α[O]β (10)

where [F] (α) and [O] (β) are the concentrations (the reaction orders) of the fuel and the
oxidizer, respectively. The reaction rate constant is a function of the pre-exponential factor
A, the activation energy Ea, the flame temperature Tf , and the universal gas constant R. For
the convenience of computation, we adopted methane/air combustion [60] as an example,
where A = 1.3 × 109, Ea = 202, 512.4 J/mol, R = 8.314 J/(K·mol), α = −0.3, and β = 1.3. It
should be noted that A has a complex dimension in general but it is dimensionless in this
example because of α + β = 1.

The biggest advantage of adopting Equation (10) is that only one chemical reaction
time scale is introduced to the problem, which can be estimated by

τc = 1/(Ae
−Ea
RTf ) (11)

As a result, the Damköhler number of a flickering buoyant diffusion flame under an
externally swirling flow is defined by:

Da =
τf

τc
= min

[
(D/g)1/2, D/U0, 1/Ω

]
Ae

−Ea
RTf (12)

In the validation of the present computational methodology and models, we conducted
many simulations for the flickering phenomenon of buoyant diffusion flames by adjusting
U0 = 0.10 ∼ 0.17 m/s, D = 10 ∼ 16 mm, and g = 4.9 ∼ 14.7 m/s2 in the quiescent
environment for the range of Re = 100 ∼ 120 and Fr = 0.05 ∼ 0.56. Figure 4 shows that
the flickering frequencies of diffusion flames in the low Froude regime (Fr < 1) agree
well with previous experiments [22,26,61,62]. The scaling relations of St = 0.29Fr−0.5

and St = 0.56Fr−0.5 are available for flickering jet flames [27] and puffing pool fires [63],
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respectively, at a small Froude number regime. In addition, the comparisons between
the reaction mechanisms show that the reaction has slight influences on the flickering
frequency when the environment airflow is quiescent. The observation is consistent with
the finding that the fuel types and the chemistry have an insensitive influence on the
flame flicker [64–66]. Considering that the local extinction tends to occur with increasing
intensities of the swirling flow, we used one-step finite-rate chemistry in all the simulations
in the following analysis.
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Figure 4. Comparison of single flickering flames with the scaling laws [27,63] and previous exper-
iments [26,61,62]. The numerical results are obtained by using infinitely fast chemistry (IFC) and
one-step finite rate chemistry (OFC).

3.2. Flickering Flames: Benchmark Cases

Figure 5 shows two benchmark cases for a buoyant diffusion jet flame at Re = 100
(U0 = 0.165 m/s, D = 10 mm, and g = 9.8 m/s2) in a quiescent environment (i.e., no
externally swirling flow, R = 0), where the infinitely fast chemistry (IFC) assumption is
used in Case I, whereas the one-step finite-rate chemistry (OFC) assumption is used in Case
II. Due to the instability of flame-induced buoyancy [30,67], an axis-symmetric toroidal
vortex is formed as the growth and roll-up of shearing between the flame sheet and the
surrounding air, as shown in Figure 5a,b. It should be noted that the flickering flame is
in varicose mode (outer buoyancy-induced shear layer is dominated) [67,68] and always
keeps axial symmetry (the streamlines always stay in the plane crossing the central axis)
during the up-and-down periodic motion.

In addition, the calculated flickering frequencies are almost the same for the two cases,
and the difference is less than 5%. Specifically, these two diffusion flames are nearly
identical when comparing their flame behaviors and toroidal vortices during the entire
cycle. The vortex formation stretches the flame, the vortex growth causes the flame necking,
and the vortex shedding leads to the flame pinch-off. In Figure 5c,d, during the normalized
time t∗ = t̂ f̂0 = 0~0.25, the vorticity layer occurs at the bottom and stretches the flame; the
layer grows curlily along the flame, and the flame is necked (t∗ = 0.25~0.75); the vortex
sheds off at t∗ = 0.75 to pinch off the flame. During t∗ = 0.75~1.0, the shedding vortex and
the top bubble of the pinched flame come downstream. Meanwhile, the generation of a
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new vortex occurs at the flame base, which means the start of a new cycle. In this process,
a periodic flickering of the flame forms, namely bulk flickering [11].

Symmetry 2024, 16, 292 9 of 24 
 

 

keeps axial symmetry (the streamlines always stay in the plane crossing the central axis) 
during the up-and-down periodic motion. 

 
Figure 5. The contour of vorticity 𝜔  of flickering buoyant diffusion flames for the benchmark cases 
(𝑈 = 0.165 m/s, 𝑅𝑒 = 100, 𝐹𝑟 = 0.28, and no swirling flow) in Figure 2: (a) Case I (IFC) and (b) Case 
II (OFC). The flame is represented by the orange isoline of heat release. The streamlines are plotted 
around the flame. (c,d) The time-varying evolution of flames and vortices in the benchmark cases. 

In addition, the calculated flickering frequencies are almost the same for the two 
cases, and the difference is less than 5%. Specifically, these two diffusion flames are nearly 
identical when comparing their flame behaviors and toroidal vortices during the entire 
cycle. The vortex formation stretches the flame, the vortex growth causes the flame neck-
ing, and the vortex shedding leads to the flame pinch-off. In Figure 5c,d, during the nor-
malized time 𝑡∗ = �̂�𝑓  = 0~0.25, the vorticity layer occurs at the bottom and stretches the 
flame; the layer grows curlily along the flame, and the flame is necked (𝑡∗ = 0.25~0.75); the 
vortex sheds off at 𝑡∗ = 0.75 to pinch off the flame. During 𝑡∗ = 0.75~1.0, the shedding 
vortex and the top bubble of the pinched flame come downstream. Meanwhile, the gen-
eration of a new vortex occurs at the flame base, which means the start of a new cycle. In 
this process, a periodic flickering of the flame forms, namely bulk flickering [11]. 

The phase portraits of flickering buoyant diffusion flames in Case I and Case II are 
shown in Figure 6. It is seen that each case has two phase trajectories, which are plotted 
by the axial components of velocities at three consecutive streamwise locations (i.e., three 
upstream locations and three downstream locations) in Figure 6a,b. During five periodic 
flickering processes, the upstream and downstream phase portraits for a flickering flame 
present the same closed ring shape, as shown in Figure 6c–f. Most remarkably, the nearly 
identical portraits in the phase space of Case I and Case II indicate that the chemistry has 
negligible effects on the flame flicker. 

Figure 5. The contour of vorticity ω̂θ of flickering buoyant diffusion flames for the benchmark cases
(U0 = 0.165 m/s, Re = 100, Fr = 0.28, and no swirling flow) in Figure 2: (a) Case I (IFC) and (b) Case
II (OFC). The flame is represented by the orange isoline of heat release. The streamlines are plotted
around the flame. (c,d) The time-varying evolution of flames and vortices in the benchmark cases.

The phase portraits of flickering buoyant diffusion flames in Case I and Case II are
shown in Figure 6. It is seen that each case has two phase trajectories, which are plotted
by the axial components of velocities at three consecutive streamwise locations (i.e., three
upstream locations and three downstream locations) in Figure 6a,b. During five periodic
flickering processes, the upstream and downstream phase portraits for a flickering flame
present the same closed ring shape, as shown in Figure 6c–f. Most remarkably, the nearly
identical portraits in the phase space of Case I and Case II indicate that the chemistry has
negligible effects on the flame flicker.

In the following sections, various distinct dynamical modes of the flickering buoy-
ant diffusion flame in externally swirling flows with a wide range of swirling intensity
R = 0 ∼ 1.70 and the airflow angle α = 27◦ ∼ 79◦ will be illustrated in detail. First, the
angle α of inlet airflow is fixed at 45◦, which sufficiently ensures that the generated region of
swirling flow is much larger than flames. Then, α are adjusted to obtain asymmetrical flame
modes, including spiral and vortex bubble flames. It should be noted that α is affected by
the swirling intensity, the jet flow, and the computation geometry. A much smaller angle
could cause no swirling flow, while a much larger angle would lead to constraints of the
computational domain on swirling flow.



Symmetry 2024, 16, 292 10 of 23
Symmetry 2024, 16, 292 10 of 24 
 

 

 
Figure 6. (a,b) Six axial velocities 𝑆 , 𝑖 = 1, 2, 3, 4, 5, and 6 at �̂� = 3, 6, 9, 12, 15, and 18, respectively, 
along the central axis in the benchmark cases shown in Figure 5. (c–f) Their phase portraits in the 
cubic space with the same range of 𝐶 𝑔𝐷, where 𝐶 = 𝜌 /𝜌 = 7.5 is the density ratio of ambient 
air and flame. 

In the following sections, various distinct dynamical modes of the flickering buoyant 
diffusion flame in externally swirling flows with a wide range of swirling intensity 𝑅 =0~1.70 and the airflow angle 𝛼 = 27°~79° will be illustrated in detail. First, the angle 𝛼 
of inlet airflow is fixed at 45°, which sufficiently ensures that the generated region of swirl-
ing flow is much larger than flames. Then, 𝛼 are adjusted to obtain asymmetrical flame 
modes, including spiral and vortex bubble flames. It should be noted that 𝛼 is affected 
by the swirling intensity, the jet flow, and the computation geometry. A much smaller 
angle could cause no swirling flow, while a much larger angle would lead to constraints 
of the computational domain on swirling flow. 

3.3. Faster Flickering Flames 
Compared with the above benchmark cases of 𝑅 = 0.0, a similar evolution of the to-

roidal vortex for the case of 𝑅  = 0.26 and 𝛼 = 45° is shown in Figure 7. The flame’s 
stretching, necking, and pinch-off processes still correspond to the vortex formation, vor-
tex growth, and vortex shedding, respectively. Besides, Figure 7c,d shows that the phase 
portraits are still a closed ring shape, which means the external swirling flow does not 
break the topological structure of the dynamical system. 

Figure 6. (a,b) Six axial velocities SUi , i = 1, 2, 3, 4, 5, and 6 at ẑ = 3, 6, 9, 12, 15, and 18, respectively,
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3.3. Faster Flickering Flames

Compared with the above benchmark cases of R = 0.0, a similar evolution of the
toroidal vortex for the case of R = 0.26 and α = 45◦ is shown in Figure 7. The flame’s
stretching, necking, and pinch-off processes still correspond to the vortex formation, vortex
growth, and vortex shedding, respectively. Besides, Figure 7c,d shows that the phase
portraits are still a closed ring shape, which means the external swirling flow does not
break the topological structure of the dynamical system.

Interesting observations can be made through a more detailed comparison. First, the
pinch-off of the flame tends to occur further downstream when R is increased and α is fixed
at 45◦. Specifically, the flame at R = 0 is pinched off at ẑ = 6.0, while the pinch-off position
is ẑ = 6.6 in the case of R = 0.26. Second, the R increase causes the flame pinch-off earlier.
It can be seen that the flame in the case of R = 0 is just pinched off at t∗ = 0.75, while it
has already been pinched off for the case R = 0.26. Our previous study [32] addressed this
phenomenon in detail and interpreted that the external swirling flow induces an additional
vertical flow that expedites the shedding of the toroidal vortex. Third, the streamlines
around the flames at R = 0 are plotted as the reference and 0.26 and colored by the local
helicity density ĥ = û · ω̂. In fluid mechanics, ĥ = 0 represents the local orthogonality
of the streamline and the vorticity line and ĥ ̸= 0 is usually used to quantify the local
geometrical helix. Specifically, the reference case shows that the streamlines around the
flame are in an axisymmetric plane as ĥ of streamlines is zero everywhere. In the swirling
flow of R = 0.26, streamlines are twisted along the circumferential direction to form a spiral
ring in three-dimensional space, as shown in Figure 7a. ĥ ̸= 0 appears in the region with
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high vorticity, and also the value of ĥ increases with R. The flame morphology retains the
approximate axis symmetry to a certain extent in the local helix flow [32].
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We found that there are negligible changes in calculating the flickering frequency by
using Q (the total heat release rate) or uz (the velocity component in the vertical direction
at a fixed point), or T (the local temperature) [32]. Here, for example, Q is used to carry
out the fast Fourier transform caculation for the flickering frequency of flames. The results
show that the periodic oscillation of Q for the case of R = 0 has a frequency of f0 = 10.1 Hz,
which is smaller than 12.0 Hz for the case of R = 0.26. The frequency comparison suggests
that the flame flickers faster in the external swirling flow. To reveal the underlying mecha-
nism of buoyancy-driven diffusion flames in weakly swirling flows, Yang and Zhang [32]

theoretically modeled the frequency relation. First, the generation rate of total circulation
.̂
Γ

inside a control mass was formulated by

.̂
Γ = −

[
2C2

θ r̂c∆r̂ + (Cρ − 1)ĝ∆ẑ
]

(13)

where r̂c is the radius of the vortex layer around the flame; Cρ = ρ∞/ρ f is the density ratio,
which can be measured for a given flame (Cρ ≃ 7.5 in the present flames); ∆r̂ and ∆ẑ of
the control mass represent the unit lengths of the vortex layer in the radial and vertical

directions, respectively. Noteworthily, the contribution of the external swirling flow on
.̂
Γ is

the first term of Equation (13) and is not considered in the theory of Xia and Zhang [30].
Second, Yang and Zhang [32] established the integration of Equation (13) to associate the
periodic formation process of a toroidal vortex with the flickering process of the flame

Γ̂∗
TV = ChRiτ̂2 +

(
Cj + Cr

)√
Frτ̂ (14)
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where the buoyancy-induced flow is characterized by the constant Ch; the configuration
and the jet inlet condition determine the constant Cj; the external swirling flow is featured
by the prefactor Cr = 2C2

θ r̂cR/Û2
0 . Third, the frequency relation was obtained by applying

a circulation threshold for the toroidal vortex [31,69,70] (i.e., Γ̂∗
TV = C)

f̂ =
f√

g/D
=

1
2C

(
CjrFr +

√
C2

jrFr2 + CChCρ

)
(15)

where Cj of the initial jet flow and Cr of the external swirling flow are combined into
Cjr = Cj + Cr. When the flame has no swirling flow (R = 0), Equation (15) can degenerate
into that of Xia and Zhang [30]. Therefore, we can obtain the frequency increase of flickering
flames in weakly swirling flows as (

f̂ − f̂0

)
∝ R2 (16)

In Figure 8, the frequency increase of flickering flames obeys the scaling relation of
Equation (16). This finding agrees very well with the scaling theory for flickering buoyant
diffusion flames in weakly swirling flows [32]. In physics, the swirl of external airflow
enhances the gradient of the radial pressure around the flame, which results in an additional
source from the baroclinic contribution of ∇p ×∇ρ for the growth of toroidal vortices [32].
Therefore, the toroidal vortices can satisfy the circulation threshold and shed off from the
flames early. Noteworthily, the faster flickering mode is limited to the situation of weakly
swirling flows, where the vortex breakdown is absent.
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∼ R2 with the numerical results of

the infinitely fast chemistry (IFC) and the one-step finite rate chemistry (OFC) in the present study.
The swirling flows are fixed at α = 45◦.

3.4. Oscillating Flames

As R increases up to 0.31 and α is fixed at 45◦, the diffusion flame is not pinched off
anymore, and its top oscillates up and down at a frequency of 13.1 Hz, which is identical to
the frequency of vortex shedding, as shown in Figure 9. Compared with the benchmark
case of R = 0, the circumferential motion of the ambient air is significant, as indicated
by the very high helicity density in flame, and the shear layers are highly stretched so
that the roll-up of the vortex vanishes. Remarkably, the vortex shedding occurs near the
top of the flame. The flame oscillating mode is similar to the “tip flickering” phenomena
without any swirl, in which no flame separation occurs and the top is merely oscillating or
elongating periodically. Sato et al. [11,27] reported that the tip flickering of flame appears
under high fuel jet velocity conditions (Fr ≫ 1), but the bulk flickering (called the flickering
int the study) corresponds to the low fuel jet velocity (Fr ≪ 1). This indicates that the
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external swirling flow has an equivalent influence with the increase of the inlet velocity
and can restrain the flame from being separated, namely the occurrence of the (bulk)
flickering. In addition, Figure 9c,d shows that phase portraits of oscillating flame vary
largely, as the downstream trajectory becomes a distinct disorder in a bigger range while
the upstream is a smaller closed ring. The shear layer denoted by the vorticity contour
presents that the upstream is compact, but the downstream is unstable and the vortex
develops into fragments.
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Figure 9. Tip oscillation of the buoyant diffusion flame (𝑅𝑒 = 100, 𝐹𝑟 = 0.28) at 𝑅 = 0.31 with the 
fixed 𝛼 = 45°: (a) the flow around the flame, (b) the time-varying evolution of the flame, (c,d) the 
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3.5. Steady Flames 
The steady flame at 𝑅 = 0.43 and 𝛼 = 45° is shown in Figure 10. Similar to the oscil-

lating flame in the case of 𝑅 = 0.31, the buoyancy-driven flow around the flame is largely 
twisted compared with that in the benchmark case of 𝑅 = 0. In the highly swirling flow, 
the flame has no periodic motion, and its shape remains static all the time, as shown in 
Figure 10b. This observation was also reported in previous studies [51,54], where the 

Figure 9. Tip oscillation of the buoyant diffusion flame (Re = 100, Fr = 0.28) at R = 0.31 with the fixed
α = 45◦: (a) the flow around the flame, (b) the time-varying evolution of the flame, (c,d) the phase
portrait in the cubic space plotted by six velocity components SUi , i = 1, 2, 3, 4, 5, and 6 at ẑ = 3, 6, 9,
12, 15, and 18, respectively, along the central axis. The upstream phase space is twice as large as the
downstream is. The benchmark flame at R = 0 is shown in the dotted rectangle.

3.5. Steady Flames

The steady flame at R = 0.43 and α = 45◦ is shown in Figure 10. Similar to the
oscillating flame in the case of R = 0.31, the buoyancy-driven flow around the flame is
largely twisted compared with that in the benchmark case of R = 0. In the highly swirling
flow, the flame has no periodic motion, and its shape remains static all the time, as shown
in Figure 10b. This observation was also reported in previous studies [51,54], where the
flame flickering can be suppressed by a certain swirling flow. By adding vortical flows
around Buk–Schumann diffusion flames, Chuah and Kushida [51] formulated an ideal fire
whirl model in that the flame is more stretched and stabilized than the regular diffusion
flame. Additionally, Lei et al. [54] experimentally reported that the weak fire whirl at a
small heat release rate is steady with a smooth surface. Accordingly, the upstream phase
portrait in Figure 10c degenerates into a point, while the downstream portrait in Figure 10d
shows an oscillation along the SU6 direction. It is seen in Figure 10b that the shear layers
are stable for ẑ < 12 and the instability happens downstream of ẑ = 15.

To facilitate the quantitative comparison between the vortex shedding and the change
in flame height, we plot in Figure 11 the vertical position Hv of the shedding vortex and the
maximum flame height H f at the fixed α = 45◦ but different R. The change in the vortex
shedding-off has three regimes: within R < 0.29 (weak swirling flow regime), the buoyant
diffusion flames retain the flicker (flickering mode) and Hv gradually increases with R; for
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R = 0.29 ∼ 0.35, Hv increases rapidly and the pinch-off of flames is suppressed (oscillating
mode); for R > 0.35, Hv remains almost constant and the flames become steady (steady
mode). Beyond the critical value of R about 0.31, the flame flicker is suppressed by the
strong swirl. Meanwhile, H f is nearly a constant between 9 and 10, with a slight decrease
for R = 0.29 ∼ 0.35. These three regions, corresponding to the small, intermediate, and
large R, correlate with the three flame modes illustrated above: the flickering flame, the
oscillating flame, and the steady flame, respectively.
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Figure 10. Steady-state of the buoyant diffusion flame (Re = 100, Fr = 0.28) at R = 0.43 with the fixed
α = 45◦: (a) the flow around the flame, (b) the time-varying evolution of the flame, (c,d) the phase
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The benchmark flame at R = 0 is shown in the dotted rectangle.
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3.6. Lifted Flame

As R increases up to 1.11, the diffusion flame does not attach to the bottom due to
the local extinction, and the lifted flame is formed with the lifted height of about 4 ∼ 6 D.
In the present case, the swirl time scale 1/Ω ∼ 10−3s is much smaller than the buoyancy
timescale (D/g)1/2 ∼ 10−2s and the convection time scale D/U0 ∼ 10−2s. Therefore, Da
can be estimated to be AΩ−1e−Ea/(RTf ) ∼ 1 at Tf = 1800 K. Under the strong swirling flow,
the ratio of the residence time to the chemical time becomes very small. During the lift-off
process of flame, it can be inferred that there is a balance between reaction and transport
phenomena when the circulation reaches a certain value. To further decide the critical
circulation of the formation, we need to explore more scenarios where detailed reaction
mechanisms and complex flows are considered.

As shown in Figure 12a, the streamlines twine around the flame and have a higher ĥ
at smaller r̂. Additionally, the vorticity contour shows that the shear layers intrude into the
central region and form a fishbone-like structure. Compared with the benchmark case of
R = 0, Figure 12b shows that the flame in the case of R = 1.11 and α = 45◦ is stable but has
no oscillation at all. The strongly swirling flow results in a corner-like flow near the fuel
inlet instead of the vortex roll-up induced by the buoyancy in the benchmark flickering
flame. The inflating flow with radially outward streamlines is caused by the turning of the
incoming flow in the bottom boundary layer. Figure 12c,d shows the nearly motionless
phase trajectories of the lifted flame, as the upstream portrait shows a slight change and
the downstream one is almost unchanged.
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Figure 12. Lift-off of the buoyant diffusion flame (Re = 100, Fr = 0.28) at R = 1.11 with the fixed
α = 45◦: (a) the flow around the flame, (b) the time-varying evolution of the flame, (c,d) the phase
portrait in the cubic space plotted by six velocity components SUi , i = 1, 2, 3, 4, 5, and 6 at ẑ = 3, 6, 9,
12, 15, and 18, respectively, along the central axis. All phase spaces have the same range of Cρ
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To further understand the formation mechanism of lifted flame, the flame formation
process at the onset of lifted flame was investigated. The circulation evolution and the
representative flame snapshots during the lift-off formation from the attached flame are
shown in Figure 13, which shows that the circulation first grows and then plateaus around
a constant value. From the beginning to t∗ = 6, no change in the circulation is observed,
during which the swirling flow is still not imposed upon the central flame. The flame
keeps flickering very well (t∗1 and t∗2). From t∗ = 6 to t∗ = 11, the circulation continues to
increase gradually, rendering a tall and slender flame (t∗3 and t∗4). After t∗ = 11, the growth
of circulation stops, which is accompanied by a steady flame mode (t∗4). During t∗ = 11~19,
the flame lifts off, the boundary shear layer (a corner flow) intrudes into the central region,
and a fishbone-like vortical structure is formed. In the initial stage of lift-off, the flame
transitions into a small one (t∗5). Subsequently, the flame stabilizes gradually, and its size
becomes big (t∗6).
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Figure 13. The variation of circulation with time during the lift-off formation from the attached flame.
The circulation is defined as Γ̂ =

∫
udl/

√
gD3 along the closed circle l with the radius r̂ = 3. The

two lines represent the cross-section at ẑ = 1 and 3, respectively. Six instantaneous snapshots of flame
and vorticity are included.

3.7. Spiral Flame

An asymmetric flame was identified for the case of R = 0.60 and α = 79◦, where
the flame presents a spiral motion, especially the irregular spin of the top of the flame.
The spiral flame is similar to the sinuous mode of non-swirling jet flames at large Froude
number [67,68], in which the outer vortex helix grows and twines around the flame. In the
downstream region, the flame tip inclines apparently, and the nearby streamlines are in the
disturbance. As shown in Figure 14b, our simulations captured the dynamical feature of
spiral flame. The top of the flame behaves like a swing instead of symmetrically up-and-
down for the case of α = 45◦ and the same R. To clearly show the asymmetric swing, the
streamlines crossing the flame are plotted within the vorticity contour. In the downstream
region of ẑ > 9, there is a symmetry break of shear layers around the flame, leading to the
curved streamlines, while the symmetry of flame, vortical flow, and streamlines retain well
for the case of α = 45◦.
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Figure 14. Spiral structure of the buoyant diffusion flame (Re = 120, Fr = 0.40) in the swirling flow
with R = 0.60 and α = 79◦. (a) the flow around the flame, (b) the time-varying evolution of the flame,
(c,d) the phase portrait in the cubic space plotted by six velocity components SUi , i = 1, 2, 3, 4, 5, and
6 at ẑ = 3, 6, 9, 12, 15, and 18, respectively, along the central axis. All phase spaces have the same
range of Cρ

√
gD. In the dotted rectangle, the oscillating flame (Re = 120, Fr = 0.40) at R = 0.60 and

α = 45◦ is shown to facilitate comparison.

Detailed comparisons between the two flames in the three-dimensional view and their
orthogonal projections are presented in Figure 15. By comparing the patterns of flames
(the orange iso-surface of heat release) and vorticial structures (the grey iso-surface of
vorticity) in the two cases, it should be noted that the external swirling flows with different
α have an impact on the vortical flow due to the formation of the twisted vortex around
the flame surface. However, the vortical structure in the spiral flame presents a stronger
spin than that in the case of α = 45◦. The outer vortex is dynamically coupled with the
flame and shapes it into the sinuous. Particularly, the shedding vortex breaks into some
small-scale structures (many small vortex tubes denoted by the iso-surface of vorticity in
the downstream region) when the swirling flow has a big inlet angle. At the same |U|,
the bigger α is, the smaller the radial component of the inlet velocity is. Therefore, the
central flow in the case of α = 79◦ is more likely to spread out than that in the case of
α = 45◦. These observations provide more information about similar phenomena and
could be useful to make comparisons in future experiments. In Figure 14c, the upstream
phase portrait is a slender ellipse, while the downstream portrait shows a quasi-cycle in
the bigger range, particularly SU6 at ẑ = 18. Their two-dimensional projections are shown
in Figure S3. The features of phase portraits are consistent with the dynamic behaviors of
the spiral flame.

3.8. Vortex Bubble Flame

A hat-like flame is captured for the case of R = 1.30 and α = 64◦, in which the lifted
flame has a vortex bubble at the flame base. Different from the lifted height 4 ∼ 6D for the
case of R = 1.30 and α = 45◦, the vortex bubble is closer to the fuel inlet and stays close
around the vertical position of 2D, as shown in Figure 16a. Particularly, the higher helicity
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density in the vortex bubble flame can be observed along the streamlines at the bottom
region, compared with that in the case of R = 1.30 and α = 45◦. To clearly illustrate the
dynamic features of the vortex bubble flame, the flame and vortex structures within the
time interval of ∆t∗ = 1 are shown in Figure 16b. Different from the lifted flame shown in
Figure 12b, in which the inflating streamlines go through the flame and no circulation exists,
the base of the vortex bubble flame kicks outward to form an apparent vortex bubble.
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To understand the mechanism underlying the formation of vortex bubble flame, it 
should be noted that the basic definition of vortex breakdown is the abrupt change in 
vortex structure with retardation along the vortex core and the corresponding divergence 
of stream surfaces [71,72]. It is seen from Figure 16b that the streamlines contract in the 
central region, diverge outwardly, and finally form a convergence toward the down-
stream. The abrupt change causes a circulation zone where the flow velocities have rela-
tively small magnitudes. In particular, the small vortex cores are generated within the 
range of |𝒖| < 1. The bubble region for the vortex breakdown is unstable, and its bary-
center and shape vary with time. As shown in Figure 16c,d, the phase portraits are a warp-
ing string within a relatively small range instead of a closed topological structure within 
a relatively big range. 

As an interesting extension of the present study, Figure 17 shows a qualitative com-
parison of the vortex bubble flame with Chung et al.’s simulation of the blue whirl [73]. 
Similar features of the flame and the flow are captured in the present simulations. Previ-
ous studies [48,74–76] suggested that the formation of the blue whirl is accompanied by 
the occurrence of the vortex breakdown (the bubble, helical, or whirling structures), which 

Figure 15. The three-dimensional view and their three-view drawings of (a) the oscillating flame
(α = 45◦) and (b) the spiral flame (α = 79◦) corresponding to Figure 14, respectively. The flame is
represented by the orange iso-surface of heat release. The vorticial structure is denoted by the grey
iso-surface of vorticity.
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Figure 16. Vortex bubble of the buoyant diffusion flame (Re = 100, Fr = 0.28) in the swirling flow with
R = 1.30 and α = 64◦. (a) the flow around the flame, (b) the time-varying evolution of the flame, (c,d) the
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In the dotted rectangle, the lifted flame at R = 1.30 and α = 45◦ is shown to facilitate comparison.
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To understand the mechanism underlying the formation of vortex bubble flame, it
should be noted that the basic definition of vortex breakdown is the abrupt change in
vortex structure with retardation along the vortex core and the corresponding divergence
of stream surfaces [71,72]. It is seen from Figure 16b that the streamlines contract in the
central region, diverge outwardly, and finally form a convergence toward the downstream.
The abrupt change causes a circulation zone where the flow velocities have relatively small
magnitudes. In particular, the small vortex cores are generated within the range of |û|< 1 .
The bubble region for the vortex breakdown is unstable, and its barycenter and shape vary
with time. As shown in Figure 16c,d, the phase portraits are a warping string within a
relatively small range instead of a closed topological structure within a relatively big range.

As an interesting extension of the present study, Figure 17 shows a qualitative com-
parison of the vortex bubble flame with Chung et al.’s simulation of the blue whirl [73].
Similar features of the flame and the flow are captured in the present simulations. Previous
studies [48,74–76] suggested that the formation of the blue whirl is accompanied by the
occurrence of the vortex breakdown (the bubble, helical, or whirling structures), which is
consistent with the present finding (the flame structure is shaped by the vortex bubble).
Moreover, the present numerical investigation that the vortex bubble flame emerges at
a relatively large R (it corresponds to the swirling condition of Γ̂ > 1) agrees with the
previous experimental observation that the blue whirl falls in a circulation-dominated flow
regime. The implications of the vortex bubble flame for understanding blue whirl merits
future studies.
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Figure 17. Comparison of the flame with vortex bubble and the simulated blue whirl (insert
figure) [73]. The streamlines are colored by the temperature and the flame is plotted by the iso-
surface of the heat release rate at 1 MW/m3.

4. Concluding Remarks

Previous experimental works have made noticeable progress toward understanding
buoyant diffusion flames in externally swirling flows. However, their dynamical behaviors
in a large range of swirling flow intensity are still unclear, and the corresponding vortex
interpretations were inadequately attempted due to the challenges of measuring the flow
and temperature of flames. This study presents a comprehensive computational investi-
gation of the small-scale flickering buoyant diffusion flames in externally swirling flows
with a wide range of swirling intensity R = 0 ∼ 1.70 and the angle α = 27◦ ∼ 79◦of inlet
airflow. Buoyant diffusion flames exhibit six distinct dynamical modes at different R and
α, namely the flickering flame, the oscillating flame, the steady flame, the lifted flame, the
spiral flame, and the flame with a vortex bubble, which were scattered and reported in
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a few previous experimental studies. These flames exhibit axisymmetric to asymmetric
patterns. The dynamical behaviors of these flame modes are illustrated in the phase space
and analyzed from the perspective of vortex dynamics.

In the weak swirl regime (R < 0.31), the buoyancy-induced flame flicker becomes
faster nonlinearly with increasing R, where the increase of f obeys the scaling relation of
( f − f0) ∝ R2. Since the vortex shedding occurs downstream of the flame, the flame flicker
is suppressed, and instead, the flame has an oscillating tip or remains in a steady state.
Higher R can induce higher circulation Γ̂ at the flame base and a smaller Damköhler number
to make the flame lift off the bottom. The local extinction phenomenon was qualitatively
captured by using a one-step finite-rate chemistry model in the present simulation. In
addition, the spiral flame mode and the vortex bubble flame mode were computationally
reproduced by using larger swirl angles α.

Based on the understanding that phase portraits are an invaluable tool in studying
dynamical systems, different flame modes are illustrated and identified in the phase space.
Specifically, the flame features and phase portraits for the six modes are summarized
as follows:

1. The flickering flames have the distinct feature that the periodic shedding of the toroidal
vortex around the flame. The portraits of these flames are the closed ring shape.
Additionally, the topological structure of the flames is broken when the externally
swirling flow is weak, for instance, the weak swirling conditions of R < 0.31 and
α = 45◦ in this study.

2. The oscillating mode exhibits that the toroidal vortex sheds off behind the flame and
occurs at the intermediate R region (for instance, R = 0.29 ∼ 0.35 and α = 45◦ in this
study). The upstream portrait of these oscillating flames is the closed ring, while a big
disturbance occurs in the downstream portrait.

3. The steady mode hardly has the formation of a toroidal vortex around the flame, as
the vortex shedding occurs far behind the flame. In the steady flames, the upstream
phase portrait degenerates into a point, while the downstream portrait exhibits small
oscillation. The formation of steady flames corresponds to the relevantly large R
region, for instance, 0.35 < R < 1.11 and α = 45◦ in this study.

4. The lifted flames detach from the bottom wall due to the relatively small Da number.
The phase portraits of the flames are nearly motionless. The present study shows that
the large R (>1.10) with the fixed α = 45◦ causes a very small ratio of the residence
time to the chemical time at the flame base, thereby leading to the lift-off of the flame.

5. The spiral flames have a distinct feature in that the symmetry of shear layers around
the flame is broken, compared with the four modes of flickering, oscillating, steady,
and lifted flames. In these flames, the upstream phase portrait is a small ellipse, while
the downstream portrait shows a big quasi-cycle. The asymmetric flames occur at a
large α, while R is the same. For instance, R = 0.60 and α = 79◦ in this study.

6. The vortex bubble flames show a different pattern in the occurrence of the vortex
bubble for the vortex breakdown in the flame base, compared with the lifted flame.
The phase portraits present a warping string within a relatively small range as the
unstable bubble has time-varying barycenter and shape. These flames occur at the
relatively large R and α; for instance, R = 1.30 and α = 64◦ in this study.

While the present work provides an understanding of various dynamical modes of
diffusion flames, we fully recognize that it does not address the challenging problem of the
origin and transition of these modes in a wider parameter space formed by the swirling
intensity, the swirling angle, and the Reynolds number. In addition, the influences of
turbulence/chemistry interaction in large-scale flames with radiative heat loss were not
considered in the present study. The relevant studies merit future work.
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Supplementary Materials: The following supporting information can be downloaded at https://www.
mdpi.com/article/10.3390/sym16030292/s1. See the supplementary material for more details about
the validation of mesh refinement, the generated vortical flows, and the phase trajectories of the
spiral flame.
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