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Abstract: This article discusses the stability problem of sampled-data-based dynamic positioning
ships (DPSs) using Takagi-Sugeno (T-S) fuzzy models. Firstly, dynamic equations for sampled-data
DPSs are established. Simultaneously combining several symmetric matrices with new integral
terms, a novel Lyapunov-Krasovskii function (LKF) is constructed, which allows the information
of a sampling pattern to be fully captured. Next, via the constructed LKF, the positive definiteness
requirements of a LKF are further relaxed, and the conservatism of the result can be reduced.
Consequently, stability criteria are given, and fuzzy sampled-data controllers are designed in terms
of linear matrix inequality (LMI). Finally, a simulation example is provided to verify the superiority
and applicability of the developed methods.

Keywords: fuzzy system; dynamic positioning ship; sampled-data control; Lyapunov-Krasovskii
functional; Takagi—Sugeno fuzzy models

1. Introduction

A DPS is a system that utilizes a combination of computers, position reference systems,
and thrusters to maintain a ship at a predetermined position [1]. It uses the measurement
equipment of the ship to collect environmental parameters, calculates the thrust of the
thruster based on the parameters of the global positioning system, and maintains fixed
positions and headings. Compared with anchoring positioning, a DPS relies only on ship
thrusters to overcome environmental interference and achieves the desired position for
engineering operations. Therefore, it has unique advantages, such as infinite depth opera-
tion, high mobility, and precise positioning. And a DPS has a wide range of applications,
such as cargo supply, oil extraction, heavy lifting, ocean surveying, deep water exploration,
ocean rescue, etc. Therefore, more and more scholars are studying the control problem of
DPSs ([2-7]). For example, reference [2] conducted fuzzy modeling for a DPS based on the
range of the yaw angle, and designed an observer that can provide excellent DP perfor-
mances that reduces the negative impact of external disturbance. Reference [3] designed
a quantization controller based on a switching mechanism to ensure the robustness and
control performance of a DPS, and signal quantization, time delay, and thruster failure
were simultaneously considered. Reference [4] used a neural network to design a system
controller for a DPS, and auxiliary devices like thruster and tug were considered. Ref-
erence [5] proposed a multitask control system for a DPS by introducing the integrated
neural controller, and the neural network structures were not required to be retrained while
performing different tasks. Reference [6] combined Luenberger observer and odd—even
space technology to DPS detect thruster faults, and designed a reconfigurable variable
structure controller to achieve fault-tolerant targets.

Recently, digital devices have been gradually replacing continuous time devices in
actual industrial systems. These control systems, which include continuous time objects
and discrete time controllers, are considered sampled-data control systems. Compared with
traditional continuous time control systems, sampled-data control systems only require
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the instantaneous sampling information of the system state, and thus greatly reduce
information transmission and communication costs. Therefore, they are widely applicable
in various systems, such as multiagent systems [8,9], chaotic systems [10,11], master—
slave systems [12], neural networks systems [13,14], Markovian jump systems [15], time
delay systems [16,17], etc. They have also been used in severable practical engineering
applications, including high-speed trains [18], autonomous airships [19], multipurpose
supply vessels [20], luxury cruises [21], unmanned marine vehicles [22], etc. For example,
reference [23] studied a discrete sampled-data system with a saturated actuator, and
designed a robust controller using a convex approach to ensure the local stability of
the systems with interval time delays. Reference [24] creatively introduced an algorithm
for event-triggered sampling control and proposed intermittent triggering conditions
at fixed sampling times. Reference [25] focused on a class of multi-agent systems and
transformed them into discrete systems, analyzed the inherent relationship between the
sampling period and steady-state performance, and obtained the range of the sampling
period. Reference [26] investigated the mean square exponential stability problem of a
sampled-data resistive memory neural network (MNN) system. The concept of security
level was first proposed to measure the anti-attack capability of a MNN. Reference [27]
proposed a dual deep Q-network method to solve the sampled-data control problem of
PBCNSs, and an optimal sampled-data controller was designed to stabilize the PBCN.

Nowadays, T-S fuzzy systems (TSFSs) have obtained wide attention [28], and sever-
able sampled-data control results have been reported for TSFSs. Reference [29] investi-
gated the adaptive static output control problem of TSESs with uncertainties. To reduce
the sampled-data frequency, new adaptive memory event-triggering mechanisms were
proposed. Reference [30] investigated the quantitative sampled-data control issue of a
network TSFS using a random network attack, and then new time delay product relaxation
conditions were proposed. Reference [31] proposed a non-periodic event-triggered commu-
nication scheme to solve the exponential stabilization issue of TSFSs under non-periodic
sampling conditions. Reference [32] investigated the stability problem of TSFSs under
sampled-data control using a new asymmetric LKE. Cyclic and discontinuous function
terms were improved by combining time delay and each sampling interval. Reference [33]
investigated the stability characteristics of a TSFS under sampled-data control. Based on the
input delay method, the system was converted to a variable time-delay system. Using the
reciprocally convex combination approach, stability criteria were established to guarantee
the stability of the TSFS.

A DPS is a sampled-data control system that uses a computer to collect severable
sensor information, and then the sailing status of the ship is obtained [34]. Recently, many
sampled-data control achievements of DPSs have been reported. In [35], the trajectory
tracking problem of a nonlinear sampled-data DPS was considered, and a reduced order
observer was introduced using the Euler approximation model. In [36], the systems of
the sampled-data DPS were converted into neutral systems; then the Wirtinger integral
inequality and delay-decomposition methods were introduced to reduce the conservatism
of the system. In [37], the fault-tolerant control problem of a sampled-data DPS was studied
using actuator failure. Reference [38] established fuzzy models for a sampled-data DPS, and
convex reciprocal inequalities were used to obtain the stability condition. Reference [39]
investigated the non-periodic sampling tracking control problem of a DPS using actuator
faults, and by introducing a new LKF, the mean square exponential stability criterion
was obtained.

However, there is still room for improvement regarding the sampling control problem
of DPSs. Firstly, during the LKF construction process, some terms in a LKF share common
quadratic functions. Secondly, some available information for sampling patterns is com-
pletely ignored. Thirdly, conditions on LKFs are too strict; that is, some matrices in a single
Lyapunov are strictly positive definite. To some extent, these limitations lead to a decrease
in the conservatism of the results.
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Motivated by the above analysis, the fuzzy sampling control problem of a nonlinear
DPS is studied here. Firstly, the dynamic equations of the system are established. Secondly,
an improved LKEF is established to fully capture the characteristics of sampling modes and
further relax the positive definiteness requirements of LKFs. Based on the LMIs, stability
conditions are derived, and the designed approach of the sampling controller is given.
Finally, the superiority of this method is verified through a simulation example.

The developments and novelty of this article are summarized as follows.

(1) By introducing some novel terms, like d(t)f_od(t) ftt-s-e x(s) " Zx(s)dsdb, in the LKF,
the available characteristics of sampling patterns have been fully captured.

(2) Compared with the LKF in existing results, more available matrices are effectively
used in the LKF. Therefore, the proposed LKF has a more general form.

(3) Compared with the existing results, X-dependent terms are introduced in the LKF,
which are not required to be positive definite, and this means that the limitation conditions
of the symmetric matrices are overcome.

Notations: R” is m-dimensional Euclidean space, M is the transpose of matrix M,
is the symmetric term of a matrix, and || - || is the spectral norm in R™.

The subsequent structure of this article is as follows. In Section 2, models of the
sampled-data DPS system are established. In Section 3, the main results are described. In
Section 4, numerical validation and comparison results are described.

1317

2. Problem Formulation

In order to deal with the sampled-data control problem for DPSs, dynamic equations
for a DPS are considered:

Mo(t) + Du(t) + Gy (t) = u(t),

1)
1(t) = J(p(t))v(t),
where
m—X, 0 0 -X, 0 0
M=1|0 m—Y, mxg—Y, |, D=1 0 =Y, =Y, [,
0 mxg—Y, I;—N, 0 =Y, —N.

cos(y(t)) —sin(y(t)) 0
J(g(t)) = | sin(y(t)) cos(y(t)) 0
0 0 1

where 7(t) = [xa(t) ya(t) 9(t)] T is the position vector in the northeast coordinate
system; x,(t) and y,(t) represent the x and y positions, respectively; and (t) represents

the yaw angle. v(t) = [p(t) o(t) r(t)] T denotes the velocity vector in the attached
coordinate system (see Figure 1). p(t) is surge velocity; v(t) is sway velocity; and r(t)
is yaw velocity. J(ip) represents the rotation matrix of the two coordinates. u(t) is the
control force vector; and M and D are the inertial matrix and damping matrix, respectively.
G = diag{g11,$22, $33} represents the mooring force matrix. m is the ship’s mass; I, is the
moment of inertia; x¢ is the distance vector; and X, Y;, N, Y; are the added mass.

Remark 1. The derivation of the ship model is based on [1]. The case study in this paper is a
dynamic positioning ship controlled by thrusters. The damping force is assumed to be linear because
the ship’s speed is slow. Therefore, dynamic equations for surge, sway, and yaw for the DPS are
considered in this paper.
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Figure 1. Body-fixed coordinate systems.
Define .
x(t) =[nt) o) ] ?
T
= [ xa(t) walt) 9(t) p(t) qt) r(t) ],
and let
a 0 0 dll 0 0 b11 0 0
~-M™D = 0 apxp ax ,]\/17l =10 dy dxy ,—MilG =110 by bys|. (B
0 ax a3 0 dz dss 0 bsp bss
where ay1, ax, 23, a32, 33, d11,d22, d23, d32,d33, b11, b2z, b23, b3, bsz are constant.
Substitute (2) and (3) into (1) that
x(t) = A(t)x(t) + Bu(t), (4)
where
[ 0 0 cos(p(t)) —sin(yp(t)) 0] [ 0 0]
0 0 sin(¢p(t)) cos(yp(t)) 0 0 o0
0 0 0 0 1 0 0 0
b11 0 0 an 0 0 d11 0 0
0 by b 0 a2 a3 0 dxp dyp
| 0 bz b3 0 a3 a33 | | 0 dzn ds3]
The overall fuzzy model is obtained that
Mode Rule i: IF z1(t) is fi1, - - - zu(t) is fin, THEN
x(t) = Ajx(t) + Bu(t), i=1,2,...,n (5)

where z1(t),22(t),...,zn(t) denote premise variables, f;; denotes the fuzzy set, and n
denotes the rules number.

Assume the yaw angle satisfies ¢(t) € (—m/2,/2), then T-S fuzzy rules are consid-
ered that

Model Rule 1:

IF ¢(t) is about 0

Then

i(t) = Avx(t) + Byu(t), ©6)

Model Rule 2:
IF (t) is about 5 (p(t) < %)
Then
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x(t) = Apx(t) + Bou(t), 7)
Model Rule 3:
IF (t) is about — F (¢ (t) < ¥)
Then
x(t) = Aszx(t) + Bsu(t), (8)
where
[ 0 0 1 —a 0 ] I 0 0 B -1 0 ]
0 0 o 1 0 0 0 1 B 0
0 0 0 0 1 0 0 0 0 1
A = JAy = ,
b11 0 0 a1 0 0 b11 0 0 an 0 0
0 by by 0 axn ax 0 by bxyn 0 axn ax
| 0 bz bz 0 ax as | | 0 bz bz 0 azp a4z |
[ 0o 0 g 1 0 ] [ 0 0 |
0 0 -18 0 0 0
0 0 0 0 1 0 0 )
A3= ,Bl‘z ,121,2,3.
b11 0 0 a1 0 0 d]l 0 0
0 by bx 0 ax ax 0 dp dxp
| 0 b3 bz 0 axm asz | | 0 dxp ds |

and in which « = sin(2°) and B = cos(88°). The overall T-S fuzzy model is obtained that

3
x(8) = Y mi(z(0)[Ax(t) + Buu(1)], ©)
i=1
where
uiz(t) = 2 > 0,i=1,2,3,
Elwi(Z(f))
wi(z(t)) = ]nl fi(z (1),

z(t) = [z1(t),z2(t), . . ., zu(t)],

and in which f;;(z;(t)) denotes the membership grade of z;(t). The membership function
of Y (t) is shown in Figure 2.
A diagram of the fuzzy modeling and controller design is shown in Figure 3.
Assume measurement signals of the DPS are available at the sampling time, which
satisfiesthat 0 =t) < f1 < - < < -+ - < kli_}mtk = +o0.
o
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Rulel
0 w(t)
0 T
2 2
Figure 2. Membership function of (f).
DPS
T-S Fuzzy
Modeling
T-S Fuzzy
3 Model
Rulel GuleZ Rule3 Modeling
Lv""-»-.gulea Rule2
Rulel E
A A
Feedback Feedback Feedback
Gainl Gain2 Gain3 b
l | Oz =
T-S Fuzzy
Design
T-5 Fuzzy CoDntrpller
Controller PDC esigh
]

Figure 3. Fuzzy modeling and controller design.

The sampling interval is supposed as

tepr — £ < d,Vk>0,d >0,

where d denotes the upper bound of the sampling interval. Next, the corresponding
sampled-data controller is considered

u(t) = Kx(ty), tp <t <ty (10)
where K denotes the gain matrix. Next, T-S fuzzy controllers are expressed that
Controller Rule 1:
IF ¢(t) is about 0
Then
u(t) = Kyx(tg). (11)

Controller Rule 2:
IF i(t) is about F (¢(t) < %)
Then

u(t) = Kox(tg). (12)
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Controller Rule 3:
IF (t) is about — 5 (y(t) < )
Then
u(t) = Kax(tg). (13)
Next, the following fuzzy controller is obtained
2;4] £)Kjx(t), bty <t < tiy1,k=0,1,2,.. (14)
Substitute (14) into (11) to obtain
3 3
Z Yo ui(z(8)pj(z(1) [Aix(t) + BiKjx(t)] (15)
i=1j=1

For the further deriving process, the lemma is given as:

Lemma 1 ([40]). For given matrix Z € R",Z > 0, scalars T, > Ty, vector function w :
[1, 2] € R", the following inequality holds

- t:zl wT (0) Zw(a)da
<-aly (: 2ot (@)de) Z( {5 wle)da)

f ft+a¢ w(s)dsdu

(f ftﬂ dsdoc) (f i ftﬂ dsdoc)

(16)

(17)

3. Main Results

In this section, by constructing an appropriate LKE the stability conditions of system (15)
are given.

3.1. Construction of the Lyapunov Function
Firstly, the notations are defined as follows:
T(t) =t —t, d(t) =d —T(t),
T
o(t) = | ¥T(t) (k) [ xT(s)ds |

o) =| xT() O *T(t) [y T(s)ds |

Theorem 1. The system (15) is asymptotically stable, if there exist symmetric matrices P > 0,

Ri1 Rpp Uy Up
Q>O,Z>O,[* Rzz A

T T T
} /N [le] Nsz N3z]

} > 0, Xy1,X13, X02, X03, X33, G, Mjj =

MT

T
M 4ij

3ij N,

T
[MT ML LJ} and scalesd > 0,¢;,i = 1,2,

1ij 2ij
3,4, such that

P+d(Xpn+XL4+Q) d(Xin+Xn—Q) dXis
e * d(Xn + XL +Q) dXp| >0 (18)
k * dX33
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—ij ij  =if —ij —ij
Ep+Qn Ep+ Q =13t Q iy +dX3
2 mif =ij
vy = * B,+0) EL+0f B +dXis <0 (19)
* * :gg + Q ”g4
* * * :'42]4
; Iy Il
Y == (20)
* Iy
where ) -
—ij ij  =if —ij —ij
B +Qf, B, +dNj; Bl +dNj; B +dNj;
* B+ 527 E12]3 E12]4
Thuagj = i o i
* * Eit Qs Eyy
i
L * * * 4 i
[ —dMyjj dNnjj
—dM;j dNpjj
I = . p
~dETR], — dMy; dNy;
—dMajj dNyjj
—dQ—dRy; 0
I =
* —27Z
2l = —(Xn+X%) + M + My + e1A;GT +e1GA]
=ij _ T~T
S = P+ le] €1G €2Ai G
._413 = (X711 + X»2) + M31] Mlij + €1GBiK]' + €3A1TGT
u14 = —Xi3+ M4 Nlij + €4AZ-TGT
d2]2 = —€2G — €2GT
EJy = —Maij + £2GB;K; — e3GT
312]4 = —€4G — Nzl']'
By =—(Xn+X%) - M3l] Msij + e3GBiK; + e3K] BI GT
'—'34 = —Xp3 —Upp — 41] — Najj + £4K]-TBZ-TGT
By = —Xa3 — JUxn — 41] N4z]
O = d(X13 + X13) +dUy —
O =dXqp + dXﬂ
O3 =dXL +dul,+z
Qg = dRy1 +dQ + %ZZ
M3 = —d(X11 + X22) +dRy2
Q33 = dRyp +dUyy — Z
Proof. Consider the following LKF
4
V(£) =) Vi(t), t € [t tey) (21)

Il
—_
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f_ ft TZx(s)dsd()

where
Xu+X[, —Xi1—Xn X3 ]
X=| % Xp+ XL, X
* * X33 i
B [ Ri1 Ripp u U Uy |
x* Ry | *  Up |

Using Lemma 1, the following inequality is obtained:

Vi(t) > x(t) Px(t) +d(D)g(H) Xe(t) + L [x (1) — (8] QLx(E) — x(t)]

) (22)
= MWeT(nywe(h)
From LMI (18), V4 (t) > 0 can be guaranteed, which means that V() > 0.
Taking the derivative of V(t) yields
() =250 e+ 2067 OX] 410 o ) ]
—¢T(H)Xg(t) +d(DF" (HQx(t) — [} ' (s)Qi(s)ds
a2 V[ ] [ ) 1] ()
V2l =40 yh) | [x(tw} fk{xuk)} R[x(tm]ds
_ Cx(t) 17, [ x(t) et | ox(ty) LT x(h)
Valh) =d®] L “[x(t) ] Hx(@ ] “[x@ ]ds
[ x) 1T x(h)
—aw| S | u 5 ] - o ot
= —2xT tk)ulzft x(s)ds — [, xT(s)Unnx(s)ds
Valt) =dO)T(t)i (H)Zx(t) — fj'T f fw x(s)dsda
< WOLTOR T (1) Zi(r) — (1) [} 57 (5)Z3(5)ds - f_m)ftﬂ Z(s)dsda
: xt) 1"z -z (k) (23)
< 40T (02500 + $r(0x” ()20 - 42 T | [_Z . Hﬁ(g }

_f— ft+u¢ )de“
O
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3.2. Introduction of Fuzzy Framework

Using Lemma 1, it can be obtained that

pi(z(8))j(z (1)) ST () Ny x| — Jox(o)ds = [2 0 [ x(

Il
N
It~

DY ¥ i(2(0)pi(2(4)ET (1) Ny (1)

1j=1

wi(z(D)(2(4))ET ()N [, x(s)ds

S I

A
N
A

o
L1~
™~ EM‘

I
—
.
I
—

~
N
—~

¥ =0 (2(8))ET (N ZINTE (D)

J’CT(s)dsda} [f ft+a
¥ i (2() pi (2 () ET () Nye (1)

1j=1

wi(z(0)p(2(4))ET ()N [y x(s)ds

_I_
N
—~
—

dsdoc}

M‘Io
=
—
T
=

IA +
~

N e

— ~

N~— [a—

~

s
I-
™= EM‘

Il
-
-

A
N
L~

+
NV‘Q-
Tt-

ui(2(0)pj(z(t6))&T (NG ZINFE(H)

B

e ch(s)Zyk(s)dsdac

0
+ )

which implies

Va(t) < 2d(B)x’

3 3
R

,2§T

$)dsda < i (2()s(2()

[ Mm

f ft+tx
[2T<t>f;T<t> 0 -2

+%§T(t)NijZ*1N§§(f)}
Combine (23) with (25) such that

ooz [0 ]2, 27 ][]

ui(z()pj(z(te)) [2T(1)ET (#) Nyjx (1)

N Ji x(s)ds + 50T ())NyZ I NEe ()]

For any matrixes G,Mij, i,j € L and scalars ¢;,i = 1,2, 3,4, we have
t
0= 3 Y (= ()ET My x x(0) () ~ [ x(e)s]
— k
0=2 [ele(t)G + epx ( )G + e3x(t;)G + 84ft

Gds}

x [—w) F Y% a6zt (An(b) + BiK]-xak))]

i=1j=1

s)dsdu]

(24)

(25)

(26)

(27)

(28)
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From (22), (23) and (26)—(28), we obtain that

V() <1 ¥ 8 pa()(())ET (0¥

i=1j=1
29
4 o] €0 7] 5 | -
di:1j:1 | x(s) ()
where .
si [ Ty O 2 [ Njj Ni:
‘FZ:|: 11ij ij ]+d[ z]:|Z—1{ 1]:|
_dO—_R 2
T
;= | —dMf; —dMJ; —dRyp —dMf; —dMJ; |

Following the Schur complement, (30) implies ¥ < 0. It can be referred that
V(t) < —c| x(t) ||* when

x(t) # 0,0 > 0, which shows that the system (11) is asymptotically stable. This proof
is completed.

Remark 2. To fully capture the available characteristics of sampling patterns, some novel terms,
liked(t)f_od(t) ftt+9 (s)T Zx(s)dsd®, have been introduced in the LKF, which means that the con-
structed LKF is general.

Remark 3. Compared with the LKF in [38,39], more available matrices, such as Q, R, X, U, are
effectively used in the LKF. If we let Rip = Ryp = Z = Q =0and Uz = Uyp = Uy = Xi3 =
Xo3 = Xa3 = 0, the LKF will be reduced to those in [38,39], which means that the proposed LKF
has a more general form. Moreover, free matrices M;; and Nj; are introduced into the differentiation
of the LKF. Hence, model transformation and bounding techniques are avoided, which overcomes an
important source of conservatism.

Remark 4. In the process of derivative and further proof of the LKF in [38,39], the positive definite
requirement of the matrix is necessary. In this paper, X-dependent terms are introduced in Vy (t) and
are not required to be positive definite, which means that the limitation conditions of the matrices
are overcome. Hence, the conservativeness can be further reduced.

3.3. Design of Sampled-Data Controller
Theorem 2. Given scalars d > 0and €;,1 = 1,2,3,4, the system (15) is asymptotically stable, if there

exist symmetric matrices P > 0, Q > 0, Z > 0, Rip Ry > 0, Ui U > 0,X11,
* R22 * Uzz

X13, X22, X03, X33, G, Mjj = {Msz] MzTij M?];ij MZij} [Nsz] NzTij Neﬂ; N4Tz]} ,
such that
P d(X11+ X, +Q) d(Xn+Xn—Q) dXis
‘Fll] = * d(Xll + X;Z + Q) dX3| >0 (31)
* * dX33

=i ~
\:411 + Qll ._412 + Q \_413 + Q ._414 + dX33

il * E22 + sz E23 + Qza By +dX13
¥y = I RV (32)
* * H33 + (33 3y
=ij
* * * \:444
T Tl
Tg _ [ 11ij 12ij <0, (33)

* ﬁ22
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where
[ =i &l
EL+00 B )+ dN2] Efs 5+ dN3 o \+ dN4
=1 25 i ~if
Ty = ” ) =23 124 ,
j
* * _33 —+ Q _34
~ij
| * * * B
—dMyj dNy;;
_ —dMy; dNy;j | ~ —d0 —dRy; 0
Iy = = | Ty, = B
—dR12 — dM3l']' dN3l']' 27
[ —dMy;j dNyjj
E11]1 = —Xpi — th + Mh] + Mh] e1A,GT — sléAiT
._412 =P + le] + €1G — €2AiTGT
“13 - Xlll + X221 + M31] Mli]‘ - €1Bifj — 83@AZ-T
E14 = — X3 + My; — Nyjj —eaGAT
By = 626 + e2GT
55 = —Myij — BiK; + €3G
~2]4 =e,GT - NZij
i - _ _ _
‘—‘3{3 = —Xpi — X22, M;] Msij — e3B;K; — €3K]TBiT
=i > ~
~3{4 = — X — Upp — M4i]- — Najj — 84K]TBiT
By = —Xapi - 2l — N — Nujj
Oy = d(x13 + X13> tdly —7
Qp = dXqp +dX];
613 = d}?%’ + dl’lez +7Z
Qo = dRy +dQ + %Z
623 = _d(ill + XZZ) + dﬁlz
Qa3 = dRyy +dUy; — Z
The fuzzy controller is obtained that
K;=KG™' (34)

Proof. Denoting

é = G_l, K] = K]'GT, E = GP{GT, )N(lli = éX]]éT,
Xpi = GX0GT, X13: = GX13:GT, Xpz = GXp3,GT,

X33i = GX33,GT,Ryy = GRy1GT, Ryp =
Ry = GRpGT,Q = GQGT, Uy

ﬁZZ

M;; = ToM;T], N;j = T,N;T7.

= GUy;GT,
= GUxnGT,Z = GZGT,T; = diag{é, é,é},

GR1;pGT,

Uy = GU;pGT,
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Pre- and post-multiplying (18), (19), (20) by I'1,I'5,I'3 and l"lT , Fg , F3T , respectively, (31),
(32), (33) are obtained. This completed the proof. [

4. Numerical Examples

In this section, an application example of a DPS is introduced to show the superiority
of the methods. M, D and G are considered as follows [41].

[ 1.0852 0 0
0.0865 0 0
0 2.0575 —0.4087
M = , D=1 0 0.0762 0.1510 |,
0 —0.4087 0.2153
0 0.0151 0.0031
[ 0.0389 0 0
G=1|0 0.0266 0
L 0 0 0

Let « = sin2? and B = cos 88°, we have

[0 0 0 1.0000 —0.0349 0
0 0 0 00349 1.0000 0
a0 0 0 0 0 10000 |
—0.0358 0 0 —0.0797 0 0
0 —0.0208 0 0 —0.0818 —0.1224
0 —0.0394 0 0 —0.2254 —0.2468
[0 0 0 00349  —1.0000 0 ]
0 0 0 1.0000 0.0349 0
ao|© 0 0 0 0 10000 |
—0.0358 0 0 —0.0797 0 0
0 —0.0208 0 0 —0.0818 —0.1224
|0 —0.0394 0 0 —0.2254 —0.2468 |
[0 0 0 00349 1.0000 0
0 0 0 —1.0000 0.0349 0
do | © 0 0 0 0 10000 |
—0.0358 0 0 —0.0797 0 0
0 —0.0208 0 0 —0.0818 —0.1224
0 —0.0394 0 0 —0.2254 —0.2468 |
[0 0 0 ]
0 0 0
B | 0 0 ,i=1,2,3.
0.9215 0 0
0 0.7802 1.4811
0 14811 7.4562 |

Firstly, we compare the proposed method with references that used traditional T-S
fuzzy models. From Table 1, the maximum sampling internal is d = 0.681. Note that results
in [37-39] are 0.25, 0.264, and 0.532, respectively. This means that the sampling internal in
this paper improves [37-39] by 160.8, 146.97, and 22.56%, respectively. It also shows that
the proposed controllers play an important role in obtaining a longer sampling interval.
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Table 1. Maximum values of the upper sampling internal.

Method [37] [38] [39] Theorem 1
dy 0.25 0.264 0.532 0.681

Next, we combined references that used different methods, such as T-set [42], Pareto
optimality under T-set [43], and intuitionistic fuzzy T-set [44], to obtain the maximum
sampling internal. In Table 2, we can see that the values of the obtained sampling internal
were close to the method proposed in this paper, which illustrates that the technology
derived from the T-set has its advantages. And T-sets can be used to replace fuzzy sets to
represent uncertainty.

Table 2. Maximum values of the upper sampling internal.

Technologies Maximum Sampling Internal
T-set 0.583
Pareto optimality under T-set 0.624
Intuitionistic fuzzy T-set 0.652
Proposed method 0.681

The initial values are chosen that x;(t) = [15 m 15m 02° Om/s Om/s OO] )
And the other parameters are d = 1.6s,e; = €3 = 1,e3 = €4 = 0. Then, the gain can be
computed that

[ —0.0260 —0.0387 —0.0309 —0.6802 —0.0002 —0.0004
Ky = | 0.0619 —0.0067 0.0395  0.0004 —1.3157 0.2556
| —0.0124 0.0061  0.0066 —0.0001 0.2653 —0.1315

[ —0.0123 0.0143  0.0154 —0.7071 —0.0002 0.0000
Ky =] —0.0196 0.0251  0.0698 0.0003 —1.3667 0.2643
| 0.0041 —0.0002 0.0011 —0.0001 0.2754 —0.1364 |

[ —0.0123 0.0143  0.0154 -0.7071 —0.0002 0.0000
K3 = | —0.0196 0.0251 0.0698 0.0003 —1.3667 0.2643
| 0.0041 —0.0002 0.0011 —0.0001 0.2754 —0.1364 |

To illustrate the control performance of the proposed approaches, comparison results
with those of the PID controller [45] are presented in Figures 4-9.
The PID value was chosen such that

K, = diag([2.8 x 103,6 x 10%,2.3 x 10°])
K, = diag([1,1,1])
K, = diag([4.5 x 10%,3.5 x 10%.1 x 10%])

In Figures 4-9 it is shown that the ship’s position, yaw angle, and velocities reached
expected values within about 10 s, while under the PID controller designed in [39], it took
longer to reach the predetermined targets, which means that the designed method in this
paper, which used the proposed method, has a faster response speed. In addition, this
demonstrates that the oscillation amplitude of the system is relatively small, indicating that
the designed controllers have good anti-interference ability. Meanwhile, Figures 4-9 further
indicate that the designed sampled-data controller also has a relatively fast speed response
time, which means that the controller has fast convergence speed and high stability.
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Figure 4. The x position compared with that of the PID controller.
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Figure 6. Yaw angle compared with that of the PID controller.
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Figure 7. Surge velocity compared with that of the PID controller.
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5. Conclusions

This article investigated DPS stabilization problems using sampled-data under T-S
fuzzy models. To reduce the conservatism of the obtained results, some novel terms were
introduced in the constructed LKF, and a larger sampling interval was achieved. The main
novelty of the LKF is that the sampling mode information is fully utilized; in addition, the
positive definite constraints of LKFs are relaxed, and additional free matrices are provided
to further reduce the conservatism. Experimental results showed that the developed control
methods are superior. In the future, we will explore using the T-set method instead of
the fuzzy set to represent real-life scenarios and fully consider the characteristics of linear
time-varying systems [46], which will become a new topic in future work.
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