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Abstract: An ideal projector on the space of polynomials C[x] = Cl[xy, ..., x4] is a projector whose
kernel is an ideal in C[x]. Every ideal projector P can be written as a sum of ideal projectors P(¥)
such that the intersection of their kernels ker P(¥) is a primary decomposition of the ideal ker P.
In this paper, we show that P is a limit of Lagrange projectors if and only if each P*) is. As an
application, we construct an ideal projector P whose kernel is a symmetric ideal, yet P is not a limit

of Lagrange projectors.
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1. Introduction

Let C[x] = C[xy, ..., x4] denote the algebra of polynomials in d variables with complex
coefficients. A projector P on C[x] is a linear idempotent operator on C[x]. Such a projector
is called an ideal projector if ker P is an ideal in C[x]. An ideal projector is called a Lagrange
projector if ker P is a radical ideal in C[x]. If the range of P is N-dimensional, then P is a
Lagrange projector if and only if there exist N distinct points xy, ..., xy € C% such that

kerP={f e C[x]: f(x1) =...= f(xny) =0}

or equivalently

(Pf)(x;) = f(xj)
forallj=1,...,Nandall f € C[x|. The last equivalence shows that Lagrange projectors
interpolate at nodes x1, ..., x5 and therefore present a natural extension of the classical
Lagrange interpolation theory to the multivariate setting.

The notion of an ideal projector was first introduced by Birkhoff in [1]. Since then, it
was further studied, and connections to different branches of mathematics were explored
(see [2-11]). In this paper, we consider exclusively finite dimensional ideal projectors.

In one variable, every Hermite interpolation projector is the limit of a sequence of
classical Lagrange interpolation projectors. That allows us to extend the definition of the
Hermite interpolation projectors to the multivariate setting as follows.

Definition 1. An ideal projector P is called a Hermite projector if there exist a sequence of Lagrange
projectors Py, on the range of P such that

P,f — Pf

for every f € C[x]. We do not specify type of convergence because Py, f and P f belong to the same
finite-dimensional space; hence, all forms of convergence are equivalent.

In one variable setting, the ideal projectors are the same as classical Hermite projectors
(see for example [10]). The natural question arises as to whether, in the multivariate setting,
the same is true, i.e., is any ideal projector necessarily a limit of Lagrange projectors? Rather
surprisingly, the resulting answer is positive in two variables (cf. [4]) but negative in three
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or more variables (cf. [12]). The question of a description of those ideal projectors that are
Hermite was raised by Carl de Boor in [3]. Some partial results regarding this question were
obtained in [8,9] and, in the very different language of algebraic geometry, in [13,14]. In this
paper, we make a contribution to this problem by examining the primary decomposition of

Hermite projectors.
Every finite-dimensional ideal projector P can be written as a finite (direct) sum of

ideal projectors P(¥)
Pp=rPVgr@qg. . opm, 1)

where P%) are ideal projectors such that the ideals ker P (k) form the primary decomposition
of the ideal ker P. That is

m
kerP = ﬂ ker PK) )
k=1
and, for each P(k), the variety
V(ker P) := {x € C?: f(x) = 0,forall f € ker PV} 3)

consists of exactly one point.
The main result of this paper is

Theorem 1. P is Hermite if and only if each P(*) is Hermite.

Based on the above theorem, as an application, we will show the existence of a
symmetric ideal projector (in three or more variables) that is not Hermite (see Theorem 7).
Finally, we will showcase some problems in matrix theory (see Problem 2) that are related
to the main result.

2. Preliminaries

Let C’[x] denote the algebraic dual of C[x], i.e., the space of all linear functionals on
C[x]. For anideal ] C C[x], let V(]) denote the affine variety associated with J:

V() :={xeC?: f(x) =0, forall f € J}.

The ideal ] has a finite codimension (0-dimensional) if and only if the set V(]) is finite
(cf. [15]). Moreover, |V(J)| < dim(C[x]/]) and |V(J)| = dim(C[x]/]) if and only if the
ideal [ is radical i.e.,

J=A{f:f(x)=0, forall V(])}.

Let J* denote a subspace of C’[x] of all functionals that vanish on J. Hence
dim J* = dim(C[x]/]).

For x €CY, we use 6y € C/ [x] to denote the point evaluation functional:

It is easy to see that for any N-dimensional Lagrange interpolation projector P, the va-
riety V(ker P) is consisting of exactly N distinct points. Assuming V(ker P) = {x1,...,xn},
we have

ker P = span{dx,, ..., Oxy }-

Below, we will review relations between ideal projectors and the sequence of commut-
ing matrices.

Let P be an N-dimensional ideal projector and let G be its range. Hence, C[x] = G @ ker P
and ker P is an ideal of codimension N in C[x]. Thus, C[x]/ ker P is an N-dimensional
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algebra. For each coordinate x; of x, we define a multiplication operator (N x N matrix)
M; : C[x]/ ker P — CIx]/ ker P associated with P by

M;[f] = [xjf] (4)

where [-] represents a class equivalence in C[x|/ ker P. The set (Mj,..., M) forms a
sequence of commuting matrices that are associated with the projector P. In fact, such a
sequence uniquely defines P (see [4] for details). The matrices M; represent the operators
defined on G by

M;(f) = P(x;f).
The matrices My, ..., My were introduced by Hans Stetter (cf. [11,16,17]) who discov-

ered the main relation between common eigenvalues (eigentuples) of these matrices and
the variety V(ker P).

Definition 2. A d-tuple of complex numbers (Ay, ..., Ay) is called an eigentuple for (Mg, ..., My)
if there exists a non-zero vector u €CN such that

M]'ll = /\ju,Vj = 1,...,N.
Let 0(Mj, ..., My) denote the set of all eigentuples of the commuting matrices (Mg, ..., My).

Theorem 2 ([17]). o(My,..., My) = V(ker P).

Theorem 3 (cf. [4]). Suppose that we have a sequence of ideal projectors P, onto the same space G
and let (Min), e, M;")) be multiplication operators associated with P, while (M, ..., My) is the

multiplication operators on G associated with P. Then, P, — P if and only if (Min), R M;n)) —
(My, ..., My).

Next, we prove an extension of Theorem 5.2.1 in Artin [18] to the set of commuting
matrices. Our proof is substantially different than the one presented there.

Theorem 4. Let (Min), cee M‘(in) yand (Mj, ..., My) be a d-tuple of operators on an N-dimensional

space G. Assume that (Mg”), . ..,M‘(in)) — (My,...,My). Then, the sets (MY, ..., M}) are
uniformly bounded and all accumulation points of c(MY, ..., M}) arein o(My, ..., My).

Proof. Let (A",...,AU") e o(M?, ..., M), hence
M](n)un - )\}n)un, V] - 1, e ,d.
Assume without loss of generality that ||#,|| = 1. Then

i

- A,

= HM](")un

<[

and since M](n) converges, the norms HM](") H are uniformly bounded, which proves the
first part of the theorem. Now, passing to a subsequence if necessary, we may assume
that )L](”) — Aj. Then, M](n)u,1 = )\](-")un. The sequence (u,) is uniformly bounded in a
finite-dimensional space G; hence, it is compact. Passing to a subsequence if necessary,

we may assume that u, — u € G and |Jul| = 1. Finally, since (M%"),...,M‘(in)) are

finite-dimensional operators, the convergence is uniform. Therefore

/\](n)un = M](")un — M]-u.
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In addition, A](")un — Aju, hence (/\j) eo(My,...,My). O
Combining the above with the Theorem 2, we obtain:

Corollary 1. Let P be an N-dimensional Hermite projector and Py, be a sequence of Lagrange projec-
tors such that P, — P. If V(ker P) = {x1,x2,...,xn} and V(ker P,) = {xgn),xgn), . ..,xg\r,l)}.

Then, there exists a constant C such that |x]((")| < C for all k and n. Additionally, x1,Xa, . .., Xk are
the only possible limit points of the set |J,, V (ker P,).

Now, we will recollect a few facts regarding the convergence of ideal projectors. The
main idea is that such a convergence depends only on their respective kernels. For more
details and proofs, see [12].

Theorem 5 (cf. [12]). Let P, and P be ideal projectors onto a finite-dimensional space G C C[x].
Then, P, — P if and only if for every functional F € ker™ P, there exists a sequence of functionals
F, € ker™ Py, such that F,, — F in the weak-x topology. i.e.,

E.f — Ff, forall f € C[x]. (5)

If each P, is a Lagrange projector, then ker™ P, is spanned by N point evaluation
functionals O (m)s+++s0 () and each F, can be written as their linear combination. Using the
1 N

above theorem, we obtain the following.

Corollary 2. An N-dimensional ideal projector P is Hermite if and only if every F € ker' P is
the weak-x limit of linear combinations of N point evaluation functionals. That is, there exists sets
X, C C%, each consisting of N distinct points such that for every F € ker™ P

F(f) = lim Y~ al"ax(f) = lim Y~ ol f(x) (6)
xEX, xXEXy,

for some coefficients al" and forall f € C[x].

3. The Main Result

The main goal is to prove Theorem 1. One side is easy to establish and can be shown
as follows. Let P be an N-dimensional ideal projector and assume that ker P has a primary
decomposition

m
ker P = ﬂ Ji
j=1

where the ideals J; have codimensions equal to Nj, respectively. Since
ker' P = @] ]'L

we have Zj]\il Nj = N. Takeany F € ker" P. Then, F = Z}":l Fj for some F; € ]]4. If each J;

is the kernel of a Hermite projector then, by Corollary 2, there exists sets X,i C C? consisting
of Nj distinct points such
. (n)
i = Jim, 3, oo
xeX)

It follows that
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and therefore, F is a weak-x limit of a linear combination of N point evaluations. By
Corollary 2, P is Hermite.

The main result of this section is a proof of the converse statement. The main idea
is as follows. Assume P is Hermite, P = P() & P @ ... @ P(™) and ker P has a primary
decomposition ker P = ﬂ;”:l ker PU). By Corollary 2, there exists sets X, C C* such that (6)

holds. Let V(ker P1)) = {y}. We will decompose X, = YV, U 2, so that all accumulation
points of J,cy 2 are away from y. For every functional F € ker" P (in particular, every
functional F € ker" P;), we have

n—oo
XEYVy xXEZ,

F(f) = lim < Y af0+ Y a§">f<x>>, @)

(n)

for some coefficients ay ' and for all f € C[x]. The main part of the proof is to show that
the above implies that

F(f) = Jim, 32 o f(x). (®)

Thus, in (7), we can eliminate all point evaluations that do not accumulate at y, and the
number of points remaining is equal to N; = dimker’ P;. Hence, by Corollary 2, the
projector P; is Hermite.

To carry the proof in detail, we need a few preliminary results. First, we will produce
a multivariate analog of Lagrange fundamental polynomials that seems to be new.

Proposition 1. Let ) be a finite set of m points in C* and take z €C% such that I and z lie in the
interior of a ball B C C* of radius R. Let

r=min{|ly—z|:y€ Y} >0.

Then, there exists a constant C(R, r) and polynomial w(x) = wy , € C[x] of degree at most
m such that

w(z) =1, w(y) =0, forally €y

and

7R 2m
Jolls < cr) = (355)

(here, ||w|| 5 denotes the supremum of the polynomial w over the ball B C C%).

Proof. Let < u,v > denote the Hermitian inner product in the space C?. Consider the
following polynomial
yey <x-y,z—y>

2
[yeyllz -yl

Since < x —y,z —y > is a linear polynomial in C[x], w(x) is a polynomial of degree
at most m. Clearly, w(y) = 0forally €Y and w(z) = 1.
Since x, y, z lie in a ball of radius R

w(x)

< TTlx=yll-llz=yll < @R)*™
yey

H <X—-yz-y>
yey

Additionally

[Tlz=yl? > "
yey
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Combining these two inequalities together yields ||w||z < (%) . O
We will also need the following lemma.
Lemma 1. Let (ugn), o uﬁf)) and (7%"), v 'y,(,:l)) be two sequences in C™ such that
(n) (1) (0 (1)K
v, =1 and 2”]‘ (7;")F =0, asn — oo )

forallk =1,...,m. Then, Z]m:1 u](”) — 0asn — oo.

Proof. By induction on m, if m = 1, then ugn)'ygn) — 0and 'yin) — 1 immediately implies
that ul"” — 0
1 .
Assume that the statement is true for a fixed m. Now, we need to show that the
statement is true for m + 1. Take any (ugn), s uinll) and (’y§ ) 'ygﬁl) such that 'y](n) —1
forj=1,.,m+1land

m+1

Z u](.n)('y}n))k —~0asn —>o0, forallk=1,..,m+1. (10)
j=1

The goal is to show that Zmﬂ () _, 0. Since 'y( P 1, from the above, we obtain

m+1
m+1 m+1 k. (n)
7m+1 Z u j Z u 7m+1 - 0
fork =1,...,m. Hence
m m+1 m+1
Lot = o = = L o
= j=1

forallk =1, ..., m. Setting ﬁ](.") = u](.n) (77(1;21 - 'y](")) the above gives

m
2 ﬁ](”) ('y](n))k —0 forallk=1,..m
j=1

By the inductive assumption applied to (i 5 )y )) and ('ygn), s 'y,(,f ) ), we conclude
that 7 ~]. ") _5 0. Hence

m m m m
S LR )
j= = =

Setting k = 1 in (10), we obtain
m m+1
=~ L — ity == Lot o
i= -

Combining these two gives

m+1

_'YS:L 2 ” = Z% ul"y ) 7m+1 Z” - Z% ]('n)%( Y 7:%1“5»111 — 0.
j= j=
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(n)

m—+1

(n)

Since ¥ — 1, we conclude that Z]’.”zﬁl uj~ —0as required. O

We are now ready for the proof of the main theorem.
Theorem 6. Let P be a Hermite projector onto an N-dimensional space G C C[x]. Suppose that
p=prYgp@qg. .  pm (11)

where PX) are ideal projectors such that the ideals ker PK) form the primary decomposition of the
ideal ker P

m
kerP = ﬂ ker P, (12)
k=1
Then, each P*) is Hermite.

Proof. We will start with P(1). Assume that V(ker P) = {uy,...u,} and ker P") = {u,,}.
Since P is Hermite, by Corollary 2, for every functional F € ker™ P

F(f) = lim Y al"ax(f) = lim Y~ ol f(x) (13)
xeX, xX€X),

for every f € C[x|. In particular, if F € ﬁ]'-”:_ll ker' PU), then due to (12), F € ker" P

and hence (13) holds. By Corollary 1, the sets A lie in some ball in C* of radius R and
{uy,...uy} are the only accumulation points of U, X},. Partition the points X, = Y, U 2,
so that for every sequence x,, € Z,, we have

X; — Uy (14)

and, for sufficiently large n, the points x,, € ), are arbitrarily close to the set {uy,...u;_1}.
In particular,
Xy —wp|| >7r>0, forsomerand forallx, € V. (15)

We rewrite (13) as

n—oo
XEV, xXEZ,

F(f) = lim ( Y af00)+ Y ai”)f(X)), 16)

where the points in )y, and Z,, satisfy (15) and (14), respectively. Now, let p be a polynomial
in ﬂ;.";ll ker PU) such that p(u,) = 1. Such a polynomial exists since, otherwise, every
polynomial in m}":—ll ker PU) would vanish at u,, and hence u,, € V(ﬂ}"z_ll ker PU)) =
{uy,...,uy_1}. Next, consider polynomials

hin = (P @y, 0, f (17)

fork=1,...,m where wy, , isdefined as in Proposition 1, and f is arbitrary. Since p is in
the ideal ﬁ;”:_ll ker PU) so are hy ,, hence F(hy ;) = 0. By the same proposition and by (14),
these polynomials are uniformly bounded and belong to a finite-dimensional space of
polynomials of degree < (mm + deg p)+ deg f. Thus, the convergence (16) on this space is
uniform, and (16) gives

lim ( Y a0+ Y a£">hk,n<x>) = F(hy,) = 0. (18)

n—oo
XEYVy XEZy

Furthermore, since wy, y,, vanishes on )}, it follows that

Tim Y al"” (p(%) - @y, () F(0) = lim Y alhg,(x) =0, (19)

XEZ, XEZ,



Symmetry 2023, 15, 1658

8of 11

for k = 1, ...m. Finally, since u,, is the limit point of Z,

lim (p(xn) - Wy, u, (xn)) =1 whenever x, € Z,.

Setting v, = p(Xn) - Wy, u, (Xn) for x, € Z, and applying Lemma 1, we conclude that
: (n) —
fim, T ot =0

Thus, we eliminate the points that accumulate at u,, from the sum in (16). Since
this implies (6) holds for P(V) @ ... @ P("~1), we can repeat this procedure, eliminating all
points from &}, in the sum (13) that accumulates at u,,_1, ..., up. We arrive at the sequences

of sets X,Sl) = {xgn), e x;?l) } C A&, that have an accumulation point at u; such that every
Fin ker™ P()
F(f)=lim Y al5(f)=lim Y al”f(x).

n—00 n—co
xeé\.’,sl) xeX,gl)

Thus, for sufficiently large 7, the dimension of this space must be greater or equal
to the dimension of the space ker™ P(1). Hence ‘Xrgl) ‘ > dimkert P(1). Repeating this
procedure for the rest of the points u; € V(ker P), we will obtain a disjoint partition of X}

X, =, &)
such that for every F € ker™ PU)

F(f) = lim Y alax(f) = lim Y al’f(x)

XEX,SJ) xeX,ﬁj)

and ' ‘
‘XYSJ)‘ > dimker™ PU).

However, for every n

[ ()
e

m .
=N=)_ dimkert PU).
j=1
Hence, for sufficiently large n, we have ‘X,y )| = dim(ker® PU)). By Corollary 2, we

obtain that each PU) is Hermite. [

4. Some Applications

The first application of the main theorem is to show the existence of a symmetric ideal
projector (in three or more variables) that is not Hermite.

Definition 3. An ideal | in C[x] is called symmetric if for any polynomial p(xq,...,xz) in ] and
for any permutation o on the set {1,...,d}, the polynomial p(x,(1y, ..., Xg(g)) is also in ]. An
ideal projector P is called symmetric if ker P is a symmetric ideal.

Theorem 7. In three or more variables, there exists a finite-dimensional symmetric ideal projector
that is not Hermite.

Proof. The result follows from the existence of a finite-dimensional non-Hermite ideal
projector Q such that ker Q is primary, i.e., V(ker Q) consists of one point. We chose such
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Qsothat V(ker Q) = {(1,2,...,d)}. Now, for every permutation ¢, consider the ideal Q,
with ker Qo = {p(x(1), - -+, Xo(a)) : p(x1,...,x4) € ker Q}. Then, clearly, the ideal

] := ﬂ ker Qs (20)

is a symmetric ideal and (20) is a primary decomposition of this ideal. Let P be an ideal
projector with ker P. Then, P is a symmetric ideal projector. If P was a Hermite projector,
then, by the Theorem 6, Q would also be Hermite, which gives us a contradiction. [

Problem 1. Does there exist a non-Hermite ideal projector P such that P is symmetric and
V(ker P) = {0}, i.e., ker P is primary?

Our second application concerns linear algebra. A sequence of commuting N x N
matrices (Mj, ..., My) is called simultaneously diagonalizable if there exists an N x N
matrix S such that the matrices (S “IM;S, ..., S‘lMdS ) are diagonal matrices. We have
the following.

Theorem 8 ([12]). Let P be an ideal projector. Then, P is a Lagrange projector if and only if the
sequence of matrices Mp = (M, ..., My) associated with P by (4) is simultaneously diagonalizable.
The ideal projector P is Hermite if and only if the sequence of matrices (My, ..., My) associated

with P by (4) is a limit of a sequence (Min), cee M‘(in)) of simultaneously diagonalizable matrices.

Commuting matrices that are limits of simultaneously diagonalizable matrices have
received a fair amount of attention (cf. [13,19,20]). The following result was proved in [5]:

Theorem 9. Let P be an ideal projector onto the N-dimensional subspace V and let
P=PVeP?Pe. . ¢Pm

be the primary decomposition of P. Then,

(i)  Mp has a unique (up to order of blocks) block diagonalization Mp = diag(MU)) consisting
of m blocks and m is the maximal number of blocks in any block-diagonalization of Mp.
(ii)  Each block M) defines a distinct primary ideal.

ker PV) = {p € C[x] : p(MY)) = 0}

Under the assumptions of the above, we can set MU) = (M%J ) s Mt(ij )) (where all
MY), e, Mé]) have the same size) and Mp = (Mj, ..., M) where

MY 0 0
o M? 0
M; = J Sorj=1,..,d. (21)
0 0 M](’”>

Observe that Mp = (Mjy, ..., M;) defines a sequence of commuting matrices.
It is clear that if each sequence M) = (M;J ), ey M;] )) is a limit of simultaneously
Tpreer M‘(i] L), then Mp is a limit of simultaneously diagonaliz-
able matrices. Our main Theorem 6 asserts that the converse is also true. That is, if Mp is
a limit of simultaneously diagonalizable matrices, then the sequences of maximal blocks
M) are also limits of simultaneously diagonalizable sequences. This leads to an interest-

diagonalizable matrices (M(j )
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ing question about the extension of this result to an arbitrary commuting block-diagonal
sequence of matrices.

Problem 2. Let M =(Mj, ..., My) be a sequence of commuting matrices such that each M; is

block diagonal, i.e., of the form of (21). Let M) = (ng), R Ml(ij)) be of the same size and commute.
Suppose that M is a limit of simultaneously diagonalizable matrices. Does it imply that each
sequence M) is a limit of simultaneously diagonalizable matrices?

Remark 1. In the language of algebraic geometry, the ideals that serve as kernels of Hermite
projectors are called "smoothable” (cf. [14]). Hence, the main result of this paper formulated in this
language says that an ideal ] is smoothable if and only if every ideal in the primary decomposition of
] is smoothable.
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