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Abstract: The main goal of this work is to provide quantum parametrized Hermite-Hadamard
like type integral inequalities for functions whose second quantum derivatives in absolute values
follow different type of convexities. A new quantum integral identity is derived for twice quantum
differentiable functions, which is used as a key element in our demonstrations along with several
basic inequalities such as: power mean inequality, and Holder’s inequality. The symmetry of the
Hermite-Hadamard type inequalities is stressed by the different types of convexities. Several special
cases of the parameter are chosen to illustrate the investigated results. Four examples are presented.
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1. Introduction

The concept of convexity plays a significant role in the theory of inequalities. Inequal-
ities have increasing importance in modern mathematical analysis, and in many other
mathematical disciplines. Moreover, it seems to have “a pivotal role in several pure and
applied sciences” [1]. Integral inequalities, on the other hand, “plays a vital role in the
theory of differential equations” [2]. The very famous Hermite-Hadamard inequality is a
part of integral inequalities and have been intensively studied by numerous scholars in the
last decades. Different approaches have been followed in order to obtain new improve-
ments, generalizations and refinements of this inequality [3-9] and of classical inequalities
like Ostrowski, Simpson, Gruss, Chebysev, Mercer, Jensen, Hardy, Opial, Bullen, Newton,
Bernoulli, Popoviciu and so on. Hermite-Hadamard’s inequality(H-H inequality) and its
different variants have been established for newly studied concepts as Riemann-Liouville
fractional integrals [10], (k, s)-fractional integrals, fuzzy environment, quantum calculus,
(p, q)-calculus and for different types of convexities. For example, a new type of convex-
ity is the n-polynomial convexity investigated by Toplu in [11] where new refinements
of Hermite-Hadamard were given. A possible reason for the great interest given to the
study of the famous Hermite-Hadamard inequality may be the symmetry from within.
The utilisation of the properties of modulus in the proof of all Hermite-Hadamard type
inequalities involves a symmetry between the two expression obtained, the left member
and the right member.

From a historical point of view, one can say that quantum calculus, as a branch of
mathematics, was founded by Euler which used “the parameter g in Newton’s work on
infinite series” [12]. However, Jackson [13], started to develop the theory of quantum
calculus when defined the notions of “general g-integral and g-difference operator” [12].
The g-fractional derivative was introduced firstly by Agarwal [14] and Al-Salam [10] defined
the quantum analogue of the g-fractional integral and “g-Riemann-Liouville fractional
integral” [12]. “The g-calculus concepts on finite intervals” [15,16] were utilized to obtain
g-analogues of classical mathematical objects. “New quantum analogues of the Ostrowski
inequalities” [17] have been described by Noor et al. and some estimated “bounds for the
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left-hand-side(LHS) of quantum H-H inequalities” [18] were presented for convex and
quasi-convex functions. For preinvex functions new g-analogues of the classical Simpson’s
inequality have been given [19]. The notion of right g-derivative, ”th ” and integral were
introduced by Bermudo et al. [20]. The g-H-H inequality was also proven using the Green
function [21,22], by Khan et al., and for recent research, see for example, [23-28]. Recently,
new quantum Simpson’s, quantum Newton’s [29-32] and quantum Ostrowski’s type
inequalities [33] were developed for convex and coordinated convex functions. This theory
knows a rapid development over the past few decades and have numerous applications in
many areas of science such as quantum mechanics, approximation theory, statistics, and
also in information theory, optimization, geometry function theory(GTF), as well as in
cosmology and particle physics [34,35]. Quantum calculus was extended to (p, q)-calculus
and recently to generalized quantum calculus [36].

Motivated by [37], our goal in this study is to present new parametrized g-Hermite-
Hadamard like type inequalities for twice g-differentiable mappings by utilising an auxiliary
g-integral identity. This identity is similar with the corresponding lemma from [37], con-
cerning the g-left and right derivatives of order two. These inequalities are similar to those
obtained in another study [37].

We need to recall the Lemma 2 from [37] which is the main tool in demonstrations
from [37] and important in our study.

Lemma 1. Alp et all [37] consider ¥ : [a,b] — R be a g-differentiable function. If ;D;¥ and
th‘P are continuous and q-integrable over [a, b], then the following new equality holds:

_ 1
M/O gt Dg¥ (1 — At)b + Ata) — sDg¥ (1 — At)a + Atb)]d,t
1 Ab+(1-A)a b
- . Y () adgt Y (t) bd,t
2A(b —a) (/u (Fadgt + Aa+(1-A)b 074 )

YA+ (1-MN)a)+¥(Aa+ (1-A)b)
> .

The case when the g-left and right derivatives of order three of the functions satisfies
similar conditions was studied in [38] for convex functions. In all these inequalities we can
see that in the expression from left member, the two integrals which appear are defined
on different intervals, different from the corresponding intervals from inequalities [39]
and [40] because of the parameter A.

This approach could give interesting indications about how the variation of a quantity
of the analyzed size varies(such as: utility, welfare economics, taxes, health or income
inequalities) [41—43]. For the parameter, we choose A = 1 and A = % in our examples,
which validating the theoretical results.

The paper has been structured in four sections. In Section 2, it will be briefly resume
the basic notions and definitions of g-calculus. The classical H-H integral inequality is
presented. Section 3 is dedicated to formulations and demonstrations of the main results:
Lemma 2, Theorem 4, Theorems 5-9. These theorems present new g-midpoints, trapezoidal
and g-H-H-like type integral inequalities for mappings whose the second g-left and g-right
derivatives in absolute value satisfies different type of convexities (i.e., convex, strongly
convex, n-polynomial convex and strongly quasi-convex functions respectively). Many
consequences have been established for some special choices of the parameter and the
corresponding examples were discussed in detail. For the parameter we choose the values
A=land A = % in inequality from Theorem 5. We used for figures and several calculus
the Matlab R2023a software. Section 4 is dedicated to discussion and conclusions.
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2. Outcomes

Here, we recall some different types of convexities which will be used below in this
paper. The classical convexity, say that a function ¥ : I C R — R is convex if

Y(tx; + (1 —t)xp) < ¥ (x1) + (1 —1)¥(x2),
forall (x1, xo) € I>and t € [0,1].

Definition 1. Khan et all [44] said that a function ¥ : I C R — R is called strongly convex with
modulus ¢ > 0 if

Y(tm4 (1 —-71)M) < t¥(m) + (1 - 1)¥ (M) — ct(1 —7)(m — M)?,
holds for all (m, M) € 1> and T € [0,1].

Definition 2. Chu et all [45] consider n € N and a nonnegative function ¥ : I C R — R. This
function is said then to be an n-polynomial convex function if for every (x,y) € I> and t € [0,1],

we have
n 1 n s
Yt (1—-1t)y (1—1¢)° =Y [1-#]
(tx + ( ; n;

:\»—\

Definition 3. Kalsoom et all [46] and Ion [47] said that a function ¥ : I — R with the modulus ¢
is strongly quasi-convex function, if

¥(tx1 4 (1 —1)x2) < max{¥(x1), ¥(x2)} — 7(1 — T)c(x1 — x2)?
forall (x1,x2) € I?, x; < xpand T € [0,1].

The well-known Hermite-Hadamard’s inequality can be stated as “if ¥ : [a,b] — Ris
a convex function, then the following inequality holds:

T(“Zb) < [eoar < YOTXO, M

and when Y is a concave function, then previous inequality holds but in the opposite
direction” [48]. This inequality is known also as trapezium inequality.

Let suppose that [a, b] is a real interval with a < b. In this paper, it will be assumed
that 0 < g < 1. It is well-known that the g-number is defined for any number 7, [n]; =
% =1+4+g+..+q"2+9"!, neN

Further, several basic definitions, remarks and lemmas of the g-calculus will be pre-
sented because they will be used throughout this paper.

Definition 4. Bermudo et all [20], and Alp et all [37] presents the right or qP-derivative of
Y : [a,b] — Rat x € [a,b] which is expressed as:

"D, ¥ (x) = T(”’xg (_1[]_)&)17_);)%;)’ x #b.

Definition 5. Tariboon et all [16], and Alp et all [37] present the left or q,-derivative of ¥ :
[a,b] — Rat x € [a,b] which is expressed as:

_ ¥(x) - ¥(gr+ (1 q)a)
e e B
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It would be appropriate to remind the classical definition of g-integral given in the
treatise of Gasper and Rahman, [49], relation (1.11.3), page 23

[ ¥ Od0) = (1 ae ¥, 0 << 1)

Definition 6. Bermudo et all [20], and Alp et all [37] present the right or qb-integral of ¥ :
[a,b] — Rat x € [a,b] which is defined as:

[0t = (=)0 x) T+ (g = (o) [ ¥+ (1 g

n=0

see also [49].

Definition 7. Alp et all [50], and Rajkovic et all [37] state the left or q,-integral of ¥ : [a,b] — R
at x € [a,b] which is defined as:

/“wu%%t:(1— (x— a) f:”qu+—1—q)):ﬂb—aXA%Hw+%1—0@%t

Definition 8. Alp et all [37] present the following equality for q,- integrals

b b— a+1
/‘Z (t_a)agdqt — A,

[+ 1]4
fora € R —{—-1}.
For the fundamental properties of these g-derivatives and g-integrals, see for exam-
ple, [16,51,52]. Recently, new refinements and generalizations of g-Hermite-Hadamard
integral inequalities for g-differentiable functions were given in [37].

From now, we suppose that 0 < A < 1.
By using Lemma 2 from [37] we will state again the following three theorems.

Theorem 1. Alp et all [37] show that if the conditions of Lemma 2 [37] hold and the |,D¥| and
"D,¥| are convex on [a, b], then the following inequality holds:

1 Ab+(1-A)a b
S Y () adgt Y (t)0d,t
|2A(b—a) (/u (B)adgt + Aa+(1-A)b (£)°dq )

YA+ (1 -Ma) +¥(Aa+ (1-A)b) |
2
Aq(b —a)
< m[(mq - /\[Z}q)HquT(b)\ + [aDg¥ (a)]]
+ A2glI"Dy¥ ()| + [ Dg¥ (b) )]

Theorem 2. Alp et all [37] prove that if the conditions of Lemma 2 [37] hold and if the |;D; ¥ |°
and | D,Y|°, s > 1are convex, then the following inequality holds:

1 Ab+(1-A)a b )
|2A(b —a) (/H F(t)adgt + ./Aa+(1—A)b\P(t) dqt>
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YA+ (1 -MNa) +¥(Aa+ (1-A)b) |
2

- Aq(bzﬂ)([Hll])'[([2]["2]ququT(b)ls+[ZA]qI"Dq‘Y(a)IS)S
Rla=d bogmps A )’
+ ( [Z]q |aDﬂ‘II( )| + [2]q|qu‘Y(b)| ) ]'

wheres 1 +r~1 =1.

Theorem 3. Alp et all [37] demonstrate that if the conditions of Lemma 2 [37] hold and if the
1aDg0|° and |"D40|°, s > 1 are convex, then the following inequality holds:

1 Ab+(1—A)a b )
|2/\(b —a) (/11 F(t)adyt + //\a+(1—/\)b ¥ dqt>

Y@+ (- Na) +¥ (et (1-A)b),
2

o Ao —a) (3l = ARl PDYO)E + AR PDE @]
= o, 3l

(13]; = AL2Jg) lsDg¥ (@) + A2l Dy¥ (0) |
+ 3l )

3. Results

A new quantum identity with parameter is given below as an important instrument
in the demonstrations of the results of this section. Some new estimates of parametrized
g-Hermite-Hadamard-type integral inequalities for twice g-differentiable functions are
given below having as a starting point the results formulated in [37]. Moreover, sev-
eral new consequences, applications and examples are presented in order to check the
established results.

If ¥ : [a,b] — Ris a continuous function then the second g-derivative of ¥ at t € [a, b]
is given as:

'D2¥(t) = 'D, (qu‘I’(t))

Y (gt + (1 —¢*)b) — [2],¥ (qt + (1 — q)b) + q¥(¢)
(1—q)2q(b—1t)? '

Similarly, we have
DY () = 4Dy (aDg¥ (1))

Y (gt + (1—¢*)a) — [2],¥ (qt + (1 — q)a) + q¥(¢)
(1—-q)%q(t—a)? '

We define

(b—a)

1
3,21b 2 2
T /0 PLREDZE((1— At)b + Ata) + DZ¥((1— At)a+Ath)]dgt,  (2)

5S(A) =

The main purpose of this paper is to give inequalities for §S,(A).



Symmetry 2023, 15,1514 6 of 20

Lemma?2. Let0 < A <1,and ¥ : [a,b] — R be a twice g-differentiable function. If, in addition,
a[})ﬁ‘f’ clmd b D;‘I’ are continuous and q-integrable functions over [a, b] then the following equality
takes place:

1 b Ab+(1-A)a
bSq(A) = ¥ (t)bd,t ¥ (t)adgt
I ! I (G | (F)ad]

1—g-— qz
(1—g)(1+q)A2 [F(Aa+ (1= A)b) +F(Ab+ (1 —A)a)]

(1- q)g Fq)A2 [¥(Aga+ (1—gA)b) + ¥ (Agb + (1 —gA)a)).

In addition, we can obtain also,

(1-Aq)a
i) = )\3(;—‘1)[/Al:7a+(1Aq)bT<t)bdqt+/aAqb+ o F(E)addg!]
AT (1= A + ¥ (bt (1 Ag)a)
3
+ (1_q)?l+q)A2[‘P(Au+(1—)\)b)—ir‘I’()\b—ir(l—)\)a)].

Proof. Denoting by I the expression f01 £2b Dg‘l’((l — At)b + Ata)d,t and by I the expres-

sion [ 2,D2¥ (a(1— At) + Ath)dgt, we get 5Sy(A) = U3 (1 + 1),

From Definition 4, of the right g-derivative of ¥, we successively have

1
L = /0 12 PD2Y (b(1 — At) + Ata)d,t

1 1
= | oo e
— [2]¥Y(Atga+b(1 — Atq) + q¥(Ata+ (1 — At)b)]d,t

1 - n n
= 1 —ayazg L 1Y e+ (1= A0")

Atg?a 4 b(1 — Atg?))

(1—9q
" io PY(A e+ b= A7) 4 io ¥ (Aq"a + b(1 — Aq"))
~ T L b0 )
 Y(Aa+ (A -M)b) +q¥((1 - Aq)b + Aga)
qZ
B [Z]qZﬁ:O g"Y(Ag"a+ (1 —Ag™)b) — ¥ (b(1 — ) + Aa)
q
+ 9 ioq’"cb(/\qma +b(1—Ag™))}.

By Definition 6, of the right g-integral of ¥ and calculus, it will be obtained,

144 /b b 1—q—¢
L = 2—3a3 ¥ (t) Vd,t — F(b(1—A)+A
' (b—a)3A3q3 Jrar(1-1)p () "y 1—q)(b — a)23A2 (b(1=A) + Aa)

1
(ENICEn e

1—Aq) + Aga).

Similarly, by using Definition 5, of the left g-derivative of ¥, we successively get
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1
L = /OtzaDg‘I’(a(l—)\t)—H\tb)dqt

! 1
=, g YA +a(l—g*Ar)
_ [Z]q"}’(q/\tb +a(1—gAt) + ¥ (Ath +a(1 — /\t))}dqt
1

= (1—q)(b—a)2A2g [nioqn‘lf()\qn+2b F(1- /\q”+2)a)

— 20 Y 4 Ao+ (1= Ag")a)
n=0

" qioq"‘fw%H(l—Aq”))]
_ 1 [Ei?zo q"¥(g"Ab +a(1—g"A))
(1—9)(b—a)*A%q 7
Y(Ab+ (1 —A)a) +q¥(Agb+a(1 — Ag))
72
qz;fzo g"¥(Ag"b 4+ (1 — Ag™)a) — ¥ (Ab+ (1 — A)a)
q

+ g Y ¢"¥(Ag"b+ (1—Ag™)a)].
m=0

- [

By Definition 7, of the left g-integral of ¥ and calculus, we have

B 1+gq Ab+(1-A)a B 1—q— qZ B
R / W(0adyt — s s YD+ (1= Na)

(b— a)z(ll _ q)/\zqz‘f(q)‘b +a(l—qA)).

Then multiplying the result of the sum I; + I by (b;i); qs, it follows:
(b _ 61)2 3 1 /b b /?\b—i-(l—)\)a
——q (1 +1 = =0 Y(t)7d,t Y(t)qdgt
1+qQ(1+ 2) )\3(b—a)[Au+(lf/\)b (t) q‘f'a (t)adqt]
1-q—¢
- m[‘l’(/\aw%)(l—A))+‘I’(Ab+a(1—x\))]
- ﬁ[?(/\qa—i-b(l—/\q))+‘I’(Aqb+a(1—)\q))],

and we obtain the first desired equality.
For the second expression of 55, (1), we have,

1 o0
L = (Y g"F(Ag" a4+ b(1 — Ag""?))
EnEnpe s
- P2l YA a+b(1 - Ag"T) 49 Y " F(Ag"a + b(1— Ag"))]
n=0 n=0
1

1 [ee]
ECEDICENRE [5 Zoan‘P(AQHZKZ +b(1— Ag"+?))
n=

—[2l; ¥ q"¥ (A" a+ b(1 - Ag"Th)
n=0
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oo}

+g¥ (1= A)b+ Aa) + q2 2 q"‘l‘I’(Aq"a +b(1-Ag"))]
n=1
_ 1+4gq /‘b ¥ (0)dyt Y(b(1—Aq) +Aqa)  Y((1—A)b+ Aa)
(b—a)>A3q Jrgat(1-Aq)b T —q)(b—a)2A22 " (1—q)(b—a)?A?’

Similar we will obtain below the expression of I,

L 1+ta /W+<1—M>ﬂ adat — Y(a(l1—Aq) +Agb) ¥ ((1—A)a+Ab)
EERCENRATNG T A —a22? T (- g)(b— A
Then multiplying the result of the sum I; + I, by (in)qz 7 , we get the second expression

of US,(A), which completes the proof. [J

Remark 1. First expression of f;Sq (A) has the coefficient 1 — q — g2 which can take positive and
also negative values, but the two integrals are defined on intervals which don’t contain q. Also the
second expression of ZSq (M) is easier, but the integrals are defined on intervals more complicated
which contain q.

In addition, expression of §Sq(A) from Lemma 2, but especially in the second expression is
preserving a symmetry of coefficients and terms.

Theorem 4. It will be assumed that the hypothesis of Lemma 2 are true. If | ,ID,?‘I’| and | D%‘I’| are
convex functions on [a, b] then we have:

o 2.3
b5, ()] < “’“q”[([zﬂq —ABl) (D2 (b)]

+aDF¥(a)]) + A3lq(1aDF¥ (b)] + ["DI¥ (a)])). ®)
Proof. It will be used Lemma 2, obtaining;:

(b—a)q
bs,(M)] - < T,

1
+ /Otz\uugqf(a—At)a+ub)|dqt}.

1
{/0 PIPD2¥ (1 — AE)b + Ata)|dyt

Then taking into account the convexity of |gD§‘Y| and |bD§"P|, we find that

3(b—a)3
sl < T [ A= ADP DR )+ A DR o)y

+ /01 P[(1 = A8)[D2¥ (a)| + At DX¥(b)[|dyt}
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3(h— a)2
S o (A I Ol RO

D@+ D)) [ Ardy)

301, \2
W{([g}q - [4/\};,)[|bD§T(b)| +[aD2¥(a)]]

+ ’D3Y (a)| + [« DF¥ (b)]]}.

I
[4]q
So by calculus it will be obtained the inequality from previous theorem. [J
Remark 2. Now considering A = 1 in Theorem 4 the following trapezoid type inequality takes place:
b5,(1 ) bd dot) - L0 w0y (b
5y 01 = I L 00 bt [0 ot~ LI () +¥00)
L YO =)+ ) + ¥ (a0 + (1= )]

Pb—a) 352 2 b2 2
< ﬁ{q [["Dg¥ (b)| + [aDg¥ (a)|] + [3]4[|"Dg¥ (a)| + |« DZ¥ (0)|]}-

Remark 3. Now taking A = % in Theorem 4 the following trapezoid type inequality holds:

b 1 a+b
Sq(3) 1 b b —q—q*,,a+b
PR = g YO Mgt [0 gt~ T ()

T _yma- g) - ga) +‘Y(gb +(1- %)“)”

7 (b—a)? B
< Tol, B, Lk

+ BllI"DI¥ (a)] + . DF¥ (B)[]}.

[3l) [I’DF¥ (b)| + 2 D7¥ (a) ]

Remark 4. Now we put A = ﬁ in Theorem 4 and we have:

b b+qa

Ibia[/l[;;b 90 Yyt [ 00 ] - [Zl]q(w(ql[)szwq&[lzib))'
3 2
- gb a) {([21,[4]4 — Blg)[["D2¥ (b)] + . D2¥ (a) ]
[2]3(3]4[4]4

+ BllI"DF¥ (a)] + [.DF¥ ()]}

Theorem 5. We suppose that the hypothesiss of Lemma 2 takes place. If \aDg‘I’\” and | D,?‘I’|‘7 are
strongly convex functions on [a, b] for modulus ¢ with o > 1, then next inequality is true:

[2Sa(A)] <
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—a)?g3 - - 1
. E;ﬂmli{ﬂq&qﬁfbwD?F“)”+[ﬁqWD?Y“””‘C“‘””%Jﬂ@q&?h“
q
[4lg —ABlg, 2 o, A 2 o )2 Blg _7)‘[4]‘7%
t D, WO+ g b OF =<0 =" 2 77

Proof. It will be used the modulus properties, the strong convexity of |,D7¥|” and |bD§‘I’|‘7
and the power mean inequality, obtaining:

5S(M)] <

(b

IN

VIS 1
[2}q) {/0 PEPDIY((1 = At)b + Ata)|dyt +/0 (DY ((1— At)a + Atb)|dgt}

q%EL®2<Ala%01‘ﬂ(@ﬂﬂﬁﬁw«l—Aﬂb+Amﬂﬂw§;

8

I (/Ol t2|aD§‘{f((1 — At)a+ )\tb)|gdqt> 1,

and

b P—a?( 1\"F
s < S ()

|—

1 1 1 I
><[</0 t2(1—At)|bD§'f(b)|f’dqt+/0 At3|bD§‘I’(a)|‘7dqt—C/\(b—a)z/o t3(1—/\t)dqt)

1 1 1 i
+</ t2(1—At)|uD§T(a)|0dqt+/ At3|uD§‘I’(b)|‘7dqt—C/\(b—a)z/ t3(1—/\t)dqt> ]
0 0 0

_pPb—a 1[4 —ABly o o A2 o 2y Plg = Aldlg 1
B T o e P o P O P
[4]; —ABlg, o e M2 ¢ oy 2y la — A4y ¥
+| [3}q[4]q |ﬂDqlP(a)‘ +[4]q‘tquT(b)| c(b—a)"A [4]'4[5]11 7},

and the proof is completed. [

Theorem 6. Under conditions of Lemma 2, if \aDg‘I’V and |° D,?‘YV are strongly convex functions
on [a, b] with modulus ¢, when 1 + 1 = 1and r > 1 then the following inequality takes place:
3 b—ua 2
isy(0) < =0
[2]4[2s +1];

Sk

2], -

24
[2]11 —A 2 ro v
[2}17 |ﬂDqT(’1)| + [2],7

Proof. By applying now, the properties of modulus, and the Holder’s inequality, it will
be obtained,

A "D2¥ (b)|" + [gqbngwa)v (b —apBlim Ay

A

Al

+] o DZ¥ (D) —Ac(b—a)zL

[aSa(A)] <
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< (19—[20]1)2,13{/1 £2PDX¥ ((1 — At)b + Ata)|dgt + /01 [aDF¥ (1 — At)a + Atb)|dgt}
q
< W(/O 125, t ) (/ "D ((1 )Lt)b+/\ta)|rdqt> ,

1
+ (/ | D2¥( 1—/\t)a+)\tb)\’dqt) %,
0

and by using the strongly convexity of the functions \ﬂDg‘I’V and | D%‘I’V on [a,b] with
modulus ¢, we get,

Ph—a)? 1

[2S5(A)] < 1
! s pstap;

X

1
r

x{(/ol((l — AR PD2¥ (D)[" + AtPD2¥ (a)|")dgt — Ac(b — a)? /01 K1~ )\t)dqt>

1
1 T

+ (/01((1 — At)[sDF¥ (a)|" + At[,DF¥ (b)[")dgt — Ac(b — a)2/0 tH(1 — /\t)dqt) }
_ g —a)

2gf2s + 11
Mq_A ;l, 2 " _ ¢ _aqu—AMq}
+[ [2}11 [2]q‘ﬂDq‘F(b)‘ A (b ) ] }
Thus, the proof is finished. [

—A A
"D7¥ (b)|" +

EV’Dg‘F(uW — Ac(b —a)?

|aD7¥ (a)|" +

Remark 5. If we put A =1 in Theorem 5, then the following trapezoid type inequality holds:

ﬂqpﬁié
q3(b —a)? 43 b2 o, L b2 o Y q4 1
g YOI + DR -
bl DR @)+ DB c(b—a)? T ),
3, D r 5%

204}, - 13 . Bly — 4l 2
A PR @)+ PO @ = e(b = a) = =
2 DY @)+ LR ) — el — a2 ),

Remark 7. If it is assigned in Theorem 6, A = 1, then we have next trapezoid type inequality:

X

s, (1)) < L=
[2]q[25+1]

Qo



Symmetry 2023, 15,1514 12 of 20

; ; 9> 1
<{[qI"DF¥(b)[" + |"DF¥ (a)|" = c(b — a)? mq]’
HalaDRF @) + LDFE )] — (b~ a)? [;’,]:11}.

Remark 8. If we take A = % in Theorem 6, then the following midpoint type inequality it
is obtained:

by(5)1 < M{[(z[z]q—1)|bD§T(b)\r+|bD§‘i’(a)|r—c(b_a)2M}

27 215" 25+ 1
23], — |12

+[(2[2]; = 1)[D2¥ (a)|" + . DZ¥ (b)|" — (b — a)zw]

Theorem 7. We assume that the conditions of Lemma 2 are true. If |QD§‘P\‘7 and \ng‘I’F are
n-polynomial convex functions on [a, b, and o > 1, then we have:

[055(A)] € —————x
2],[8]; "nv
v n 1 AS - n 1 n k Asfk 1
AR L - ) PO K - 5 () e
2w (L A e 3y () AT
RO L, ~ ) RO R = 8 () e
where, (I;) = %

Proof. We can write as in the proof of Theorem 5 by using the power mean inequality and
then the n-polynomial convexity of |HD§‘I’\‘7 and |? D%‘I’\”, that

3(p— )2 1-3 &
sl < S () I erpira - o))

4 (/01 £|,D2¥((1 — Atya + Atb)"dqt> %] < W ({;}q)l «

SiI=

><{[/Ol £ (I”Dﬁ‘I’(b)"i f(l — (AD)%) + |bD§‘I’(a)|‘7% i(l —(1- /\t)S))dqt]é

+[/01 £ <|HD§‘I’(£1)\‘7111 f(l — (AD)®) + |,1D§‘I’(b)|‘7% f(l —(1- At)5)>d,,t]$}.

s=1 s=1

Then following the calculus, we find that

|Z5q()\)| 3( = 1{ |bD2lP Z/ /\sts+2 qt
214[3]4 °

|bD2‘I" Z / 2(1 - Aty )dqt]%

HDZTIZU” 1 uD‘fblTn 1 ;
+[7‘ ”n( ) Z/O (t2—AStS+2)dqt+7| qn( | Z/O(tz—tz(l—;\ty)dqt]a}.

s=1 s=1



Symmetry 2023, 15, 1514

13 of 20

If we denote A = Y, fo — AtT2)dtand B = Y 4 fol(t‘2 — 12(1 — At)S)dgt, we
get by calculus

n 1 )\S
A P
S; 3}q [s + 3],

and

n n sl AS—k n "ok AS—k
; Zk(s—k)![s—k—|—3]q)zz([3]_Z<s>[s—k+3]q)’

k=0
which leads to desired inequality. O

Theorem 8. We assume that the conditions of Lemma 2 are true and let s, r € R, r > 1 with
T4l=1F |,1D§‘I’|5 and |b D%‘I’F are n-polynomial convex functions on [a, b], then we have:

s, ()] < =7

2]4[2s +1];n7
n Ak . n k k Ak*l 1
(WPoR¥ O L0 - o)+ oi@r 20 - 1 (5 )
. n )\k . n k k Ak—z 1
DRI 100~ ) + D3O L0~ 1 () i)

Proof. As in the proof of Theorem 6, by using Holder’s inequality and then the n-polynomial
convexity of | ,ID‘?‘YP and |¥ D%‘Y|5, we have,

5S,(A)] <

|aq

IN

(b_a)zqs{/1 21’ D2¥ ((1 — AH)b + Ata)|d t+/l t21,D>¥ ((1 — At)a + Atb)|d,t}
[Z]q 0 q q 0 alt’yq q

< W (/ol tzsdqt) f </01 "DIF((1 = Ab + Ata) 'rd"t) |

1o B , ; Pb-a)? 1
+(/0 WD2¥((1 /\t)a+/\tb)dqt> b T il
(/ f )" DY (b )r+Tllki:(l—(1—At)k)|bD§‘I’(a)|’)dqt)r
=1
(/ 3 L= 00D f+,ik"21<1(1At)’f)hDélP(b)V)dqt)’},
) s < Te-" 1

1

e sty

n 1 n 1 %
x{<hpgw(b)|fk;/o (1—Aktk)dqt+|bD§‘i’(u)|’};/o (1—(1—At)k)dqt>

r

n 1 n 1
+<|aD§‘f<a>| L [, 0= Aa Loir o)y | <1<1At>k>dqt) )
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By calculus, evaluating the last four integrals involved in previous inequality, we find
the desired inequality. [J

Theorem 9. We suppose that all of the conditions of Lemma 2 are satisfied. If \aDg‘I’V and \bD,?‘PV

are strongly quasi-convex convex functions on [a, b] for modulus c, wherer > 1, with 1 + 1 =1
then we have:

Pb-a?
[2]g[25 + 1]

[2S5(A)] <

Saim

2 18lg — A[2]

2]4[3]4

3] — A2lq
[2]4[3]4

Proof. We use the modulus properties, Holder’s inequality and the definition of quasi-
convex functions with modulus ¢ for |,1D§‘I’|r and \bD‘?‘I’|’, having

1
v

]

x{[max{|"DX¥ (b)[", |"D2¥(a)|" — cA(b — a)

+[max{[sD2¥(a)[", |sDZ¥ (b)|" — cA(b — a)>

7 (b—a)?

5S4(A)] < 5
[2]q[25+1],;

1 1
< {[/O (max{|"DF¥(b)[",|"DI¥ (a)"} — cAt(1 = At)(b — a)*)dyt]
+[/01<max{|aD§\P(a)|f, aD2¥ (B)|"} — cAH(1 = AF)(b — a)2)dgt]7},

or

Pb—a?
[2]4[2s + 1);

[2Sa(A)] <

Sam

x{[max{|"D2¥(b)[", |"D2¥ (a)|" — cA(b—a)z/o'l(t —AR)dy ]

+[max{[,D7¥ (a)[", [aDF¥ (b)|" — cA(b — a)? /Ol(t — At2)dqt]%}.

[8lg—A[2]g
2]4(3]4

An easy calculus shows that previous integral, fol (t— A2)dgt = , and the

proof is completed. [J

Example 1. Let consider the function ¥ : [0,1] — R defined by ¥ (x) = x* with A = 1, which
satisfies the conditions of Theorem 4. By calculus, under these hypothesiss, we get for the left hand
side of the inequality (3), the expression,

1 b b 1—g—g?
Sp(0) = =21 [ ¥ dgt+ [ ¥ (Oadgt] - L1 @) + ¥ (0)]
b—a a a 1-— q
2 (Y (61— ) )+ igb+a(1 - )|,
where we put a = 0 and b = 1, obtaining,

a2
syl =1 [0 g+ [ ¥t - T 1w0) + 1)

¥ (1 - q)+¥(q)]]

1—q
1 i " " 1—g— 2+ 5+ 1— 4
— (g gy T a0
Hq 0 q
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By calculus we obtain,

L2 46 4
05l = M+ g =5 5, @, e

7> (b—a)? b2 2 b2 2
i (0l = 1) ("D + 1D (a) | + 8y D3¥ (o) + LD (6)])
3
= e, {4~ B I DY)+ DY O]+ Bl['DF¥ (0) + bDF¥ ()}
3
= Ty (OB~ Blo) + Bly(6° + 24" = 4 = 56 43+ (31, [41,)),

where we put a = 0and b = 1.
On the other hand, by calculus, we have ng‘I’(x) = [4]4[3]¢x?, thus ODg‘I’(O) = 0and
oDF¥ (1) = [4]4[3]4. Using that,

(Px+1—g*)* — [2]4(qx + 1 — g)* + gx*
q(1—q)%(1 —x)?

we find 'DF¥(0) = ¢° +2q* — ¢° — 5¢* + 3 and 'DF¥(1) = 6(q + 1). The graphic of the
function 1D§‘T’(x) considered as function of two variables x and q, is given in Figure 1b. We see
that the function is positive as ODL%‘I’(x).

One can see the validity of the inequality (3) in Figure 1a, where the green line in graph
represents the expression of the left member of the inequality (3) and the expression of the right
member represents the magenta line in graph.

We used here the Matlab R2023a software for obtaining Figure 1 and also partial in calculus of
last two derivatives.

'DIY(x) =

7 1 ™ " 08
- - S~ 4
0 — — - - - U\( N 0.2
0 02 04 0s 08 " b
a) ( )

Figure 1. (a) An example for the inequality (3) from Theorem 4 for the function ¥(x) = x* and
a=0, b =1, when A = 1; (b) Graphic for the functions lD;‘I’(x), considered as function of two
variables x and ¢, from Example 1 when ¥(x) = x*,a =0, b =1,and A = 1.

Example 2. For the same function ¥ : [0,1] — R defined by ¥ (x) = x*, but with A = }, which
satisfies the conditions of Theorem 4, we obtain for the left hand side of the inequality (3), by similar
calculus, the expression,

|15(1)|_8[/1‘I'(t)1dt+/%‘1’(t)dt]—81_q_q21_ 4q [(1_q)4+<q)4]
009\ 5)1 = ! q 0 0dq -7 2 17 1 q

1 1-g—¢* 4 q q\4
25, 21-¢2) g ) (7) -
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The right hand side of the inequality (3) becomes for A = 1,

3
[z]q[gw{([‘ﬂq - %)[PD%‘P(W +[oD7¥(0)[] + %[PD%‘I’(OH + oDZ¥(1)[]}
= 62l ()~ ) + g 4 2g 5 434 3]y}
[214[3]4(4)4 2 2

Like in Example 1, the red line in Figure 2 represents the left hand side of the inequality (3)
from Theorem 4, and the blue line represents the right hand side of (3) and the inequality is checked.

Figure 2. An example for the inequality (3) from Theorem 4 for the function ¥(x) = x* and
a=0,b=1,when A = %

Example 3. Let consider the function ¥ : [0,1] — R defined by 6(x) = x® with A = 1, which
satisfies the conditions of Theorem 4. By calculus, under these hypothesis, we get for the left hand
side of the inequality (3), the expression,

42
5590) = [y [ 0t [ wadyt) T pea) 1w )

_ 1_q2

2 (Y1) )+ Flgb+a(1-q)]|,

where we put a = 0 and b = 1, obtaining,

a2
35001 =1 [ ¥ e+ [ ¥y~ T 10) 4 ¥

LY -0+ ¥ @)

TR P ¢ QP U A ek q(1—q) .

=g, ] e

By calculus we obtain,

| 4.2 6 15 20 15 6 1-g—¢*+q(1-9)°+q
oSyl =11+ Zr = 5L T B, " @, T Bl Bl e :

For the right hand side of the inequality (3), we have

7 (b—a)?

m{(q3[|bD§‘F(b>\ +1aD2¥(a)|] + (31, [PD2¥ (a)| + [ D2¥ (b)[]}
3
= m{ﬂ\%gwl)\ + |0DF¥(0)[] + [3]4[I'DZ¥ (0)| + [o D7 ¥ (1)[]}

where we puta = 0and b = 1.
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On the other hand, by calculus, we have ODDZI‘Y(x) = [6]4[5)qx*, thus ODDZI‘I’(O) = 0and
oDF¥ (1) = [6]4[5]4. Using that,

(Px+1—¢%)° — [2]4(qx +1—9)° + qx°
q(1—q)2(1—x)?

we find 1D;Q(O) =g’ +24% — 3¢" — 84° + 2¢° + 114* + 5¢° — 104> — 59 + 5 and 1D%‘I’(l) =
15q + 15. The graphic of the function 1D%‘I’(x), considered as function of two variables x and q, is
given in Figure 3b.

One can see the validity of the inequality (3) in Figure 3a, where the green line in graph
represents the expression of the left member of the inequality (3) and the expression of the right
member represents the magenta line in graph.

We used here the Matlab R2023a for obtaining Figure 3 and also partial in calculus of last
two derivatives.

1D21I;( )

9

8 / ’

‘(@) o e (b)

Figure 3. (a) An example for the inequality (3) from Theorem 4 for the function ¥ (x) = x0,a=0,b=1
and A = 1; (b) Graphic for the function 1 D%‘I’(x) from Example 3, considered as function of two variable
x and g, when ¥ (x) = x°,0=0,b=1and A =1.

Example 4. For the function ¥ : [0,1] — R defined by 0(x) = (1 — x)?, but with A = 1, which
satisfies the conditions of Theorem 4, we obtain for the left hand side of the inequality (3), by similar
calculus, the expression,

b [ LN b q-9
S0 = [ [ ¥yt + [ ¥ (0t - @) + ¥ o)
b—a a a 1-— q
2 Y1) )+ igb+a(1 - )|,
where we put a = 0 and b = 1, obtaining,
1 1 1— q— q2
|5MU|=|A(1—ﬂﬂdﬂ+4(1—ﬂ%%t—‘Tj;*—

2¢°
> +q+1

Al (=) =

The right hand side of the inequality (3) becomes for A =1,
3( b— a)Z
q

{(@’[I’DF¥ (b)| + . DJ¥ (a)[] + B4 [I"D7¥ (a)| + [« DT¥ (b) 11}
214314141

3
= A (P [['D2¥ (1) + [oDF¥(0)]] + [3];[|'DZ¥(0)| + oD2¥ (1))}

[214(3]4[4)4

where we put a = 0and b = 1.
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On the other hand, by calculus, we have

q(1—x)* — [2]y(1 - q)* + (1 — 4°x)°
qx*(1—¢)? ’

thus by calculus, ¢D3'¥ (x) = [2]4 and from here, ¢D3¥ (0) = [2]5 and ¢D3¥ (1) = [2];. We find,
'D7Y¥ (x) = [2]5, 'D76(0) = [2]g and 'DF¥ (1) = [2]. Therefore the right member becomes

oDF¥ (x) =

2q3
P +q+1

and we have equality.

4. Discussion and Conclusions

The main findings of this study prove some new parametrized q-Hermite-Hadamard
like type integral inequalities for functions whose second left and right g-derivative satisfies
several different types of convexities. Some basic inequalities as g-Holder’s integral in-
equality and g-power mean inequality have been used in order to obtain the new estimated
bounds. An auxiliary g-lemma was utilized as a main tool in our proofs. Symmetry can
offer an advantage in study of many processes and phenomena from nature. Interesting
consequences arise for special choices of the parameter and the corresponding cases were
discussed in detail.

We used the Matlab R2023a software for figures and for some calculus in the examples.
Several consequences, examples and applications were given to illustrate the outcome of
the research.

Furthermore, it is interesting to extend such findings to other new kinds of convexities,
(p, q)-calculus, and g-fractional inequalities, which could be some good generalizations.

Even between the concept of convexity and the concept of symmetry there is a strong
correlation, these two having many common ground to develop. This shows that the
conclusions reached are pretty consistent. The study could be useful for the analysis of
utility, distribution of taxes and revenues.

Overall, we hope that our results will improve the existing literature in the field.
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