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Abstract: This paper aims to investigate the robustness of exponential synchronization in complex
dynamic networks (CDNs) with time-varying delays and random disturbances. Via the Gronwall-
Bellman lemma and partial inequality methods, by calculating the transcendental equations, the
delays limits and maximum disturbance size of the CDNs are estimated. This means that the
perturbed system achieves exponential synchronization if the disturbance strength is within our
estimation range. The theoretical results are illustrated by several simulations.
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1. Introduction

Complex dynamic networks (CDNs) consist of a large number of nodes or edges; each
node or edge represents a basic dynamic system with a specific content. CDNs have become
an interesting research field in various fields, such as ecological networks [1], biological
neural networks [2], and communication networks [3,4]. With the continuous exploration
of the dynamic behavior of CDNS, the analysis of complex behavior of CDNs has been
recognized as a research hotspot [5-8].

Synchronization, as one of the topics worth thinking about in CDNs, has been used
in various industries, such as face recognition, information security, and so on [9,10]. The
earliest research on synchronization dates back to the time of Huygens in 1655 [11]. In
recent years, synchronization control of CDNSs, such as global Mittag-Leffler synchroniza-
tion [2], adaptive synchronization [12] and lag synchronization [13], etc., has attracted great
attention as an interesting direction of control systems.

Generally speaking, because of the different characteristics of CDN nodes, it is difficult
to realize synchronization. Then, the synchronous implementation of the CDNss still needs
some control strategy. Therefore, many scholars have produced some effective controllers
to synchronize CDNs. To the best of our knowledge, controllers are divided into linear
controllers [14,15] and nonlinear controllers [16-19]. The synchronization problem of the
CDN is studied using a hierarchical controller in [20]. The authors of [21,22] studied the
synchronization of a CDN with delays under the adaptive control strategy.

Because of the limitation of information transmission rate between nodes, CDNs
are inevitably affected by time-varying delays and random noises [19]. The existence of
time-varying delays may cause delays in information transfer between CDN nodes, and
may cause the CDN to lose synchronization [23]. In general, the main types of time delays
are leakage delays [24], discrete delays [25], and state-dependent delays [26], etc. For the
random disturbances, the disturbance process is complex, and noise interference may lead
to the deviation of information transmission in CDNs. For CDNs interfered by time-varying
delays and external noise, the synchronization phenomenon has attracted the attention of
scholars at home and abroad in recent years [19,27-29].
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It is noted that CDNs may lose synchronization if the time-varying delays and noise
intensity exceed certain limits [30]. We know that CDNs may still have exponential syn-
chronization (ESy) if the intensity of time-varying delays and random noise disturbance is
small when ESy has been achieved in CDNs [31]. Many interesting results were obtained
for CDN synchronization interfered by time-varying delays [32-34] and random noise

in [16,19,21,23,28,35-37]. It should be noted that the above work pays little attention to the
robustness of ESy in CDNs. Therefore, how much time-varying delay and noise intensity
CDN' s can withstand without losing synchronization is an interesting question.

Robustness means that the system maintains certain characteristics under the certain
disturbance of external factors. It has important reference value for the analysis and design
of complex systems. In [38], the robustness of exponential stability in recurrent neural
networks is explored for the first time. In recent years, there have been many interesting
results on the robustness of stability [39]. In addition, with the development of CDNSs,
the Lyapunov stability theory and the linear matrix inequality methods have been used
to analyze the synchronization of CDNs extensively, but the robustness of ESy is rarely
studied by estimating the upper bound of noise intensity and delays. The robustness of
ESy in CDNss with piecewise constant parameters is studied for the first time in [40]. In
addition, in [41], Zhang et al. investigated the robustness of ESy in CDNs with random
disturbances.

Inspired by the above works, this paper discusses the robustness of ESy in CDNs with
time-varying delays and noise interference. The main works are as follows.

e  Using the Gronwall-Bellman lemma and inequality methods, the upper bound of a
CDN subject to both delays and random noise intensity is obtained. By calculating
the transcendental equations, The allowable ESy range of a CDN with both delay and
external noise is estimated.

e In the systems discussed in this paper, the parameter configuration matrices without
delay and with delay are not necessarily symmetric.

) Compared with the [23,41], this article comprehensively considers the influence of
time-varying delays and random disturbance on ESy of CDNs. This paper provides a
judgment basis for the analysis and designs of CDNs.

e In [39], the robustness of neural network stability was thoroughly studied. Unlike
the aforementioned paper, we investigate the robustness of ESy in CDNs with time-
varying delays and random disturbances.

The structure of this paper is as follows: Section 2 introduces the preparatory knowl-
edge. Section 3 is the results. In Section 4, some simulations are given. In Section 5 is the
summary of this paper.

2. Problem Statement and Model
2.1. Notation

In this paper, R" is sets of m-dimensional Euclidean spaces, and 3" *" represents
m x m-dimensional matrices composed of spaces or sets. I;; is an identity matrix of m x m.
6 ® ¢ is the Kronecker product of matrices 6 and ¢. Let (2,5, {S’t}tZO) be a complete
probability space with filtering {&}t>0, and the filter contains all P-null sets and is right-
continuous. ¢(t) stands for time delays. B(t) is a Brownian motion. || % || is the Euclidean
norm. E{x} stands for a mathematical expectation operator in probability measure P.

A graph G = (U, &, A) has three elements. U = {1,...,m} is the node set, and the
edge set £ C U x V. Coupling matrix is A = (a;;), , where a;; represents the coupling
weight from the i-th node to the j-th node. If the information is from the j-th node to the
i-thnode (i # j), then the a;; # 0; otherwise, a;; = 0.
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2.2. Problem Formulation
Consider the following CDN model consisting of m nodes with time delays
m m
Zi(t) :G)(Zi(t), t) +k Z Lli]'Zj(f) +k Z bi]'Zj(t — Q(f)) + Ci(t)/ 1)
j=1 j=1

zi(to) =zip € R",

where z;(t) = (z;1,. ..,zl-m)T € R™ is the state vector of the i-th node; ©: R™ — R" is
vector-valued function; k is called the coupling strength; ¢;(t) € ™ is the latter needed the
design of the controllers. 4;;, b;; represents the matrix A, B, and satisfying a;; = — Z}":L]-#i ajj
and b; = — Y ;. bij; o(t) are delays that satisfy o(t) : [to, +0),0'(t) < ¢ < 1Ly =

{w(s) : =0 <s <0} € C([-0,0], R™).
The dynamic equation of isolated nodes of CDN (1) is

X(t) = O(x(t)1), ©)

where x(t) is any expected state.
In addition, when CDN (1) has no time delay interference, the following form is obtained:

2i(t) =0O(2:( +k2a1]] —I—kZb,]z] ) +ci(t), -

2i(to) =2ip € W™

Defining system (2) and (3), the error is [;(t) = 2;(t) — x(t), and subtracting (2) from
system (3) gives the following error system:

() =Y(1(0),6) + kY. (1) +kzbu] it
j=1 (4)

li(to) =lip € R",

where Y(I;(t),t) = O(2;(t),t) — O(x(t), t), and the function Y (I;(¢), t) satisfies the follow-
ing assumptions.
(H1) The function Y (x, t) will satisfy the following condition:

(Y (I(E), 1) = Y(q(t), )[| < @I[I(t) —q(B)]], )

where @ is a known constant.
To obtain synchronization of (1) and (2), the linear controller is expressed as

Ci(t) :§Zi<f), i:l,...,m, (6)

where S5 € R™*™ is the feedback gain matrix.
Substitute (6) into (4):

ii(t) :Y(li(t),t)—f—kiai]’] +k2b1]] +Sl )
=1 @)

li(to) =lio € R™.

Denote I(t) = (h(t),bo(t), .., Lu(t))", l{t = o(£)) = (h(t—a(t), .., Im(t —a(t)))",
Y((0),8) = (YL (1), )T, YU (D, 7Y, A = (aij),, . B =), A=l ®AB=
Iy ®B,S=1,®S.
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Then, CDN (7) can be rewritten into the following matrix form:

{i(t) = Y(I(t),t) + kAL(t) + kBI(t) + SI(t), @

I(ty) =1y € PRI,
Define system (1) and (2); the synchronization error is g;(t) = z;(t) — x (). Subtracting
(2) from (1) gives the following error system:

m m
Gi(t) =Y(qi(t), ) +k Y ajjqi(t) + kY bijqi(t — o(t)) + Sqi(t),
=1 i=1 )
qi(to) =qio € R™.
The matrix form of the error system (9) is

{ q(t) =Y (q(t),t) +kAq(t) +kBq(t —a(t)) + Sq(t),
q

10
(tO) =40 S SRmxml ( )

For the convenience of the analysis, this paper first provides some basic definitions,
and abbreviates some nouns (see Table 1).

Table 1. This article deals with abbreviated tables.

Full Name Abbreviation

Exponential stability ESt
Mean-square exponential stability (synchronization) MSESt (MSESy)
Almost surely exponential stability (synchronization) ASESt (ASESy)

Definition 1. If the error system (8) achieved ESt (Table 1), then the CDN (2) and (3) said to
achieve ESy. That is, for Viy € R™, 3 £ > 0,D > 0, such that for any t € R, satisfying

1)1 < £lllo]| exp(=D(t = to)).

3. Main Results

A controller is an algorithm or rule that makes the system reach the desired state
under certain control rules. Next, we discuss the robustness of ESy of CDNs with time
delays and noise interference under linear and nonlinear controllers, respectively.

We first discuss how much time delay CDN can withstand without losing synchro-
nization under linear and nonlinear controllers.

3.1. Effect of Time Delays on CDN Synchronization
3.1.1. The Linear Controller

In this section, we will investigate the robustness of ESy for CDNs with time delays
under linear controllers. For CDNs that have reached ESy, how much external time
delay can the system withstand without losing synchronization? That is, the CDN is still
synchronous if the limits of the system being disturbed by external time delays is within
our estimate. From this, we can obtain the following theorem:

Theorem 1. If Assumption H1 is trues, and (8) is ESt, then (10) is ESt. That is, systems (1) and
(2) can realize ESy under (6), if < min(A/2, §), where ¢ is the only nonnegative solution of the
following transcendental equation.

Lexp(—D(A—0)) + Laexp(2AL3) =1, (11)
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where
A>Ing/D,
Ls =(® +K||Al| + [[S] + k| [B[) + k| |BI| [@ + k|| A[| + [|S]| + K[[B]|(1 - 8)']&,
—K||B||[g+ (1 — 8) " +k[[B[|g*(1 — 8) "] + ka||B||[® + K[| Al + [|S]]
+K||B||(1—0)""g/.

Proof. Denote I(t;to, (0)), p(t; to, ¥(0)) is I(t), q(t) and Iy = go. According to the systems
(8) and (10), the differential equation is transformed into an integral equation, and we have

[1(8) =g (t)]| —‘ /t:(Y(Z(S),S) —Y(q(s),s)) + kA(I(s) —q(s)) +kB(I(s)
— s = 0())) + 5(1(s) — q(s)) ds W
</ 1Y (U(s),8) = Y(q(s), )] + [[kA(I(s) — q(s))]]
+ [[kB(I(s) — q(s = o(s)))[| + [IS(I(s) — q(s))]| ds.
From (5),
[11(2) ||</ P||1(s) = q(s)[| + kI Al [[(s) —q(s)|| + KI[B[| [|1(s)
—q(s —o(s) [ +1ISI[ 1[(I(s) —g(s)) ds
S/ (@ + K[| A[| + K[[BI[ + [ISI]I(s) 13)
— ()| +KI[B[[ [lq(s) —a(s —a(s))|| ds
=(P +k[|A[[+K[|B]| + [[S[])
< [ 106) = g lids + 1B [ 11a(5) = gt — ().
Furthermore, when t > ty + ¢, from (5) and (9),
[, o) =gt —e@nlias< [ ds [* [+ kAl + IS ol
+k[|BI| [lg(r = o(r))[|]dr
Exchange integration order, one has
[ as [ @+kiall+1Isi) llgt)lar
to+@ 5—0
t min(r+g,t)
= [ar [ @ kAl 41151 gt s (15)
0 max (fo+4,r)

t
<(@+kl|All +[151)2 [ [1a()]ldr.
0
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Similarly, one has

t s
[ ds [ KIBIllgr = o(r))lldr
to+0 s—0

= [Car [ Bl gt o) s (16)
to max(ty+a,r)
t
<k|[Blla(1 - 8)! (@ sup_[lg(9)l|+ [ lla(wll ).
to—0<s<tg to

When t > tg + §, substitute (14) and (15) into (13), and one has

[ 1066) = ats = e(oDlids kB~ o) sup[la(ol])

0+@ to—0<s<tg

+ (@ + k||l +[[S]| +K[Bllo(1 &)™) A7)

< [l s

When t > tg + g, substitute (16) into (12), and one has

[11(8) =g ()] <(¢+k|A||+||5||+k||B||)/t:III(S)—q(S)IIdS

T |[BI|[3+ 31— 8)~ 1]( sup ||q<s>||)

toy—0<s<tp+0 (18)
+RIBIEE -0 sup gl

t(]*QSSStQ

+ 1Bl |2+ KlAll+ 151+ KBl - e [ llato)] s

By Definition 1, further available is
||1<t>—q<t>||<{<<z>+k||A||+||S||+k||B||>+kB||
o KA+ 1]+ KB = #) e} [ 1)~ g0l s

+k||B||{@+@<1—19>—1+kB||@2<1—z9>— }
(19)
x ( sup ||q<s>||)

to—0<s<tp+0o
+ké!BII[<D+k||AII+||S||+k||B||(1ﬁ)‘l]ﬁ/’Dlllo
<ty [ 1) - g@llds + Lo sup [lgol1),
to—0<s<to+0
where
L1 =(®+k||A|| +[|S|| + kI|B||) + k||B|| [® + k|| A|| + [|S]| -+ kI[B]|(1 — 8)']5,
=k||B||[d+a(1 — )" +k||B||a*(1 — 8) "] +ka||B||[® + k|| A|| + ]|S]]
+K|[B||(1—0)""g/.
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Using the Gronwall-Bellman lemma [42], when ¢ < tg + 2A,

||l(t)—q(t)§£zeXP(2A51)< sup ||¢7(S)||>'

to—8<s<to+o
Hence, when tg + 0 <t < ty+ 24,
O <O+ 11(8) — q(B)]]
SIII(t)II+EzeXp(2AE1)< sup IIq(S)II)-

tg—0<s<tp+0

(20)

Notice § < min(A/2,§),duetoty —3+A <t <ty—0d+2A,

Hg(t)]] <[Sexp(—D(A —@)) + L2exp(2AL1)] ( sup +~||q(s)||)
tg—0<s<tp+@
(21)

¢ s Jal),

ty—@<s<to+a

where C = Lexp(—D(A —§)) + Lo exp(2AL1).
From (10), when § < min(A/2,8),C < 1.
Choose
Z=—InC/A.

From (21), one has
supy,—g<t<to—o+all9(t to, ¥)||

cew(-n)(  sup it pl).

to—0<t<ty—0+A

(22)

Then, for any nonnegative integerd = 1,2,..., when t > ty + (d — 1)A, one has

altto,9) =q(tto + (d — 1)A, qlto + (d — 1) o, )). 3)

From (22) and (23),

SUpyy raa<t<to+ (d+1)alq(t to, P)| =

( sup g(E o+ (d = 1), qlto+ (d — )i to, 9) )
to+(d—1)A+A<t<ty+(d—1)A+2A

< exp(—EA)( sup lq(t; f0,¢)|>

t0+(d*1)A§t§t0+2dA

<exp(—ZdA) ( sup [q(t; to,¢)|>

to<t<to+A
=cexp(—EdA),

where ¢ = sup; -, 4 [9(t;to, P)|- So, for Vt > t + A, there is a nonnegative integer d,
such than ty + dA <t < ty+ (d+1)A, and we have

|p(tto,q0)| < cexp(—Et+ Etg+2EA)

= (cexp(2EA)) exp(—E(t — to)). (24)

The condition is also trues when fy < t <ty + A. So, the error system (10) achieves
ESt. Thus, systems (1) and (2) achieve ESy under linear controller (6). O
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Remark 1. Theorem 1 shows that the error system (10) still achieves ESt when the magnitude
of delays is within the range of our derivation. Thus, systems (1) and (2) are ESy under linear
controller (6).

3.1.2. The Nonlinear Controller

In the previous section, we discussed for how much time delay the CDN is still ESy
under linear controllers. Now, we discuss the robustness of ESy in CDNs with time delays
under nonlinear controllers.

To obtain synchronization of (1) and (2), the nonlinear controllers are expressed as

ci(t) = —O((t),t) + O(x(t),t) + OLi(t), i=1,...,m, (25)

Combining (4) and (25), one has

m m
li(i’) =k Z al]l](t) +k Z b,]l](t) + Oli(t>,
j=1 j=1

(26)
li(ty) = lip € W™,
The matrix form is
I(t) = kAI(t) + kBI(t) + OL(t), o
I(ty) =1y € R
where O = I,, ® O.
The system (27) disturbed by the time delays will take the following form:
q(t) = kAq(t) +kBq(t — o(t)) + Oq(t), 28)
q(to) = go € R,

T T
where g(t) = (q1(t), ..., qu(t)) ", q(t —0(t)) = (q1(t —a(t)), -, qm(t — ¢(t))) , O = In ®
0.
The following theorem describes how much time delay CDN can withstand under a
nonlinear controller that is ESy.

Theorem 2. If Assumption H1 is trues, and (27) is ESt, then (26) is ESt. That is, systems (1) and
(2) can realize ESy under (25), if § < min(A/2, §), where § is the only nonnegative solution of the
following transcendental equation.

Lexp(—D(A—0)) + Taexp(2AT3) =1, (29)
where
A>Ing/® >0,
Ts = (k|| Al + [|O]| + k|BI|) +KI[BI|[k|| Al| +[|O]| +k|BI|(1 - 8) "],
Ta =K||BI[[8 + (1 — 9) 7" + kI|BI|¢*(1 — &) '] + ka| B/ [kl | Al + | |O]]
+k|[B]|(1 - 9)""]¢/®.



Symmetry 2023, 15,1510 9 of 29

Proof. Similar to Theorem 1, from (8) and (10), we have

[11(8) = q ()] S/t:kHA [11(s) = q(s)I| + KI|B[ [[1(s) —g(s — a(s))l
+[O[ [|1(s) —q(s)[| ds

—/tot(k||A||+||O||)||l(s) 9|+ KB [[1(s) — (s = e(s))[lds 3,
S(klAII+kIIB|+|OII)/t:|Il(s)—q(s)llds
KB 1a(s) = a(s = o(s)) .

In addition, when t > ty 4 §, from (28) and (5),

ot ot s
| lla@) —ats—o@)llds < [ s [ ®lAll+]OD]lgw)]
to+0 to+0 s—0

Q)
+KIBIl 1a(r — (7))l dr.
Similarly to (15),
t s 't min(s+4,t)
| s [* kAl 1ol lla@llar = [“ar [~ (k]| All+ [1O]]) () |ds
to+o  Js—@ Jtg max(fp+4,5) (32)
t
< (kllAll +1101)¢ | lla(r)liar.
0
Similarly to (16),
t s
[ ds [ KBl lIp(— a()lldr
toto s—0
t min(s+¢,t)
= [ar [ KIIBI lla(r = o(r) lds )
to max(ty+4,s)
t
<Klellet =) (¢ sup_ g+ [ llatw)ldn).
to—0<s<tg to
When t > tg + §, substitute (32) and (33) into (31):
t
[ 10(6) = ats = e()lids kBl - o) swp[la(ol])
to+0 to—0<s<tg (34)
+ (1AIL+ 011+ KlIBlla = )) [ {lg(s) .
For t > ty + 0, substitute (34) into (30):
t
11(s) = q(s) |1 (Kl Al|+ |10l |+ KIIBI)) [ 111(s) = a(s)]l s
0
+HlBlfa+a1-0)7( s [lg)l)
0—0=s=to+0 (35)

+wmwﬂrwr{ wp|mm0

tg—0<s<ty

+ KBl Kl1AIl+ 11011+ Bl - ) |2 [ llge)1ds
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By Definition 1, one has
|Z<s>—q<s>||sk||A||+||O||+k||B||+k||B||[k||A||+||O||
+HIBII =9 [ 111s) ~ q(s)
+Hllgllfe+e -0 (s Jas)l)

to—g<s<to+a

(36)
+erB||2@2<1—ﬂ>l( sup q<s>||)
tg—0<s<ty
+k||B||[k||A||+||O||+k||B||1— el
<73 [ i) - gllas+ 5 sup o),
to—g<s<to+0
where
Ty =(k[[Al| + [O]| + K|[BI[) + kI Bl [K]|All + [|0]| + kI[BJ| (1 — )""],
Ta =K||BII[a+a(1 — )" + kI[Bl|3(1 — )] + ka[BI[K||Al| + [|O]
+k|[Bl|(1—-8)""g/D.
For t <ty + 2A, using the Gronwall-Bellman lemma [42],
||z(t>q<t>||s7aexp<zm( sup ||q<s>||).
tgp—0<s<to+0
Dueto ¢ < min(A/2,0),andtg —0+ A <t <ty—0+24,
||q<t>||<[£exp<—@<A—@>>+Tzexp<zmz>]( sup ||q<s>||)
to—0<s<tp+0 (37)

:7-2( sup ||q<s>||>,
to—0<s<ty+3

where H = Lexp(—D(A — §)) + T exp(2AT;). From (29), when § < min(A/2,8), H < 1.

Select
—InA/A.
From (37), one has
sup ||fl(t;t0/llf)||§exp(—¢A)< sup ||q<t,-to,¢>||). 9)
to—O+A<I<tg—+2A to—8<t<ty—g+A

The following proof is similar to Theorem 1. [

Remark 2. Theorem 2 shows that CDNs achieve ESy under nonlinear controllers. When the time
delays does not exceed the deduced range, the CDNs (1) and (2) are still exponentially synchronized.

Remark 3. Theorems 1 and 2 show that CDNs achieve ESy under the controllers. When the time
delays of external interference is within the range we deduced, that is, § < min(A/2,J), CDNs
still remain ESy.
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3.2. Effect of Time Delays and Random Disturbances on CDN Synchronization

Consider the following CDN model consisting of m nodes with time delays and
random disturbances:

m
dz;(t) = +k2al]] +ci(t) + k) bijzj(t — o(t)) | dt
j=1

"'(5201]2/ )dB(t), 39

zi(to) =zip € R",

where ¢ is the random interference intensity, and v;; represents the coupling matrix V,
satisfying v;; = — Z}”:L]-#i vjj.

When CDN (39) is not interfered by time delays and external noise, system (39) will
become the following form:

2i(t) =0(2i( +k2“u j +k2bllz] ) +cilt),
(40)
2i(to) =2ip € W™
Similarly, (2) is defined as the isolated node equation of CDN (39) and (40).
Similar to system (4), we have
. m m
() =Y (Li(E), ) + kY agli(t) +k Y byli(t) +cit),
= =1 (41)
li(to) =lip € R",
where Y(I;(t), t) is defined in (4).
Substituting the linear controller (6) into (41), we have
X m
Ii(¢) ZY(li(t),t)—FkZaij] +k2b,]] +Sl (1),
j=1 (42)
li(to) =lip € R™.
The matrix form of system (42) is
I(t) = Y(I(t),t) + kAI(t) +kBI(t) + SI(t), @)
l(f()) = [y € R,
Similar to system (9), we have
dq(t) =[Y(q(t),t) + kAq(t) + kBq(t — o(t)) + Sq(t)]dt + 6Vq(t)dB(t), )
q(to) =qo € mmxm,

where V =1,®V,V = (v;j), ..
For the error system (39), we have the following definitions.

Definition 2 ([42,43]). CDN (44) is called to be ASESt, if Yty € R, qo € R™, the Lyapunov
exponent

hmsup (ln||q1(t to,q0)|]) <0,i=1,2,.

t%oo
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then, the CDN (39) with (2) is called to be ASESy. That is, if 3M > 0, and the p > 0, ¢ > 0, such
that

lgi (]| < Jexp(—gpg(t —t0)), i =1,2,...,m,

where J > 0 is constant.

Definition 3 ([29,42]). CDN (44) is called to be MISESt, if Yty € RT, qo € R™, the Lyapunov
exponent
1 .
lim sup (In ?(E||qi(t;t0,q0)||2)) <0,i=12,...,m,
t—o0

then, the CDN (39) with (2) is called to be MSESy, That is, if 3G > 0, and the p > 0, ¢ > 0, such
that

E||l,’(t‘)||2 <Texp(—pg(t—tp)), i=1,2,...,m,

where 1y > 0 is constant.

From Definitions 2 and 3, MSESt can be derived from ASESt, but vice versa is not
trues. However, if (5) is assumed to hold, the MSESt of (44) implies the ASESt of the CDN
(44) [42].

3.2.1. The Linear Controller

In this section, we will analyze the effects of time delays and random disturbance
on ESy of CDNs under linear controllers. For CDNs that have reached ESy, how much
external delay and random noise interference can the system withstand without losing
synchronization? In other words, if the disturbance of the system by external delays and
random noise is within the range of our estimation, the CDNs are still ESy.

Theorem 3. If assumption H1 is trues, and (43) is ESt, then (44) is ESt. That is, systems (39)

and (2) can realize ESy under (6), if |6| < 5,6 < min(A/2,§), where & is the only nonnegative
solution of the following transcendental equation.

282 exp(—2DA) 4 48252||V|[>/D exp {SA [4A(||@ 2

(45)
+RIAIR B2+ 1517+ SIVIE| | =1,
and ¢ is the only nonnegative solution of the following transcendental equation.
2N exp(AN7) + 282 exp(—29(A —§)) =1, (46)

where
A >1In(2£2)/(29),

N =161+ K2 4]+ 22 B+ 1SIF) + 252 V| + 645 8] 522 ]2
+RIAIR-+ ISP+ R8I - 8] + 262 1vI),

Mo =642 B -+ a1 = )" | + 2002 18I s Bl (1 = 0) !+ (822 0P
+RIAIR + 18]+ RIIBIPL - )7

+2@52||V||2> ||V||2£2/©] +26%222/9.
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Proof. Similar to Theorem 1, from (43) and (44), we have

10 gt = [ [<Y<Z<s>,s> = Y(q(5),5)) +KA(L(s) = 4(s)) + KB(1(s)
’ (47)

= gls = o)) + 809 ~ )| ds — [ ava(s) decs)

Fort <ty + A, based on the Holder inequality, combine (5) and the ESt of (43):

Bl — (0] <26 | [ ((1(6),9) = X(a(s), )+ KAUE) ~ ()
2
FRBU(S) — a(s — o(5))) + S(1(5) ~ a(s)) ds

2

+2E‘

tt 8V q(s)dB(s)

<[16A(][ @2 + K[| A|]2 + 2K |BI| + ||S| ) + 48| v|2] @8
t
< [ Ell1(s) — q(s)|Pds
0
2 2 t 2
+2882|BIP [ Ellg(s) — a(s — o(s)) P ds
0
t
+452||VH2/ E||i(s)[|? ds.
to
In addition, when t > ty + ¢, from (44) and (5), one has
t t S
[ Bl — s —eiPas < [ s [* {[salof+Rijal?
fo+0 to+0 5—0
+|S||2)+252||V|2]E||q<r>|2 @9)
+8@k2B||2E||q<r—e<r>>||2}dr.

Like (14) and (15), combined with (49),

[\ Bl — s — o) s <sgRIIEIR -~ o) sup Ella(o)] )

ot tg—0<s<ty

4 {8@2[||q>|2+k2||A||2+ B
(50)

L R|B|2(L —ﬁ)‘l} +2@52||V||2}

t
x [ Ella(s)|Pds.
to
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Substituting (50) into (48),
E|1(t) — q(t)[[> <[16A(||@|[* +K*||A||* +2k%||B|[* + [|S|[*) + 467 (| V]

< Bl - )]s

+easlllBl? gt -0) (s Ellts)lR)

tg—0<s<tp+0
+2Ak2||B||2{8@3k2||B||2<1—ﬁ)1( sup E|w<s>2)
tg—0<s<tp

i (51)
4 (892[||¢||2+k2||A||2+ B

+k2||B||2(1—z9)_1} +2@52||V||2>
X /t: E||I(s) —q(s) + 1(5)||2ds}

+252||w222/@( sup E||q<s>\2).

tg—0<s<tp
Further obtained by (51),
E||z<t>—q<t>||2§N3/tEz<s>—q<s>||2ds+/v4( sup ~E||q<s>||2), 2)
fo to—0<s<tg+0
where
N3 =16A(]|@ + K[| Al2 + 263 | BI|? + |IS]|?) + 467 | V||

+ 6402|5112 (522 1101 + K141 + 151+ 1B~ 0) | + 2082 1v11),
Ns =642 B -+ a1 - )" | + 202|811 x {82 BIH1L - )
+ (8 101+ 1 Al + 151 + 18I (1~ 0)
+2@52||v||2> 22/50] +28%||V|[>£2/D.
Fort+ ¢ <ty + A, using the Gronwall-Bellman lemma [42],

E|[I(1) — q(1)]2 < N4e><p(AN3)( sup E||q<s>||2). 53)

ty—0<s<to+d
Hence,
Ellq(t)| > <2E[|I(t) — q(1)| > + 2E[]I()|?
< 2N4exp(AN3)+222exp(—2©(t—t0))}( sup Eq(s)||2). ©4)

to—@<s<tp+@
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Whenty—0+A<t<ty—0+A,

E||q<t>||2s[w4exp<2AN3>+zs2exp<m(A@))K sup Ellg(s)IP
to—g<s<tg—g+A

(55)
=:ﬁ<<s,@>( sup E||q<s>||2),

to—<s<to—g+A

where (8, 8) = 2Ngexp(AN3) + 22 exp(—2D(A — §)).

Due to 7(0,0) < 1, h(e0,0) > 1 and A(6,0) is strictly monotonically increasing with
respect to J, there is a only solution é such that (5,0) = 1, that is (45) is trues. When
16| < 8, h(s,00) > 1, K(6,0) < 1, and £(J, §) is strictly monotonically increasing with
respect to g, there is a only ¢, such that 7i(, §) = 1, that is, (46) is trues. From (45) and (46),
for |[§| < §and § < min(A/2,d), then /(6,0) < 1.

Choose

0= —1Inh(s,0)/A,

From (55), we have

swp Bl )P <ep(-00)( s Egl). 6o
to—0+A<t<tg—0+A tg—0<t<tg—0+A

The rest of the proof is exactly like Theorem 1. [

Remark 4. According to Theorem 3, the CDN can realize ESy under (6). When the delays and
random disturbances intensity are satisfied, || < 6 and § < min(A/2,§), that is, the CDN is still
ESy within the range of time delays and noise intensity.

3.2.2. The Nonlinear Controller

In the previous section, we discussed the effect of time delays and random disturbances
on the ESy of CDNs under linear controllers. In this section, we will explore the influence
of nonlinear controllers on the ESy of CDNE.

To obtain synchronization of systems (39) and (2), (25) is still the nonlinear controller.

Substitute (25) into (41):

m m
li(t) =k Z al‘]‘l]‘(f) +k Z bl]l](t) + Oli(l‘),
=1 =1

(57)
li(to) =lip € R™.
Written in matrix form is as follows:
I(t) = kAI(t) + kBI(t) + OI(t), 58)
l(to) = [y € ™",
Similarly, subtract (2) from (39) and write in matrix form
dq(t) =[kAq(t) + kBq(t — o(t)) + Oq(t)ldt + 6Vq(t)dB(t), (59)
q(to) =q0 € R,

the definition of ESy of the (58) is similar to Definition 1.
The following theorem describes how much time delay and random disturbance a
CDN can withstand under a nonlinear controller that is ESy.
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Theorem 4. If Assumption H1 is trues, and (58) is ESt, then (59) is ESt. That is, systems (39)
and (2) can realize ESy under (25), if |6| < 6,0 < min(A/2, §), where & is the only solution to the
following transcendental equation.

282 exp(—29A) + 4£25%||B|[>/D exp {ZA [6A
(60)
(K2||A|12 + 262 |B|% + |O]]2) +253||2} } _q,

and ¢ is the only solution to the following transcendental equation.
2N exp(2AN5) +28% exp(—29(A - §)) =1, (61)

where

A >1n(2£2)/(29),
N5 =124 (K[| A| > + 2k*||B|* + ||O|?) + 28| |V |?

+ 4501|511 (62 |11 AI+ 15112+ 1B - 0)! | + 20 VI,
Ny =48AK?||B| |2 [@ +0(1— 19)—1} + 24AK?||B| |? [4@318 IB|[2(1— &)
+ (4 [RI1AIR+ 01 + 1B - 0)
+2§52||V||2> ||v||222/©] 28|V |2e2/®.
Proof. Similar to Theorem 1, from (58) and (59), one has

10) = a(6) = | [KAU(S) = 9(9) + BI(5) = gls () + O1(5) = 9(e) | s

t (©2)
— [ 6Vq(s)dB(s).

fo

For t <ty + 2A, using the Holder inequality, define the ESt of system (58):
t
E[[1(t) —q(t)|* <[12A(€% || A[]* + 2K*[ B[ + [|O] ) + 46%(| V| |?] /t E[l(s) —q(s)l|ds
0
t
+24Ak2||BH2/t Ellq(s) —q(s — o(s))[*ds (63)
0

t
+452||V||2/t E||I(s)||? ds.
0

Furthermore, when t > tg + ¢, from (59),

t t S
_ _ 2 ~(12 2 2
[, Ellats) —ats e<s>>||dss/wds/s_@{[zxe(kA|| L llolP) “

+252||V||2]E||q<r>||2+4@k2||B||2E||q<r— e<r>>||2}dr.

Similarly to (14) and (15),

B0 ~ g <67 [ Ellis) gl Pas+ Ao sup  ElgEIE), (e)

ty—0<s<ty+@
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where
N =120 AIP + 26251 + [01P) + 42|V + 480 12 (42 l] 4]+ | O]
+RIIBIR - 0) | + 20| VI2),
N =887 B o+ 201~ 0) "] + 2402 B [4g%¢2 B (1 - 0)
+ (42 [RI1AIR + 101P + 1Bl - 0)
+2@52V||2>|V||222/®} +282||V|[>£%/D.
For t 4+ ¢ < tg + 2A, using the Gronwall-Bellman lemma [42],

B = a(0I < Noexp(2an)( sup Ellg(s)IP). (66)

to—@=s<tp+@

Like (54), (55), and when tg — § + A <t <ty — 0 + 24,

Ellg(6)|P < [zNS exp(28N7) + 22 exp(—20 (A - @))} ( sup E||q<s>||2)
ty—0<s<to—a+A -

—ma)( s ElEIP),

ty—0<s<tg—0+A

where 719(6, 8) = 2N exp(2AN7) +2L2 exp(—2D(A — §)).

Similar to Theorem 3, f1y(J, §) is strictly monotonically increasing in terms of § and §.
Therefore, there exist only solutions 5 and d, such that 1o (4, 0)=1, h0(5, J) =1, that s, (60)
and (61) hold. For |6] < § and § < min(A/2,§), then fip(5,0) < 1.

Select

R = —Infi(,0)/A,

from (67),

swp  Elqgo P <epts)( s Eling)?). @

to—g+A<t<ty—G+2A to—0<t<tg—G+A
The rest of the proof is exactly like Theorem 1. O

Remark 5. From Theorem 4, when the external delays and random interference intensity are
satisfied, |6| < & and § < min(A/2,§), that is, the CDN is still ESy within the range of external
delays and random interference intensity.

Remark 6. Theorems 3 and 4 show that CDNs achieve ESy under the controllers. As long as the
external delays and the random interference are within the range of our derivation, the CDNs can
still achieve ESy.

4. Numerical

In this section, some examples are given to illustrate the correctness of the results in
this paper.

Remark 7. In Table 2, we represent random disturbances as RD, deviating arqument as DAr,
time-varying delays as TvD and asymptotic synchronization as AsSy, respectively.



Symmetry 2023, 15,1510 18 of 29

Table 2. Comparing other articles with this one.

Controllers RP DAr TvD ESy AsSy Robustness

v —
- v

Shen [16]
Zhang [23]
Wang [29]
Lia [40]
Zhang [41]
This paper

AN NN
NN
<
|
NN
IR
SENEN

Example 1. Consider CDN consisting of three nodes with time delays in the linear controller

3 3
fi(t) :@)(fi(f), t) +k Zl ﬂl']'ﬁj(f) +k Zl bljﬁ](t — Q(f)) + C,‘(t)/
j= j=

2i(to) =2 € K3, (69)
ci(t) =SI;i(t),
x(t) =O(x(t),t),

without delay interference, system (69) becomes

3
fi(t) :®(2i(t),t) +k2ai]-z] +k2bl]Z] +Cz( )
1

2i(ty) =29 € B3, (70)
ci(t) =Sl;i(t),
x(t) =0(x(t),1),
where i € 1,2,3, define the error as 1;(t) = 2;(t) — x(t), and 1;(t) = (Ix(t),1a(t), Lz (t T e
M3*3 is the i state vector of the CDN. Q(t) s time delays and satisfies o(t) : [to, +oo) '(t) <
<1, ={yP(s): —o0<s <0} € C([—0,0],R™). The matrix forms of system (69) and( 0)
are, respectively,
I(t) =Y(I(t),t) + kAI(t) + kBh(t — o(t)) + SIL(t),
(71)
I(tg) =ly € 9{3X3,
and )
I(t) =Y(I(t), t) + kAI(t) + kBI(t) + SI(t),
(72)
l(to) = e R3x3,

Suppose the coupling matrix is

-04 01 1 —0.08 0.01 0.6
01 —-04 1 , B= 001 -0.08 01 |,

01 —0.16 —0.064 0.01 006 —03

A:

—0.006 0 0
S = 0 —-0.006 0 |.

0 0 -1

The coupling coefficient is k = 1.5. The activation function is Y (-) = sin (-) and satisfies that
IY(h) = Y(p)|| < ||l — p|| holds, so that means @ = 1. The initial value of the three-nodes and
isolated node is I; = (1,—1,0)7, I, = (=1,1,0)7, I3 = (1, =1,1)7 and x(t) = (—0.3,0.3,0)T.
When £ =2, ® = 2.2, the error system (71) is ESt.
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Choose A = 0.4, ¢ = 0, through calculation L3 = 0.6658, L4 = 0.0236. Hence, from (10),
we can obtain § = 0.0604, and solve the following transcendental equation by MATLAB:

2exp(—2.2x (0.4 — §)) +0.0236 exp(2 x 0.4 x 0.6658) = 1. (73)

Thus, by Theorem 1, when § < min(A/2,§), the system (71) is ESt. In Figure 1, we take
0 = 0.0280 < 0.0604; the state in Figure 1 is ESt, That is, systems (1) and (2) are ESy. In addition,
Figure 2 shows the state of the system without delay interference under a linear controller.

8

e 11 (1)
—_— ()

f_-u{f.] 4
— 1 (t)
— (1)

Z32(1)
4F —_—(t)]

—_— i (t)

e £ ()

States
/-

4 s s s s s s . s .
0 5 10 15 20 25 30 35 40 45 50

Time t

Figure 1. Convergence state of CDN (71) § = 0.0280 under linear controller.

3 T T T T T T T T T
— £ ()
e 531 ()
(i)
2 —_— ()
— (1)
Z52(1)
1 — ()
\ —_— Enlt)
\ e Z91( )
p ¥
sof ===
w
-1
-2
3 L L L L L L L L L
0 1 2 3 4 5 6 7 8 9 10

Time t

Figure 2. The state of CDN (72) without time delays under the linear controller.
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In Figure 3, we select ¢ = 0.0350 < 0.0604; the state in Figure 3 is not ESt, that is, systems
(1) and (2) are not ESy.

%107

States
(s}

Bas Bas b Bes o bb Bes b i Db

10 20 30 40 50

Time t

Figure 3. The state of CDN (71) at § = 0.0350 under linear controller.

60

Example 2. A CDN consisting of three nodes with time delays under the nonlinear controller is

considered:

3
Z;\l'(t) :@(21'(1'), t) + k 21 aijij(t
j=

m3><3
ci(t) :—®(l (1), ) +O(x(t), 1) + OL(t),
x() =0(x(t),t).

Without delay interference, system (74) becomes

)+ k Z bijzi(t

where i € 1,2,3, let the synchronization error be

and 1i(t) = (In (1), T (), 1is (1))
and satisfies o(t) : [t0,+oo) o) <o<1p={yp(s): —0<s<0}eC(

Li(t) = 2i(t) — x(b),

3
) +k 21 bl]fj(t — Q(t)) + Ci(t)/
j=

(74)

) +cilt),

(75)

€ R3*3 is the i state vector of the CDN. o(t) is the time delays
[

—,0], ®™).
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and

States

The error system is obtained from system (74) and system (75) and expressed in matrix form as

[(t) = kAL(t) + kBh(t — o(t)) + OI(t),
{l(to) =lye R373,

[(t) = kAI(t) + kBI(t) + OI(t),
{l(to) =€ R3<3,

Suppose the coupling coefficient is k = 1.5. The coupling matrix is

—-0.750 0.001 O —-0.8 0.02
A= 0.001 0.750 0.1 ], B= { 0.02 -08
0 —-0.8 0.01 0 0
—1.105 0 0
0= 0 —1.105 0 ]
0 0 —1.105

0.1
—-0.8

|

(76)

(77)

The activation function is Y(-) = sin (-). The initial value of the three nodes and isolated
nodeisl; = (1,0,—1)7, I = (=1,1,0)7, I3 = (=1,1,1)" and x(t) = (=0.1,0.1,0.1)". When
£=14, © =12, the system (77) is ESt.
Choose A = 0.3, ¢ = 0. By calculation T3 = 0.3559, T4 = 0.1147. Hence, from (29), we
have ¢ = 0.2804, and solve the following transcendental equation by MATLAB:

1.4exp(—1.2x(0.3 —g)) +0.1147 exp(3 x 0.3 x 0.3559) = 1.

(78)

According to Theorem 2, when § < min(A/2,§), the system (77) is ESt. In Figure 4, we take
0 = 0.2250 < 0.2804; the state in Figure 4 is ESt, which means that systems (1) and (2) are ESy.
In addition, Figure 5 shows the state of the system (77) without delay interference under a nonlinear
controller.

Bt b bbb BB bb bbb b
= 23 @&

4 s s s . s
0 5 10 15 20 25

Time t

Figure 4. Convergence state of CDN (76) § = 0.2250 under linear controller.

30
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States

10

o
.
)
w
o
o
o))
~
fos)
0

Time t

Figure 5. The state of CDN (77) without time delays under the linear controller.

In Figure 6, we select ¢ = 0.0350 < 0.0604; the state in Figure 6 is not ESt, which means that
systems (1) and (2) are not ESy.

4 X106 T T T T T

States

3 . s s
0 10 20 30 40 50 60

Time t

Figure 6. The state of CDN (76) at § = 0.3300 under linear controller.



Symmetry 2023, 15,1510 23 of 29

Example 3. Consider CDN model consisting of three nodes with time delays and random distur-
bances under the linear controller

dz;(f) =|0(z;(t),t) + k i (liij(t) +k i bi]'Z]'(t —o(t)) +ci(t) | dt
=1 =1

3
+6 iz (£)dB(t),
];U]Z]( )aB(t) 79)

zi(to) =zip € R,
ci(t) =Ski(t),
x(t) =0(x(t),t),
where i € 1,2,3, let the synchronization error be

Li() = 2i(t) — x(b),

and 1;(t) = (In (£), Lo (), liz(£))T € R3*3 be the i-th state vector of the CDN. o(t) is time delay,

)
and satisfies o(t) : [to, +00),0'(t) < ¥ < 1,9 = {P(s) : —0 <s <0} € C([—4,0],R™).
Without delay and random disturbance, system (79) becomes

3 3
éi(t) :®(2l‘(f), f) +k 2 aijﬁj(t) +k Z bl],f](f) + Ci(t)dt
=1 j=1

2i(to) =zip € K>3, (80)

ci(t) =Sli(),

x(t) =0(x(t),1).
The matrix forms of systems (79) and (80) are, respectively,
dq(t) =[Y(q(t),t) + kAq(t) + kBq(t — e(t))

+ Sq(t)]dt + 6Vq(t)dB(t), (81)

L](fo) =qo € 9:{3><3,

and

{i(t) = Y(I(t),t) + kAI(t) + kBI(t) + SI(t), )

l(i’o) = e R3*3,

Suppose the coupling matrix

-1 0.01 -0.01 02 -01
,B=1] -01 02 ,

A= | —0.05 -0.5 1
01 -01 -1 —-01 02
1 00 1 00
S=(010|,V={01 0].
0 01 0 01

The coupling coefficient is k = 1.2. The activation function is Y(-) = sin (). Select & =1,
that is, ||Y(h) — Y (p)|| < ||l = p||. The initial value of the three nodes and isolated node is

L= (-2227, 1, =(-160,16)7, I3 = (-1.6,1.6,0)" and x(t) = (-0.1,0.1,0.1)". For
£ =08, © = 0.5, system (82) is ESt.
Let A = 0.3, & = 0. From Theorem 3, we obtain the following two equations:

1.28 exp( — 0.3) + 0.0512 exp(10.073088 + 0.0245) = 1, (83)
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and

2N, exp(0.6M7) +1.28exp(—(0.3 — ¢9)) = 1. (84)

Combine Theorem 3 in N7, Na. We have § = 0.0024, § = 0.0403. From Theorem 3, if the
time delays and random disturbance are less than the above-derived bound, which is || < 5,@ <
min(A/2,d), then CDN (39) disturbed by noise is MSESt. Thus, CDN (39) and (2) are MSESy.

In Figure 7, said CDNs under linear controller (39) and (2) have been implemented as ESy.
Meanwhile, Figure 7 shows CDN (39) and (2) under the linear controller § = 0.0303, 5 = 0.002.
Because both the time delays and the strength of random disturbances are smaller than the bound
derived from Theorem 3, error system (81) is stable. Therefore, CDNs (39) and (2) are MSESy
and ASESy. In addition, Figure 8 shows the state of the system (81) without delay and random
perturbations under a nonlinear controller.

2
u(t)
15 0.4 = (t)| |
e 2 (1)
g 02 0
£ 0 (1)
1 w 2(t)
-0.2 — 3a(t)
—_—i(t)
0.5 D4 — (i)
0.2 0.4 0.6 —_— ()
o Time (t)
S 0
n
-0.5
-1
1.5
2 . . . . ‘
0 2 4 6 8 10 12
Time (t)

Figure 7. The state of CDN (81) with § = 0.0303 and § = 0.002 under linear controller.

4 . .
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3 L —_— )
a2 —_—l)
O “ e & o — i (t)
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1 i)
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-1
-2
-3 .
0 1 2 3 4 5 6 7 8 9 10

Time (1)

Figure 8. The state of CDN (81) without delay and disturbance under linear controller.

In Figure 9 describes the state of time delays and excessive noise intensity, i.e., ¢ = 0.403,
5 = 0.024. It is easy to obtain that the limits of the time delays and noise intensity are greater than
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the theoretical results derived from Theorem 3. Therefore, error system (82) is unstable, that is, error
system (81) is unstable, so CDNs (39) and (2) are not ESy.

109

38]
Brote e b B b B B

State

Time (t)
Figure 9. The state of CDN (82) with § = 0.403 and § = 0.024 under linear controller.

Example 4. Consider a CDN with three nodes with time delays and random disturbances under
the nonlinear controller

dZi(t) = @(Zi(t), t) +k i (li]'Zj(t) +k i bi]'Z]'(t — Q(t)) + Ci(t) dt
=1 =1

+ 5}; v;jzj(t)dB(t), (35)
zi(to) =zip € K7,

ci(t) = = Oli(t),£) + O(x(t), t) + OLi(t),

X(t) =0(x(t),1),

where i € 1,2,3, the synchronization error is
li(t) = 2i(t) — x(t),

and 1;(t) = (In (1), Lin (), iz ()T € 3> is the i-th state vector of the CDN. o(t) is a time delay
that satisfies (t) : [to, +00),0' (1) <9 <1, = {P(s) : =0 < s <0} € C([—4,0], R™).
Without time delays and random disturbances, system (85) becomes

2i(t) =z € R>3, (86)

£
—
~
~
I
|
@
—
<
—
~
~—
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—
~
+
@
—
=
~—~
~
~—
<
-
~—
+
O
=~
—
~~
S~—
<

The matrix forms of systems (85) and (86) are, respectively,

{dq@):{kAqu>+kBqu——eu»-%Oqundt+évw<wdsu»

87
alto) —qo € 3, &7
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and

{i(t) = kAI(t) + kBI(t) + OI(t), )

I(tg) = Iy € R>3.
Suppose the coupling matrix

-02 —0.01 0 —-0.12 -0.1 0
A= -0.01 -02 0 ,B=| =012 0.1 0 ,

0.2 -01 -0.01 0 0 —-0.2

1 00 -1 0 0
01 0]|,V= 0o -1 0 |[.
0 01 0 0 -1

The coupling coefficient is k = 1.1. The activation function is Y (-) = sin (), the initial value
of the three nodes and isolated node is Iy = (-2,2, —2)T, L = (1,1, 1)T,
I3 = (—2,2,—2)" and x(t) = (=0.2,0.2,—0.2)". When £ = 1.1, © = 1, system (88) is ESt.
Select A = 0.5, & = 0. From Theorem 4, we can obtain the following two equations.

O:

2.42exp(—1) + 0.0696965% exp(5.3246 + 0.04325) =1, (89)

and
2N exp(1.5N5) + 242 exp(—2(0.5 — 9)) = 1. (90)

According to Theorem 4, N5, Ny, we can obtain § = 0.0876,5 = 0.0351. According to
Theorem 4, if the time delays and random disturbances are less than the bounds derived above, that
is, || < 6,0 < min(A/2,§), then the CDN (39) disturbed by noise is MSESt. Thus, CDNs (39)
and (2) are MSESy.

In Figure 10 shows the state of CDN (39) and (2) under nonlinear controller § = 0.0303,
§ = 0.002. In addition, Figure 11 shows the state of the system (88) without delay and random
perturbations under a nonlinear controller. Because both the time delays and the strength of random
disturbances are smaller than the bound derived from Theorem 3. Hence, error system (88) is stable
and error system (87) is stable, Therefore, CDNs (39) and (2) are MSESy and ASESy under the
nonlinear controller.

2

State
o

0 2 4 6 8 10 12 14 16 18 20
Time (t)

Figure 10. The state of CDN (87) with § = 0.0351 and § = 0.0876 under nonlinear controller.
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2 T
0.08
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15 @ 004
T 0.02
wn

State

Time (t)
Figure 11. The state of CDN (88) without delay and disturbance under nonlinear controller.
Figure 12 shows the status of § = 0.5,6 = 0.094. Obviously, the time delays and noise

intensity are greater than the bounds derived from Theorem 4. Therefore, error system (88) is
unstable, that is, error system (87) is unstable, so CDN (38) and (2) are not ESy.

6><‘IC|"|DI .
% 108
10
4ra 5
5]
&7 0
-5
2_
10 12
Time (t)

State
o

4t

Time (1)
Figure 12. The state of CDN (87) with § = 0.5 and = 0.094 under nonlinear controller.

Remark 8. The proof and calculation process involved in this paper is complex. For the proof
process, the Gronwall-Bellman lemma and some inequality techniques are used to analyze the
results of this paper. The calculation process was performed by MATLAB calculation of the involved
matrices and numerical simulations.

5. Conclusions

This paper explores the robustness of ESy with time delays and random disturbances
in the CDNSs that the have realized the ESy under the controllers. However, the information
of the CDN is inevitably disturbed by external time delay and the noise in the process
of transmission between nodes. Hence, to what extent CDN can withstand external time
delays and noise interference without losing synchronization has become the research
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hotspot of this paper. By applying the Gronwall-Bellman lemma and some inequality
methods, the maximum intensities of CDNS with external time delays and noise interfer-
ence are estimated by calculating transcendental equations, and sufficient conditions to
ensure the ESy of CDNs with time delays and random disturbances are obtained. It is
shown that (9), (28), (44) and (59) are ESt when the time delay limits and the size of random
disturbances are less than the upper bound we derive, and therefore, systems (1), (39) and
(2) are ESy. The results of this paper provide theoretical support for the analysis and design
of CDN. In the future, we try to use less conservative inequality techniques to expand the
upper limit of the delays and random disturbance strength. In view of the methods and
techniques utilized in this article, we will further study the inequality techniques, which
are less conservative, to analyze the upper bounds of delays and random interference in
the next stage, so that the obtained results are less conservative, so that the synchronization
of CDN is easier, or consider other systems, for example, generalized synchronization of
delayed CDNs.
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