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Abstract: The full discrete approximation of solutions of nonhomogeneous fractional equations is
considered in this paper. The methods of iteration, finite differences and projection are applied to
obtain desired formulas of explicit- and implicit-difference schemes for discretization schemes. The
stability of two difference schemes is also discussed using the Trotter—Kato theorem.
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1. Introduction

Many results of the approximation theory to abstract differential equations in Banach
spaces simplify the design of concrete numerical approaches. Thus, an approximation
theory of differential equations has attracted much attention due to its wide application in
recent years.

In [1], Guidetti, Karas6zen and Piskarev investigated the general approximation
theory for differential equations with first-order derivatives in Banach spaces. Using the
approximation theory, they analyzed the numerical problems of homogeneous differential
equations and semilinear differential equations, respectively. In [2,3], Li, Morozov and
Piskarev considered the approximation theory for derivatives of integrated semigroups.
For other papers on the approximation of first-order differential equations, we suggest that
readers consult [4-9].

Recently, fractional Cauchy problems and their approximation have become an im-
portant topic due to their broad application in engineering, physics and biology. A large
number of findings on this topic have been reported in the literature [10-33]. Among these,
in [22], Liu, Li and Piskarev considered the fulldiscretization approximation for solutions
of the following equation with fractional time derivative « € (0,1)

Dfu(t) = Au(t), 0<t<IL, 1
Loy g

in abstract space E, by virtue of finite differences and projection methods. In the same
year, by discussing the relations of compact convergence of resolvents and semidiscrete
approximation, the authors [23] studied the semidiscretization approximation of semilinear
fractional problems

Dfu(t) = Au(t) + J'%f(t,u(t)), 0<t<IL, 5
Loy ?

where 0 < a < 1. They demonstrated that the semidiscrete approximation to the solu-
tion is convergent if the corresponding resolvents are compactly convergent. However,
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in [23], the authors did not consider the fulldiscretization of the nonlinear term J'=* £ (¢, u(t)).
In [20], the authors discussed the well-posedness and maximal regularity of fractional semi-
linear differential equations in Holder space, and derived the existence and stability of an
implicit difference scheme for the fractional systems. We refer to [11,15,20,21,24,25,27,32]
and the references therein for the approximation of various differential equations in Ba-
nach spaces.

Motivated by above papers, we investigate the fulldiscrete approximation of nonho-
mogeneous fractional equation

{ D¥u(t) = Au(t) + J174f(t), 0<t<L, 3
M(O) — uOI ( )

in abstract space E, where operator A is the generator of Cy-semigroup exp(tA),0 < a <1,
f is a smooth enough function, the Caputo fractional-order derivative D} with order « is
defined by

Diu(t) = ./; (lf(li);;xu’(s) ds

and the Riemann-Liouville fractional order integral J'=* f() with order 1 — & is defined by

t —u
1—-a (t — S)
)= | ——— d
PRS0 = [ Fo F6) b
if the above two integrals exist.
The general discretization scheme for problem (3) in Banach space Ej, is
D¥uy(t) = Ayun(t) + 7 %fu(t), 0<t<L,
_ 0 (4)
un(0) = uy,

with a series of smooth enough functions f;,(-).

In this paper, we find new iteration formulas of solutions to the implicit scheme
and explicit scheme for the nonhomogeneous Cauchy problem (3) using the methods of
iteration, finite differences and projection. At the same time, we discuss the stability for the
two schemes using the Trotter—Kato theorem.

Define E, and E as Banach spaces, p, € %(E,E,), B, € #(E,) and B € %A(E)
with n € N, where #(E, E,;) denotes the space of all continuous linear operators from E
to E,, B(E,) denotes #(E,, E;). Now, we introduce some notations and definitions of
approximation theory, as follows.

By [9], we always assume that {p,}, pn € B(E, E,), satisfies that ||p,x||g, goes to
||x|| g when n tends to infinity for each x € E.

Definition 1 ([8]). The family {x,}, x, € E,, is P-converging to x belonging to E if

. . . P
limy—c0 || X4 — pux||g, = 0. This can also be written as x, — x.

Definition 2 ([8]). The family {B,}, B, € #(E,), is PP-converging to B belonging to A(E) if
Xn £> x implies By xy, 2> Bx for any x, € E, and x € E. It is also denoted as B, E) B.

Use C(E) to denote the space of all densely defined closed linear operators on E.
One version of the Trotter-Kato theorem [1], which is essential in the investigation of the
approximation theory for differential equations, is shown as follows.

Theorem 1. Assume that A € C(E) and A, € C(E,) are generators of Co-semigroups, respec-
tively. Then, the hypotheses (A) and (B) are equivalent to (C).
(A). Coordination. There is one number A € p(A)N\Nup(Ay) that satisfies (AL, —

A1 2P (AT - A)L
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(B). Stability. There are two real numbers, w and My > 1, satisfying || exp(tA,)| <
M exp(wt) foreach t > 0 and n € N, where w and M are independent of n.
(C). Convergence. For every L > 0, the relation

_ o —
;}gr;oger}gﬁlleXp(tAn)u pnexp(tA)u’]| =0

holds if ud L u%, u% € Eyand u® € E.

2. Explicit and Implicit Schemes for the Approximation

The main purpose of the paper is to investigate the fulldiscrete approximation of
the Equation (4). Therefore, the difference schemes for the general approximation to the
problem (3) are needed.

Let t,, = mt,, m =0,1,2,...; we approximate the fractional derivative (D{x,)(ty) of
functions x; : [0, L] — Ej, by the finite difference scheme Af x,(-), where

(D xn)(tm) = ]1 ! /( m)

/tm x
= ds
1—1x

X (tm —8)

m=l i —
B 1—¢x ;/ s® ds

and
1 = #1- ‘X—tl ay Xn (tmfj)fxﬂ(tmfjfl)

(tx,,,Xn(-) = m Z: ( j+1 ) T

In view of [24], the solution of the homogeneous equation of problem (4) can be
expressed by uy,(t) = Sy(t, Ay)ud for any smooth initial value 19 € D(A!!) with the
smallest integer I, such that (I + 1)a > 2. In this situation, they proved the following
relation regarding the order of convergence

£ tn(+) = (Df ) (b)) = O(73;).

th

On the other hand, we approximate J!=%f(t,,) by ]tln:”‘ fn(+), where

) =

1 m_l /tm f(tm —s)
= - ~— _Zds
I'(1—w) Jg Jt; s*

and
1 m—1

]tlm_afn(') - m Z (t}-‘rf‘ - tl a)fn(tmfj)'
j=

Now, we can approximate problem (3) using the implicit difference scheme

{ A U () = Aalu(tw) + 1 fu(-), )

U,(0) =ul,
and the explicit scheme

{ AF Un () = AgUn(ty—1) + L% fu(), ®)
Un(o) = ”91/
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respectively.

3. Existence and Stability

Now, we present the proofs of the iteration formulas that solve the two difference
schemes through the method of induction, and discuss the stability of the solutions under
the condition (B) with w = 0 in the Trotter-Kato theorem.

Letb; = (j+ 1)1=% — j1=% in the sequel. The two iteration formulas of solutions for
implicit and explicit difference schemes are presented as follows.

Theorem 2. For the implicit scheme (5), we obtain the relation

m .
U, (mt,) =) c](.m)R]ug +
i=1

ia%)RTnfn(].Tn)/ (7)
] Hp—

j=1

where R = (I — T(2 — )73 Ay) ™, Ty (0) = ul, and ™ = by, " = £ (b —
b)c" Y, =2, D ™ =1, >0, =1, m, al) = by + R (b —
pa® o) = oV )

_ o G) A s
meis O = By, ] = 2,..,ma =0,j>i.

Proof. For the implicit difference scheme (5), i.e., for the scheme

1 milbUn((m*])'fn)*un((m*]*l)"fn)
r2—a) =7 Tn®
j=0
1 1—a =
= AuUn(tm) + NP ];] bifu((m —j)Tu),
it follows that
. m—1 o
Up(mty) = Rbyquy+R Y (bj_g — b)) Un((m — j)T)
j=1

m—1
+R Z(:) Tubjfu((m — ) T).
j=

We prove (7) by induction as follows.

Form =1, U, (1,) = Rud + Rt fu (), cgl) =1, agl) =by=1.
Form =2,

U,(2t)) = Rbyud + R(bg — by)Un(Tn) + R fn(2T) + Rb1 Ty fu (T
= Rbjud+ R2(1 — bl)ug + b1 RTy fu(Th)

+R?(bo — b1) T fu(Tn) + R fu (2T0)
= Rbyul) +R*(1 —by)u) + [by + R(bo — b1)]RTu fu ()

+RT, fn(2T0),
where c%z) = by, c§2) =1-10, ng) + ng) =1, aél) = by + R(bg — b1)a§1>, a?) = 0 and
A2 — 0 4
2 1 .

Assume that (7) holds when 1 < m < M — 1. Then, for m = M, we deduce

M-1
Uy(Mty) = Rby_quy+R Y (bioq — b)) Un(M —i)T)
i=1
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M-1
+R Y tubifu((M —i)Ty)
i—0
M—1

= Rby_quy +R Y (big —by)
i=1

N iy io0 NS ()
»» ¢ Riub + ) ﬂA]/I_iRTnfn(an)]
=1

j=1

M-1
+R ;) Tbi fu (M — i) Ty)

= P+ P,
where
M-1 M—i (M—1) 7 0
P = RbM—lug +R Z (bifl - bl) Z C]‘ R]un/
i=1 j=1
M—-1 M—i ) M-1
P,=R Y (bi1—b;) Y ay; Rtufu(jta) + R Y Tubifu((M—i)T).
i=1 j=1 i=0

Next, we verify P; = ):M M)Rj u% and P, = ): 21 “5\2 R, fn(jTu) by induction, re-

spectively.
In fact,
M-1 Moi
P; = Rby_quj+R Y (b1 — b)zcj 7Z)Rlu2
i=1 j=1
M—1M-j Mei) s
= Rbyquj+ Y (bzel*bz‘)cj(- 71)R]+1“2
j=1 i=1
M M—j+1 (M—i)
—1i
= Rbyqu)+ Y (bie1 = bi)ej 4 Riuf,
=2 i=1
where ch) =bpm_1, c](.M) = Ef\izﬁl(bi,l — bi)c](.fdfi),j =2,..,M,and
M M—1M—i
M M-
Yo = byt (b1 — by ™
j=1 i=1 j=1
M—=1 M—i
e
= byt (Y M) - b)
i=1 j=1
M-1

Thus, P = ¥}, c](M)RJ'ug.
On the other hand,
M-1

P, = R

i

i M-1
(bi_1 —b)al) Rt fuljta) +R Y Tabifa((M —i)T,)
i=0

Il
EEM$

Il
o]
ME

bi_ 1_b)a1(\/1 ZRT”f”(]T” +RZT”bM ]fn(]Tn)
j=1

-
Il
MR
N
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M
= RZ (bi_1 —b)agw) R fu(jTn) —i—RZTnbM ]fn(]Tn)
j=1i=1 j=1

M
- Z R(b; 1 — b)agw)l ]HRTnfn(]Tn —i—RZTnbM ]fn(]rn)
j=1i=1 j=1

By assumption, Zfﬁ;j R(bj_1 —b; )ag\}l) imjh1 = ag\}[) i1 — by j. It follows that

M M
1 . .
b = gwﬁdlm—bM7j>anfn<]rn>+R§ bt ifa (%)
= j=

&) :
= Z“M—jHRTnfn(]Tn)
=

)
= ZaAJA Ry fu (jTn)-

j=1
77 M M) Ji M
Hence, U, (MT,) = Z] 1 c Riul + Z 21 aM RTnfn(]Tn) O

Theorem 3. Considering the explicit difference scheme (6), the relation

m
Uy (mr,) = Yo" Rlu) + Zd(])Tnfn(an) ®)
j=0 j=1

holds for m € N, where R = I,, + r@ ; )Tn“A and

7< ) = Zl Z(b 1 — b)C(()m l)+bm/
i S T
em = (1-by)e fn e = (1 - b)Y,

W = by 4RO b)all + 5 s bl
ﬁ%) :ﬁ(l) ]':2,_",111 al() _O,]>Z/

m—1 m—71)1t)— U, ((m—i—1)1,
1_a 2b]Lln(( Ptn) = Un((m —j = 1))

szo ' Tn"
— AU~ 1)) + zfn bfal(m — )T),
we get
Un(mz) = (1—b1)(1n+lmrn“An)Un((m—l)Tn)
+:22<b]-_1—b,»>un<< )+ bt +’jz:rn]fn< o)
— (1= b)RU((m— 1)5) + i Un (1 — 1)73)

+bm” + Z Tn 1fn ( )Tn)

i=
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Next, we prove relation (8) by induction.
Form =1,

() = (1= b0) (0t o A8 + by + ()

= (1 —b)Rud + 011 + 1 fu (),

where c(()l) =b; >0, C(l) =1-0b1 >0, E(()l) +E(1) =1land ﬁ(l) =by=1

1 1
Form =2,

Un(2T0) = (1 —Db1)RUx(T0) + (b1 — b2)Un(0) + boUy (0)
+Tu fn (2Tn) + Tub1 fu(Tn)
= (1-7)2R%u0 + by (1 — b)) Ru® + byl
+(1 = b1) Rt fu(Tn) + Tufu (2T0) + Tabr fu(Th),

where 22 = by > 0,62 =b(1-by) > 0,62 = (1-b)2 >0, +2? +c? =1,

a0 — o, 2 = 0,2 = by + (1— by)R = by + R(1 — b)), 2 =1 = a0
Assume the relation (8) holds for 1 < m < M — 1. Then,

u, (M)
. M
= (1-b)RU,(M—-1)1) + Z(bi_l —b)Uy (M —i)7)
i=2
M-1
+bMUn( )+ Z Tnb’fn((M—i)Tn)
i=0
M 1 (M-1)
= (1-b)R 2 R]uo + Z aM LT fu ()]
j=0 j=1
M M- Mg S
+ Z(bi—l —b;)| Z Rl + Z E}\]AiiTnfn(]'Tn)]
i=2 =0 j=1
M-1
+bpul + Y Tubifu((M —i)T)
i=0
= Ql + QZ/
where
M- M—
Q1= (1-5)R Z MlR]uO—i—Z i1 — 2 M’R]u0+bMun,
j=0 i=2 j=0
Mol M S
Q = (1-bh)R EA]/1 1Tnfn ) Z i—1—b;) 2 EA]/IfiTnfn(an)
j=1 i=2 j=1
M-1
+ Y Tubifu(M—i)T).
i=0
Now, our aim is to deduce Q1 = Z ZMR u9and Q, = Zinl E?VIT” fn(jTn) by induction,

respectively. As a matter of fact,

M- M—1 M M—i (M-
Q1 = (1-b)R 2 MR 4 Y (04— by) Z TR + byl
: =2 ]:

o
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M (M-1)5 M2 (M—i) 7]
= (1-b) ZE];l R]Mg + Z Z (bj_1 — l’Jl‘)E]- R]MS + bMug
=1 =0 i=2
M
—(M
— 2 ]( )R]u(r)l
=0

oy = EMalbig —b)c"  + >0,

M = (b)Y + S i — b >0, =1, M~ 2,
C%ﬁ (1- b1)C§\A 5 V> o, C(M) (1- )cg\i\IA 11) > 0.

Meanwhile, we can obtain

M M-1 M M—i .
ZE](M) = (1 — bl) ' E](-Mil) + Z(bi_l o bl') ' E](‘Miz) + byp
j=0 j=0 i=2 j=0
M
= (1 - bl) Z(bl*l - bz) +bum
i=2
= 1
Furthermore,
 M-1 0
Q = (1_bl)R a1\]/1,11'?1][71(]'Tn)
j=1
M M—i 0 M-1
+ Z(bi—l —b;) a1\]/1_1‘Tnfn(].7n) + Z Tubj fu (M — i) Tn)
i=2 =1 i—0
M
— (1=b)RY. @) | tufulima)
1 M—1 nfn JTn
j=1
M2 (1) ‘ M .
+ (bi—1 — bi)ﬁMfifjHTnfn (jtn) + Z Tuba—jfu (jTn)
j=1 i=2 j=1
M
= (1_b1)RZ anfn(an)
j=1
M M- ] 1)
+Z aM i ]+1Tnfﬂ JTn +Z‘,TnbM ]fn(]Tn)
j=1 1:2 j=1
M M-
— Y [bm_j+ R b))+ Z](b- —b)a\Y . Jfu(T)
M~—j 1)8pM—j i—1 i)ON—i—jt1 nfn(jTn
j=1 i—2

M
= Z uM ]+1Tnfn(]Tn>

]_

= Z a Tnfn(]Tn

where EE\}R =by_1+R(1- bl)ﬁj(\}[)_l + XM by — b )ag\? I,E(j) =0,j>1i,and

() o LN 1)
ﬁAj/j = (1 - bl) Ap— —j + X; (bifl - bi)aM_i_]'_H + bej
=

_ =) P
= Oy j=2,.,M
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Consequently,
(M0 N ()
Un(MT) = Y& Rlug + Y a3 tufu ()
j=0 j=1
O

On account of the above two relations, we now can establish the proof of stability to
the solutions, under the following conditions.

Theorem 4. Suppose condition (B) holds, with w = 0. Then, the implicit difference scheme (5) is
stable, i.e., o o o
[T (m) | < M|uy || + My sup || fu (i)l ©)

1<j<m

where M = max{1, My}, mt, € [0,L].

Proof. By condition (B), we have |[e47|| < M; for any ¢ > 0. Thus,

IRl = |[(In = T(2 = &)t An) |
= T2 = )5) 7 (g — An) ]
< (T@2- R)T"a)_j(l"(Z—ASTM)—f
= M.
Next, we prove the inequality
Il <M, ||RalV || < M, j=1,2,..,m, (10)

by induction.
Form =1, Hagl)H =by <M.
Form =2, |lay || = |[by + R(bo — by)at" || < Mby + M(by — b;) = M
Suppose the relation (10) holds for every 1 < m < M — 1. Then, for m = M, we obtain

M-
1
e = a1 +R 2 (b1 — b)all) |
o M
< Mby 1+ Z i1—b
= M.

From the above proof, one can also obtain that
IRaV| <M, j=1,2,...,m.

Consequently, using Theorem 2, we obtain

IS
=
§
g

IN
‘ME

R + Z [N TAGS]
]_

-
Il
—_

M

IN
Nn/\

Mll\un||+2|laM ,HRHTn P IIfn(]Tn)H
]_

-
Il
—_
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IN

Ml\unII+MZTn sup || fu (jTu) |
j=1 1<j<M

M|juy|| + MM, sup || fu(jTa) |-
1<j<M

O

Theorem 5. Let 3 < a < 1. Suppose condition (B) holds with w = 0 and || 7,21 A,%|| < ¢,
where c is a constant. Then, the explicit scheme (6) is stable, i.e.,

~ I2(2 —a) o L o .
[Un(mT)|| < MeXP{Wan}H”n”WLMan sup || fu (jT) I, (11)
1) 1<j<m

where M = max{1, M; (1 + ((7)77,1)} c is independent of n and mt, € [0, L].

Proof. By condition (B), we have |ef4"|| < M; for any t > 0. Then, we have ||(I, —
HE8 5, Ay) || < My. Thus,

—i I'2—a .
IR = N+ 204,y
1—I
_ F(Z—DC) i3 —j FZ(Z ) 21x j
= NG = g An) (I~ (T A2V
r2(2
< M (1+ ||((l)1)2)'l—n2a lAn2HTn>
I?(2—a)
< M Tl
Next, we prove
l@" | < M,j=12..h, (12)

by induction.
Form =1, [al"|| = by < M.
Form =2, [[ay")|| = by +R(bo — b1)al")| < Mby + M(bo — by) = M
Suppose the relation (12) holds for every 1 < m < M — 1. Then, for m = M, we obtain

M-1
01 = w4 Rebo = by + X (6 — b |
i=2
N N _M-1
< Myt +M(bo —b1) + M Y (b1~ by)
i=2
.

Consequently, we have the following estimate

HUn(MTn)II
(M
< Zc >\|Rf|||\un||+zuaMnrn sup [fa(jt)
] 1<j<M
;- (M) %7 11,,0 1) )
= 2. IR Hl\un||+ZHEM,jHHTn sup | fu(jtn)||
j=0 j=1 1<j<M
M _ I?(2 —w , M .
< Y TS + 8 T sup Ifo(Gmn
=0 (1—1b1) S
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cI?(2 —a)

< Merl oy

M }|[upll + MMy sup || fu(jTa) -
1<j<M

O

Remark 1. Our results generalize Proposition 1, Proposition 2, Theorem 2 and Theorem 7 in [22],
where the authors consider the existence and stability of homogeneous fractional equations. Our
contribution in the present paper is that we find the new iteration formulas of solutions for the
implicit scheme and explicit scheme of the nonhomogeneous Cauchy problem (3) and obtain the
stability results for these two schemes.

4. Numerical Example

In this section, we provide a numerical example in one-dimensional space to show the
validity of our results. We consider the following differential equation
D¥u(t) = —u(t) + J*"%sint, 0 <t <20, (13)
u(0) =0.1,

in Euclidean space R, when 7, = 0.2 and « equals 0.5, 0.25, 0.7, respectively.

According to Figures 1-3, one can see that the solutions of implicit schemes are stable.
Therefore, Theorem 4 is valid by means of these Figures. On the other hand, one can see
that the solutions of explicit schemes are unstable in Figures 1 and 2. The solution of explicit
scheme is shown to be stable in Figure 3. Thus, Theorem 5 is also valid, since « must be
greater than 0.5 in this theorem.

Figure 2. & = 0.25.
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Figure 3. « = 0.75.

5. Conclusions

In this work, the existence and stability of two difference schemes for nonhomoge-
neous fractional Cauchy problem are obtained in the space C(E,) using of the methods
of numerical analysis and functional analysis. These approaches are efficient, simple and
can be applied to analogous problems. In the near future, we will investigate the order of
convergence of difference schemes and stability for problem (3) in suitable spaces.

Author Contributions: Data curation, L.X.; Formal analysis, X.X.; Methodology, X.X.; Writing—
original draft, X.X.; Writing—review and editing, L.X. All authors have read and agreed to the
published version of the manuscript.

Funding: This research received no external funding.

Data Availability Statement: The program data used to support the findings of this study in Section 4
are available from the corresponding author upon request.

Acknowledgments: The authors would like to express there gratitude to the editor and anonymous
reviewers for their valuable comments and suggestions.

Conflicts of Interest: The authors declare that they have no competing interest.

References

1.

10.

11.

12.

Guidetti, D.; Karasozen, B.; Piskarev, S. Approximation of abstract differential equations. J. Math. Sci. 2004, 122, 3013-3054.
[CrossRef]

Li, M.; Morozov, V.; Piskarev, S. On the approximations of derivatives of integrated semigroups. J. Inverse Ill-Posed Probl. 2010, 18,
515-550. [CrossRef]

Li, M.; Morozov, V.; Piskarev, S. On the approximations of derivatives of integrated semigroups II. J. Inverse Ill-Posed Probl. 2011,
19, 643-688. [CrossRef]

Abdelaziz, N.H. On approximation by discrete semigroups. J. Approx. Theory 1993, 73, 253-269. [CrossRef]

Abdelaziz, N.H.; Chernoff, PR. Continuous and discrete semigroup approximations with applications to the Cauchy problem.
J. Oper. Theory 1994, 32, 331-352.

Ashyralyev, A.; Sobolevskii, P.E. Well-posedness of Parabolic Difference Equations. In Operator Theory; Springer: Basel, Switzer-
land; Boston, MA, USA; Berlin, Germany; Birkhéduser: Basel, Switzerland, 1994; Volume 69.

Cao, Q.; Pastor, J.; Siegmund, S.; Piskarev, S. The approximations of parabolic equations at the vicinity of hyperbolic equilibrium
point. Numer. Funct. Anal. Optim. 2014, 35, 1287-1307. [CrossRef]

Piskarev, S. Differential Equations in Banach Space and Their Approximation; Moscow State University Publish House: Moscow,
Russia, 2005. (In Russian)

Vainikko, G. Approximative methods for nonlinear equations (two approaches to the convergence problem). Nonlinear Anal.
1978, 2, 647-687. [CrossRef]

Alam, M.M.; Dubey, S. Strict Holder regularity for fractional order abstract degenerate differential equations. Ann. Funct. Anal.
2022, 13, 1-29. [CrossRef]

Alikhanov, A.A. A new difference scheme for the time fractional diffusion equation. J. Comput. Phys. 2015, 280, 424-438.
[CrossRef]

Bajlekova, E. Fractional Evolution Equations in Banach Spaces. Ph.D. Thesis, University Press Facilities, Eindhoven University of
Technology, Eindhoven, The Netherlands, 2001.


http://doi.org/10.1023/B:JOTH.0000029696.94590.94
http://dx.doi.org/10.1515/jiip.2010.024
http://dx.doi.org/10.1515/jiip.2011.053
http://dx.doi.org/10.1006/jath.1993.1041
http://dx.doi.org/10.1080/01630563.2014.884580
http://dx.doi.org/10.1016/0362-546X(78)90013-5
http://dx.doi.org/10.1007/s43034-021-00147-4
http://dx.doi.org/10.1016/j.jcp.2014.09.031

Symmetry 2023, 15, 1355 13 of 13

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.
23.

24.

25.

26.
27.

28.
29.
30.
31.
32.

33.

Fan, Z.; Dong, Q.; Li, G. Almost exponential stability and exponential stability of resolvent operator families. Semigroup Forum
2016, 93, 491-500. [CrossRef]

Fan, Z. A short note on the solvability of impulsive fractional differential equations with Caputo derivatives. Appl. Math. Lett.
2014, 38, 14-19. [CrossRef]

Gao, G.; Sun, Z. The finite difference approximation for a class of fractional sub-diffusions on a space unbounded domain. J.
Comput. Phys. 2013, 236, 443-460. [CrossRef]

He, J.W.; Zhou, Y. Holder regularity for non-autonomous fractional evolution equations. Fract. Calc. Appl. Anal. 2022, 25, 378-407.
[CrossRef]

Kilbas, A.A.; Srivastava, H.M.; Trujillo, J.J. Theory and Applications of Fractional Differential Equations. In North-Holland
Mathematics Studies; Elsevier: Amsterdam, The Netherlands, 2006; Volume 204.

Li, K.; Peng, J.; Jia, J. Cauchy problems for fractional differential equations with Riemann-Liouville fractional derivatives. J. Funct.
Anal. 2012, 263, 476-510. [CrossRef]

Liang, Y.; Shi, Y.; Fan, Z. Exact solutions and Hyers-Ulam stability of fractional equations with double delays. Fract. Calc. Appl.
Anal. 2023, 26, 439-460. [CrossRef]

Liu, L,; Fan, Z,; Li, G.; Piskarev, S. Maximal regularity for fractional Cauchy equation in Holder space and its approximation.
Comput. Methods Appl. Math. 2019, 19, 779-796. [CrossRef]

Liu, L.B,; Liang, Z.; Long, G.; Liang, Y. Convergence analysis of a finite difference scheme for a Riemann-Liouville fractional
derivative two-point boundary value problem on an adaptive grid. J. Comput. Appl. Math. 2020, 375, 112809. [CrossRef]

Liu, R; Li, M,; Piskarev, S. Stability of difference schemes for fractional equations. Differ. Equ. 2015, 51, 904-924. [CrossRef]

Liu, R; Li, M,; Piskarev, S. Approximation of semilinear fractional Cauchy problem. Comput. Methods Appl. Math. 2015, 15,
203-212. [CrossRef]

Liu, R; Li, M; Piskarev, S. The order of convergence of difference schemes for fractional equations. Numer. Funct. Anal. Optim.
2017, 38, 754-769. [CrossRef]

Liu, R.; Li, M,; Pastor, J.; Piskarev, S. On the approximation of fractional resolution families. Differ. Equ. 2014, 50, 927-937.
[CrossRef]

Podlubny, I. Fractional Differential Equations; Academic Press: San Diego, CA, USA, 1999.

Ponce, R. Time discretization of fractional subdiffusion equations via fractional resolvent operators. Comput. Math. Appl. 2020, 80,
69-92. [CrossRef]

Ponce, R. Well-posedness of second order differential equations with memory. Math. Nachr. 2022, 295, 2246-2264. [CrossRef]
Priiss, J. Evolutionary Integral Equations and Applications; Birkhéduser: Basel, Switzerland; Berlin, Germany, 1993.

Shi, Y.; Fan, Z.; Li, G. New explicit solutions and Hyers-Ulam stability of fractional delay differential equations. J. Yangzhou Univ.
(Nat. Sci. Ed.) 2023, 26, 1-5+19. (In Chinese)

Wang, R.N.; Chen, D.H.; Xiao, T.J. Abstract fractional Cauchy problems with almost sectorial operators. J. Diff. Equ. 2012, 252,
202-235. [CrossRef]

Zhang, J.; Wang, ].R.; Zhou, Y. Numerical analysis for time-fractional Schrédinger equation on two space dimensions. Adv. Differ.
Equ. 2020, 2020, 53. [CrossRef]

Zhu, S.; Fan, Z.; Li, G. Topological characteristics of solution sets for fractional evolution equations and applications to control
systems. Topol. Methods Nonlinear Anal. 2019, 54, 177-202. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://dx.doi.org/10.1007/s00233-016-9811-z
http://dx.doi.org/10.1016/j.aml.2014.06.015
http://dx.doi.org/10.1016/j.jcp.2012.11.011
http://dx.doi.org/10.1007/s13540-022-00019-1
http://dx.doi.org/10.1016/j.jfa.2012.04.011
http://dx.doi.org/10.1007/s13540-022-00122-3
http://dx.doi.org/10.1515/cmam-2018-0185
http://dx.doi.org/10.1016/j.cam.2020.112809
http://dx.doi.org/10.1134/S0012266115070095
http://dx.doi.org/10.1515/cmam-2015-0001
http://dx.doi.org/10.1080/01630563.2017.1297825
http://dx.doi.org/10.1134/S0012266114070088
http://dx.doi.org/10.1016/j.camwa.2020.04.024
http://dx.doi.org/10.1002/mana.202000113
http://dx.doi.org/10.1016/j.jde.2011.08.048
http://dx.doi.org/10.1186/s13662-020-2525-2
http://dx.doi.org/10.12775/TMNA.2019.033

	Introduction
	Explicit and Implicit Schemes for the Approximation
	Existence and Stability
	Numerical Example 
	Conclusions
	References

