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Abstract: In this paper, we investigate the solution to a class of symmetric non-homogeneous two-

dimensional fractional integro-differential equations using both analytical and numerical methods.

We first show the differences between the Caputo derivative and the symmetric sequential fractional

derivative and how they help facilitate the implementation of numerical and analytical approaches.

Then, we propose a numerical approach based on the operational matrix method, which involves

deriving operational matrices for the differential and integral terms of the equation and combining

them to generate a single algebraic system. This method allows for the efficient and accurate approxi-

mation of the solution without the need for projection. Our findings demonstrate the effectiveness of

the operational matrix method for solving non-homogeneous fractional integro-differential equations.

We then provide examples to test our numerical method. The results demonstrate the accuracy

check for and efficiency of the approach, with the graph of exact and approximate solutions showing almost
updates complete overlap, and the approximate solution to the fractional problem converges to the solution
Citation: Syam, S.M.; Siri, Z; Altoum,  of the integer problem as the order of the fractional derivative approaches one. We use various
SH.;Md. Kasmani, R. Analyticaland  methods to measure the error in the approximation, such as absolute and L, errors. Additionally, we

Numerical Methods for Solving explore the effect of the derivative order. The results show that the absolute error is on the order of

Second-Order Two-Dimensional 10—, while the L, error is on the order of 10~13. Next, we apply the Laplace transform to find an

Symmetric Sequential Fractional . . . . . . .
Y q analytical solution to a class of fractional integro-differential equations and extend the approach to

Integro-Differential Equations.
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the two-dimensional case. We consider all homogeneous cases. Through our examples, we achieve
two purposes. First, we show how the obtained results are implemented, especially the exact solution

for some 1D and 2D classes. We then demonstrate that the exact fractional solution converges to the
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exact solution of the ordinary derivative as the order of the fractional derivative approaches one.
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Fractional calculus is a branch of mathematical analysis that extends the concepts of
differentiation and integration to non-integer orders. The origins of fractional calculus can
be traced back to the work of Leibniz and Euler in the 18th century, who introduced the
concept of fractional differentiation and integration. However, in the late 19th and early
20th centuries, fractional calculus began to be studied systematically, thanks to the work of
mathematicians such as Liouville, Riemann, and Grunwald; see [1]. One of the main results
conditions of the Creative Commons  Of fractional calculus is the fractional derivative, which is a generalization of the classical
Attribution (CC BY) license (https:// ~ derivative to non-integer orders. The fractional derivative has numerous applications in
creativecommons.org/ licenses /by / physics, engineering, and other sciences, particularly in problems involving non-locality or
40/). memory effects [2].
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Another important concept in fractional calculus is the fractional integral, which is a
generalization of the classical integral to non-integer orders. The fractional integral is useful
for solving differential equations involving fractional derivatives and has applications in
areas such as signal processing and control theory.

One of the most significant advancements in the field of fractional calculus is the de-
velopment of the Caputo fractional derivative. Caputo introduced the fractional derivative
in 1967, which is defined as the Riemann—-Liouville fractional derivative with the initial
conditions being in the form of a non-singular integer. The Caputo fractional derivative
is widely used in various applications due to its ability to handle initial conditions better
than other types of fractional derivatives; see [2] for more details.

The concept of symmetric sequential fractional derivatives was first introduced by
Kilbas, Srivastava, and Trujillo in [3]. They defined the sequential fractional derivative of
order « and 3, «, B > 0 as the composition of two fractional derivatives of orders « and §,
respectively. Later, a generalization of this concept was proposed by Zhang and Wei [4],
who defined the sequential fractional derivative of arbitrary order as the composition of
n fractional derivatives of different orders. In [5], Atanackovic and Pilipovic studied the
symmetric sequential fractional derivative in the context of the Caputo sense. They derived
the Laplace transform of the symmetric sequential fractional derivative and discussed its
basic properties. They also investigated the relationship between the sequential fractional
derivative and the fractional integral.

Li et al. [6] introduced a new class of symmetric sequential fractional derivative
models and demonstrated their applications in the fields of fluid mechanics, heat transfer,
and finance. Zhong et al. [7] discussed the properties of sequential fractional derivatives
and their application to fractional partial differential equations. They also showed that
the sequential fractional derivative is more general than the Riemann-Liouville fractional
derivative.

One of the key properties of symmetric sequential fractional derivatives is their non-
commutativity. This means that the order in which the fractional derivatives are applied
can affect the final result. This property has been studied in detail by several researchers,
such as Baleanu, Giilsuand Mohammadi [8], who have shown that it can have important im-
plications for the behavior of complex systems. Symmetric sequential fractional derivatives
have also been used in numerical methods for solving differential equations. Fractional
Adams-Bashforth methods that use sequential fractional derivatives to approximate the
solution of fractional differential equations have been proposed by Zhang, Li, and Shen [9].

Moreover, different applications in science and engineering are modeled by integro-
differential equations (IDEs) and partial differential equations (PDEs); see [10,11]. They
arise naturally in many fields, including physics, engineering, economics, and biology. One
of the earliest studies of IDEs was performed by Volterra in [12], who developed a theory
of integral equations based on his work on functional analysis. Then, the study of IDEs has
grown significantly, with many researchers contributing to the development of the field.

On the other hand, in [2], the authors showed one of the key properties of IDEs is their
non-locality, which means that the solution at a given point depends not only on the local
values of the function but also on its integral over a certain range. This property makes the
analysis of IDEs more challenging than that of ordinary differential equations (ODEs).

Several techniques have been developed for solving IDEs, including numerical meth-
ods, Laplace transforms, and Fourier transforms. One of the most popular methods for
solving IDEs, which has been used by Baleanu et al. [13], is the method of characteristics,
which involves finding curves along which the solution to the equation is constant. This
method has been applied to a wide range of problems, including those in fluid mechanics,
heat transfer, and finance.

The stability analysis of IDEs is another important topic in the study of these equations.
Stability analysis involves studying the behavior of the solutions to the IDEs as time passes
and determining whether the solutions converge or diverge. Several researchers have
developed stability criteria for IDEs, which have been used in the study of problems in
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biology, finance, and other fields. Wang, Sun, and Li [14] studied the stability of solutions
to fractional differential equations with the Caputo derivative. They presented a new
sufficient condition for the asymptotic stability of the zero solution to the equation, based
on the Lyapunov direct method. In recent years, there has been a growing interest in the use
of operational matrices in machine learning and data analysis. Operational matrices can be
used to represent data in a low-dimensional space, which can make it easier to analyze and
process large datasets. Operational matrices are an important tool in applied mathematics
and engineering for solving differential equations and other problems. They are matrices
that used to calculate the estimated solution of a differential equation in terms of the values
of the function and its derivatives at a finite set of points. Wu and Liao [15] presented an
efficient approach to obtain higher-order approximations of fractional derivatives using the
generalized Taylor matrix method.

Canuto et al. [16] provided one of the most common methods for solving differential
equations using the spectral method. This method involves approximating the solution
of a differential equation using a series of orthogonal functions, such as Fourier series or
Chebyshev polynomials and then using the corresponding operational matrices to solve for
the coefficients of the series. For more detail, we refer the reader to the references [17-20].

This article is divided into six sections. The first two sections provide a brief overview
of the literature on the applications of and solutions to fractional IDEs. We also mention
some preliminary definitions and theorems used in this work. More attention is paid
to some symmetric sequential derivatives and fractional Laplace transform results. A
derivation of the operational matrix method (OMM) can be found in Section 3. A proof of
these matrices is given. Section 4 derives exact solutions for 1D and 2D fractional IDEs. All
homogeneous cases are considered. Finally, the last two sections provide some examples
for two purposes. First, we show how the results obtained are implemented, specifically
the exact solution for some IDE classes. Next, we show the efficiency of OMM. In addition,
we end the article with some conclusions and concluding remarks.

It is worth mentioning that our investigation focuses on solving a class of symmetric
non-homogeneous two-dimensional fractional integro-differential equations using both
analytical and numerical methods. Initially, we highlight the distinctions between the
Caputo derivative and the symmetric sequential fractional derivative and discuss how these
differences aid in the implementation of numerical and analytical approaches. Subsequently,
we propose a numerical approach based on the operational matrix method. This approach
entails deriving operational matrices for the differential and integral terms of the equation
and combining them to form a unified algebraic system. This method enables efficient and
precise approximation of the solution without requiring projection.

2. Preliminaries

We start this section by defining two important operators, which are the Caputo
fractional derivative and the Riemann-Liouville fractional integral operator.

Definition 1 ([3,21]). Let q,s > 0and M € N with M —1 < g < M. Then, the Caputo
derivative of z(s) of order q is defined as

1
I'(M—q)

and the fractional integral operator is given by

‘Diz(s) = /Os(s — r)yM=a=1(M) () gy 1)

12(s) = Fl /0 (s — 1)1 Lz(r)dr. %)
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The power rule is one of the important rules, and it is given as follows for both

operators
0, ¥ <47€{0,1,2,.}
cpiagY —
o { F(rv(zx)mz%q otherwise (©)
and
1157 = T +1) S @
T(y+q+1)

The relations between these operators are given as follows:
‘DIIz(s) = z(s) (5)

and

1(DP=(x) A& ©

Formula (3) implies that if % < g <1,then

em20a . L(@+1) ) (‘J+1)—
D = =g+ g Z
and r(g+1)
C C _C q —_
DI(° D7) = Dq<m)> = 0. 8)
Thus,
D0 4€ DA(EDIsT). ©)

Hence, the Caputo derivative is not symmetric-sequential. The definition of a symmetric-
sequential derivative is given as follows.

Definition 2 ([22,23]). Ifq € (0,1) with
epMiz(s) = <pi (CD(M Daz(s )) MEeN, (10)

then the derivative is called a symmetric-sequential Caputo derivative of order p, which we denote
by *DMaz(s). For simplicity, we use DMiz(s) to mean symmetric sequential derivative.

Now, we define a list of interesting functions that we use in this paper.

Definition 3. Let a1 > 0,4, > 0, and A,y € R. Then,
1. The one and two Mittag—Leffler functions are

=) ] =9 Sj
sz s Lo, = . N/ 11
| ]Zormﬂ Eana(s) = ) 7 ) (11)

respectively.
2. The fractional sine and cosine functions are

Ew (A +i7)s) — Eay (A —i7)s)

Silg, A n(8) = o ,
Eyx, (A +iv)s) + Ey (A —ivy)s
Costxl,/\,'y<5) —_ 1’41(( 7) )2 061(( ')’) )’ (12)

respectively.
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For the sequential fractional derivative, we mention two important results in the
following theorem.

Theorem 1. Let g > 0and L(r(t)) = R(s). Then, the Laplace transforms Dr(t) and D*7r(t)
on [0, c0) are given as
L(Dr(t)) = sTR(s) — s7~1r(0) (13)
and
L(D*1r(t)) = s*1R(s) — s>~ 1r(0) — s1-1D7r(0). (14)

In the next theorem, we list the Laplace transforms of some functions that we use in
this paper.

Theorem 2. Let g > 0and « € R. Then, the Laplace transform of Mittag—Leffler and fractional
trigonometric functions are given as follows:

L(E (+£atT)) = qu;x,sq>a, (15)
L(HEy (£at1)) = (Sl;s:‘::;)z,sq>oc, (16)
L(sing (1) = (sqﬁ;;ﬂ (17)
L(cosy () = m (1)
L(PTIGE (atT)) = (Sq:x)z (19)
where © (i1
GE,(t) = Jg r(%ﬁz)) (20)

3. Non-Homogeneous Two-Dimensional Fractional Integro-Differential Equations

This section is devoted to the method of solving a class of two-dimensional fractional
inegro-differential Equations of the form

Wy (X, 1) + quw(x, ) +viDlw(x, t) + wy(x,t) + va(Hw(x, t) + valw(x, t) = g(x,t) (21)
with
w(0,t) =w(l,t)=0,t >0 (22)

and
w(x,0) = r(x), D]w(x,0) = 0,0 < x < 1 (23)

on the domain [0, 1] x [0, %], where v, v3 are real constants, r € C3(]0,1]),v, € C[0,7] and
g € C([0,1] x [0, 77). Before we start the method of solution, we need the following definition.

Definition 4 ([24-26]). Let M1, My € Nand A, = Mil and Ay = Miz be two step sizes in the
x and t directions, respectively. Let x; = iAy and t; = jA; fori € Ay = {0,1,...,M; — 1}
and j € Ay ={0,1,..., My — 1}. The two-dimensional Block Pulse function (BPF) is a function
Bij:10,1) x [0,17) — R defined by

1, x € |x;,xi41),t € |ti, tiq
ﬁi,j(xrt) _ [ z' i+ ) [] Jt ) (24)
0, otherwise

wherei € Ay and j € Ay,
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The two-dimensional BPF can be split into the product of two one-dimensional BPFs
as follows.

Theorem 3. Foranyi € Ay and j € Ay, we have
Bij(x,t) = Pui(x)Byj(t) (25)
where B;(x) and By;(t) are BPFs on [0,17) and [0, Tyax), respectively.

Proof. The proof follows directly from the fact that (x,t) € [a,b) X [c,d) if and only if
x €lab)andt € [c,d). O

Since [0,1) x [t, 17) is divided into disjoint sets {[x;, x;11) X [tj, tj11) 1 i € Ax,j € At},
one can see the following product and orthogonality relations

o / o
ﬁi1rj1(x’t)ﬁiz,jz(xlt) = {;Bllz]l(XI )/ 51 12/.]1 ]2/ (26)

0, otherwise

1 AxAs, i1 = i2/j1 = j2
a(x, 8) B, i (x, B)dtdx = . 27
/0 /o Biv i (%:8) i jp (/1) {0, otherwise @7)

Using these two properties, we can prove the completeness property.

Theorem 4. Let w € L2([0,1) x [0,7)) be a bounded function. Then,

M;—1M—1
[~ Z Z wijﬁ,-,]»(x,t) (28)
i=0  j=0
with
=L e (29
w;j = AA /xf /t] w(x,t)dtdx. )

Proof. After multiplying Equation (28) by B;(x,t) and then integrating both sides, the
result of the theorem will follow directly. [

Using Theorem 4, we can approximate the functions w(x, t), v»(t),g(x,t), and r(x) as

M;—1M;—1

w(xrt) ~ Z Z wz]ﬁx: ﬁt] ) (30)
M;— le 1
g(x,t) =~ Z Z 8ijPxi(x)Bij(t), (31)
Mp—1
n(t) ~ ) vBi(t), (32)
j=0
M;—1
r(x) = ) riPix(x) (33)
i=0
Hence, the sequential derivatives of the function w can be expanded as
s M;—1My—1
thw(x/t) = Z Z wqﬁxz D .Bt/() (34)

M;— 1M2 1

Dlt]w(x/t) = Z Z wz;.sz D ,Bt]() (35)
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In addition, the product and orthogonality relations of BPF imply that

Mp—-1 M;—1My—1
Vz(f)w(x,t) = ( Z UZjISt](t )( Z Z wl]:BXI ,Bt] )) (36)

j=0
M;—1Mp—1

= 2 2 02jWiiB i (x) B (t)-

If we substitute these approximations in Equation (21), we obtain

M;—-1M—1 M;—1My—1
Z 2 w1].sz D ,Bt] +1 Z Z wz]ﬁxt D .Bt]()
M; - 1M2 1 M;— 1M2 1
+ E E ijwijﬁxz ﬁt] +v3 Z Z wl],sz I ,Bt]()
i=0 =0
M;—1 My—1
Z Z gzj,Bxl ,Bt] t) — wyx(x, 1) — wa(x, t). (37)

To be able to write Equation (37) in matrix form, let us define the following matrices:

Bxo(x) woo wo1 . Wo(M,—1)
B1(x) w1g w1y ce WMy
Bx = : W= : : - (:2 ) , (38)
ﬁx(Mlq) (x) Wiy -10 Wp-1)1 - Wi —1)(My—1)
,BtO(t) V20 0 oo 0 ro
Br(t) 0 vy ... 0 2
ﬁt: : /V2: : : .. . /R: . ’ (39)
Brmy—1) (£) 0 0 ... vyum,-1 M -1
800 801 e 8o(Mp—1)
Ho g.lo 3.11 gl(l\/{zfl) . (40)
M -1)0 EM—-1)1 -+ 8(M;—1)(My—1)

Thus, Equation (37) becomes

B (X)WD" Be(t) + v1Bx* (x)WDJ Be(t) + Bx* (x) WVa e (t)
+V3.3x*(x)WI?ﬁt(t) = ﬁx*(x)cﬁt(t) - wxx(x/ t) - wx(x,t) (41)

where * mean the transpose of a matrix. The initial conditions yield to

M;—1My—1
Z Z ;i (x) D] By;(0) = B(x)*WD] Be(0) =0, 42)
My— 1M2 1
Z Z wl].sz .Bt] 0) = Bx" (x)WB:(0) = B+"R, (43)
which give
WD]B:(0) =0 (44)
and

W+ (0) = R. (45)
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The next step is to find the operational integration matrix of the Riemann integral.

Theorem 5. Let

X
I(r(x)) = / r(t)dt. (46)
0
Then, the operational matrix of I is
1 2 2 2 2
01 2 2 2
A
0, = & 0 01 2 2 . (47)
21
0 00 1 2
0 00 0 1

Proof. Let0 <k < M; —1and k € N. Then,

:Bxk / .Bxk (48)
0, x < Xxg
= X=X X <X < Xpyq- (49)
AX/ Xk+1 S x < 1
Therefore, if
M;—1
I(Bak(x Z i, kABX] (50)
then
1 1
e = a [ (Bu(®)By(t)dt 6
x J0
1 Y+
= o [ aBatnar 62)
X X/'
&, 0<j=k<M -1
= A, 0<j<k<M —1 (53)

0, 0<k<j<M—1

which completes the proof. [

Theorem 5 and Equation (41) give the following equation when we take the Rie-
mann integral

B (x)OF WD} By(t) + 11 Bx* (x)OF WD B (£) + Bs* (x) Of WVt (t) (54)
+1/3ﬁx*(x)O;‘WIf[3t(t) = By (x)O7GBe(t) — wx(x,t) + wy(0,¢) — w(x, t) + w(x,0).
Assume that w,(0,t) = A(t). Then,

My—1 My—1My—1

2 AkBi(t) 2 2 ABri (%) B (t) = B (x) ABe(t) (55)
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where
)\0 /\1 )‘Mz—l
Ao A Awp—t
A=| . . B (56)
A M AM,—1
This is true since
M;—1
Z Ba(x) = 1. (57)
k=0
Hence, Equation (54) and the boundary condition w(x,0) = 0 give
By (x)OTWD;"Br(t) + 1B (x)OF WD Be (1) + Bs" (x)OF WP (1)
+v3Bx" (x)O] Iq.Bt( t) = Bx" (x)O1GPBe(t) — wx(x, t)
B (X)ABe(t) — Bx" (x)WB(1). (58)

Taking the Riemann integral for both sides of Equation (58), we obtain

B (x)O;O; WD Br(t) + 11 Bx* (x)O] O WDI B (t) + B (x)OFO; WVa (1)
+u3Bx ()0 OFWIBe (1) = By (x)OF O GBe(t) — B (x) Wk (1)
+Bx" (X)0; AB#(t) — B (X)OF W (1), (59)

Since the BPFs {By : k = 0,1, ..., Mj — 1} are linearly independent,

O}‘O}‘WDthﬁt(t) +1v10;0;WD] Bi(t) + OF O WVaBe(t) + v30; O W B (1)
= O7O01GPBt(t) — WBt(t) + O] ABt(t) — OTWB(t). (60)

In the next theorem, we find the operational matrix of If .

Theorem 6. The operational matrix of I} is

1 51 S2 ... SM,—2 SM,-1

0 1 51 .- SMy-3 SMp-2
_ A 00 1T siye sy (61)
TT@+2) | o :

00 0 ... 1 1

00 0 ... 0 1

where s, = (u+ 1)1 —2u7t 4+ (u— 1)1, u=1,2,.., My — 1.

Proof. Let0 < u < My —1and u € N. Then,

1 t _
0, <ty
—t,)7
e b < E< b (63)
tt, ) (f— q
%, ty+1 <t< 1
If
My—1

I} Buu(t) Z kB (t) (64)
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then
I Y L
G = 5 ) (1Bu(@)pu(e)do (65)
1 b1 q
- & /tk (1B (v) ) o (66)
A 0<k=u<M,—1
ALl
— A (=R 1)1 =2(u—k) T 4 (u—k—1)1 . 67
: TG , 0<k<p<M-—1 (67)
0, 0<pu<k<My—1

If we assume that s, = (p 4+ 1)97 —2u7"1 + (y —1)7", and p = 1,2,..., M, — 1, and the
proof is completed. [J

One can see that

M,
R=RY_ Bul(t) = ROrB(t) (68)
k=0
where Og = (1 1 ... 1)is1x M, matrix since Z}]{Viz(;l Bi(t) = 1. Theorem 6 and

Equations (60) and (68) yield

O;O;WD] Be(t) +110;OFWB(t) — 110707 RORBe(t) + OFOF W20, Be (1)
—|—1/3O}‘O}‘WOquﬁt(t) = O}‘O}‘GOq,Bt(t)
—WOqﬁt(t) + O}‘AOqﬁt(t) - O}‘WOqﬁt(t). (69)
Apply Theorem 6 one more time on Equation (69) to obtain
O}(O}(Wﬁt(f) — O?O?ROROqﬂt(t) + Vlo}kO}kWOqﬁt(t) - Vlo}kO}kROROqﬂt(t)
+OfO}‘WVZOquﬁt(t) +V3OfO?WOquOqﬂt(t) = O}‘OfGOquﬁt(t)
—WO,04B¢(t) + O; AOzO4Be (t) — OF WO,0, B (t). (70)

Since {p t]'}g/lrl are linearly independent, then

O;OfW — 0;0;RORO, + 11050 WO, — v;0;0;RORO,
+OFO;W150,0,(t) + 130;0;W0,0,0, = 0;0;GO,0,

~WO0,0; + 0] AO,;04 — O] WO,0;. (71)
Since
M;—1M,—1
wlt)= Y Y wiPxi(1)Bu(t) =0, (72)
i=0 k=0
then
Bx(1)*V = 0. (73)

Hence, we solve the algebraic system

0;0fW — 0;0% RORO, + 10;0; WO, — 110505 RORO,
+O0;W1L0,0,(t) + 130;0; WO,0,0, = 0;0;GO,0,
—~WO0,0, + 0} AO,0, — O;W0,0, (74)
Bx(1)*V =0 (75)
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using Mathematica for the unknowns, which are the matrix W and the vector
(/\0 Ao )\MZ). (76)

4. Analytical Solution of a Class of Two-Dimensional Fractional
Integro-Differential Equations

This section is devoted to studying the solution of a class of two-dimensional fractional
IDEs analytically. First, The Laplace transform is used to find an analytical solution for the
following class of fractional IDEs of the form

D?r(t) + a1 DIr(t) + apr(t) +azlir(t) =0 (77)

with
r(0) = B1,D7r(0) = B2 (78)

where a1, ap, a3, B1, B2 are constants, and % <g<1

Theorem 7. The solution to the problem (77) and (78) is given as follows.

1. If 2% + w122 + apz + a3 = 0 has one real root A and two complex roots y £ iv, then the
solution is

r(t) = c1Eq(AtT) + (co + pez)sing ((u + iv)t1) + czcosy ((p + iv)t7). (79)
2. Ifz3 + 2% + apz + a3 = 0 has three distinct real roots Ay, Ay, and A3, then
r(t) = c1Eq(A1t7) + c2Eq(A2t7) + c3Eq(AstT). (80)

3. Ifz3 + 0122 4 apz + a3 = 0 has three real roots Ay = Ay = A, and A3 # A, then
r(t) = c1Eg(AtT) + Cz;qquq()\tq) + c3Eq(AstT). (81)
4, Ifz3 + w122 + apz + a3 = 0 has three real roots A\; = Ay = Az = A, then
H(£) = e1Eq (A1) + Cz;ng,q(w) B (M)« (PTIGE (M) (82)
where * means the convolution.
Proof. We take the Laplace transform for both sides of Equation (77) to obtain
s21R(s) — s2171(0) — s771Dr(0) + ay (qu(s) - sq_lu(O)) + aR(s) + ‘:—;R(s) =0 (83)

which can be rewritten as

s2R(s) — B2t — BpsT !+ oy (qu(s) - ,3155771> + ayR(s) + i—:R(s) =0. (84)

Simple calculation implies that

_ s 4 (Bo i B)s?T!
s34 + 1527 + a8t + a3

R(s)

(85)

or
_ g1 B15*T + (B2 + a1B1)s7

R(s .
(s) §37 4+ w1829 + apsT + a3

(86)
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Let z = s1. Then,

ﬁlszq + (ﬁz + alﬁl)sq _ ,5122 + (,32 + 061,31)2
$37 + a2 + apst + a3 B+ wz2+apz+ag

(87)

Now, we have four cases to consider.

1. If 22 + &322 + apz + a3 = 0 has one real root A and two complex roots y + iv, then
simple calculations yield to

R(s) — c15971 §97(cy + c357)
s — A (sT—pu—iv)(sT—p+iv)
st s (o 4 c387)
CosT= A (s — )2 402
c1sT 1 (co+cap)st™t 3817 1(sT — )
= s’i—)\+ — 2 2—|- — 5 (88)
(sT—p)"+v:  (sT—p)"+v
where
p Mt + By (V) (Bat (1 +A)B) (89)
B T N Y S

A2t (@ + A1)

3 =P =22 (90)

Using Theorem 2, we obtain
r(t) = c1Eq(AtT) + (co + pez)sing ((u + iv)t1) 4 czcosq ((p + iv)t7). (91)
2. If 23 + w122 + apz + a3 = 0 has three distinct real roots A1, Ay, and A3, then

15971 cpsi1 35171
R = 2
(S) Sq—)t1+5q—)\2+sq—)\3 (9)

where

_ _Mipi+potMpr) o Aa(wfi+Pa+Arp)

c ,Cy = 93
- —As) 27 - A4y P
018173 + BaAs + P1A3)
c3 = 94
; (A1 —A3)(A2 — A3) &)
Using Theorem 2, we obtain
r(t) = c1Eg(A1tT) + c2Eq(AatT) 4 c3E(AstT). (95)
3. Ifz% + a1z% + arz + a3 = 0 has three real roots A\; = Ay = A, and A3 # A, then
sl cpsT~1 351
R(s) = s1—A  (sT—A)2  s1—Ag ©6)
where
Dqﬁl)\g, + ﬁz)\3 + ,31)\% 0(1,31)\ + ,32)\ + ,31}\2
—g - 7
a=p A=) /€2 F— 97)
_ 0(1ﬁ1)\3 + ﬁz)\g, + ﬁl)% (98)

(A —A3)?
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Using Theorem 2, we obtain

r(t) = c1Eg(AtT) + %qu()\t‘?) +e3Eg(Ast7). (99)

4. Ifz3 4 w122 + arz + a3 = 0 has three real roots A\ = Ay = A3 = A, then

c15771 cps11 35771 1
R = . 100
(s) Py Ny AL W (R B (100)

Using Theorem 2, we obtain

r(t) = c1Eg(AtT) + %qu()\t‘i) + c3Eg (A7) x (171 GE4 (A7) (101)

where

c1 = B1,c2 = (a1 +2A)B1 + B, c3 = (a1 A + A2) By + B2 (102)
O

Now, we generalize the idea to study the two-dimensional fractional IDEs. The
solution to this class is given in the following theorem.

Theorem 8. Let vy, vy, and v3 be constants. Then, the solution to the following fractional IDE

Wy (x, t) + thqw(x, t) + viDJw(x, t) + wy(x, ) + vow(x, t) + v3Jw(x,t) =0 (103)

with
w(0,t) =w(l,t) =0,t>0 (104)
is given by
t) =) zu(x)ru( Z e ) sin(n7x) (105)
n=1 n=1

where {ry,(t)} are given as follows

1. vac3 +1a? + (1/2 - %)a +v3 = 0 has one real root ¢, and two complex roots
Un T ivy, then

n(t) = anEq(Gut?) + (bn 4 pncn)sing ((un + ivn)t7) + cpcosy ((pn + iva)t7).  (106)

2. Ifzx3 + 1102 + (1/2 — %)a + v3 = 0 has three distinct real roots 1, Coy, and Cay,
then
n(t) = anEq(G1nt?) + buEq(S2nt") + cnEq(E3nt?). (107)

3. Ifrx3 + a2 + (1/2 - %)m + v3 = 0 has three real roots C1,, = Coy = Cp, and

CBn 7é (;rn/ then

#4
T’n(t) = anEq(gntq) + bngﬁm(éntq) + CnEq(§3ntq)- (108)
4. Ifad +via® + (1/2 — %)a + v3 = 0 has three real roots &, = &y = &3y = &y, then

rn(t) = anEq(Snt?) + bn p qu(@ntq) + enEq(Ent?) * (P11 GE4(§ut?)). (109)
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Proof. Following the idea of the separation of variables, we assume that
w(x, t) = z(x)r(t). (110)

Then, substitute Equation (110) into Equation (103) and divide both sides by z(x)r(t) to
obtain
2'(x) +2'(x) _ D{'r(t) +viDr(t) + var(t) + v3 I (1)
2(x) r(t)

where A is a constant. The boundary conditions in Equation (104) yield to

= A (111)

z(0) = z(1) = 0. (112)
Hence, we obtain the following eigenvalue problem

Z'(x) +7(x)

20 =A,z(0) =z(1) =0. (113)
Thus, the auxiliary equation is
P ta—A=0 (114)
which implies that
M \gm_ (115)

Three cases should be considered when A is either equal to, less than, or greater than %.

These three cases give the following eigenvalues and eigenfunctions

_ 4 2.2 1
zy(x) = ez % sin(nntx), Ay = —%,n eN. (116)
Hence, Equation (111) gives
Zq q 4:7’127-[2 + 1 q
D;'r(t) + viDyr(t) + (v — — r(t) +vslir(t) =0 (117)

Using Theorem 7, we obtain
1. Ifad+va? + (1/2 — %) « + v3 = 0 has one real root ¢, and two complex roots
Un £ ivy, then
n(t) = anEq(Gut?) + (b 4 pncu)sing ((pun + ivn)t7) 4 cucosy ((pn + vy )t7).  (118)

2. Ifa®+va? + (1/2 — %)tx + v3 = 0 has three distinct real roots ¢y, {2, and
C3n, then
r(t) = anEq(‘:lntq) + bnEq(‘:zntq) + CnEq(f;Sntq)- (119)
3. Ifa®+ua?+ (1/2 - %)a +v3 = 0 has three real roots &, = &, = &, and
Gan ?é Cn, then

Fult) = g (Ent?) + bnt;Eq,q(gntﬂ) ey (Eant?). (120)

4. If a® +via® + (1/2 — %)IX + v3 = 0 has three real roots 1, = &2, = €3, = Cn,
then

7”n<t) = anEq(gntq) + bnt;Eq,q(gntq) + CnEq(‘:ntq) * (tzq%GEq(gntq))' (121)
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Therefore, Equations (116) and (118)—(121) give
=Y zu(x)ry 2 Tlx ) sin(n7x) (122)
n=1 n=1

where {r,(t)}°°_, are given in Equations (118)-(121). O
n=1 g q

If we have initial conditions, then we use the Fourier series expansions to find the

{an}, {bn}, and {c, }.

5. Illustrative Examples

In this section, we discuss several examples to explain the previous discussion. The
first example will be about Theorem 7. We find the exact solution to the one-dimensional
fractional IDEs with constant coefficients. Then, we will discuss the behavior of the solution
when g approaches one.

Example 1. Consider the following one-dimensional fractional IDE of the form
D?r(t) + a1 DIr(t) + apr(t) + azlir(t) =0 (123)
with
r(0) =1,Dr(0) = 1. (124)

We will consider four cases:

1. Ifay = —3,ap =4, and a3 = —2, then the roots ofz3 + a2 +apz+a3 =0arel,1+i.
Using the first part of Theorem 7, ¢ = —1,co = —2 and c3 = 2. Then, the solution of
Equations (123) and (124) will be

rq(t) = —E4(t7) +2cosy (1 +)t1). (125)
Then,
limrg(t) = lim(—E;(t7) +2cosy((1+1)t7)) (126)
q—1 g—1
= —e' +2efcost, (127)
which is the solution of
P(t) — 3¢ () + 4r(t 2/ r(0) = r'(0) = 1. (128)
Note that
lim Eq (A7) = M, lim cos, ((p +iv)t7)) = et cos(vt), (129)
q—1 g—1
lim sing ((u + iv)t1)) = et sin(vt). (130)
q—

2. Ifay = —6,ap =11, and az = —6, then the roots ofz3 +a122 + apz+ a3 =0are1,2,3.
Using the second part of Theorem 7, we obtain the result that c; = —2,cp = 6, and c3 = —3.
Then, the solution of Equations (123) and (124) will be

ra(t) = —2E,(#7) 4 6E,(2t7) — 3E, (37). (131)
Then,
lim rq(t) = lirq(—ZEq(t") + 6E,(2t7) — 3E4(3t1)) (132)
q—

q%

= —2¢ 602 — 36, (133)
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which is the solution of
P (E) — 6r'(£) + 11r(t 6/ r(0) = r'(0) = 1. (134)
Ifa; = —4,00 = 5, and ag = —2, then the roots of z° + a1z> + apz + a3 = Oare 1,1,2.

Using the third part of Theorem 7, ¢; = 3,cp = 2 and c3 = —2. Then, the solution of
Equations (123) and (124) will be

rg(t) —3Eq(tq)+2;EM( 7) — 2E, (217). (135)
Then,
yyw)zlmmmm+ﬁgﬂy4@wm (136)
= 3¢ +2tef —2¢%, (137)
which is the solution of
P (t) — 47 () + 5r(t / r(0) = r'(0) = 1. (138)

Ifaq = —3,ap = 3, and ag = —1, then the roots ofz3 + a1z +apz+a3 =0are1,1,1.
Using the fourth part of Theorem 7, we find that ¢y = 1,co = 0, and c3 = —1. Then, the
solution of Equations (123) and (124) will be

ro(t) = Eq(t7) — Eq(t7) x (P71 GE,(t1)). (139)
Then,
limrg(t) = lim(E,(t7) — Eg(t7) » (FPT1GE, (1)) (140)
q—1 q—1
= el —elxtel =¢f — %tzet (141)
which is the solution of
t
P() — 3¢ () + 3r(t) — / r(s)ds = 0,7(0) = ' (0) = 1. (142)
0
Note that
(o) . i () ]+ 1
hrn GEq (7)) ) ; ESe =l (143)

Now, we will show how we can implement Theorem 8.

Example 2. Consider the following two-dimensional fractional IDE of the form

Wyx(x, 1) + quw(x, t) —3D]w(x, t) + wy(x, ) + 3w(x,t) — Hw(x,t) =0 (144)

w(0,t) = w(1,) =0,t >0 (145)

w(x,0) = e7T* sin(7tx), D9w(x,0) = e * sin(27tx), 0 < x < 1. (146)
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Theorem 8 gives the result that the solution of Equations (144)—(146) has the following form
w(x, t) =Y e%lxrn(t)sin(nnx) (147)
n=1

where 1y, (t) satisfies the equation

4n?m? +1
DXr,(t) — 3D, (t) + (3 - T)rn(t) — IMra(t) = 0. (148)

The initial conditions in Equation (146) give

1 1’121 1 1/[:2
r(0)=<" ,Dr,(0) =<’ . 149
n(0) {0, n>1 n(0) {0, n=1 or n>2 (149)

Simple calculations imply that the equation z> — 3z% + <3 - %)z — 1 = 0 has one real root

. In _12\36
" 1292 T

+1, (150)

and two complex roots

/2 /2
yniivn:1+6f+ T i 6V2V3 z (151)
Yn o 2492 YTn 8v/2/3
where
Yn = i/ —172872n2 + \/ (—172872n2 — 432)* — 11943936 — 432. (152)

forn > 2, B1, =ry(0) =0,and B, = Dr,(0) = 0. Using the first part of Theorem 8, we have
ra(t) =0,n > 2. (153)
forn =1, 11 =r1(0) =1, and By1 = Dr,(0) = 0. Using the first part of Theorem 8, we have
c1 = 0.127535, c; = 0.0790346, c3 = 0.872465. (154)

Thus,

r1(t) = 0.127535E,(3.61971¢1) — 0.191303 sin, ((—0.309854 + 1.46532i)t7) (155)
+0.872465 cos, ((—0.309854 + 1.46532i)11). (156)

Forn =2,B11 =11(0) = 0and By1 = Dr,(0) = 1. Using the first part of Theorem 8, we have
c1 = 0.123247, ¢, = 0.210087, c3 = —0.123247. (157)
Thus,

ra(t) = 0.123247E,(4.70467) + 0.31513 sing ((—0.852301 — 2.70057i)t1) ~ (158)
—0.123247 cos, ((—0.852301 — 2.70057:)t7). (159)

Therefore, the solution of the Problem (144)—(146) is given by
wy(x,t) = e ¥ sin(7tx)ry (£) + e7* sin(27tx)ro (f). (160)

In the next two examples, we will test our numerical approach described in Section 3.
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Example 3. Consider the following two-dimensional fractional IDE of the form

Wax (%, 1) + D7 *w(x, t) — 2D7 8w(x, t) + wy (x, ) + 3w (x, t) — 417 8w(x, t) = g(x,t) (161)

with
w(0,) = w(1,t) = 0,t > 0 (162)
and B
w(x,0) = e2 *sin(37tx), DIw(x,0) =0,0<x <1 (163)
where

ont) = ((11 B 47-[2>f7/4 B 8t7/8r<%) — 16t21/8r(%) +4F(T)> sin(rx)  (164)

%

N 7/8
o3 (_ LY 11) sin(37x). (165)

Then, the exact solution is
w(x, t) = 7%~ T sin(7x) + e~ 2 sin(37x). (166)
Here, we use My = My = 40. Then, the absolute error is defined by
e(x,t) =| w(x, t) — waoa0(x, 1) | . (167)
The absolute errors for different values of x and t are reported in Table 1.

Table 1. The absolute errors for different values of x and t for Example 3.

x €(x,0.25) €(x,0.5) €(x,0.75)
0 0 0
0.2 3.12 % 10714 3.00% 10714 3.74% 10714
0.4 3.94 %107 14 3.28 %1014 3.81%107 14
0.6 411%10"14 3.50 % 10714 3.99 + 10714
0.8 43810714 3.85% 10714 41710714
1 497 %1014 32210714 4311014

We also compute the Ly-error, which is given by

1 /1
€1, = \//0 /0 | w(x, t) — wya0(x, t) |? dxdt = 2.84 % 10713 (168)

In addition, the graphs of the exact and approximate solutions for t = 0.2, 0.4, 0.6, 0.8, 1 are given
in Figure 1. The dot points are the approximate solutions, and the solid lines are the exact solutions.
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Figure 1. The exact and approximate solutions for t = 0.2,0.4,0.6,8, 1.

We discuss another example with v (t) is a non-constant function.
Example 4. Consider the following two-dimensional fractional IDE of the form

Wy (x, 1) + quw(x,t) — D]w(x,t) + wy(x,t) + (1T + Dw(x, t) — Hw(x, t) = g(x,t) (169)

with
w(0,t) = w(1,£) = 0,t >0 (170)
and B
w(x,0) = e2 *sin(57x), DIw(x,0) =0,0 <x <1 (171)
where
4e~2119(T'(29 + 1) sin(27tx) 4+ I'(3g + 1) sin(37rx) — sin(57x))
= 172
g(x1) D (172)
7 (4T(29 + 1) sin(27tx) (%1 — T'(3g + 1)) — 4t29T(39 + 1) sin(37tx)) (173)
4Tr(2g+1)L(3g+1)
e”7 (T(49 + 1) (—129(4t7 — 167> + 3) sin(27x)) — 44T (3q + 1) sin(37x))
4 (174)
4T(4q+1)
2634 ( (49 — 3672 i q_ 2 i
Loe £99( (441 — 367> + 3) sin(37x) + (47 — 100712 + 3) sm(57rx)). (175)
4T(4g+1)
Then, the exact solution is
w(x, t) = —e 2127 sin(27x) + e~ 213 sin(371x) 4 ¢~ 2 sin(57x). (176)

Here, we use My = My = 40. Then, the absolute error for the fractional derivative of order q is
defined by
eq(x,t) = w(x,t) — waoa0(x, ) | . (177)

The absolute errors for different values of x and t are reported in Table 2.
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Table 2. The absolute errors for different values of x and t for Example 4.

x €3 (x,0.25) €3 (x,0.5) €3 (x,0.75)
0 0 0 0
0.2 423 %1014 451 %1071 411 %1071
0.4 479 x10~ 14 472510714 4381014
0.6 49110714 4.89 %1071 483 %1014
0.8 5.34 %1014 52110714 5.32 %1014
1 5.80 x 10~ 14 542 %1014 5.55 % 10~ 14

We also compute the Ly-error, which is given by

1,1
eLz<q>=\/ | ] 1wt —wiutan P st (178)

The Ly- errors for different values of q are reported in Table 3.

Table 3. The L;- errors for different values of q for Example 4.

q e, (q)

3 423%10713
z 44810713
8 451%10713
© 442%10713

Additionally, the graphs of the exact and approximate solutions for t = 0.2,0.4,0.6,0.8, 1 for
q= % are given in Figure 2. The dot points are the approximate solutions, and the solid lines are
the exact solutions.

157
107

05¢

-057

-10r

-15F

Figure 2. The exact and approximate solutions for t = 0.2,0.4,0.6,8, 1.

We also show the graph of exact and approximate solutions at t = 0.5 for different values of q
in Figure 3.
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Figure 3. The exact and approximate solutions at ¢ = 0.5 for different values of g.

6. Conclusions

This article is divided into two main parts. In the first part, we use OMM to numerically
explore the 2D fractional IDE. We derive a numerical approach and present a proof of
these operational matrices. We test the numerical method on some examples to show its
efficiency. Results are shown in Examples 1 and 2. We use various methods to measure the
errors of the approximation, such as absolute and L; errors. In addition, we explore the
effect of derivative order. Note the following when using these two examples:

0~ which is

1.  The absolute error for different values of x and ¢ is on the order of 1
very small, as seen in Tables 1 and 2.

2. The L; error is also on the order of 10~1® and is very small, as shown in Table 3.

3. Approximate and exact solutions for various values of t agree, as shown in Figures 1 and 2.

4. Asshown in Figure 3, the approximate solution for the derivative order g converges

to the solution for g = 1.

Part 2 examines the exact solutions for 1D and 2D fractional IDEs. We use the fractional
Laplace transform to generate these exact solutions. All homogeneous cases are considered.
We provide two examples for two purposes. First, we show how the results obtained are
implemented, especially the exact solution for some 1D and 2D IDE classes. We then show
that the exact fractional solution converges to the exact solution of the ordinary derivative
as the order of the fractional derivative approaches one. These results are reported in
Examples 3 and 4. Note that this work uses sequential Caputo derivative. It helps us
fluently implement numerical and analytical approaches. In this paper, we show that our
approach works efficiently for these types of problems. This can be generalized to other
types of fractional IDEs and other scientific and engineering applications.
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