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Abstract: Let G = (V, E) be a simple connected graph with vertex set V and edge set E, respectively.
The term “anti-reciprocal eigenvalue property” refers to a non-singular graph G for which, —% €o(G),
whenever A € 7(G), VA € o(G). Here, 0(G) is the multiset of all eigenvalues of A(G). Moreover, if
multiplicities of eigenvalues and their negative reciprocals are equal, then that graph is said to have
strong anti-reciprocal eigenvalue properties, and the graph is referred to as a strong anti-reciprocal

graph (or (—SR) graph). In this article, a new family of graphs F,(lk’j )
k k, % )

is introduced and the energy

of Fék’i) k > 2 is calculated. Furthermore, with the help of F5(
are constructed.

, some families of (—SR) graphs
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1. Introduction

Spectral graph theory is concerned with the study of the eigenvalues associated with
various matrices for a graph and how the eigenvalues relate to the structural characteristics
of the graph. The spectrum of a graph is related to properties such as connectedness,
diameter, independence number, chromatic number, and regularity. Many scholars have
investigated the spectral characteristics of (adjacency matrices of) graphs; see [1-11]. Let G
be the graph, such that |V(G)| = n and

1, ifiand jare adjacent;
A(G) = [aijlnxn = { 0 otherwi]se ]

be the adjacency matrix of graph G, which is square and symmetric; hence, its eigenvalues
are all real. A singular graph G is a graph for which |A(G)| = 0, otherwise, it is referred to
as non-singular. The characteristic polynomial P(G; A) of graph G can be obtained from
A(G). The eigenvalues of A(G), or simply the eigenvalues of graph G, are the roots of this
polynomial. The spectrum (or the multiset of all eigenvalues) of graph G throughout the
text is defined as

Al Ay oo Ay >

my mp ... My

o(G) = <

where A1 (G) > A2(G) > ... > Ay(G), and m; is the multiplicity of each A; fori =1,2,...,n.
It is well known that graph G is bipartite if and only if its nonzero eigenvalues are symmetric
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around 0. The sum of all absolute eigenvalues of graph G is called the energy of a graph,
denoted by E(G).

Definition 1 ([12]). The anti-reciprocal eigenvalue property (or property (—R)) is said to hold by
graph G if for each A € o(G) there exists —+ € o(G). The multiplicities of the eigenvalues and
their negative reciprocals may or may not be equal for graph G with property (—R); however, if
each eigenvalue and its negative reciprocal have the same multiplicities, graph G is said to satisfy a
strong anti-reciprocal eigenvalue (or property (—SR)).

Definition 2 ([13]). The reciprocal eigenvalue property (or property (R)) is said to hold by graph
G if for each A € o(G) there exists + € o(G). The multiplicities of the eigenvalues and their
reciprocals may or may not be equal for graph G with property (R); however, if each eigenvalue and
its reciprocal have the same multiplicities, then that graph G is said to satisfy the strong reciprocal
eigenvalue (or property (SR)).

Note that if graph G is a bipartite graph, then properties (—SR) and (SR) are sym-
metric around 0. The adjacency matrix of a simple connected graph is symmetric. This
fact is useful for converting the adjacency matrix into a block matrix. Furthermore, this
block form of the adjacency matrix is useful for computing the characteristic polynomials
of the graph.

Graph G satisfying property (R) (respectively, property (SR)) is referred to as the
reciprocal graph (respectively, strong reciprocal graph), and abbreviated as the (R) graph
(respectively, (SR) graph). Graph G satisfying property (—R) (respectively, property
(—SR)) is referred to as an anti-reciprocal graph (respectively, strong anti-reciprocal graph),
and abbreviated as (—R) graph (respectively, (—SR) graph).

It is well known that graph G is bipartite if and only if, for each eigenvalue A, there
exits —A in the spectrum of G. In 1978, the authors investigated property (SR) for non-
singular trees in [14] and [15], respectively, but with different names, i.e., “symmetric
property” and “property C”, respectively. Later, Barik et al. [16] renamed this property as
property (SR) in 2006 and introduced property (R). They proved that properties (R) and
(SR) are equal in the case of nonsingular trees. Researchers investigated these properties
for weighted trees in [17] and a subclass of connected bipartite graphs (with a unique
perfect matching) in [18]. They showed that if we apply appropriate limitations on weight
functions, these two properties are equal; however, in general, these properties are not
the same, see [19]. Unicyclic graphs with property (SR) were studied in [20]. It is worth
noting that the study of reciprocal eigenvalue properties is strongly related to the concepts
of ‘matching’ and ‘corona product’, which are both widely studied disciplines.

Definition 3 ([21]). Consider two simple connected graphs, i.e., Gy and Gy of orders ny and ny,
respectively. The corona product Gy o Gy of graphs Gy and Gy is a graph constructed with the help
of one copy of graph Gy and ny-copies of G and then connecting each vertex of the ith copy of G
with the ith vertex of G, where 1 <i < nj.

In 2012, Lagrange [12] introduced the strong anti-reciprocal eigenvalue property for
graphs and investigated this property for zero-divisor graphs of finite commutative rings
with non-zero divisors. In [22], the authors investigated a family of graphs with a unique
perfect matching M, where the diagonal entries of the inverse of the adjacency matrix of
each graph were all zero. Moreover, it was proved that each non-corona graph in this class
did not satisfy the property (—SR), even for a single weight function w € W(G).

In 2017, Ahmad et al. investigated a class of weighted graphs(Gys) with a unique
perfect matching M [23]. They proved that the weighted graph G, of a graph G € Gy
satisfies property (—SR) for all w € W(G) if and only if G is a corona graph.

In [24], the authors raised the question of “whether non-corona graphs with the
property (—SR) exist?” and then answered this question by constructing seven types of
unweighted non-corona graphs that satisfy property (—SR). These constructions were later
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generalized by Barik et al. in [25] for unweighted graphs; in [26], the authors investigated
property (—SR) for the generalized families constructed in [25] with a specific weight
function. In [27], the authors investigated some new families of non-corona graphs with
property (—SR).

The study of graph theory has led to significant advancements in various fields,
ranging from computer science to social networks. However, there is a constant pursuit
to uncover new families of graphs that possess unique properties and offer fresh insights
into the underlying structures of complex networks. In this vein, a novel family of graphs,
called flabellum graphs, was introduced. By investigating and analyzing the properties
of flabellum graphs, such as their connectivity, energy, and degree sequences, the aim is
to contribute to the ever-growing body of knowledge in graph theory. Furthermore, the
construction of several families of (—SR) graphs can be facilitated using the flabellum
graph network. Additionally, by evaluating the energies associated with these graphs, we
are exploring the intricate relationship between their structural attributes and their physical
properties. The following concepts will be used in the next section.

Definition 4. The Dutch windmill graph D,(1k), k > 2,n > 3, is the graph obtained by taking k
copies of the cycle C,, with a vertex in common.

Lemma 1 ([23]). A polynomial f(t) = Z}?ﬁo ajt! is said to satisfy property (—SR) if and only if

aj, if j and n have the same parity, '
Aop—j = j=0,12,...,2n.

—aj, otherwise.
The following lemmas will be used to prove our main results.

Lemma 2 ([28]). Let A be an n x n matrix and 1 < k < n. Then for any constant c,

det(A + { Cék 8 })

=[A| + c T det(A[f]) + 2(5) Tk oy det(A[i, f]) + - - + K (})det(A[1,2,- -+ ,K]).

A Anp

Lemma 3 ([2]). Let A =
@) [ A

] be a block matrix, where A1 and Ay are square

matrices. Then
det(Aqp)det(Ay — An A A1), if Aqy is invertible,
det(A) =
det(Ap)det(A;1 — A1nAy' An),  if Ay is invertible.

A A
Axy Ap
matrices. Let App be an invertible square matrix. Then A is invertible if and only if the Schur
complement S of Ay is invertible, i.e., S = A1 — A12A2_21A21 is invertible, and

Lemma 4 ([2]). Let A be a block matrix, i.e., A = { } where A1 and Ayy are square

: s —S71ApAY
Al =

—ApAnS™t AZ + AL AnST AR AL

Remark 1 ([27]). Let f1(x) and f,(x) be two polynomials of degrees 2m and 2m — 2k, respectively.
If both polynomials satisfy property (—SR), then the polynomial fi(x) + cx* fo(x) satisfies property
(—=SR) for any constant c.
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2. Main Results

In this section, we introduce certain families of graphs known as flabellum graphs,
flabellum cycle graphs, flabellum complete graphs, and flabellum star graphs. Then with
the help of these new families of graphs, several families of graphs that are non-bipartite
and non-corona are constructed, and with the help of several algebraic techniques, we
prove that the graphs in these families are (—SR) graphs. Moreover, the energy of the

k
flabellum graph FS(k’z) is calculated.
Definition 5. Consider the cycle graph C,, with k > 2 copies, where each copy has a common
vertex known as the central vertex. In j copies of the cycle graph, we add an edge between the central
vertex and each vertex that is not adjacent to it, where 1 < j < k. This results in the flabellum graph

F,Sk’j ), which can be seen in Figure 1. The order and size of the flabellum graph are k(n — 1) + 1

and kn + (n — 3)j, respectively. For n = 3, the flabellum graph F3(k’] ) is isomorphic to either the

Dutch windmill graph Dék) or the friendship graph.

.

Figure 1.
(k%)
Theorem 1. Let F; be a graph, then

— \/5+12k|
> .

1+ V54 12k
2

k 1
E(F)) = 2k +1)v5 + | |+ |

k
Proof. Since the adjacency matrix of the graph F5<k’2)

block form as follows:

is symmetric, it can be written in the

0 15, 1l 0!
A(F(k,g)) _ Iy @ A(Py)  Ogp Oak i
> 1y Ok 2k Ok k I
0 Ok 2k e Iy @A(P)

Then . k
f(FS(k,i),'X) =det (XI _ A(Fs(k,i)))

x —1h —1; 0;
 det —lox I @ (xly — A(Ps))  Onix Ook i
— 1 Og 2k x Iy —Ii ’
0 Ok 2k —l 1@ (xh — A(P))

by Lemma 3, we obtain
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X —15, —1}
= det (I; ® (xIp — A(Pz))> det —ly I @ (xls — A(Py))  Oaik
=1 Ok 2k xIj
t
0 a0
Oak (Ig ® (xI — A(Pz))) Ok
—I —Ii
k x _]lék _]l/tc
= (f(Pz;x))zdet —ly I @ (xls — A(Pa))  Onik
=1 Ok 2k xIj
B [ Ont12k41  Oo2ksik D
Orokt1 cBrx |)’
F O O --- O
O F O - O ;1
whereclzﬁ,B: . . andF:[ }
000 - FJ,,
Then
b ; x —1, —1f
FEx) = (f(Py) det | | ~Lae Iy @ (s = A(P)  On
—1i Ox2k X — c1 By x
k t
_ (.2 2 _ x —1y
= (x ) det (.XIk ClBkk) det < *]IZk I% ® (XI4 *A(P4)) ]
1t -1
_ k _ _
[ Onix ](Xlk Clgk,k> [ —1x O })
k t
_ (.2 2 _ x =1y
— (x ) det (xIy — c1 By ) det < iy I§ @ (xly — A(Py) 1
1 0 0
0 0 0
-l . . ) , where ¢; = fz(:i)l,
00 -0 2k+1,2k+1
k t
_ (.2 _1)\2 _ Xx—C — 1y
= (x 1) det (xlk Cllgk,k) det <[ _12]( I% ® (x14 — A(P4)) )
5 5
= (xz — 1) (f(P4,‘ X)) det (xI — ClBk,k) det (x — ¢
— ]lék(lg &® (xI4 — P4 k)
5 5
= (xz—l) (x — 3x2 +1) ( x23x1+1) (x—Cz—C3),
where ¢c3 = };ngjji,
2 A
(x — 3x2 +1) (7x(xx2fxi]<l 1)))
=x(x2+x—1F(? —x - 1)1 (5% —x — 3k —1).
Then

kX _ _ 1
E(ESY) =10+ (k—1) x |58 + (k—1) x |'58] +k x | =55 4+ k x | =55
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+1 % |1+\/g+12k| +1x |1f\/g+12k|

_ (Zk—l)\/g—‘r |1+\/g+12k|+ |lf\/g+l2k|' ]

k
Remark 2. Fs(k'z) is very close to satisfying property (—SR).
Example 1. The graph F5(6’3) shown in Figure 2 is very close to satisfying the property (—SR).

Here, o(F*) = {(0,1), (155, 5), (=1£Y5,6), (1£Y77 1)} Then E(F\*)) = 33.371.

Figure 2. Fé6’3).

We will now define some generalized flabellum graphs, namely the flabellum complete
graph, flabellum cycle graph, and flabellum star graph.

Definition 6. Consider a complete graph Ky, and m copies of the flabellum graph F,gk’j ). The

flabellum complete graph K, F,Sk’j ) can be obtained by attaching a copy of the flabellum graph F,gk’j )
to each vertex of the complete graph K,y,, as shown in Figure 3.

Figure 3. Flabellum complete graph K, F,Sk’j ),

Now, with the help of the flabellum complete graph K, F,Sk’j ), we construct four differ-
ent types of families of (—SR) graphs, namely, F L KF?, KF3, and KF2.
Family K F!



Symmetry 2023, 15, 1240

7 of 18

Consider the flabellum complete graph KmFS(Z’l). The graph ©}, = K;;Féz’l) can be
obtained by adding a pendant edge to each vertex of K;;. The family of all such graphs is
denoted by KF! and

KF'={@., :mecz"}.

In the following theorem, it is established that each graph in the family KF! is a
(—SR) graph.
Theorem 2. Let @), € KCF?, then @}, is a (—SR) graph.

(21)

Proof. Let ®), € KF!, then ®}, = K, F,~". The adjacency matrix of ®}, can be written as:

(@l)_ A(KmoKl) MUt
mem MU Iy @ A(Py)

where _
Tg
U=1, 0
| 0
and _
_ | Im
me[ 5]
Then
f(®;x) = det (xI - A(©},))
_get ([ Xom— A(Ky 0 Kq) -MeU!
-Mteou Ly ® (xIy — A(Py)) | )’

by Lemma 3, we obtain

= det (12m ® (xly — A(P4))) det (xIZm — A(Km o Ky) = M @ U (L @ (xIs — A(Py))) "M @ u)

- (f(p4;x>)2mdet((xlzm Aok + | G o7 )

where ¢ = —"—. Now, by using Lemma 2
( (Py; x ) [det ¥ — A(Ky 0 K1) + (285 ) T det (xDyy — A(Ku 0 Kp)[i])
H(Z=25)2(5) Xy det (xIm — A(Ky 0 Kn)[i, 1) 4+ -4 (225)" () det (x Lo — A (K ©

K)[L,2,...,m ])]

= U 100y 632 f (x) + 6264 fo(x) + ... + (—1)"6™ 22" f(x)], where

(x2—x—1)™
fo(x) = (x> —x —1)" det (xIoy, — A(Ky 0 K1),
andfori=1,2,...,m

x2—x—1)mi k m
fl(X) = % 2 < .)det(XIQm—A(KmOK]))[i’l,tz,...,ti].
X tobagti=1 \ 1
}<tr<..<t;

det(xIp,, — (Km oK1))[t1,t2,--ti]

Here, % and fp(x) satisfy property (—SR). Moreover,
satisfies property (—SR) for i = 1,2,...,k. Thus, the characteristic polynomlal f(©u;x)
satisfies property (—SR) from Remark 1. Hence, graph ®}, isa (—SR) graph. [
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Example 2. Let O} = K} F5(2,1) € KF1, as shown in Figure 4. Then

—29811 —-1.6180 —-1.3737 —0.6180 —0.335 —0.2061

3 8 1 4 3 1
() =
03354 06180 07279 16180 29811 4.8518
3 8 1 4 3 1

Therefore, graph ®} = KZF5(2’1) isa (—SR) graph.

Figure 4. O] = KZFS(Z'”.
Using the Laplace expansion, we have the following Lemma.

Lemma 5. Let A be an n x n matrix, then for any constant c,

10 0
o0 --- 0

det| A+c| . . . . = det(A) + cdet((A)[1]).
00 0

nn

Here, (A)[1] is the submatrix of A, obtained by deleting the first row and first column.

Family KCF2:

Consider KmPék'g), where k is an even integer, then the graph Kanék'%) can be obtained
by adding a pendant to each vertex of the complete graph K, of KmFék’g). The graph
@2 = KZ{m_lFS(k’%) can be obtained by removing m — 1 copies of the flabellum graph from

k
vertices of K, 1—"5(1(’2 ) The family of all such graphs is denoted by KF2. The following result
shows that each graph in KF? is a (—SR) graph.

Theorem 3. Let @2, € KF2. Then @2, is a (—SR) graph.

Proof. Let @2, € KF?, then @2, = Kf,{mleS(Z’l). The adjacency matrix of @2 can be
written as:
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A(Kyy oK) Eomok Eom Ok
Em ok Iy ® A(Py) Ok Oa i
gém,k Ok 2k Ok k I ’
Ok2m Ox2k L L® A(Py)

A(©}) =

where
52[61 er - 61].

Then
f(@%x) = det (xI - A(@2))

XIpy — A(Kiy 0 Ky) —Eom ok —Em Ok
~Eymak Iy © (xly = A(Py)) Ok Ok k

_€2tm,k Ok,2k XIk —Ik
Ok2m Or,2x I I © (xl = A(P))

=det

by Lemma 3, we obtain

xlpy — A(Km o Kl) 752"1,2]( *SZm,k
~E ok ke (xIy — A(Py)) Ok
_S2tm,k ok’zk ka

= det (15 ® (xI — A(Pz))) det (

t
OZm,k

Ook k

OZm,k
Ook i

(Ig ® (xI — A(Pz))> -

x Iy — A(Kiy 0 Ky) —Em,ok —Eom i
= (f(Pz}x)> det &gk Iy ® (xI4 — A(Py)) Ok
—Eomk Ok 2k xli

_[ Oamsok O2mtokk D
Orom+2k € Bk

[NE

F O O --- O
O F O --- 0O
wherec:%,B: L . andF—[x 1}.
x=—1 : . . : X
O --- F Kk
Then

O O
% xlpy, — A(Km ° Kl) *EZm,Zk *SZm,k
f(@5x) = (f(Pz;x)> det ~Eom Iy @ (xly = A(Py))  Onpk

t
_g2m,k Ok,Zk ka — CBk,k

k
Y - xIpy — A(Kp 0 Ky) =&k
= (x 1) det (xIy — cBy ) det ([ — &k Iy @ (xIy — A(Py))

_Ska :| _1[ _Ska ]t
— ’ xI —cBB ’
{ Oak k ( ke k’k) Oak k

k Xl — o =& m
=(x2-1 2d’c I, — cB det X —’AP
( ) e (x k—¢C k,k) _55 ok I ®( Iy ( 4))

k
2
10 --- 0
-+ 0 k(1) 0o0 ---
+c| .. . ,wherec2:—x27x71.LetH: . o,
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k k
2 N\ (a2 Xl — A(Ky 0 K1) + oM —Em, 2k
(x 1) (4362_1 ) det < l _82tm,2k Ig &® (XI4 — A(P4))

)

k
2

(x4 —3x% + 1) (f(P4;x)>§ det (xIpy, — A(Kyy o Ky) +co H

— Emar(Ie ® (xly — A(P‘l)))_lSZtm,Zk)

k
= (x4 —3x% + 1) det (x12m — A(KyoKy) +ca H+ C3H), where ¢ = — K241

x2—x—1°

Let ¢ = ¢y + c3, then

k
= (¥ =332+ 1) det(xby — A(Ky o Ky) +c M),
from Lemma 5,

k
4 3x2 + 1) det (xIpm — A(Ky 0 Kq)) + ¢ x - det (xI(y_1) — A(Kp1 0 Kl)))

x2—x—1

(
x4 -3 + 1)k (det (XL — A(K)) — 222 det (xIy( 1) — A(K,H)))
(

¥4 392 +1 k (62 x—1)" 2 (20— (m—1)x° —3kx* —4x* +3(mk—2k+m—1)x3+3kx®+4x* —mx+x—1)
x2—x—1 )

m+k—2 k-1
:(x2+x—1> (xz—x—l) (xﬁ—(m—1)x5—3kx4—4x4+3(mk—2k+m—
1)x3 + 3kx? + 4x% — mx + x — 1).
Hence, f(®2;x) satisfies property (—SR). Consequently, graph @2 is
a (—SR) graph. O
2 _ grip(42) 2 Y
Example 3. Let @5 = Ky"F; ' € KJF<, as shown in Figure 5. Then

—3.6465 —1.6180 —0.6180 —0.3652 —0.1925
1 7 3 1 1
o(@32) =
5 0.2742 0.6180 1.6180 2.7375 5.1925

1 7 3 1 1

Therefore, graph ©% = K;;4F5(4’2) isa (—SR) graph.

Figure 5. ©2 = K*4F[*?),

The family of (—SR) graphs K F? can be generalized as follows.
Family K7
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3
Again, consider the flabellum complete graph K, FS(k’Z) (here, k is an even integer) and
k k
let K3, F5(k'2) be the graph obtained by adding a pendant to each vertex of K, of K, Fék’z ),
k
The graph @3, = Kf,{m_kPS(k’z) can then be obtained by removing 1 < m — k < m copies of

K
the flabellum graph from vertices of K;“nFék'z ) The family of all such graphs is denoted by
ICF3. The following result shows that each graph in KF° is a property (—SR) graph.

Theorem 4. Let @3, € KKF>, then @3, is a (—SR) graph.

Proof. Let @, € KF°, then @3, = K;{mfkl-"éz’l). The adjacency matrix of @2, can be
written as:

[ A(Knok)) MV
A@)_[ MoV 1k®A(p4)]'

where _
1
v=1| 0 |,
| 0
and
]I.
M= T }
L Ok
Then
F(@3;x) = det (xI— A(@%))
— det xIyy, — A(Km o Kl) MV
-MeV L ® (xly — A(Py)) | )’

by Lemma 3, we obtain

= det (Ik ® (xIy — A(P4))) det (xIZm — A(KmoKj) — M@ VI ® (xIs — A(Py)) "M @ V)

k - o
= (f(Pyx)) det (xTom — A(Kn o Ka) + | i Ojany ),
Oan—jj Om—jom—j

6x

where ¢ = .

Now, by using Lemma 2

= (F(Pu)) [ det (el — A(Kn© K1) + (255 K1, det (vhan — A(Kn o Ki) )

x2—x—1

(5 20 Xy det (xhay — A(K 0 Kn)[i, 1) + ..+ (5295)/ () det (T — A(Ky 0

x2—x—1 x2—x—1

K)[L2,...,] )}

= U@ 10 0y — 02 fy (x) + 622 fo(x) + .. + (—1)6I f(x)],

T (x2—x—-1)
where

fo(x) = (¥ — x — 1)/ det (xIpy, — A(Ky 0 K7)),

andfori=1,2,...,j

i

k .
y (]) det(xom — A(Kp 0 K1) [t tay -« 1.
:
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Notice that LPw0)F  ang fo(x) satisfy property (—SR). Moreover,

(x2—x—1)
det(xhy—A(KnoK)) [t b, t]
Xi
to Remark 1, the polynomial f(@®3;x) satisfies property (—SR). Hence, graph @3, is a

(=SR) graph. O

satisfies property (—SR) fori =1,2,..., k. Therefore, according

Example 4. Let @3 = K;;lFEE4’2) € KF3, as shown in Figure 6. Then

—6.8176 —1.6180 —-0.6180 —0.3177 —0.1255

1 19 15 1 1
(@) = | 01466 06180 1.6180 3.1469  7.9673
1 19 15 1 1

Hence, graph ©% = K;;1F5(4’2) is a (—SR) graph.

Figure 6. ©% = K3 1:5(42).

The family K72 of (—SR) graphs can be generalized as follows.
Family ICF*:
k
Consider K;Fék’z ), which is the graph obtained by adding a pendant to each vertex of

k . k
Ky, of KmFék’z). The graph Kf,{mf"Fék’z) can then be obtained by removing v < m copies of

k
the flabellum graph from vertices of K}, Fék’z ), where v is any positive integer. The family of
these graphs is denoted by ICF*. We present the following theorem, which can be proven

using similar steps as in the proofs of previous theorems.
*;M—v (k%) 4 *;M—v (k,%) : o
Theorem 5. Let Ky "F5 '?" € KF™ then K" "F; "*’ is a (—SR) graph.

Definition 7. Consider a cycle graph C,, and m copies of the flabellum graph F,(lk’j ) The flabellum

k.j)

cycle graph CmF,Ek’j ) can be obtained by attaching a copy of the flabellum graph F,S to each vertex

of the cycle graph Cy,, as shown in Figure 7.

Now, with the help of the flabellum cycle graph CmF,gk’] ), we construct different
families of strong anti-reciprocal graphs, namely, CF', CF2, CF2, and CF*, which are
defined as follows:

Family CF!:
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Consider the flabellum cycle graph C;;, Féz’l). The graph T}, = C}; F5(2’1) can be obtained

by adding a pendant edge to each vertex of C;; and the family of all such graphs is denoted
by CF! and

CFl={T), :mezt}.

Figure 7. Flabellum cycle graph C, F,gk'j ),

Family CF2:

Consider CmFS(k’%), where k is an even integer, then the graph C;Fék'%) can be ob-
tained by adding a pendant to each vertex of the cycle graph C,; of Cy, Fék’g). The graph
r2 = C;;{m_lFS(k’g) can be obtained by removing m — 1 copies of the flabellum graph from

k
vertices of C;‘nFék'z). The family of all such graphs is denoted by CF? and

CFP={T%:meczZ"}.

Family CF°:

K

Again, consider the flabellum cycle graph C, FS(k’Z) (here, k is an even integer), and
(k%)
F7*.

k
let C;,F %) be the graph obtained by adding a pendant to each vertex of Cy, of Cy, F5

5
k
The graph 1‘%1 — C;l;mfk%(k,i)
k
the flabellum graph from vertices of ;. s(krz). The family of all such graphs is denoted by
CF3and

can then be obtained by removing 1 < m — k < m copies of

CPR={13, mecz"}.

The proof of the following theorem is similar to the proofs of Theorems 2—4.

Theorem 6. Let TG € {CF' UCF?UCF?} then T}, isa (—SR) graph.
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The family CF° can be generalized as follows.
Family CF*:
K
Consider C,’;Fék’z), which is the graph obtained by adding a pendant to each vertex of
k . k
Cp of CmFék’z). The graph CZ;m_VFS(k’z) can then be obtained by removing v < m copies of
(k3)

the flabellum graph from vertices of Cj; F; "?’, where v is any positive integer. The family

of all such graphs is denoted by CF*. The following theorem shows that the family CF* is
a family of (—SR) graphs.

Theorem 7. Let C,"' ™ 1’F( ) € CF*, then Ci"~ VF( )isa(—SR)gmph.

Example 5. Let l"é =C3 F5(2,1) € CF, as shown in Figure 8a. Then

—3.3820 —2.1196 —-1.6180 —0.6180 —0.3542 —0.2818 —0.2360

(Fl) 2 2 11 5 2 2 1

g =

> 0.2956 04717  0.6180 1.6180  2.8225 3.5478  4.2360
2 2 11 5 2 2 1

(2 1)

Therefore, graph Ts = C2F;™" is a (—SR) graph.

Example 6. Let T2 = C;"4F5(4’2) € CF?, as shown in Figure 8b. Then

—-3.6508 —2.0952 —-1.6180 —1.2442 -—-0.7376 —0.6180 —0.4825 —0.2245

1 1 4 1 1 3 1 1
o(T3) =
0.2739 0.4772 0.6180 0.8036 1.3556 1.6180 2.0721 4.4525
1 1 4 1 1 3 1 1

Therefore, graph T2 = *4F (42) js a (—SR) graph.

B 7

Figure 8. (a) I'} = CZF; ), (b) I2=cy 4Fé 2),

Example 7. Let l"g = C;;1F5(4’2) € CF3, as shown in Figure 9a. Then

—67612 —2.0952 —16180 —13249 —0.7376 —0.6180 —0.4785 —0.1298
1 1 16 1 1 15 1 1

0.1479 0.4772 0.6180 0.7547 1.3556 1.6180 2.0894 7.7024
1 1 16 1 1 15 1 1

Hence, this graph T3 = C;;1F5(4’2) isa (—SR) graph.
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(a) (b)

Figure 9. (a) T2 = C;'F*?); (b) Q2 = s F{*?)
Definition 8. Consider a star graph S,, and m copies of the flabellum graph F,gk’j ). The flabellum

star graph SmF,Sk’j ) can be obtained by attaching a copy of the flabellum graph Fy(,k’j ) to each vertex
of the star graph Sy, as shown in Figure 10.

k _2% £ Jvt1 \.‘*'.1/\ k /;’1‘2
. 7 i{*z ".\-_ 2%, k—1\ t_qn—1
CRIY T, Y TR o
‘e”t‘ \W,,_x\j ~27~; \//Nf/«, 5 1
Figure 10. Flabellum star graph SmF,Ek’] ).
. k,j . s
Now, with the help of the flabellum star graph SmFS( / ), we construct different families

of strong anti-reciprocal graphs in the following definitions.
Family SF':

Consider the flabellum star graph SmFéz’l). The graph Q}, = S}, F5(2,1) can be obtained
by adding a pendant edge to each vertex of S, and the family of all such graphs is denoted
by SF! and

SFl={qal,:mez"}.
Family SF?2:
k
)

k k
Consider SmFS(k'Z), where k is an even integer, then the graph S,’§1135(k’2 can be ob-

k
tained by adding a pendant to each vertex of the star graph S;, of SmFék’j). The graph
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k
0?2, = S,’;{m_lFék'z) can be obtained by removing m — 1 copies of the flabellum graph from

K
the vertices of S;;Fék’z ) The family of all such graphs is denoted by SF2 and
SFP={02:meZ"}.

Family SF°:

Again, consider the flabellum star graph SmFS(k’g> (here, k is an even integer), and let
S;Fék'%) be the graph obtained by adding a pendant to each vertex of S, of SmFék'g). The
graph O3, = S;mekFS(k’%) can then be obtained by removing 1 < m — k < m copies of the

K
flabellum graph from vertices of S;‘nFék'z)

SF3and

. The family of all such graphs is denoted by

SF={Q} :mez"}.

The following theorem, which can be proved in a similar way to the proofs of Theorems 24,
reveals that the families SF', SF?, and SF° are families of (—SR) graphs.

Theorem 8. Let OF, € {SF'USF?USF?}, then OF, is a (—SR) graph.

Example 8. Let O} = Sg‘FS(z’l) € SF1, as shown in Figure 11a. Then

—3.3830 —2.4142 —-1.6180 —0.8021 —-0.6180 —0.3027 —0.2564

) 1 4 10 1 5 4 1

g =

> 0.2955 0.4142 0.6180 1.2466 1.6180 3.3027  3.8992
1 4 10 1 5 4 1

Therefore, graph Ql = S§F5(2’1) isa (—SR) graph.

Example 9. Let Q% = S;;4F5(4’2) € SF2, as shown in Figure 11b. Then

—-3.5650 —-2.2516 —-1.6180 -1 —-0.6180 —0.4211 —0.2289

1 1 4 3 3 1 1
o(03) =
02804  0.4441 0.6180 1 1.6180  2.3746  4.3675
1 1 4 3 3 1 1

Therefore, graph T2 = S;;4F5(4’2) isa (—SR) graph.

42)

Example 10. Let QF = S;;1F5( € SF3 as shown in Figure 9b. Then

—6.6867 —2.3845 —1.6180 -1 —0.6180 —-0.4157 —0.1308

3 1 1 16 3 15 1 1
o(Q3) =
0.1495 0.4193 0.6180 1 1.6180 2.4050 7.6438
1 1 16 3 15 1 1

Therefore, graph Q2 = S;;1F5(4'2) isa (—SR) graph.
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References

(a) (b)
Figure 11. () O} = S;E%Y; (b) Q2 = SPAF2).

The family of (—SR) graphs SF° can be generalized as follows.
Family SF*:

k
Consider S;Fék’z), which is the graph obtained by adding a pendant edge to each

k . k
vertex of S;; in SmFék’z). The graph SZ{m_VFS(k’Z) can then be obtained by removing v < m

k
copies of the flabellum graph from vertices of S;Fék'z ), where v is any positive integer. The
family of all such graphs is denoted by SF*. We obtain the following theorem, which can

be proved using similar steps as in the proofs of previous theorems.

k . k
Theorem 9. Let Sf,{m*”Fék”) € SF* then Sf,;m*”Fék’z) isa (—SR) graph.

Remark 3. All families can be generalized if we consider any connected graph instead of Ky, Cpy,
or Sy, and all of these generalized families are families of (—SR) graphs.

3. Conclusions

In spectral graph theory, the reciprocal eigenvalue properties are of great interest.
All corona graphs are (—SR) graphs. The novelty of this research lies in introducing several
families of graphs that satisfy property (—SR). Some new families of graphs, denoted as
the flabellum graph F,lf’] , flabellum complete graph, flabellum cycle graph, and flabellum
star graph, are introduced. Moreover, with the help of these families, several families of

K
(—SR) graphs are constructed. Furthermore, the energy of the flabellum graph Fg’z is
calculated.
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