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Abstract: The existence of solutions with localized solitary wave structures is one of the significant
characteristics of nonlinear integrable systems. Darboux transformation (DT) is a well-known method
for constructing multi-soliton solutions, using a type of localized solitary wave, of integrable systems,
but there are still no reports on extending DT techniques to construct such solitary wave solutions of
fractional integrable models. This article takes the coupled nonlinear Schrodinger (CNLS) equations
with conformable fractional derivatives as an example to illustrate the feasibility of extending the DT
and generalized DT (GDT) methods to construct symmetric and asymmetric solitary wave solutions
for fractional integrable systems. Specifically, the traditional n-fold DT and the first-, second-, and
third-step GDTs are extended for the fractional CNLS equations. Based on the extended GDTs, explicit
solutions with symmetric/asymmetric soliton and soliton-rogon (solitrogon) spatial structures of the
fractional CNLS equations are obtained. This study found that the symmetric solitary wave solutions
of the integer-order CNLS equations exhibit asymmetry in the fractional order case.

Keywords: soliton solution; solitrogon solution; coupled nonlinear Schrodinger equations; Darboux

transformation; generalized Darboux transformation

1. Introduction

In mathematical physics, there are some effective methods [1-8] for the solitary wave
solutions of nonlinear evolution equations, such as the inverse scattering method [1],
DT [3], Hirota bilinear approach [4], and the exp-function method [6]. The DT [3] shows
its algebraic operation characteristics in constructing multi-soliton solutions [9-14], which
creates favorable conditions for the GDT [15-17] to construct semirational solutions with
solitrogon structures [18-21]. The integrable NLS equations [22-25], a class of most typical
soliton equations, can be used to describe nonlinear phenomena in various fields, such
as nonlinear optics, Bose-Einstein condensation, plasma physics, and optical communi-
cation. In addition, the NLS-type equations have clear quantum mechanical significance,
and can also describe various weakly dispersive and slowly modulated waves. Due to
the wide applications of the NLS-type equations, solving such equations is an eternal
hot topic for scholars. At the same time, deriving some important nonlinear integrable
systems, especially NLS-type equations, is also meaningful research work. As for the new
developments in this area, we are willing to mention the reduced NLS equations [26], and
modified Korteweg—de Vries (mKdV) equations [27] generated through group reductions of
matrix spectral problems. Moreover, the DT method has been applied to such reduced NLS
equations [28] and mKdV equations [29]. The derivation of nonlocal integrable equations
by group reductions is also feasible. For concrete details, see [30] where N-soliton solutions
of the derived nonlocal integrable equations have also been systematically studied by
solving Riemann-Hilbert problems. With the developments in fractional calculus [31], the
question of how to extend the existing methods for fractional differential equations is a
natural research trend [32-38].
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This article aims to extend the DT and GDT for the following conformable fractional
CNLS equation:

M

iDip + D¥p +2(a?|p|* +alq|*)p =0
iD{q + D2q +2(a®|p|* + alg|*)q = 0

which is our generalization of the CNLS equation [39], not only to the arbitrary nonzero
constant-coefficient > and a but also to the fractional order #(0 < & < 1). In Equation
(1), |p| and |gq| are the models of potential functions p(x,t) and g(x,t), i stands for the
imaginary unit, and D¥ and D2* = D*D¥ represent the conformable fractional derivative
operators with respect to t and x [40,41]. Replacing D% and D2* with 9; and 92, respectively,
and letting a = 1, the fractional CNLS Equation (1) is the integer-order CNLS equation [39].
Further taking g = 0, then the fractional CNLS Equation (1) degenerates into the classical
focusing NLS equation [24]. Interestingly, in the case where a = i, the fractional CNLS
Equation (1) can reduce to the classical defocusing NLS equation.

The fractional CNLS Equation (1) has Lax integrability. This is due to the fact that
Equation (1) has the fractional Lax pair as below:

Di¢p = Mo = (iA]+ U)e, )
bp = No = (—2iA%] —2AU — ill})¢. ®3)
1 0 O 0 0 p pr1 pr2 Px
J=10 1 0|, U=|0 0 g|, U= |grn qr qx ,
0 0 -1 rn 1 0 rx Tox pri+gqr

where ¢ denotes the vector eigenfunction of the independent variables x and t and the
isospectral parameter A, r; = —a’p*, o = —aq*, and * stands for the complex conjugation.

The other sections of this article are as follows. In Section 2, the n-fold DT for the
fractional CNLS Equation (1) is constructed. In Section 3, the GDT with the first three
steps for the fractional CNLS Equation (1) is derived based on the constructed n-fold DT.
In Section 4, some explicit solitary wave solutions of the fractional CNLS Equation (1)
are obtained, including one-soliton and solitrogon solutions with symmetric/asymmetric
localized spatial structures. In Section 5, this article is summarized.

2. n-Fold DT for the Fractional CNLS Equation (1)

Firstly, we introduce a gauge transformation in matrix form [18]:
!l = To, detT #0, (4)
Then, Equation (3) transforms the Lax pair (2) into a new one:
Dol = MUl (5)

D;}q)[ll - N[l]q,[l]‘ (6)

where the iso spectral parameter A is complex, ¢ = ¢(x,t, A) is the eigen function.
According to Equations (2), (4) and (5), we arrive at:

Dol = (DYT)g + TD%g = (D%T) ¢ + TMg = MUl = MUy,

namely:
DT +TM = MUT, @)

Similarly, by virtue of Equations (3), (4) and (6) we have:

DT + TN = NUIT, ®)



Symmetry 2023, 15,1211

3o0f11

Then, using Equations (5)—(8) yields:
DMl — prN 4 (MU, N = T(DEFM — DEN + [M, N]) T, ©)

which tells us that the zero curvature equation D} M 1 — peNDT 4 (M0, NI 4s equivalent
to DfM — DN + [M, N|. In other words, MM and NI have the same forms as M and N
except that p and g are respectively replaced with p[!! and g/,

We next assume that T is a polynomial matrix of the first degree:

bi1 bip b3
T = T(/\) =A|by by by
b31 bz b3

+ [C21 C22 €23

C31 €32 (33

C11 C12 013]
7

where bi]- and cij(i =1,2,3;j =1,2,3) are undetermined functions of x and t.
By comparing the coefficients of A2, A and A in Equation (5), we sequentially have:

b1z = by = b31 = bz =0,

D{by1 = D§bip = D§byy = D§boy = Dibsz =0
plUbss — pbiy — qbip + 2ic13 =0

qMbs3 — pbay — qba + 2ics = 0 ,
azpm*bll + a&][l]*bn — Ilzp*b33 4+ 2ic31 =0
a?pl*byy + ag by — ag*bas + 2icz = 0

pllcsy + a%ci3p* — Dicyp =0

pllesy + acyzq* — Dy = 0

pllless — pery — gern — D3 =0

qMesy + a%eazp* — D¥cyy =0

gWesy + acyg* — D¥con =0 p
qMess — pear — gexy — Dicys = 0

aqlV*cp1 + a2cyy p* 4 Dicgy — a?cazp® = 0
g cx + aPerppl* + D¥csy — aczzq* =0
aqW*cps + a’eizplt* + pesy + gesy + D¥css = 0

which shows that by1, b1p, ba1, byp and bsz are all independent to x. Similarly, substituting
above T, N and N[! into Equation (6) and comparing all the coefficients of the same powers
of A, we also find that by1, b12, ba1, byp and bss are all independent to £. In this case, we write
T as:

byt b2 0 c11 €12 €13
Ty =Ti(A) =Alby by 0|+ |ca c2 c23].
0 0 bs3 C31 €32 (33

To calculate the concrete expressions for Cij (i1=1,2,3;j =1,2,3), we consider the vector
eigen functions ¢; = (91, 9j2, q)]‘g)T, here pj1 = @j1(x,t,A}), 9o = ¢pa(x, 1, Aj) and ;3 =
@j3(x,t,A;) for j = {1,2,3}. Then, it is not difficult to prove that when 1 = (@11, @12, p13)" =
(p11(x, A1), 912(x, A1), @13(x, /\1))T is the column vector solution of Equation (2) in the case

of A = Ay, then ¢y = (o1, 920, 923)" = (975(x, A1%), —agi; (x, A7), 0)" is also the column
vector solution of Equation (2). At the same time, we know the fact that the vector @3 =

(931, P32, (p33)T = (¢}5(x,A1%),0, —a2i, (x, A1*))T satisfies Equation (2). For convenience,
weset A3 = A*and Ay, = A%,
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With the above preparations, we select bj; = by = b33 = 1 and b1y = by; = 0, then
the first-step DT for the fractional CNLS Equation (1) turns out as:

€11 €12 <13
Ty =Ti(A) = A+ [ca1 ¢ c3], (10)
€31 €32 (33
pm = p — 2icy3, qm =g — 2icy3, (11)
where the Darboux matrix T; satisfies:

Equation (12) gives the following linear algebraic equations:

C11921 + C12922 + C13923 = —A2¢21 (13)

{ c11@11 + c12@12 + c13P13 = —A1Pn
C11931 + C12932 + C13933 = —A3P31

C21921 + 2P + C23¢23 = — A2 (14)

{ C21911 + 22912 + C3¢P13 = —A1@12
C21931 + 22932 + C23¢P33 = —A3932

C31921 + 32920 + 33923 = —A2¢23 . (15)

{ 319011 + @12 + P13 = —A1913
C31931 + C32932 + 33933 = —A3¢933

Solving the linear algebraic Equations (13)—(15) by Cramer’s rule with the help of

P11 P12 P13
w=|Pn ¢ @3l (16)
P31 P32 P33

one can obtain the following solutions:

-Me11 P12 P13 P11 —Men @13 P11 P12 —AMen
—A2@21 P22 @23 @21 —A2921 @23 P21 P —A2@n
—A3p31 @3 @33 P31 —A3931 @33 P31 P32 —A3@31

11 = ; C12 = ;€13 = ’
w w w

P11 —MP12 P13 P11 P12 —M@n2

—A@ ¢ @23 P21 —A292 P23 P21 P —Apw
—A393 932 @33 P31 —A393 @33 P31 P —A393

€] = % , Cop = w ; €23 = W ’

M2 912 @13

P11 —Me1z P13 P11 P12 —M@13

—Aogoz ¢ @3 @21 —A2923 P23 P21 P —A2923
—A3¢33 P32 @33 P31 —A3933 @33 P31 P32 —A3933

C31 = C3p = C33 = .
31 w s 32 w s £33 w

Moz 912 P13

Then, T; in Equation (10) is finally determined by the form:

. w P11
—(A— — (A=A
Ti=A-M")B— (M~ M )1P1(P1' (17)
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where ¢1 = (11, 912, g013)T is, as mentioned earlier, the column vector solution of Equa-
tions (2) and (3) with A = Ay, while ¢y = (a®¢3;, a*9},, ag};). Thus, the relations between
the new and former potentials can be derived as follows:

W= p42i(A — A} (9”“”1> , gl = g+2i(A — A7 (9"1%) . 18
prmp AN A ) o S e = AD(t) (18)

If all the n different basic solutions ¢y = (@1, P2, gokg,)T(k =1,2,---,n) of Equations
(2) and (3) with A = A (k = 1,2,---,n), then the n-fold DT for the fractional CNLS
Equation (1) can be iterated smoothly. Continuing the above process and combining all the
Darboux matrices, the n-th step DT turns out to be:

* * (Pnlpﬂ
Th=A—-A" ) — (A — Ay , 19
(A=Al = (= 1) S8 (19

) _ Y ey [ mim M _ iy ey [ Pmm
P =p+2iY (Am—Ay) LM =g +20Y ) (A —Ay) (20)
= YimPm ) 13 1 YuPm / 3

where ¢ = (i1, Pm2, q?ma)T is the column vector solution of Equations (2) and (3) with
A=A, and P = (8°9},1,8° 9}, 09}5)-

3. GDT for the Fractional CNLS Equation (1)

We have constructed in Section 2 the n-th step DT for the fractional CNLS Equation (1),
which contains n eigenfunctions ¢;(i = 1,2, - - - ,n) combined with the given eigenvalues
Ai(i=1,2,---,n). Based on the constructed DT, we gain T ¢; = 0. It is obvious that the
DT under this case cannot be applied on ¢, again. We then suppose that v/ = ¢; (A1 + 9)
is a special solution of Equations (2) and (3). In this way, we can infer that ¢1(A; +6)/J is
also a solution of Equations (2) and (3), where ¢ is a small parameter. Expanding ’y[l] in
Taylor series at A; yields:

A = Pp1(A +6) = Yol 4 4 s 4 4, Ms2 oo g g (21)
with .
N =G0 L (k=0,1,2,--).
° /\:/\1

We find that 90!l = ¢;(A1) solves Equations (2) and (3) with A = A; and associ-
ated seed solutions p and q. Thus, we have the first-step GDT for the fractional CNLS
Equation (1):

1] = (A= Ay) s — (Ag — Al*)l‘/’ji—‘(ﬁi, (22)
— VY 4L 4! _ (. _an [ P11
p[l] = p+2i(A1 — A]) <1P1q01)13' q[1] = q+2i(Ad — A7) (tpm )23, (23)

where g1 = (g1, @12, ¢13)" and ¢y = (a3}, a2y, agpls).
For the second-step GDT for the fractional CNLS Equation (1), we then obtain the
second iterated GDT via the limit process:

[T1[1] Az 4]y [0+ Ty [1] {aza, ]y "

. , )
im 5 = jim 5 =7 + ey 1 = il (24)

where 'y([)l] and ”y%ﬂ are already given in Equation (21). Thus, ¢1[1] associated with A; can

be determined by means of Equation (24). Let us assume ¢;[1] = (¢11, ¢12, 13)" . When
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n = 2, we can obtain the second-step GDT of the fractional CNLS Equation (1) by replacing
related variables in Equation (19) in the limit case of A — Ay:

T2 = (A= A")3 — (A — 7\1*)%, (25)
pl2) = pl1] + 200 — ) (BRI oy i, - ag (B 26)
P1[1]e1(1] ) 15 P1[1]@1[1] ) 53

* k * T
where @1[1] = (¢11,¢12, ¢13) " and p1[1] = (3¢5, %5, agis) "
For the third-step GDT of the fractional CNLS Equation (1), we calculate:

S+ T [1](/\1)]7[1]

[T1[2] (A1 +9)]] 5

lim
5—0 1)
= 7([)1] + [N (M) +Th [2]()\1)]7?] + T1[2](M)Th [1]()\1)’)’9] = ¢1[2],

where 'yél], 'ygl] and ’ygl] are known via Equation (18). Therefore, ¢1 2] is determined by

means of Equation (27). We suppose ¢1[2] = (¢21, P22, ¢23)T, then the third-step GDT for
the fractional CNLS Equation (1) can be constructed as follows:

(27)

T3 = (A - A")h — (A —m*)jm, 08)
p[3] = pl2] +2i(A — A7) (m)w, 912 = q[1] + 2i(A; — A]) (ML; 29)

where 1[2] = (¢21,¢22, ¢23)" and 1[2] = (43¢5, a2, adss) -

4. Symmetric and Asymmetric Solitary Wave Solutions of the Fractional NLS
Equation (1)

In the previous sections, we have constructed the necessary formulae to generate exact
solutions of the fractional NLS Equation (1), including soliton solutions and solitrogon
solutions. In this part, we calculate several explicit solutions of the fractional NLS Equation
(1) by employing these formulae.

We start with the one-soliton solutions by taking the seed solutions p = 0 and g = 0.
Substituting these two seed solutions into Equations (2) and (3), and solving the resultant
equations, we derive the following column vector solution with A = Ay:

LA ¢
dyél Sl (x%—2A41%)
LA
q)l = dzez%(x"‘sz]t“)

d3e—i%(x“—2)\1t“)

Substituting above ¢1 into Equation (23), we can obtain the one-soliton solutions of the
fractional NLS Equation (1). When we set Ay =i, d; = 1, d, = 1 and d3 = 2, the one-soliton
solutions are obtained as follows:

8e 2 (2it*+x%)
plll =q(l] = ——————. (30)
a-+ a2 4 4ex”
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When letting Ay = —1+41i,d; =1, d, = 2 and d3 = 1, the one-soliton solutions of the
fractional NLS Equation (1) read:

Lo s[4+ (1-i)x"]

— . 1
da + a2 4 ex (4H+2%) 1)

Using Formulae (24) and (26), we can straight-forwardly obtain the solitrogon solutions

of the fractional CNLS Equation (1). Based on Equation (30), the solutions with A; = i,
dy =1,dy, = 1and d3 = 2 can be expressed as:

2l = g2 L6 1) [a(1 4 ) (—1 — B — 2x%) 4 donx’ (-1 — 8 4 23] )
p =1 - o« o o « .
a2 +2a3 + at + 165 + a(8 + a) {8ei ™ [1 + 128(L)” + 8(2)*]}

When Ay = —1+1i,d; = 1,dy, = 2 and d3 = 1, Formulas (24) and (26) help us use
Solution (31) to obtain the solitrogon solutions of the fractional NLS Equation (1):

2448 1)y 4 (A48 4 8(1—1) Q 8(1+i) ,n o
2= Lol — Be 241 H(1-10)x] (o (4" +x) [_q 4 (a )¢ +2x ]—a(4—u)[1+%t + 2x0)}

1602 + 843 + a* + en ("X 120 (4 4 a)er [ 4 256(10)? 4 S paxa 4 g(21)?)

Two space-time structures of Solution (30) are shown in Figure 1 by setting a = 0.1.
We can see from Figure 2 that the symmetric one-soliton determined by Solution (30) with
« = 1 has asymmetry when o = 5/11 is selected. With the same fractional order « = 5/11

as Figure 2 but different constants 4 = 0.01i and a = 0.005i, we show in Figure 3 another
two asymmetric one-solitons determined by Solution (30).

(a)

Figure 1. Symmetric and asymmetric space-time structures of Solution (30) with different fractional
orders: (a) «=1;(b) x =5/11.

(a) (b)

Figure 2. Symmetric and asymmetric bell one-solitons determined by Solution (30) with different
fractional orders: (a) « = 1; (b) x =5/11 at the time ¢ = 0.
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(a) (b)

Figure 3. Asymmetric bell one-solitons determined by solution (30) with fractional order & =5/11
and different values of a: (a) a = 0.01i; (b) a = 0.05i at the time ¢ = 0.

In Figures 4-6, the asymmetric solitrogon and two-soliton structures determined by
Solution (32) are shown, there a = 0.1. It is seen that whether the fractional order « = 1 or
« = 3/11, the bell solitrogons are all asymmetric at the time t = 0, but the bell two-soliton
part of the solitrogon with @ = 1 is symmetric while the one corresponding to « = 3/11
is asymmetric at t = 30. In Figure 7, another pair of asymmetric solitrogon structures
determined by Solution (32) are shown, there the constant a has been selected as 0.1i and
0.05i, respectively. Figures 3 and 7 show that all the amplitudes of the solitary waves
increase with the decrease in the imaginary part of a. As the real value of a decreases, a
similar phenomenon of increasing the amplitudes of solitary waves also occurs. The law of
amplitude variation shown in Figures 3 and 7 can also be understood mathematically by
analyzing the expressions of Equations (30) and (32).

@) (b)

Figure 4. Asymmetric space-time structures of Solution (32) with different fractional orders: (a) x = 1;
(b) «=7/11.

Figure 5. Asymmetric bell solitrogons determined by Solution (32) with different fractional orders:
(@) x=1; (b) x =7/11 at the time ¢ = 0.
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(a) (b)

Figure 6. Symmetric and asymmetric bell two-soliton parts of the solitrogons determined by Solution
(32) with different fractional orders: (a) « =1; (b) « = 7/11 at the time ¢ = 30.

p p

(a) (b)

Figure 7. Asymmetric bell solitrogons determined by Solution (32) with fractional order o« = 7/11
and different values of a: (a) a = 0.01i; (b) a = 0.05i at the time t = 0.

5. Conclusions and Discussions

In terms of the first iteration Formulae (18) and (23), we can easily recognize that there
is essentially no difference between the DT and GDT for the fractional CNLS Equation (1).
However, the n-fold GDT with n > 1 has advantage over the n-fold DT in constructing
other types of solutions, for example, solitrogon solutions and rogue wave solutions for the
fractional CNLS Equation (1). As for the findings of this article, we would like to mention
the following aspects: (i) the derivation of the integrable fractional CNLS Equation (1)
with fractional Lax pair (2); (ii) the construction of the n-fold DT (20) and the first, second,
and third iteration Formulae (23), (26) and (29) of GDT for the fractional NLS Equation
(1); (iii) the example illustration of the feasibility simulating asymmetric solitary wave
solutions of the fractional NLS Equation (1) via the dominant role of fractional order «;
(iv) the adjustability of the amplitudes of solitary waves localized in Solutions (30) and (32)
can be controlled by the value of constant 4; (v) the beginning of extending DT and GDT
to construct soliton and solitrogon solutions of nonlinear fractional integrable systems;
(vi) the predictability of constructing rogue wave solutions, especially the asymmetric
ones for the fractional NLS Equation (1) using the GDT. Due to the asymmetry being a
significant feature of rogue waves, it is worth studying how to fully utilize the dominant
role of fractional order « in the construction of rogue waves for fractional models.
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