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Abstract: Two-dimensional two-fluid classical and momentumless laminar far wakes are investigated
in the boundary layer approximation. The velocity deficit satisfies a linear diffusion equation and
the continuity equation in the upper and lower parts of the wakes. By using the multiplier method,
conservation laws for the system of partial differential equations (PDEs) in the upper and lower parts
of the wake are derived. Lie point symmetries associated with the conserved vectors for the classical
and momentumless wakes are obtained. The conserved quantity for the two-fluid classical wake
is the total drag on the obstacle, which is rederived. A new conserved quantity for the two-fluid
momentumless wake is obtained, which satisfies the condition that the total drag on the obstacle
is zero. Using the conserved quantities, it is shown that the equation of the interface is y = kx%,
where k is a constant and x and y are Cartesian coordinates with origin at the trailing edge of the
obstacle. New invariant solutions for the two-fluid classical and momentumless wakes with k = 0
are found. Both solutions depend on the dimensionless parameter x = (p11)/ (0242) where suffices
1 and 2 refer to the upper and lower parts of the wake. For the special case in which the kinematic
viscosity ratio v, /v; = 1, two further solutions for the two-fluid momentumless wake are derived
with k = £/6.

Keywords: two-fluid classical and momentumless wakes; multiplier method; conservation law;
conserved quantity; associated Lie point symmetry; invariant solution

1. Introduction

There have been recent advances in the application of conservation laws and Lie
symmetry methods to one-fluid jet and far wake flows. The aim of this paper is to apply
these new methods to the two-fluid far wake downstream of a fixed and a self-propelled
slender body aligned with the flow and generate new invariant solutions. Two-phase fluid
flow has many applications in science, engineering, and industry, for example, in oil and
gas flow and in the flow of air on water.

When the body is fixed, the wake is referred to as a classical wake. The wake behind a
self-propelled body is referred to as a momentumless wake. Both wakes are free shear flows
with a region of sharp change along the centre line and are formulated mathematically using
boundary layer theory. For the far wake, terms of second order in smallness are neglected.
Seminal research on the two-fluid classical and momentumless far wakes has been done
by Herczynski, Weidman, and Burde [1], who generalised the coordinate expansion made
by Goldstein [2] to include an expansion of the displacement of the interface between the
two fluids.

A conserved quantity is required to complete the mathematical formulation of prob-
lems of jet and wake flows. The conserved quantity is needed to determine fully the form
of the similarity solution, as well as the boundary of a turbulent jet or wake. These physical
quantities cannot be determined from the boundary conditions which are homogeneous.
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Naz, Mason, and Mahomed [3] showed how the conserved quantities in laminar jet flows
can be derived in a systematic way by first finding the conservation laws for the bound-
ary layer partial differential equation describing the jet. The method was extended to
two-dimensional laminar for wakes by Kokela, Mason, and Hutchinson [4]. A conserved
quantity was obtained by integrating a conservation law across the jet or wake and by
imposing the boundary conditions for that wake or jet. For the classical wake, it gives,
in a systematic way, the drag on the body. For the momentumless wake, the conserved
quantity was derived by Birkhoff and Zorantello [5]. A comparison of the different methods
for deriving conservation laws was given by Naz, Mohamed, and Mason [6]. The most
fundamental is the direct method in which the definition of a conservation law is expanded
for assumed forms of the conserved vector. In this paper, the multiplier method introduced
by Steudel [7] will be used to derive conservation laws.

Kara and Mahomed [8,9] showed how a Lie point symmetry can be associated with a
conserved vector. The components of a conserved vector are the density and flux terms of
a conservation law. The Lie point symmetry associated with a conserved vector is easier to
calculate than the Lie point symmetry of the corresponding partial differential equation
because the order of the derivative in the conserved vector is one less than the order of
the partial differential equation. The prolongation formulae are therefore simpler and
the calculations can be done manually. The associated Lie point symmetry was used to
reduce the partial differential equation to an ordinary differential equation. By the Double
Reduction Theorem of Sjoberg [10], the ordinary differential equation can be integrated at
least one time because the conserved quantity was used to calculate the Lie point symmetry.

The approach of calculating conservation laws and associated Lie point symmetries
has been taken recently to solve jet and far wake problems. In jet flow, the Lie point
symmetry associated with the elementary conserved vector was used in [11] to obtain the
numerical solution of an axisymmetric turbulent free jet using a shooting method with the
conserved quantity as target and in [12,13] to obtain analytical solutions in parametric form
for the two-dimensional free and liquid jets of a power law fluid. In [14], the conservation
laws of a two-dimensional turbulent thermal free jet were calculated by the multiplier
method and the associated Lie point symmetries were used to generate invariant analytical
and numerical solutions. In [15], a two-dimensional turbulent classical far wake was
considered and the Lie point symmetry associated with the elementary conserved vector
was obtained and used to generate analytical solutions. In [16], the two-dimensional
turbulent far wake downstream of a self-propelled body was considered. The conserved
vector was calculated by the direct method, and analytical solutions generated by the
associated Lie point symmetries were obtained.

In this paper, new solutions will be investigated for the two-dimensional two-fluid
classical and momentumless far wakes of a symmetrical slender body aligned with the flow.
Both fluids are incompressible. This problem was first considered by Herczynski et al. [1].
A thorough investigation will be made of the conditions at the interface between the two
fluids. Conservation laws for the system of partial differential equations for each fluid will
be derived using the multiplier method. Conserved quantities for the two-fluid classical
and momentumless far wakes will be derived. The Lie point symmetries associated with
the conserved vectors for each fluid will be obtained in terms of stream functions using the
theory of Kara and Mahomed [8,9]. The general form of the invariant solution for each fluid
generated by the associated Lie point symmetry will be calculated and with the aid of the
interface conditions the invariant solution for the two-fluid classical and momentumless
far wakes will be investigated.

Two-fluid free shear flows generally depend on the dimensionless parameter

P1H1
f— 7, 1
01t (1)

where p1, 1 and py, o are the density and shear viscosity in each fluid [1]. Examples
include the two-fluid planar jet, the two-fluid classical wake, and the two-fluid planar
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mixing layer [1,17]. An exception is the two-fluid momentumless wake derived by Her-
czynski et al. [1]. In this paper, a new conserved quantity for the two-fluid momentumless
far wake, based on the requirement that the total drag on the symmetrical self-propelled
body vanishes, is derived, and new solutions for the two-fluid momentumless far wake are
obtained. It was found that these new solutions depend on the parameter .

In Section 2, the boundary layer equations for the two-fluid planar far wake are for-
mulated and the boundary and interface conditions are stated. In Section 3, the multiplier
method is used to derive conservation laws for the system of PDEs for each fluid and the
conserved quantities for the classical and momentumless two-fluid far wakes are derived.
In Section 4, the classical two-fluid wake is considered. The Lie point symmetry associated
with the conserved vector for each fluid is derived and the invariant solution for each fluid
is obtained. Using the boundary and interface conditions, the invariant solution for the
classical two-fluid far wake is calculated. Similarly, in Section 5, three invariant solutions
for the two-fluid far wake, being a self-propelled body, are derived. Finally, the conclusions
are summarised in Section 6.

2. Mathematical Model

Consider the two-fluid laminar far wake behind a symmetric slender planar body of
finite length at the interface between the two fluids and aligned with the flow. The fluids
are immiscible and incompressible and the flow is laminar. A Cartesian coordinate system
is introduced with origin at the trailing edge of the body. The mainstream velocity U is the
same for both fluids. The index i = 1 corresponds to the upper fluid and index i = 2 to the
lower fluid. The x- and y-components of the fluid velocities, pressures, densities, kinematic
viscosities, and shear viscosities are denoted by u;, v;, p;, pi, v;, and y;, where v; = y;/p; and
for stability, p» > p1. The unknown interface between the two fluids is y = ¢(x) and the
total drag on the body due to the two fluids is D. The two-fluid wake flow is illustrated in
Figure 1.

Region 1 Region 2 Region 3 Region 4
Yo
e y
Pt Vi M
- _ _ _ L [
X
P2 v H2
Uz
—_— >
Uo
Oncoming flow Body Near wake Far wake

Figure 1. Schematic diagram of a two-fluid wake by a slender symmetric body with velocity profile
in the far wake. The dotted line is the interface between the two fluids.

The two-fluid flow is steady and therefore

u; =u;(x,y), v; = vi(x,Y), pi = pi(x,y). &)
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The x- and y-components of the steady-state Navier-Stokes equation and the conservation
of mass equation are

Qup ow _ _13pi (P P
Mgy Tl T Toax Vil Ge Ta2 ) ®)
‘a’Z)l' ‘al)i - 1 apl ] 8201' Bzvi
Higy T dy  p; ox il t ) & @)
aui aZJl' -

where i = 1,2 and g is the body force due to gravity per unit mass, which is in the —y
direction. Equations (3) to (5) are rewritten in dimensionless variables defined in terms of
the upper fluid,

*

¥=2, y =Retd, uf=-L, of=RetL, pr=_Fi )
L L 0

pi U2’

where L is the characteristic length of the two-fluid boundary layer and the Reynolds
number is

UpL
Re = /=, 7
e= ) )
We also introduce the Froude number
Uy
-2 ®)
\/&L
Equations (3) to (5) become
! u; o ou; __n op; iﬁazul’-‘ ﬁazu;‘, ©)
ox* ay* pi 9x*  Rewvy ox*2 vy dy*2
iu;kav;‘ iv;kavf :_&ap; iﬁazvf_ 1 , (10)
Re 'ox*  Re 'ody* pi oy*  Revy ay*2  F2,/Re
AL (11)
ox*  ay*
We consider flows such that
1 1
< 12
PURe ~ Re (12)
that is, provided F 2 Re# which will be satisfied provided Uy is sufficiantly large.
Neglecting terms of order 1/ Re, Equations (9) and (10) reduce to
ouy ouy p10pF v Q%u’
* 20 _ A1 e d 1
i ox* T Iy* p; 9x* vy oy*2’ (13)
op¥
Pi _. (14)

ay*
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Thus, p; = p; (x), and since the mainstream velocity Uy is constant, from Euler’s
equation in the mainstream,

dp; _
E(x) =0. (15)

Therefore, the boundary layer equations for the two-fluid wake are

au;‘ au;‘ v azu;k
* e R 1
i ox* T ay* vy dy*2 (16)
and the conservation of mass Equation (11). The boundary conditions are
a *
W (x*,00) = 1, #(x*,oo) —0, (17)
a *
B —ew) =1, SR, -e0) =0 18)

Finally, we derive the matching conditions at the interface y = ¢(x). In dimensionless
variables the interface is

Y =97 (x") where ¢*(x*) = “eop(x). (19)

The tangential velocity components must match at the interface because the two fluids
are viscous. The normal velocity components must also match. Hence

ui (x7,9%) = uz (x%,97), (20)

01 (x7,9%) = v3(x%, ¢"). (1)

The tangential components of the stress vector, tp, and the normal components of the

()

stress vector, t2 , must match at the interface. Hence

60 (e, 97) = £ (27, 9%), (22)

B0, 0%) = 5P (2%, ¢%). (23)

Now from Cauchy’s formula and the Navier—Poisson law for a viscous incompressible fluid

i i Ju; 0v;
) = = m(ay’ + ax’), (24)
() = 2l = 0y, 2 (25)
2 22 1 1 ay .

Expressed in dimensionless variables, (24) and (25) become

g ) P 1 ouf 1 oo}
1 21 l’ll Re% ay* RE% ax* 7

(26)

2 py 9v;

*(1 *(1 %



Symmetry 2023, 15, 961 6 of 35

Terms of order Re~2 are neglected in (26). Substituting (26) and (27) gives the matching

conditions
au? * ok H2 a“ﬁ P
X, = X, ’ 28
oyt (97 = SR (28)
l&avé**iavf** R A S N AN S ]
Re U1 ay* (.X ’¢ ) ay* (.X ’¢ ) - pZ(x ’¢ ) Pl(x r¢ ) (29)

The problem is now formulated in terms of the velocity deficit w;(x, y), defined by

ui(x,y) = Up — wi(x, y). (30)

Expressed in dimensionless variables

ui (x%,y") =1 —wj (x*,y"). (31)
We also have

o7 (x*,y") = 0407 (x",y"), (32)

pi (x"y") =0+ p; (x",y"). (33)

For the far wake, w}, v}, and p; are small and their squares and products can be
neglected. The PDEs (11) and (16), the boundary conditions (17) and (18), and the interface
conditions (20), (21), (28) and (29) are expressed in terms of the velocity deficit. The problem
can be stated as follows.

Partial differential equations:

ow; vy azwl’-‘
= L 4
ax* vy oy’ (34)

Jw; ~Jdv;
Ry + ay 0. (35)
Boundary conditions:
w00 =0,  2YL(x* o) =0 (36)
1 7 7 ay* 7 7

y owy

w}(x*, —e0) = 0, (x*, —00) =0, 7)
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Interface conditions:

wy (x%,¢") = wy(x", ), (38)
01 (X%, %) = v3(x%, ¢%), (39)
ay () =y (0 w
2 [y 003 00}
Re %a;i (x*,¢") — azyji (x*,¢") | = pa(x",9%) = p1(x", 97). (41)

Equation (41) gives the pressure difference across the interface once the problem has
been solved. By applying the Principle of Archimedes, Herczynski et al. [1] derived a
further condition for the pressure difference,

p2(x,¢(x)) — p1(x, ¢(x)) = (01 — p2)gP(x). (42)
Expressed in dimensionless variables, (42) is
Wk gk ko k gk 1 FLZ _ *
pZ(x ’4) ) pl(x ’(P )_ Fz\/ﬁ<P1 1)4) . (43)

The formulations (34) to (41) in dimensionless variables agrees with the formulation
of Herczynski et al. [1] in physical variables. It applies for both the classical wake and the
wake behind a self-propelled body. The two problems differ in their conservation laws and
conserved quantity.

In the remainder of the paper, the star will be suppressed to simplify the notation,
with it being understood that dimensionless quantities are being used.

3. Conservation Laws, Conserved Vectors, and Conserved Quantities

Conservation laws and the corresponding conserved vectors for the system of PDEs (34)
and (35) will first be obtained. The conserved quantity for the two-fluid classical wake and
the two-fluid momentumless wake will be derived.

3.1. Conservation Laws and Conserved Vectors

The multiplier method [6,7] was used to derive conservation laws and corresponding
conserved vectors for the system of boundary layer equations, (34) and (35), describing
the upper and lower wakes. When deriving conservation laws and Lie point symmetries,
x,y,w;,v;, and all partial derivatives of w; and v; with respect to x and y are treated as
independent variables and the subscript notation is used for partial differentiation. When

w; and v; are treated as functions of independent variables x and y, the notation %, %—Z;i, .
is used. Equations (34) and (35) in subscript notation are
Vs
Wix = V*;wiyy/ (44)
—Wix + Uiy = 0. (45)
A conservation law for the system (44) and (45) satisfies
D,T} + D, T? =0 (46)

(44),(45)
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where
0 0 0 0 0 0 0
Dy=D; = a""wixaiwi""vixaivi"rwixxm"" zyxa + 1xxa +viyx%+~-~ (47)
d d d d d d d

and Til, Ti2 are the components of the conserved vector T; = (Til, le) The multipliers A
and A, satisfy

v
Aq <wix - Vlwiyy) + Ao(—wix + viy) = DT} + D, T} (49)

for all functions w;(x,y) and v;(x,y). We will choose
Al - Al(x/y/ wi, Ui), AZ - AZ(x/yrwi/ vi)' (50)

Partial derivatives of w; and v; could be included in the dependence of A; and A on
the fluid variables in order to look for higher order conservation laws, but we find that
it is sufficient to consider multipliers of the form (50) to derive conserved vectors for the
two-fluid wake.

The Euler operators Ey, and E,, annihilate the divergence expressions on the right
hand side of (49), where

d 0 9 d 0 d
Ey,==— —D -D D? DD D2 51
YT w; Towiy, Y owy, + ¥ OWiry + P Y dwixy + Y dwjy,y GD)
d d 0 d d d
Ey, = — —D - D, D2—— + D,D +Dy— — ... 2
R T I NNt I O T (52)
The determining equations for A; and A, therefore are
Vi
Ewi [Al (wix - U;wiyy) + A2<_wix + Uiy)] =0, (53)
»
E, [m (w - V;wiyy) T Ao(—wiy + v@] 0. (54)
When fully expanded, Equations (53) and (54) are
_widN O 9N Ny O 0N i [
vy ow; Y ow; Y 9x 0 9u; Y 9x du; T vy | 9y?
82A1 92N oA 82/\1 A,
T oway T doy Y T 3w T Syow; Y T wr 49
dvow; W T B0, U T Gy, Y T ;Y 2 W
and
aAl 1% aA1 E)A2 aAz aAz -
ov; Wi =3 Jv; Wiyy ov; Wix dy  Jw; wiy = 0. (56)
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The partial derivatives of w;(x,y) and v;(x, y) with respect to x and y are independent
because (49) holds for all functions w;(x, y) and v;(x,y) and not only for solutions of (44)
and (45). Equations (55) and (56) can therefore be separated by equating the coefficients of
the partial derivatives of w; and v; and their powers and products. Separating first, (55)
gives the following results:

92N ) %A,
P = PN = 7
wly ayawl 0/ wl}/ aw% 0/ (5 )
0N 0Ay 0N
Wiyy dw, 0, Viy 30, a0 0, (58)
oy D2 UM, i (59)
Y 9w, Twpoydy; iy o?
oA 92N
Oiyy * avi =0, viywiy : aWiavi =0, (60)
. . 8A2 8A1 Vi 82A1 o
Remainder : o o 57 0. (61)
Hence
A1 = ANi(xy), Ay = Ao (x,y). (62)
Equation (56) reduces to
JA
=2 _. (63)
Iy
Hence
Al = Al(xl ]/)/ A2 = AZ(X), (64)

where A1 (x,y) and Ap(x) satisfy (61).
In order to make progress we look for a multiplier, A1, that is independent of x, that is
A1 = A1(y). Equation (61) takes the form

dAz v d2A1
W(x) = 171 dy? (y)-

(65)
By the technique of separation of variables, each side must be a constant, 2a;. Hence
%
Mi(y) = §a1y2 +ay+az,  No(x) =2mx+ay (66)
1

where a, a3, and a4 are constants. Thus, from (49)

1% 1%
(al 171‘}/2 + ay + a3> (wix — iwiyy) + (Zalx + a4> ( — Wiy + v,'y) = Dle-1 + DyT,-2 (67)

1
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for arbitrary functions w;(x,y) and v;(x, y).
We next determine the conserved vector T = (T', T?). Now

V12 Vi
<ﬂ1 Y Tmyt !13) (wix - ﬁwiyy) + <2ﬂ1x +ﬂ4) (— Wix -th)
1
—a | B2 (e — Y ) rox( —we +o )| +a wir — Vi
=m Viy ix " iyy ix iy 2| Y| Wix " iyy

Vi
+4a3 {wix - Vfwiyy} + a4 { — Wix + Uiy}

= [Dx (%yzwi — wai) +Dy ( - y2wiy + 2yw; + Zin)} (68)
1

oo m) o0 (- 2o )| [ o) o0 - )
+ay {Dx ( — wi) + Dy <vi>}
=Dy {ul (%yzwi - wai) +ap (yw,-) +az (w,) + ay < — wi)} +
Dy [al < — yzwiy + 2yw; + 2xv,-) +ap ( — ﬁywiy + ﬁwi> +az ( - ﬁwiy> +ay (viﬂ .
vy 1%t 12

Equation (68) is satisfied for arbitrary functions w;(x,y) and v;(x,y). When w; and v;
are solutions of the system (44) and (45), then (68) becomes

Dy {al (?yzwi — 2xwi> +ap <ywi) + az <wl> + ay ( — wzﬂ
1

1% Vi
+ Dy {al ( _ waiy + 2yw; + Zin) + a2 < - V—;ywiy + v;wl) (69)

Vi
+as —V—lwiy +ag| v;

Hence, the conserved vector for the system of PDEs (44) and (45) derived from the
multipliers (66) is of the form

Ti1 =m (%yzwi — 2xwl~) + ap <yw,-) + az (wl> + ay ( - w,-), (70)
1

Vi Vi Vi
T,-z =m ( — yzwiy + 2ywi + 2x0i> +ap ( — iywiy + iw,) + a3 ( — iwiy) +ay (Ul) . (71)

=0.
(44),(45)
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The conserved vector is a linear combination of the following four conserved vectors
obtained by setting all 4; = 0, except one, in turn.

v
aq 7é 0: Til = Vfllyzwi — wai, le = _yzwiy + Zywl + ZXUZ‘, (72)
1
Vs
a #0: T} = yw;, T? = U—;(fywiy +wj), (73)
. 1 _ 2 Vi
ag #0: T} = —w;, T? = v;. (75)

The general conserved vector for the system of PDEs (44) and (45) is a linear combi-
nation of the four conserved vectors (72) to (75). The conserved vector (72) generates the
conserved quantity for the two-fluid momentumless wake while the conserved vector (74)
generates the conserved quantity for the two-fluid classical wake. The conserved vector (75)
describes conservation of mass in the two-fluid wake. The physical significance of the
conserved vector (73) is not understood at present.

3.2. Conserved Quantity for the Two-Fluid Classical Wake

Instead of regarding the conserved vectors as functions of x, y, w, v, ... they are now
treated as (different) functions of the independent variables x and y. Equation (4) becomes

o + oM _ 0. (76)

ox oy

The conserved quantity for the two-fluid classical wake is derived from the conserved
vector (74) and the interface condition for the shear stress (40). Substituting (74) into
(76) gives

awi 1% a2wi

-— = . 77
dx vy 9y? @7)

Consider first the lower fluid. Integrate (77) with respect toy fromy = —co toy = ¢(x)
and apply the formula for differentiation under the integral sign [18] and the boundary
condition (37). This gives

d o) d¢ ) dwy
) oy —walp() 3 = 2GR

—00

(x, ¢(x))- (78)

Similarly, for the upper fluid and integrating (77) with respect to y from y = ¢(x) to
Yy = 400 we obtain

d [« d 3
P /4>(x) wl(x,y)dy+w1(x,¢(x))£ = _aﬂyl(x’q)(x))' 79)

The terms on the right hand side of (78) and (79) are first order in smallness and
cannot be neglected. It is because of these terms that there is not a conserved quantity for
the upper fluid and a conserved quantity for the lower fluid. Substituting (78) and (79)
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for awz (x ¢(x)) and a;;l (x,¢(x)) into the interface condition, (40) removes the first order
terms By imposing the interface condition (38), we obtain

P(x) d
o [1 et [ o] = (8 -1)mmetngl o
Let

Re(gon) = (22 1) w96 . @)

The quantity R.(¢, w;) is second order in smallness since ¢(x) is small and is identi-
cally zero when the interface is along the x-axis. Second order terms have already been
neglected in the derivation of Equation (34). Neglecting R.(¢, w) gives

D* == )d 2
pl/, w2 (%, Y) y+/ X, y)dy (82)

is a constant independent of x where D* is the dimensionless drag on the obstacle. The con-
served quantity (82) was used by Herczynski et al. [1].

3.3. Conserved Quantity for the Two-Fluid Momentumless Wake

For the two-fluid momentumless wake behind a self-propelled body, the total drag on
the body is zero:

¢(x)
D*:z—z/ (xydy—i—/ 1(x,y)dy = 0. (83)
1 —

The conserved quantity for the two-fluid momentumless wake is derived from the
conserved vector (72) and the condition (83). When (72) is substituted into (76) we obtain,
with the aid of (45),

vy d L9 o N —
v; I (]/ w;) — 2w; + ay( Y wiy + 2yw;) = 0. (84)
Consider first the lower fluid and integrate (84) with respect to y from y = —oo to

y = ¢(x). Assume the stronger boundary conditions than (37) that

20w

ay =0, ywa(x,y) =0 (85)

y=—oco y=—o0

y (x,y)

and apply the theorem for differentiation under the integral sign [18]. This gives

¢(x) v, d [¢k) d¢
/ wa (x,y)dy = 71*/ yPwa(x, y)dy—fzw(x p(x))¢? () 7

o 2vy dx
(86)
1 awz 2
~ 37y WPENET() + walx, ¢(x))(x).
Proceeding similarly for the upper fluid and assuming that
290wy
v 5y (%Y =0, ywilxy) =0 (87)

y=+oo y=+oo
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it is found that

oo _1 d (e} 2 1 2 d(P
/(P(X) w1 (x,y)dy _E%/(p(x)y w1 (x,y)dy + §w1(x/47(x))4’ (X)E
(88)

+ 350 (5 9100 (3) = 01 (5, ) ).

The integrals on the left hand side of (86) and (88) are first order in smallness and
cannot be neglected. They are the reason why there is not a conserved quantity for the
lower fluid wake and a conserved quantity for the upper fluid wake. These first order
terms are eliminated by using the property that the total drag on the self-propelled body is
zero. By substituting (86) and (88) in condition (83), it can be verified that

d

A [pav (9 5 ® -
dx [P1 vy /700 yrwa(x,y)dy + /(,D(x)y w1(x,y)dy] = Rum(¢, w1, wy) (89)

where

Raa(p, 01, 10) =| Zaos (3, 906)) — (00| () (01§ —2)

(90)

p2 awz awl :| 2
+ | —(x,¢(x)) — =—(x,Pp(x X).
250 1, p(x) — T 906 #7(2)

The function Ry;(¢, w1, w;) depends only on terms of second order in smallness.
If Rpt(¢p, wy, wy) is neglected then

9(x) S
k=21 / yPwa (x,y)dy + / ywi (x,y)dy ©1)
P1V2 J—o P(x)

is a dimensionless constant independent of x. The constant K* is the conserved quantity for
the two-fluid momentumless wake. It differs in the first term from the conserved quantity
(in dimensionless form)

p2 [P 5 *® 9
K=E ,y)d y)d 92
o ./_0o y wa(x,y) y+/¢(x)y w1 (x,y)dy 92)

derived by Herczynski et al. [1], which does not satisfy the condition (83) that the total drag
on the self-propelled body is zero.

The quantity Rp(¢, w1, wy) can be simplified using the interface conditions (38)
and (40) to

141 awl
V2

Rua(pon) = (22 =1)mn e )0 o) () 5F —2) + (2 =1) G2 (s, 0)P0). 00

It is identically zero when the interface is along the x-axis. It will be investigated further
in Section 5 after the solutions for the two-fluid momentumless wake have been derived.

The conserved quantities (82) and (91) are required in Sections 4 and 5 to complete the
solution for the classical and momentumless two-fluid wakes.

4. Invariant Solution for the Two-Fluid Classical Wake

The Lie point symmetry associated with the conserved vector for the upper wake
and the Lie point symmetry associated with the conserved vector for the lower wake will
be derived. The two associated Lie point symmetries will then be used to generate the
invariant solution for the two-fluid classical wake. The problem will be formulated in terms
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of the stream function for each wake.
Since the conservation of mass equation, (35), is satisfied for each wake, a stream
function ¢;(x, y) can be introduced for each wake defined by

99 9P
o] c= 1L 4
wl a y 4 vl a x (9 )
Equation (35) is identically satisfied. Expressed in terms of the stream function,
Equations (34) to (41) become:
Partial differential equation

%Y, v Y,
oxdy vy o3’ %)
Boundary conditions
9P _ i _
W(x,oo) —0, 52 (x,00) =0, (96)
oY, _ P _
W(x, —o0) =0, 372 (x, —o0) = 0. (97)
Interface conditions
Py _ 9Py
S ) = 50, 98)
allJl . %
D x9) = 22 (x,9), 99)
Py 129
Tyz(xr ¢) = ETyZOC' ), (100)
2 0? 02
o |12 SR ()~ S (e 9) | = paln )~ pa(x9). (101)

The conserved vectors, (74), for the upper wake and the lower wake for the classical
two-fluid wake, expressed in terms of the stream function, are

Til = Py, T2 = _ %

1

Yy i=12 (102)

In order to simplify the notation, in the following calculations the index i will be
suppressed in all quantities except in the ratio % and in the interface conditions. The results
apply to both the upper and lower wakes.

4.1. Associated Lie Point Symmetries

The Lie point symmetry

0 d d
X =8y g +EEy ), Ty )5, (103)

is associated with the conserved vector T = (T, T?) provided

X(T°) + T*Di (&%) — T*Dy(&5) = 0 (104)
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where
d 0 0 d
0 0 d 0
DZ—Dy—@"‘lpyﬁﬁ‘lpx‘y%ﬁ—l[)yy%ﬁ—.... (106)

Equation (104) consists of the two components

s=1: X(T'Y) 4 T'Dy(&*) — T?Dy(¢') =0, (107)

s=2: X(T?) 4 T*Dy(&) — T' Dy (&%) = 0. (108)

The Lie point symmetry X is prolongated to sufficiently high order to operate on the
partial derivatives in the conserved vector.
Consider first the component (107). Now, from (102)

X(Th) =102 (109)
where
> = Da(n7) — puDa(&5). (110)

When expanded fully, Equation (107) becomes

a'7 3(3 ' g’ aél g
4’% ¢’x 3y 5 Py — 17 ley T 5 Pv¥uy (111)
Separating (111) according to the partial derivatives of ¢ and their products gives
M _o M _o X _, X
W0 =0 3,=0  55=0 (112)
and therefore
¢ =), F=yy), =) (113)

Consider next the second component (108) with (113) for X. Now
2 Vi
X(T7) =——lx (114)
v

where the prolongation (7, is defined by [19]
{22 = Da(Z2) — $uDa(C") (115)
and ( is given by (110). When expanded in full, (108) becomes

v 8262 8262 32(:2 862 862 dCl
= ALY gy + I gy + 2y Yu T35 Vet = Y

(116)

862 aé‘z -
oW I =Py =0.
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Separating (116) by ¢y gives

agr
ET 0 (117)
and therefore &2 = &2(x, y). By separating the remaining terms in (116) we obtain
. agZ _ d(:l
Pyy - Zg(x,y) = (@), (118)
Coouee o
vy 5" o (119)
Differentiating (118) with respect to y yields
8252
Er 0 (120)

and therefore from (119), &2 = ¢2(y). Equation (118) is now separable in the variables x
and y and therefore

(x)=2c1x+c2, B(y)=cy+e, n=nx). (121)

We consider the general case in which ¢; # 0. We can divide X by c; or equivalently
set c; = 1. Hence

d ] ad
X=(2 — — — 122
(X+Cz)ax+(]/+c3)ay+77(x)ax (122)
where #(x) is an arbitrary function.
Equation (122) is the Lie point symmetry associated with the conserved vector in the
upper wake and in the lower wake. The constants ¢; and c3 and the function 7(x) are
different in each part of the two-fluid classical wake.

4.2. General Form of the Invariant Solution

Now, ¢ = ¥(x,y) is an invariant solution of the PDE (95) generated by the Lie point
symmetry (122) provided

X(p—Y¥(x,y)) =0, (123)
=" (xy)
that is provided
oY oY
(2x+cz)£+ (y—l—@)w = 7n(x). (124)

The differential equations of the characteristic curves of (124) are

dx _ dy _ d¥ . (125)
2x4+c  y+ez  n(x)
Two independent solutions are
ytes a, ¥(x,y) — G(x) = ay, (126)

ﬁ
<x + 2C2>
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(127)

Symmetry 2023, 15, 961
n(x)dx

where a1 and a, are constants and
X
G(x) = / .
() (2x +¢2)

The general solution of the first order PDE (124) is a, = F(a;) where F is an arbitrary
(128)

function. Hence
¥(x,y) = F(§) + G(x)
where
= YEe (129)
<x + %C2> ’

We chose the origin of the coordinate ¢ in the upper and lower wakes to be at y = 0
Hence c3 = 0. Additionally, a singularity, if it exists, will be at the obstacle x = 0. Hence
(130)

R
I
ffe

¢ =0and

The coordinate ¢ and the Lie point symmetry (122) are the same in the upper and

lower wakes.
(131)

of the invariant solution (128) and (130) is
dFl ah e

02 7(11:2
=02 T T

The conserved quantity (82) for the two-fluid classical wake when expressed in terms

W\

*
[e9)

For D* to be a constant independent of x, it is sufficient that
2 _ i (132)

X

D=

(133)

N|—

where k is a constant. The equation of the interface is
¢(x) = kx

and on the interface, { = k. The conserved quantity becomes
(134)

k
. _ B%t/) dFQdé d/ dFi
p1 /oo dG
We now rewrite the velocity components (94) and Equations (95) to (101) in terms of
the invariant solution (128) and (130)
(135)

Velocity components
1dF;

wi(x,y) = x i’
(136)

1 _dF dG
Ui(x/]/) zxg dé'
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Ordinary differential equation (ODE)

udF o d (RN
21/1 T + i (€d§> =0. (137)
Boundary conditions
dFl - dZFl _
TC(OO) =0, W(C’o) =0, (138)
dF, _ d2F, _
Interface conditions
dF dF,
d—g(k) = d—g(k), (140)
dGy _ dGy
dx T dx (1)
d*F . o d*F
az (42
1 U2 dF1 _3 -
(17 2) 0 = palap() — pa () (143)
Equation (143) was simplified with the aid of (140) and (142).
From (127) with c; = 0,
dG 1 dG 1
Tx1 = 5pm(x), TxZ = 5e2(%) (144)

and therefore from the interface condition (141), 71(x) = #2(x) = 5(x). The Lie point
symmetry (122) is therefore the same in the upper wake and lower wake,

a2 d
X =205 +y@+17(x)@. (145)

Additionally, from the interface condition (141),
G1(x) = Gz(x) + Go, (146)

where Gy is a constant. Since an arbitrary constant in the stream function (128) does not
contribute to the velocity components, we can take Gy = 0 and therefore

¥i(x,y) = F(C) + G(x). (147)

4.3. Invariant Solution for the Two-Fluid Classical Wake

Clearly, the ODE (137) can be integrated at least once. This is an example of the
Double Reduction Theorem [10], which states that if the form of the invariant solution is
determined by a conserved vector of the PDE then the reduced ODE can be integrated at
least once.
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We integrated the ODE (137) once with respect to ¢ and imposed the boundary
conditions (138) and (139). It is necessary to assume the stronger boundary conditions

dF, B b

21 =0, 2z =0. (148)
This gives
Vi d2F;
14
which is a first order ODE in 7 é Hence
dF 1/1 2
% = B;j exp ( v, ) (150)

where B; is a constant. The assumption (148) is clearly satisfied by (150). Since w;(x,y)
and v;(x,y), given by (135) and (136), depend on il and are independent of F;(¢) it is not
necessary to integrate (150) further.

The interface conditions (140) and (142) become

By exp ( - ik2> = B, exp ( 41/]/12]{2), (151)
k B L) g2 LAY 152
1 exp 1 o 2 exp i, (152)

Eliminating B, gives

P2 12)
k{1-==)B — k| =0. 153
(1-) e (- 59

We consider two fluids with p; # py. Additionally, By # 0 because if B; = 0 then from
(151), B, = 0 and w7 = 0 and w, = 0. Hence

k=0 (154)
and from (151)
By = B, = B. (155)
Since k = 0, it follows from (133) that
¢p(x) =0. (156)

The interface is therefore the x-axis. In the derivation of the conserved quantity (82),
Rc(¢(x), w1) was neglected. However, R;(¢(x), w1) = 0 since ¢(x) = 0. The total drag D*
is therefore independent of x without approximation.

The constant B cannot be obtained from the boundary conditions (138) and (139) which
are identically satisfied. It is obtained from the conserved quantity (134). Substituting (150)
into (134) gives

D* = [pz L+ 12} (157)
£1
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where
1 2
o B R R
- | exp( 41,25)‘15 (Vl) NG (158)
I :/ exp (- 482 )de = V7 (159)
0
and we used
o 1
[(n) = / u" Lexp(—u)du, T(z) =7, (160)
0
where I'(n) is the Gamma function [18]. Hence
D*
B= T (161)
2
O2( v2
i (z)
which may be expressed in terms of the parameter [1]
P1H1
= 162
X= oot (162)
as
D*xz
P S (163)
L {1 + X%]
The velocity deficit is, from (135) and (150),
_ B vy
wi(x,y) = x—%exp ( 41/l-x> (164)
and
dw; _ Buny %1 y2
W(x/}/) = 2u P\ T m ) (165)

The turning point of the velocity deficit is therefore on the interface. Additionally,
from (136) and (150),

B y* 2\ | dG
vi(x,y)z—ygexp<—vly> + . (166)

However, on the interface between two fluids, the normal component of velocity
vanishes. Hence

v;i(x,0) = Ty 0 (167)
and therefore G(x) = Gy where Gy is a constant. However, a constant in the stream
function (147) does not contribute to the velocity. We therefore set Gy = 0. Additionally,
from definition (127)

dG _ n(x) _
T o 0 (168)
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and therefore #(x) = 0. The Lie point symmetry (135) generates the solution reduces to

0 0
4.4. Results for the Two-Fluid Classical Wake
The x-component of the fluid velocity is
D 1 v ¥
ui(x,y) =1—-wi(x,y) =1— — exp<—l‘y). (170)
oo (v 271 x2 41/1 X
Ares(s) ]

The density ratio % affects only the amplitude of the velocity deficit and not the
effective width of the two-fluid wake. Since

2 2
_ny -1 _ ny
exp( m x> <e 0.3678 for v x >1 (171)

the effective width W; of each part of the two-fluid wake is

1
A\ 2
W, — ('/z) ok (172)
41
and therefore
W :
2 1%
N (V2" 17
4% <V1> (173)

In Figure 2, the velocity u;(x, y) is plotted against y at x = 2 for % =10 and % = 25.
We see that the effective width of the lower wake is approximately five times greater than
that of the upper wake, in agreement with the ratio (173).

Oy Y

—10F 4

=20 1

0.990 0.992 0.994 0.996 0.998 1.000 1.002

-40

Figure 2. Velocity component u;(x, y) of the classical two-fluid wake, where i = 1 is the upper fluid
and i = 2 is the lower fluid, plotted against y at x = 2 for D =1, % =10and :j—f = 25. The interface
isy=0.
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The condition (143) for the pressure difference across the interface becomes using (150),
(161), and k = 0,

1 D _3
p2(x,0) — p1(x,0) = Re<1—;ﬁ> X (174)
et
Since terms of order Rie are neglected, it follows that
p2(x,0) = p1(x,0) (175)

and that the pressure is continuous across the interface. This agrees with (43), derived by
Herczynski et al. [1], since ¢(x) = 0.

5. Invariant Solution for the Two-Fluid Momentumless Wake

Invariant solutions for the two-fluid momentumless wake will now be investigated
by using the same procedure as described in Section 4 for the two-fluid classical wake.
The conserved vectors (72) for the upper and lower wakes of the two-fluid momentumless
wake, expressed in terms of the stream function defined by (94), are

1%
T =y =29y, T = Yy + 20y + 20 (176)
1

The index i will again be suppressed in all quantities, except in the ratio - and in the
interface conditions.

5.1. Associated Lie Point Symmetries

The Lie point symmetry is given by (103). Consider first condition (107). Using (176)
for T,

X(T') = ~22"p, + 222y, + ( 2x>§2 a7

where the prolongation coefficient (5 is given by (110). When expanded fully and after
cancellation of terms, (107) is

0 1 a¢! on
—2gly, +22 ygzllfy +2 y ( Ty lpl/’y (:y Px — i,] ll)vllfy) ( lp%)
(178)
1 1 1 9zl
( S Pyy + ai) ¢y¢yy> ( S Py + ai,) 1Py)
Separating (178) by the independent partial derivatives ¥y, and ¥,y gives

gl o¢ct

=" G (179)
and therefore ¢! = ¢!(x). Separating (178) by , yields

—2f! +2 y(: +( L2 - 2x>§:;:0. (180)

Finally, the remaining terms independent of partial derivatives of ¢ are

Vi o ajf
(Uiy 2x> 5 = 0 (181)
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and hence 7 = 7(x, ).
Hence, for the first component (107)

gd=l(x), F=23xyy),  n=n(xy), (182)

which are related by condition (180).
Consider the next condition (108), where the Lie point symmetry X is given (182)
subject to (180). Using (176) for T2,

X(T?) = 28" px — 2984y + 282y + 2301 + 2900 — P02, (183)
where the prolongation coefficients {, and {3 are defined by (110) and (115) and
¢1 = Di(7) — D1 (2Y). (184)

Condition (108) is expanded and separated according to the powers and products of
the independent partial derivatives of :

o2
Pyibyy T 0, (185)
Yy - 2 §2+22£— 291 _ 248 (186)
U Yo oy T ey Y A T
o2
8252
3. _
Py - 297 0, (188)
862 8217 aZCZ
2. _ 2 2 _
Py 2y 3 Yy 3y +2y Syox 0, (189)
o2 22 1y ,082 det! on
) 2 5067 | 20767 V] 506" as - /.
Py : 20° -2y 3y +y 32 Viy Y +2y Ix +2y81/) 0, (190)
Py : (x) + L/ (191)
X atp 7
, 9
Remainder : El 0, (192)

where the Remainder is independent of the partial derivatives of .
It follows from (185) that &2 = &2(x, y) and from (192) that 7 = (). Hence, from (189)

n(Y) = a1 +ap (193)
where a1 and a; are constants and from (191),

&(x) = —ax. (194)
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By substituting (193) and (194) for &' (x) and #(x) into condition (180) it is found that

1
&2 = —5my. (195)

It is readily verified that the remaining two conditions, (186) and (193), are identically
satisfied. Hence

0 1 0 d
X = M- = Ealy@ + (my + az)@. (196)
We consider the general case in which a; # 0 and rewrite X as
d ] 0
X = Zxa + yay 2(p+c)=— ! (197)

where ¢ = Z—f is an arbitrary constant.

Equation (197) is the Lie point symmetry associated with the conserved vectors (176)
in the upper and lower wakes. The constant ¢ is different in each part of the two-fluid
dimensionless wake. Unlike (122) the two-fluid classical wake, the Lie point symmetry
(197) does not contain an arbitrary function.

5.2. General Form of the Invariant Solution
An invariant solution ¢ = ¥(x, y) of the PDE (95) generated by the Lie point symmetry
(197) satisfies the condition (123), which takes the form

oY oY
2x§ + y@ =-2(¥+c). (198)

The differential equations of the characteristic curves of (198) are

dx dy 4y
2x y 2(¥+o) (199)

Two independent solutions of (199) are

L=t x(Y+c) =0, (200)
x2

where by and b, are constants. The general solution of the PDE (198) is b, = F(b;) where F
is an arbitrary function. Hence

Py = F@ - &= o)

e

Since an additive constant in a stream function does not contribute to the velocity
components, we take ¢ = 0. The Lie point symmetry (197) and the similarity variable ¢ are
therefore the same in the upper and lower parts of the wake.

The conserved quantity (91), expressed in terms of the invariant solution (201), is

dF dF
K*:%%/ 24 §+/ e 1 (202)

N\>—'

For K* to be a constant independent of x, it is sufficient that

o) _ i (203)
X

N
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where k is a constant. The equation of the interface is again

Nl—

¢p(x) = kx2. (204)
The interface ¢ = k and the conserved quantity become
> dF, > dF,
K* 2"1/ & 2d§+/ ey (205)
IR

The velocity components (94) and the conditions (95) to (101) are now expressed in
terms of the invariant solution (201).
Velocity components:

s dF;

wi(x,y) =x"2 i (206)
1
o, y) = = 533 [20) + 52| 07)
Partial differential equation:
v; d°F, d (_dF; dF;
2 e (e ) 12 O 20
Boundary conditions:
dFl - szl _
dT'f(oo) =0, F(oo) =0, (209)
sz - dZPZ _
Tg(_“’) —0, d—(:z(—oo) = 0. (210)
Interface conditions:
dF; dF,
T = G20, @11
Fi(k) = Fx(k), (212)
d2F1 ]/lz d2F2
a2 = g o
3 dF
(1= B2) 03 = ol p(0) = pa(,p()) )

The interface condition (214) was simplified using (211) and (213). The Lie point
symmetry, which generates the invariant solution for the upper and lower wakes, is the
scaling symmetry

d 0 d
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5.3. Invariant Solutions for the Two-Fluid Momentumless Wake

The differential Equation (208) can be integrated at least one time, which is another
example of the Double Reduction Theorem [10]. Integrating (208) yields

2
2”’ d i + c’;— 1 2F = A (216)
dg dg
where A; is a constant. As well as the boundary conditions (209) and (210), further boundary
conditions at ¢ = too are required. It will be verified that the solution satisfies the extra
boundary conditions. It will be assumed that there is no entrainment of fluid by the wake
at § = do00, which implies that

v;(x,£00) =0 (217)

where the + sign applies for i = 1 and the — sign for i = 2. Then, from (207)

2F;(£o0) + Jim ik (218)

dC

By imposing also the boundary conditions (209) and (210), it follows that A; =
By multiplying (216) by ¢ it can be expressed in the form

HGIR T R

which can be integrated to give

dPl' ] V1 2 T
Tg‘F’(CHzTig Fi = E; (220)
where E; is a constant. We assume that separately
Fi(£o0) =0 and lim édF (&)=0 (221)
! N {—+co dg !
which implies (218) and further that
Jim EF() =0. (222)
Hence E; = 0 and (220) takes the form
dFl' o 1 1
& (eme)r )
which is variable-separable. It is found that
_ V1 2
Fe) = Bitexp (- 3122) 221
Vi

where B; is a constant. It is readily verified that the boundary conditions (218), (221),
and (222) are identically satisfied by the solution (224). Unlike the classical wake, for the
momentumless wake, v;(x,y) depends on F;(¢) which therefore needs to be calculated.
The constant B; cannot be obtained from the boundary conditions, which are identically
satisfied by (224).
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The interface conditions (211) to (214) become

1o\ _p (1o Mg 1 _v\e] =
31(1 Zk) Bz(l 21L/2k>exp [4<1 Vz)k_ =0, (225)
k{Bl—Bzexp (1<1—Vi)k2> —0, (226)
4 1%] 1
iy B2 (g V142 170 n\2\] _
k{B1(6 k%) B2y1(6 1/2k>exp<4(1 1/2)k>_f0, (227)

(112 B (1 32 ) exp (= 2 )5 F = pal () — (o 02). - 228

There are two cases to consider, k = 0 and k # 0.

53.1.Casek =0

From (204), the interface is the x-axis, ¢(x) = 0. Equations (226) and (227) are identi-
cally satisfied, while (225) reduces to By = B, = B. The solution (224) becomes

v
F(§) = BEexp (— 41,62). (229)
Vi
The remaining interface condition (228) takes the form
3 1-22)px-3 = p2(x,0) — p1(x,0). (230)
Re ]/ll 7 7

The constant B is obtained from the conserved quantity (205). Since k = 0, it follows
that ¢(x) = 0 and therefore from (90) that Ry;(¢(x), w1, w2) = 0. The quantity K* given
by (91) is therefore independent of x without approximation. Substituting (229) into

(205) yields
K =B {22 (13 - ;zh) F e 16] (231)
where
v [rer( pe)e(s) s e
I = /Om & exp (— 4”1/1252>d§ - 12(2) N (233)
Is = /Ooo & exp ( — i§2> ¢ =2/, (234)
Is = /0 " texp (— igz> dc = 12/7. (235)
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The integrals I3 to I were evaluated by transforming them to Gamma functions
defined by (160) and using the properties

I(n)=n-1)T(n-1), n>1; F(;) =7. (236)
Hence
B=— K - (237)
3
o2 (v
4\/E[p] (f) +1]
which can be expressed as
K* X%
B=-— (238)
47 {1 + x%]
where y is defined by (160).
53.2.Casek #0
Then from (226)
B = Byexp | ~(1- )2 (239)
1= haexp 4 1%)
and by substituting (239) into (225) we obtain
("1 - 1) By = 0. (240)
V2
Since B, # 0 for a nontrivial solution, it follows that
Ny (241)
1%
and therefore from (239), B; = B, = B. The solution (224) becomes
1o
F(¢) = Biexp | — ¢ (242)

which is the same for the upper and lower wakes. The interface condition (227) reduces to

(1 - ;Z) (6 - kz)B — 0. (243)

However, since v = 15,

2 _P2 -4 (244)
M1 01
for stability. Hence, for B # 0,
k = +V6. (245)

The equation of the interface (204) becomes

¢(x) = £1/6x2. (246)
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The remaining interface condition (228) assumes the form

(1) e (= 3) = el g) — pr (9] (247)

where ¢(x) is given by (246).

The boundary conditions (209) and (210) are identically satisfied by the solution (229).
The constant B is obtained from the conserved quantity (205) and takes different values, B,
and B_, for k = ++/6 and k = —+/6. Substitute (229) into (205). For k = ++/6,

o e M ()

while fork = —v/6

el ) ()6 Bl e

where I5 and I are given by (234) and (235) and

- [ (e -avman( () Q) e (-] e
pe [ et (1) - nvmen((2) ) -s8(2) e (-2, e

where the error function erf(x) is defined as [20]

erf(x \/» / exp< )du. (252)
Hence
By = — K , (253)
4\/E[§j +1+ (gf 1)5]
B — — K , (254)
4\F[P2+1 <p1 1)5]
where

s—en((2)) =5 (2) e (=3) —oss o5

Thus By < 0and B_ < 0.
In the derivation of the conserved quantity (91) for the momentumless wake, Ry; was
neglected. Using (93) for Ry and the solution for k = ++/6, it can be verified that

Ry (¢(x), w1 (x,9(x))) = zex/Bexp( 2) ("2 1)1- (256)

P1 x

Unlike Rc and Ry for k = 0, Ry for k = ++/6 is non-zero, but it is small for the far wake
with x >> 1.
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5.4. Results for the Two-Fluid Momentumless Wake
There are three cases to analyse—k = 0 and k = ++/6.

54.1.Casek =0
From (206) and (229), the x-component of the fluid velocity is

() =1-wi(xy) =1 2B (v ¥ _lny
vi(x,y) =1—wi(x,y) =1 27 23 (21/1 o) exp iv x (257)

where B is given by (237). Since B < 0 we see that u#;(x,0) > 1. Additionally

ou; _1/n 2 y Vi y2 11/1y2
8}/(x'y)_4<1/i> Bx% 6]/1 7)o ivx ) (258)

In Figure 3, the velocity u;(x, y) is plotted against y at x = 2 for % =10and % = 25.

y
10 R
DZ A
0 g —  JH uj
—10f - -
P - N
—20} i
~30h i
—40}t i
0.9995 1.0000 1.0005 1.0010

Figure 3. Velocity component u;(x, y) for the two-fluid momentumless wake for k = 0, where i = 11is

. . . . . _ _ pz _ vy
the upper fluid and i = 2 is the lower fluid, plotted against y at x = 2 for K =1, o= 10and ;2 = 25.
The interface is y = 0.

From (257), the velocity deficit is zero at points C and M where
1
ye=v2x!,  ym= —f2<2) "2 (259)
From (258) the local maxima of the velocity deficit are at points A and N where
1
ya=Vext, yy= —%(Zﬁ) b, (260)

The magnitudes of the local maxima of the velocity deficit, AD and NP, are equal and
given by

AD—NP—2|B|exp<—i>x3. (261)
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The minimum velocity deficit is at y = 0 and its magnitude satisfies

o =

HG = 2. (262)
X

N

The ratio of the magnitude of the velocity deficit at y = 0 to the magnitude at y4 and
YB is
HG 1 3
— = = =224 2
D = 3 &P ( 2) (263)
which is independent of both % and %

The effective width of the two fluid momentumless wake does not depend on the
density ratio 2—3 and increases as the viscosity ratio % increases. The magnitudes of the

maximum and minimum velocity deficits depend on % and % only through B and decrease
as % and ;2 increase.
The interface condition (228) for the pressure difference becomes setting k = 0 and
using (237),
3 U2 K _5
— = - 2
pa(x,0) — p1(x,0) iRe (1 ) - x72. (264)

Ala(e)

Since terms of order % are neglected, the pressure is continuous across the interface.

54.2. Casek = +v6
The viscosity ratio 2 = 1 and the interface is at y = +/6 x2. From (206) and (242),

n

1 _3 2 1y2
ui(x,y) =1—-w;(x,y)=1- 3 By x2 (2 — i) exp (— 4yx) (265)
and
Wi n_Llp V(¢ ¥ _v
@(x,y) =1 By 3 (6 o) exp P (266)

where B, is given by (253).
In Figure 4, the velocity component u;(x, y) is plotted against y at x = 2 for % =10.
The velocity deficit is zero at

Yc = \/Ex%, Ym = —\/Ex% (267)
The local maximum of the velocity deficit is at
ya=V6xi,  yy=—ex? (268)

and

NIw

AD = NP =2|B4| exp(—3>x— . (269)

2

The minimum velocity deficit is at y = 0 and its magnitude satisfies

HG = |By|x 2. (270)
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The ratio of the magnitude of the velocity deficit at y = 0 to the magnitude at y 4 and
yB is given by (263), as for k = 0.

10 T T T T T T

M
P “+N
—-5F .
~10 ! ! ! ! ! !
0.998 0.999 1.000 1.001 1.002 1.003 1.004

Figure 4. Velocity component u;(x,y) for the two-fluid momentumless wake for k = ++/6, where
i = 1is the upper fluid and i = 2 is the lower fluid, plotted against y at x = 2 for K = 1 and % =10.

The interface is y = v/6 X2 at point A.

The interface between the two fluids is at the turning point A in Figure 4. The mag-

nitude of the maximum and minimum velocity deficits depend on % and decrease as %
increases. The interface condition (228) for the pressure difference becomes on setting

k=6,

P2 9(x)) — i (3, p(x)) = — - exp < - i) ( - ;‘j>3+x? @71)

Since terms of order % are neglected, the pressure is continuous across the interface.

54.3.Casek = —v/6
The interface is at y = —/6x1. The results for k = —/6 apply with B, replaced by
B_. Since % > 1 for stability, B_ > B.. In Figure 5, the velocity component u;(x,y) for

k=++v6and k = —v/6 are plotted for comparison. For k = — V6, the interface between
the two fluids is at the turning point N on the y-axis.
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y
5_ .
k=-46

~10 . . .

0.998 1.000 1.002 1.004
Figure 5. Velocity component u;(x,y) for the two-fluid momentumless wake for k = ++/6 and
k = —v/6, where i = 1 is the upper fluid and i = 2 is the lower fluid, plotted against y at x = 2
for K=1and % = 10. For k = ++/6 the interface is at the turning point A while for k = —+/6 the
interface is at the turning point N.

6. Conclusions

Four new solutions for the two-fluid two-dimensional wake were found. For the
two-fluid classical wake and one of the two-fluid momentumless wakes there was no
deflection of the interface which was along the positive x-axis. The four new solutions are
subject to conditions. For the two-fluid classical wake, the solution exists provided % #1
which is satisfied because py > p; for stability. For the three two-fluid momentumless
wakes, the condition of no entrainment of fluid at y = 0o was imposed while the wakes
with interface y = 1/6x? exist provided 2 =1

The conservation laws for the system of partial differential equations in the upper
and lower wakes played a significant part in the solution. The derivation of the conserved
vectors for the classical and momentumless wakes as a linear combination of four conserved
vectors unified the theory. There is not a conserved quantity for the upper and lower wakes
separately because of non-zero interface terms which are eliminated by an additional
condition. The conserved quantity for the two-fluid classical wake was derived from the
conservation laws and the interface condition for the shear stress while the conserved
quantity for the two-fluid momentumless wake was derived from the conservation laws
and the condition that the total drag on the obstacle is zero. From the conserved quantity,

the general form of the equation of the interface y = kx? and the constant of integration B
were derived.

The four interface conditions also played a significant part in the solution. The interface
conditions on the tangential and normal components of the fluid velocity and on the
tangential component of the stress determined the value of k in the equation of the interface,
while the fourth interface condition on the normal stress determined the pressure difference
across the interface.

The derivation of the associated Lie point symmetry required a prolongation only
to second order. Since the partial differential equation for the stream function is third
order, a prolongation to third order would be required to derive the Lie point symmetry
from the invariance condition. It was therefore easier to derive the associated Lie point
symmetry which could be done manually. Since the partial differential equation for the



Symmetry 2023, 15, 961

34 of 35

References

stream function was reduced to an ordinary differential equation by an associated Lie point
symmetry the resulting ordinary differential equation could be integrated at least once
by the Double Reduction Theorem [10]. We saw that the differential equations could be
integrated completely and analytical solutions could be derived.

We found that the effective width of the two-fluid wakes depends on the viscosity ratio
% and is independent of the density ratio Z—f The maximum and minimum magnitudes
of the velocity deficit depend on both Z—f and % through the constant B. When % #1
the classical and momentumless two-fluid wakes are not symmetrical about the interface,
¢(x) = 0, but the magnitude of the maximum velocity deficit in the upper and lower
halves of the momentumless wake are equal. For all three two-fluid momentumless wakes,
the ratio of the magnitude of the velocity deficit at ¥ = 0 to the magnitude at the two
local turning points is independent of % and % and is approximately 2.24. The two-fluid

— P11

classical and momentumless wake for % # 1 both depend on the parameter x P

The advantages of the methods used can be summarised as follows:

¢  The boundary layer and far wake approximations lead to an analytical solution.

*  The multiplier method was a systematic way to derive the conservation laws and
unified the theory of the classical and momentumless wakes.

*  The conserved quantities for the two-fluid classical and momentumless wakes could
be derived from the conservation laws for the upper and lower parts of the wake and
the interface and boudary conditions.

¢  The associated Lie point symmetry, which is all that is required to derive the general
form of the invariant solution, was easier to calculate than the Lie point symmetry of
the partial differential equation and could be obtained manually.

*  The double reduction theorem ensured that the ordinary differential equation obtained
by the first reduction could be integrated at least one time.

*  The equation of the interface was obtained from the conserved quantity.

There is scope for future work on the two-fluid wake, which is a relatively new area of
investigation. Research has been done on the far wake and on the laminar wake. Two-fluid
classical and momentumless near wakes and two-fluid turbulent near and far wakes could
be investigated.
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