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Abstract: The rapid development of nanotechnology in our emerging industries has drawn the
interest of numerous researchers and scientists, especially in experimental and numerical studies.
Therefore, the present analytical study will help reduce time and costs and validate the numerical
study. However, the analytical research of carbon nanotubes with Casson fluid in a channel is still
limited. Therefore, the current analytical study inspected the consequences of carbon nanotubes
(CNTs) nanoparticles on the heat and mass transfer of magnetohydrodynamics (MHD) Casson
nanofluid flow induced by a moving vertical plate with a porous region inside an asymmetrical
channel. Dimensional governing equations are used for the modelling, which is then expressed in a
dimensionless form by employing dimensionless variables. The analytical solutions for the velocity,
temperature, and concentration are tackled using the Laplace transform technique. The temperature
and velocity are significantly enhanced when increasing the nanoparticle volume fraction. This is
due to the outstanding characteristic of nanofluid thermal conductivity, which results in an efficient
heat transfer. This result has the potential to be applied to various nanofluid cooling technologies.
Since the solutions are determined in an analytical form, this study could be used as a reference for
other numerical and experimental works and a guide for several industries.

Keywords: Casson nanofluid; porosity; magnetohydrodynamics; heat and mass transfer; Laplace transform

1. Introduction

Many modern technologies, especially those that involve energy conversion, chemical
processing, and material synthesis, rely on diffusion heat and mass transfer (double-
diffusive). In response to today’s concerns with energy generation and its environmental
impact, numerous researchers have broadened their discussion on the heat- and mass-
transfer phenomenon. Notable amongst them are Pattnaik et al. [1] and Rao et al. [2], who
investigated heat and mass transfer in an unsteady radiative flow beyond an exponentially
accelerated plate. Mohamad et al. [3] and Noranuar et al. [4] explored the flow features of
non-coaxial rotating viscous fluid under the influence of heat and mass transfer. Zulkiflee
et al. [5] studied a radiated sine and cosine oscillatory convective flow within two parallel
plates with heat- and mass-transfer analysis. A series of studies discussing the transporta-
tion of thermal and mass in a convective flow can be found in the study of Sehra et al. [6],
Abbas et al. [7], Riaz et al. [8], and Afridi et al. [9].

Recent advances have augmented the complementary of the double diffusive phe-
nomenon with a new discussion of nanofluid. Nanofluid is familiar with the upgraded
thermal conductivity of conventional base fluid that is affected by the suspension of nano-
scale particles (nanoparticles). A fundamental study of double diffusive nanofluid flow
was performed by Mahanthesh et al. [10] using a water-based copper nanofluid. A moving
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vertical plate is imposed to induce a fluid flow. Madhura et al. [11] worked on a simi-
lar double-diffusive nanofluid study, but the fluid flow was generated by imposing an
exponentially accelerated plate. With the aid of the Laplace transform, Farooq et al. [12]
computed the exact solution for the heat and mass transport of Maxwell nanofluid over
an oscillating vertical plate. Siddique et al. [13] carried out an analytical study with the
help of the Laplace transform to investigate the transmission of thermal and solutal in
a channel for a radiated Casson nanofluid flow without a magnetic field and porosity
effects. Arulmozhi et al. [14] examined a chemically reacting flow of radiative nanofluid
across a moving plate with a double diffusion analysis. In addition to the advancement of
nanofluid, carbon nanotubes (CNTs) serve as the most attractive candidate for a wide range
of applications due to their excellent properties: a high electrical and thermal conductivity.
Prabavathi et al. [15] and Sreedevi et al. [16] explored the fluid-flow features of using
water-based CNTs nanofluid in a vertical cone with the effects of MHD. Utilizing a similar
nanofluid, Reddy and Reddy [17] analyzed the transportation of heat and mass in a porous
medium bounded by an inclined plate. Javed et al. [18] explored the influences of CNTs
nanoparticles on the double diffusion of chemically reacting second-grade fluid in porous
material. Noranuar et al. [19] scrutinized the double-diffusive flow of rotating Casson
nanofluid using human-blood-based carbon nanotubes as the nanofluid, with the flow
being generated by a moving plate. Based on these studies, no study has conducted a
double-diffusive flow of Casson CNTs nanofluid incorporated with both MHD and porosity
effects in a channel.

The magnetohydrodynamics (MHD) effect is a physical phenomenon describing the
motion of a conducting fluid flowing under the influence of an external magnetic field.
The controlling double-diffusive phenomenon by means of MHD has been found in many
practical applications. In medical research and biological systems, magnetic medication
targeting, changing blood flow during surgery, cancer tumor therapy, carrying complicated
bio-waste fluid, and magnetic endoscopy are all applications of MHD. In this case, MHD
becomes significant as its imposition produces an applied force and acts as a heat supplier.
Meanwhile, the porosity of a porous medium elucidates the fraction of void space in the
material, where the void may contain air or water. It is evaluated as a fraction between 0
and 1 or a percentage between 0% and 100%. The modelling of the transport phenomenon
embedded in porous media is also practicable in biological systems, as a biological structure
(i.e., tissue) can be viewed as a blood-saturated porous matrix comprising interstices and
cells. The investigation of the MHD flow of an incompressible nanofluid via porous material
in a channel is carried out by Saqib et al. [20] by using CMC-based CNTs nanofluid. Kumar
et al. [21] used water-based Al2O3 nanofluid to explore the MHD effect on a convective flow
over a stretching sheet. Rehman et al. [22] and Ali et al. [23] investigated the interaction of
MHD in nanofluid using a numerical approach. Without nanoparticle impacts, Ramzan
et al. [24] examined a generalized MHD flow in porous medium for Casson fluid via a
channel in the presence of mass and heat transport. Azmi et al. [25] investigated heat
transfer and MHD Casson fluid flow beyond a channel without nanoparticles and porosity
effects. Excluding the porosity effect, Sadiq et al. [26] investigated double-diffusion flow in
a channel for a MHD Casson nanofluid with a stationary plate. By considering the effect
of MHD, porosity, and heat and mass transfer, Asifa et al. [27] studied a convective flow
of Casson fluid bounded in a channel. In keeping with the aforementioned review, there
is no study that discusses the heat- and mass-transfer phenomenon for an incompressible
Casson fluid, particularly under the influences of CNTs nanoparticles, MHD, and porosity
in a channel with a moving plate. Therefore, the present study investigates a double-
diffusion MHD flow in an asymmetrical channel for a Casson-based CNTs nanofluid
saturated in a porous medium with a moving plate as its flow simulator. The problem is
represented by governing equations consisting of momentum, energy, and concentration
equations, together with initial and boundary conditions. The dimensionless variables
are substituted into the equations to produce pertinent dimensionless parameters. The
investigation is settled using the transformation of Laplace. The effects of the parameters
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on the velocity, temperature, and concentration are then plotted using Mathcad. The results
of this analytical study could be used as a benchmark for numerical and experimental
studies, as well as a reference for the education and industry sectors.

2. Mathematical Formulation

The flow of an electrically conductive Casson nanofluid within an asymmetrical
channel driven by a moving vertical plate at y = 0 is considered, as depicted clearly
in Figure 1. The nanofluid is composed of the synthesis of SWCNTs and MWCNTs,
respectively, in human blood, and it flows unsteadily through a porous medium with the
effects of heat and mass transfer. The channel is made up of two parallels with a distance of
h and infinitely vertical plates, positioned in an upward direction along the x-axis, while the
normal to the plane of the plate is along the y-axis. A transverse magnetic field of uniform
strength B0 is applied perpendicularly to the x-axis. At t = 0, both the fluid and plates are
in a stationary state with a constant temperature and concentration, Th and Ch. After t > 0,
the plate at y = 0 begins to move with a velocity u0, the temperature and concentration
of the fluid are raised to Tw and Cw, causing the buoyancy force to be enhanced, and the
fluid starts to move in the x-direction with free-convection phenomena. The length of
the channel’s walls is infinite; all the physical quantities depend on y and t only. Under
this assumption, with the use of the usual Boussinesq approximation [23], the problem is
governed by the following equations [2,13].
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where γ = µ
√

2πc/py is the Casson parameter, u(y, t), T(y, t), and C(y, t) are the velocity,
temperature, and concentration for nanofluid, and k1 and g are the permeability of the
porous medium and acceleration due to gravity. Since the problem is considered as a free-
convection problem, the term “g” is considered in our governing equation (Equation (1)).
Based on the definition of free convection, the movement of fluid is only generated by
density differences in the fluid occurring due to temperature gradients and a gravitational
field without external forces. Meanwhile, ρn f , µn f , σn f , (βT)n f , (βC)n f ,

(
Cp
)

n f , kn f , and
Dn f are the nanofluid constants for the density, dynamic viscosity, electric conductivity,
thermal expansion coefficient, concentration expansion coefficient, specific heat, thermal
conductivity, and mass diffusivity, as shown in Equation (7) [19]. The thermophysical
properties used in this study are found in Table 1.

Table 1. Thermophysical properties for human blood, SWCNTs, and MWCNTs.

ρ
(
Kgm−3) Cp

(
JKg−1K−1) k

(
Wm−1K−1) σ

(
Sm−1) β×10−1(K−1)

Human
blood 1053 3594 0.492 0.8 0.18

SWCNTs 2600 425 6600 106–107 27
MWCNTs 1600 796 3000 1.9 × 10−4 44

The prescribed conditions for the initial and boundary are shown in Equations (4)–(6).

∼
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∂
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∂
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σn f = 1 +
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(

σCNTs
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σCNTs
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+2
)
−φ

(
σCNTs
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) ,

βn f =
(1−φ)(ρβ)n f +φ(ρβ)CNTs
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,
(
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(1−φ)(ρCp) f +φ(ρCp)CNTs

ρn f
,
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kCNTs
kCNTs−k f

ln
kCNTs+k f

2k f

1−φ+2φ
k f

kCNTs−k f
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kCNTs+k f
2k f

, Dn f = (1− φ)D f .

(7)

Employing the following dimensionless variables,

u =

∼
u
u0

, y =

∼
y
h

, t =

∼
t v f

h2 , T =

∼
T −

∼
Th

∼
Tw −

∼
Th

, C =

∼
C−

∼
Ch

∼
Cw −

∼
Ch

, (8)

Equations (1)–(3) with their conditions (4) to (6), incorporated into Equation (7), turn
into the following dimensionless expression:

∂u
∂t

=
1
b5

∂2u
∂y2 − b2Mu− b1

K
u + b3GrT + b4GmC, (9)

∂T
∂t

=
1
a1

∂2T
∂y2 , (10)
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∂C
∂t

=
1
a2

∂2C
∂y2 , (11)

u(y, 0) = 0; T(y, 0) = 0; C(y, 0) = 0; ∀0 ≤ y ≤ 1, (12)

u(0, t) = 1; T(0, t) = 1; C(y, 0) = 1; ∀t ≥ 0, (13)

u(1, t) = 0; T(1, t) = 0; C(1, 0) = 0; ∀t ≥ 0, (14)

where:
a1 = Prφ4

λ , a2 = Sc
1−φ , b1 = φ1

φ2
, b2 = σ

φ2
, b3 = φ3

φ2
, b4 = φ5

φ2
,

b5 = 1
b1

(
γ

γ+1

)
, φ1 = 1

(1−φ)2.5 , φ2 = (1− φ) + φ
ρCNTs

ρ f
,

φ3 = (1− φ) + φ
(ρβT)CNTs
(ρβT) f

, φ4 = (1− φ) + φ
(ρCp)CNTs
(ρCp) f

,

φ5 = (1− φ) + φ
(ρβC)CNTs
(ρβC) f

,

are constant parameters. The dimensionless parameters are the Prandtl number Pr, Schmidt
number Sc, magnetic field M, porosity K, Grashof number Gr, and modified Grashof
number Gm, expressed as [13,20]:

Pr =
(ρCp) f v f

k f
, Sc =

v f
D f

, M =
σf B0

2h2

µ f
, K = k1

h2 ,

Gr =
g(βT) f h2(Tw−T)

u0v f
, Gm =

g(βC) f h2(Cw−C)
u0v f

.

3. Problem Solution

Equations (9)–(14) are imposed with the Laplace transform, which gives:

d2

dy2
−
u(y, s)−

(
b5s + b6M +

b7

K

)
−
u(y, s) = −b8Gr

−
T(y, s)− b9Gm

−
C(y, s), (15)

d2

dy2

−
T(y, s)− a1s

−
T(y, s) = 0, (16)

d2

dy2

−
C(y, s)− a2s

−
C(y, s) = 0, (17)

−
u(0, s) =

−
T(0, s) =

−
C(0, s) =

1
s

, (18)

−
u(1, s) =

−
T(1, s) =

−
C(1, s) = 0. (19)

Then, the boundary conditions (18) and (19) are used to solve Equations (15)–(17).
Lastly, with the use of inverse Laplace, the closed form of the velocity, temperature, and
concentration are acquired accordingly, as follows:

u(y, t) = −u1(y, t) +u2(y, t)− u3(y, t) + u4(y, t)− u5(y, t) + u6(y, t)
−u7(y, t) + u8(y, t)− u9(y, t) + u10(y, t)− u11(y, t)
+u12(y, t) + u13(y, t)− u14(y, t)− u15(y, t) + u16(y, t)
+u17(y, t)− u18(y, t),

(20)

T(y, t) =
∞

∑
n=0

[
er f c

(
2n + y

2

√
a1

t

)
− er f c

(
2n + 2− y

2

√
a1

t

)]
, (21)
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C(y, t) =
∞

∑
n=0

[
er f c

(
2n + y

2

√
a2

t

)
− er f c

(
2n + 2− y

2

√
a2

t

)]
, (22)

with

u1(y, t) =
∞
∑

n=0

[
1
2 exp

(
d5
√

b11
)
er f c

(
d5

2
√

t
+
√

b11t
)
+ 1
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√
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)
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(
d5

2
√

t
−
√
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)]

,
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∞
∑
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(
d5
√
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)
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√
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√
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√
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√

t
−
√
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,
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1
2 exp

(
d6
√

b11
)
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2
√

t
+
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)
+ 1

2 exp
(
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√
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2
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√
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,
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∞
∑
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√
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√
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(
d3t− d8

√
d3
)
er f c

(
d8

2
√

t
−
√

d3t
)]

,

u15(y, t) =
∞

∑
n=0

[
Gm2er f c

(
d9

2
√

t

)]
,
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u16(y, t) =
∞
∑

n=0

[
Gm2

2 exp
(
d4t + d9

√
d4
)
er f c

(
d9

2
√

t
+
√

d4t
)
+ Gm2

2 exp
(
d4t− d9

√
d4
)
er f c

(
d9

2
√

t
−
√

d4t
)]

,

u17(y, t) =
∞

∑
n=0

[
Gm2er f c

(
d10

2
√

t

)]
,

u18(y, t) =
∞
∑

n=0

[
Gm2

2 exp
(
d4t + d10

√
d4
)
er f c

(
d10
2
√

t
+
√

d4t
)
+ Gm2

2 exp
(
d4t− d10

√
d4
)
er f c

(
d10
2
√

t
−
√

d4t
)]

.

4. Results and Discussion

In this study, the unsteady flow of Casson nanofluid with the imposition of the
magnetic field, porous medium, and heat- and mass-transfer effects is investigated and
solved by utilizing the Laplace transform method. For further analysis of their effects
on the velocity, temperature, and concentration propagation, a graphical illustration of
Equations (20)–(22) is generated using Mathcad software. The numerical computation
for the analytical solutions is performed by assigning the parameters to a selective value:
φ = 0.02, γ = 1.5, M = 2, K = 0.5, Gr = 3, Gm = 5, Pr = 21, Sc = 0.22, and t = 0.2 [19,28].
Based on the study [19], Casson fluid is the relevant model for describing the properties of
human blood. Therefore, it is worth noting that when using human blood as a base fluid,
the Prandtl number is 21, Pr = 21, which is very high compared to other common base
fluids such as water, and it was adapted by Khalid et al. [29] and Saeed et al. [30].

Figure 2a,b and Figure 3 illustrate the impacts of φ on the nanofluid flow as well as
on the thermal and solutal transfer propagation. According to Figure 2a, the resultant
velocity escalates with every rise in the level of φ in both the case of SWCNTs nanofluid
and MWCNTs nanofluid. Meanwhile, Figures 2b and 3 reveal that an elevation of φ
raises the temperature of both CNTs nanofluids, and the reverse effect is reported for
the concentration profile. The enhancement of the thermal boundary layer is caused by
an increase in nanofluid thermal conductivity as φ rises. Physically, nanofluid thermal
conductivity refers to the ability of a nanofluid to conduct or transfer heat, which implies
that an increase in φ is equivalent to an increase in heat transfer or heat conduction
by the nanofluid, resulting in a rising heat profile. Based on Equation (1), it is found
that the velocity is temperature- and concentration-dependent, indicating that both the
temperature and concentration of nanofluid will influence the propagation of the nanofluid
velocity. As the temperature increases, the viscosity of nanofluid decreases due to the
weakening of intermolecular forces between nanoparticles, and hence, the convective fluid
flow increases [31]. For the concentration profile, an ascending φ provides insignificant
changes to the profiles. However, the difference is clearly seen in the zooming box. Based
on the results, it can be said that the use of nanofluids as a coolant agent can also be used in
emergency cooling systems, where they can cool down overheated surfaces more quickly,
leading to an enhancement in health and the healing process in the medical field and
improved power-plant safety in the engineering field. A similar impact of φ can be found
in the study by Noranuar et al. [19].

The distributions of both CNTs nanofluids’ velocity affected by an increasing magnetic
field M and porosity K are illustrated in Figure 4a,b. Amplifying the strength of M reduced
the velocity of nanofluids. This effect is caused by the presence of the Lorentz force in the
system, which provides an increase for a resistive force that eventually slows down the
velocity of both SWCNTs and MWCNTs nanofluids. However, the velocity of nanofluids
is enhanced by increasing the value of K. The presence of a porous medium reduced the
resistance of the system, and the fluid could pass through the medium easily. From these
results, it can be said that both the magnetic field and porous medium play important roles
in the convective flow, where the flow can be stabilized and controlled by the presence
of the magnetic field. Meanwhile, porosity diminishes the pressure inside a channel [32].
This creates attractive prospects for the use of magnetic fields and porosity factors in heat
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exchangers and cooling devices. The impact of the same distribution of M and K on the
velocity of nanofluid is also reported by Ramzan et al. [24].
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Figure 5a,b shows the impact of the Grashof number Gr and modified Grashof number
Gm on the velocity of both CNTs nanofluids. Based on these figures, it is observed that the
resultant velocity escalates gradually with increasing values of Gr and Gm. Both Gr and Gm
play significant roles in free-convection phenomena, where their existence represents the
proportion of buoyancy force and viscous force. Rising Gr and Gm imply the enhancement
of the buoyancy force, which is able to induce the fluid flow. Physically, growing Gr and
Gm are a way to oppose the resistive force (viscous force) in a system and promote the
enlargement of velocity. These particular impacts of Gr and Gm can be justified with the
study of Pattnaik et al. [1] and Roa et al. [2].

The influence of Pr on the temperature profile is demonstrated in Figure 6a, while the
influence of Sc on the concentration profile is demonstrated in Figure 6b. The increasing
value of Pr causes the temperature to decline. The same impact is shown on the nanofluid
concentration when Sc is increased. In the heat-transfer problem, Pr is described as the
proportion of momentum diffusivity to thermal diffusivity. Therefore, a high Pr value
obtains a fluid with less thermal conductivity, resulting in a thin thermal boundary layer as
well as a low heat profile. Meanwhile, Sc is the mass-transfer analogue of Pr, defined as the
ratio of momentum diffusivity to molecular diffusivity. A high Sc value indicates that the
fluid has less diffusivity of mass, which results in a thin concentration boundary layer as
well as a low concentration profile. Likewise, both Pr and Sc produce the same effect on
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the velocity profile, where their increase declines the velocity profile for both nanofluids, as
shown in Figure 7a,b. Sehra et al. [6] and Abbas et al. [7] reported the same behavior of Pr
and Sc on the velocity profile in their double convective study.
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To control the accuracy of the results obtained, as seen in Figures 2–7 the propagation of
all profiles satisfied the prescribed dimensionless boundary conditions for an asymmetrical
channel from a cross-section with a cylindrical shape, as shown in Equations (13) and (14).
Both CNTs’ nanofluids seem to have an increasing trend when they move away from plate
y = 0 and reach their maximum velocity in the range 0.3 ≤ y ≤ 0.4. After that, the entire
velocity will vanish as the nanofluids approach the plate y = h. The present analytical
study may be very helpful among researchers in this field because the findings could be
references for other numerical and experimental works and a guide for several industry
sectors. However, many directions still require in-depth research, such as the effects of
CNTs nanoparticles on convective fluid flow in a channel. In addition to future interest in
the subject of nanofluid, the present study can be extended to the cylindrical coordinate
system (blood-vessel applications) and apply hybrid nanofluid flow to various effects.
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5. Conclusions

This article presented an analytical solution to an unsteady MHD Casson CNTs
nanofluid flow passing through an asymmetrical channel embedded in a porous medium.
The effects of heat and mass transport are taken into account, and the flow is induced
by a moving vertical plate. This problem is tackled by the Laplace transform method.
The impacts of the embedded parameters on the nanofluid velocity, temperature, and
concentration are illustrated in graphs and discussed in detail. The findings show that
the use of CNTs nanoparticles significantly enhanced both the velocity and temperature
profiles compared to those without nanoparticles. This is because nanoparticles acted as
the catalyst; their addition to the base fluid could boost the thermal conductivity of the
nanofluid, which would lead to an efficient heat transfer. This plays an important role in
heating and cooling systems, such as nanofluid coolants in the automotive sector, the ex-
traction of geothermal power, nuclear reactors, and the cooling of microchips. The analysis
of this analytical solution can be a reference for numerical and experimental works, as it
could reduce the time and cost required to conduct an experiment as well as a numerical
study validation.
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