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Abstract: One of the most important problems in the study of geometric function theory is knowing
how to obtain the sharp bounds of the coefficients that appear in the Taylor-Maclaurin series of
univalent functions. In the present investigation, our aim is to calculate some sharp estimates of
problems involving coefficients for the family of convex functions with respect to symmetric points
and associated with a hyperbolic tangent function. These problems include the first four initial
coefficients, the Fekete-Szegt and Zalcman inequalities, and the second-order Hankel determinant.
Additionally, the inverse and logarithmic coefficients of the functions belonging to the defined class
are also studied in relation to the current problems.

Keywords: convex functions with respect to symmetric points; subordinations; Zalcman functionals;
logarithmic and inverse coefficients; Hankel determinant problems

1. Introduction and Definitions

To properly understand the basic terminology used throughout our primary findings,
we must first explain some basic concepts. For this, let U; = {z € C: |z|] <1} repre-
sent the open unit disc and the symbol A denote the holomorphic (analytic) functions
class normalized by f(0) = f’(0) — 1 = 0. This signifies that f € A has Taylor’s series
representation

£(z) =Iiazz’, (a1=1), W
=1

and if an analytic function takes no values more than once in Uy, it is univalent in region U,.
That is, f being univalent in U; means mathematically that f(z1) = f(zp) implies z1 = z
for z1,z> € Uy. Thus, by the notation S, we utilize series expansion (1) to denote the family
of univalent functions. Kéebe discovered this family in 1907.

The most famous result of function theory, known as the “Bieberbach conjecture”, was
stated by Bieberbach [1] in 1916. According to this conjecture, if f € S, then |a,| < n for
all n > 2. He also proved this problem for n = 2. Many eminent scholars have used a
variety of techniques to address this problem. For n = 3, this conjecture was solved by
Lowner [2] and also by Schaeffer and Spencer [3] using the Lowner differential equation
and variational method, respectively. Later, Jenkins [4] used quadratic differentials to prove
the same coefficient inequality |a3| < 3. The variational technique was used by Garabedian
and Schiffer [5] to determine that |a4| < 4. The Garabedian-Schiffer inequality [6] (p. 108)
was used by Pederson and Schiffer [7] to calculate that |a5| < 5. Additionally, by using
the Grunsky inequality [6] (p. 60), Pederson [8] and Ozawa [9,10] have both proved that
|ag| < 6. This conjecture has been long sought to be resolved by numerous academics, but
nobody has been able to prove it for n > 7. Finally, in 1985, de-Branges [11] proved this
conjecture for all n > 2 by using hypergeometric functions.
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The estimates of the nth coefficient bounds for several subfamilies of the univalent
function family, particularly starlike S*, convex C, close-to-convex K, and so on, were
examined in an attempt to solve the mentioned problems between 1916 and 1985. Some of
the basic classes are described below:

{feS:D%( ]{/(Z)) >0, (zeIUd)},

(2)
(zf'(2))
C = €S :Re >0, (z€eUy) .,
{resm( B8 20 eeuy

/
{f eS: SRe(ZI{(S)) >0 withhe §* (z € [Ud)}.
By selecting /(z) = z, the K family is reduced to the family of bounded turning functions,
and we denote such a family of functions by the symbol B7. In 1992, the authors [12]
considered a univalent function ¢ in U; with the properties that ¢’'(0) > 0 and Re¢ > 0.
Additionally, the region ¢(Uy) is star-shaped about the point ¢(0) = 1 and is symmetric
along the real line axis. Applying the familiar idea of subordination “<", they defined the
following unified subfamily of the class S.

S*

K

5%(¢) = {fes ﬁ}f ¢<»<zeww}

They focused on certain consequences, such as the covering, growth, and distortion theo-
rems. Over the past few years, a number of collection S subfamilies have been considered
as specific options for the class S*(¢). The following families stand out as being remarkable
in the study that has lately been introduced.

(i) 8;=8 (VI+2)[18], Sty = 8* (14 32+ §22) [14], 84 = S*(exp(2)) [15],

(if). Stos = 8" (cos(2)) [16], S = S*(1+sin(2)) [17], Spy = §*(1+sinh " z) [18],
(iii). Sf 4, = S*(cosh(z)) [19], Si; = S*(1+ tanh(z)) [20], SF = S*(1 +z + 32%) [21],
(iv). 8(*7171)5 = S*(Yn-1(2) [22] with ¥, _1(2) = 1+ iz + %Hz” for n > 2. Also see

the articles [23-26] for more recently studied generalised classes.

The below described determinant #, ,,(f) withn, A € N = {1,2,...} is known as the
Hankel determinant and has entries consisting of coefficients of the function f € S

an Ap+1 -+ Apgr—1

An41 An4+2 -+ Opygp
HA,n (f) =1 . . .

AptA—1  Antr --- Apg2)-2

This determinant was contributed to by Pommerenke [27,28]. The first- and second-order
Hankel determinants, respectively, are known in particular as the following determinants:

1 a

Hal) = |, 2 |=m-
a a

Hop(f) = ’ﬂi ﬂi = ayay — a3,

In the literature, the first two determinants are extensively studied for various subfamilies
of univalent functions, but the work carried out by the authors [29-40], in which they
determined the sharp bounds of the second-order determinant, is noteworthy. For more
about the study of this determinant, see the articles [41-48].
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Motivated from the classes established by Sakaguchi [49] and by Das and Singh [50],
we now introduce the family SKy,, of the convex function with respect to symmetric
points connected with the tan hyperbolic function, and it is given by

SKtam:{fESZUéng,]((?)_);)Y%l—Ftanh(z) (zeIUd)}. @)

In this article, we propose a new approach that depends on the connection between the
coefficients of functions belonging to a particular family and the coefficients of correspond-
ing Schwarz functions. In many cases, it is simple to determine the exact estimate of the
functional and do the required calculations. Our aim is to calculate the sharp estimates of
coefficients, Fekete-Szeg0, Zalcman inequalities for the family SK,,, of convex function
with respect to symmetric points connected with the tan hyperbolic function. We also find
the sharp bound of the determinant |H,(f)| for the same class. Further, we study the
logarithmic and inverse coefficients for the same class.

2. A Set of Lemmas

An analytic function tv : U; — U; with w(0) = 0 is called a Schwarz function, and
let the family of such functions be denoted by the symbol Bg. Thus, we can represent the
function w € By by the following power series expansion:

= i wyz". 3)
n=1

Lemma 1 ([51]). Let w(z) = Y 57 wyz" be a Schwarz function and let
w3 + 0wy, + | = 7(w)

with o and ¢ are real numbers. Then the following sharp estimate hold

7(w) < @(0,¢),

where
oo 1 if (0,6) eDUDU{(21)}
®(0,¢) = 1 \V2 o ’
ol +1) (iieg)  F (06) € DsUDy
with
Dy { 2 1<¢g< 1}
1 4
D, = {2 o] <2, (1+\a|) (1+|a|)§g§1},
2(1 +|o])|e|
Ds {"7| 2 1+| D=5 —4+02+2|a|
2 4
D, — {2<|¢r<2 ~ 301+ 1) e o) - (o).

Lemma 2 ([52]). Ifro € B is in the form (3), then

— |wy %, )
,n>1. 5)
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Furthermore, the inequality of (4) can be improved in the manner
o2 7| < max{L ), 7 <. ©

Lemma 3 ([53]). Let w(z) = w1z + wyz? + ... be a Schwarz function. Then,

2
w < 1—|w - 2] , 7
| 3| = | 1‘ 1+|ZU1‘ ()
fwg| < 1= Jwi|* = [wa]*. €

Lemma 4 ([54]). Let w0 (z) = w1z + wpz? + ... be a Schwarz function. Then,
‘wlug - w%’ <1—|w*.

3. Coefficient Estimates on Function Belonging to the Class SK,,

We first discuss the bounds on some initial coefficients for f € SKup.

Theorem 1. Let f € SKnn. Then,

1
|ﬂ2| S R4
4
1
< _
|a3| — 6/
1
<
lag| < 16/
1
|ﬂ5| S —.
20

All of these bounds are sharp.

Proof. Assume that f € SKpp. It follows from the definition that a Schwarz function o
exists such that

! !/
%Z)), =1+ tanho(z). )
(f(z) = f(=2))
Utilizing (1), we obtain
2zf(2) ._ 24 (_ 34 (—1842 4.
Fo gy = L+ 4mz +6a3z% + (124205 + 1604)2° + (—18a% +20as5)z* +--- . (10)
Let
W(z) = w1z + woz? + w3z’ +wezt + - - - . (11)

By some easy computation and utilizing the series representation of (11), we achieve

1
1+ tanh(w(z)) = 1+ wyz + woz? + (—3@0‘;' + w3>z3 + (—w%wz + w4)z4 +--. (12)
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Now, by comparing (10) and (12), we obtain

1
= 13
ar 1 (13)
1
_ 1 14
as 6 ( )
1 1 1
- ) 15
g W3~ gWit 3y W1w2 (15)
1, 1, 1
a5 = 40w2 zowlwz 20w4 (16)
From the use of (13) and (14) along with Lemma 2, we easily obtain
1 1
lap| < 1 and |a3| < e
By rearranging (15), we have
lag] = —|w +1ww —Zw}
H7 16T T 2T 3T
By using Lemma 1 with o = % and ¢ = —3 and then by applying the triangle inequality,
we obtain
ol < 15
Rearranging (16), we have
1

1o, o
Wy + wz wiws |,

sl = 5

1 2 2
s { sl + gl + o P
By using Lemma 3 along with some simple computations, we obtain
1 |ws|? 1
< {1- < —
a5l < 25 {1 2 [~ 20

The bounds on the estimation of |a3|, |a3], |a4|, and |as| are sharp with the extremal functions
given, respectively, by

I T
Uénglj(f()_)z)), = lttanh(2) =142 —;)264-”./ a8)
(fénglj((z()_);)), = 1+tanh(z3) Yz _%Z9+ 19)
m = Titanh(2) =142 —%212+~--- (20)

Theorem 2. Let f € SKiann. Then, fory € C

1 3
‘ag, —77{1%’ < 6max{1,8|r]|}.
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This result is sharp.

Proof. From (13) and (14), we obtain

’ﬁl3 - na%‘ = ‘wz - giywl

Using Lemma 2 and then applying the triangle inequality, we obtain
3
481 )"

By putting 7 = 1, we obtain the below corollary.

5 1
‘013 — 17612‘ < max %

O

Corollary 1. If f € SKany, is of the form (1), then

N =

’ag - a%‘ <
This result is sharp with the extremal function given by (18).
Now, we give estimates on the Zalcman functionals for f € SKnp.

Theorem 3. Suppose that f € Sy, is the form of (1); then,

_ < =
lag — azaz| < T

and

The inequalities (21) and (22) are sharp for the extremal function given by (19) and (20).

Proof. It is noted that

|ag — azas| = L w 1ww 1w3
4 2043 _16 3 6 192 3 1|s
so, taking o = —% and ¢ = —% in Lemma 1 yields
1
— < —

|ag aza3|_16

Fora5fa§, we have
‘a —a2‘ = lw—iw wiw
E ] B V1 F e - S e

IN
| =
—
g
il
+
5l =
S
N
N
+
E
-
S
N
—

(21)

(22)
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By using Lemma 3 and some simple calculations, we obtain

1 17
‘a5 —a%‘ < 20{1 - 18|w2|2},

< L
- 20
Thus, the proof is completed. [
Theorem 4. Let f € SKunn. Then,
Haaf) < 5
221 = 360

This result is sharp with the extremal function given by (18).

Proof. From (13), (14), and (15), we have

2 2 3 4 9 9
’a2a4—a3‘ = %wz—kﬁwl—ﬁwﬂ% §w1w2
1 2 3 4 1 9 5 2
= %E(wz w1w3>+2(8w1 gwlwg Ewlwerwz
< lw—ww‘%—l?’w4 1ww 2ww+wZ
= 72072 TIE T plgtl T gt T et 12 T
1 1
- ﬁLl_‘_ﬁLZ/
where
Ll = ‘w% —wlbU3‘
and 3 . 9
4 2 2
Ly, = ’8w1 — gwlwg — 1—6w1wz + ws|.

Using Lemma 4, we obtain L; < 1. For finding the bound of L,, we use Lemma 3 and the
triangle inequality in the below expression:

3, 4,1 2 |, |* 9 2 2
L] < = | [ 1= Jwr [~ = ,
La| < glwi +8w1|< w1 T+ (o] + 1g Wil lwa] + w2
3, 1 15 wiflwef 9 2
< = - _Z SN B 1 ) I
3, a1 1,3 2 |71 | 9 2
< 2 Slwy| - = 1— )y 2 . (@3

Since (1 - #M) > 0and |w,| <1 — |wy|?, we have

3, 4,1 L 3 2)? w1 | 92 2
L|<? S| - = 1- 1- o ), 2 1- :
L] < Zlan[* + glen] = gl + (1= wr ) si ) 16 (1= w1 ?)
By putting |w;| = x and x € (0, 1], we obtain

21 11
|Lp| <1-— Exz + Ex‘* = I (x).

As F'(x) =0, F (x) is a decreasing function of x, it gives the maximum value at x = 0

Ly < 1.
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IIeIlCe, I
4 ;2 ;2 36‘

The proof is thus completed. [J

4. Logarithmic Coefficient for Sy,

The logarithmic coefficients of a given function f, represented by v, = v, (f), are
defined by

1 f@Y _ v . o
2log(z) = n;l'ynz . (24)

It is natural to consider the Hankel determinant whose entries are the logarithmic
coefficients. In [32,33], Kowalczyk et al. first introduced the Hankel determinant containing
logarithmic coefficients as the elements, which is given by

Tn Yo+l -+ Tntg-1
Tn+1 Yny2 oo Yntg
Hq,n (Ff/2> = . . (25)
Yn+q-1 Tnt+q -+ Vn+2q-2
In particular, it is noted that
"7 2
Hay (Ff/2) = ‘ = ‘ - ‘
2,1( f ) Y 7 Y1Y3 =72
For more about the study of logarithmic coefficients, see articles [38,55,56].
If f is given by (1), then its logarithmic coefficients are given as follows:
= 1a (26)
"= 5
1 1
Y2 = E <ﬂ3 — 251%) (27)
1 1
=5 <a4 — axas + 3ag>. (28)
Theorem 5. Let f € SKnn. Then,
ml < g
A IS g’
1
< R
72| < 12
< g
B=
All of these bounds are sharp.
Proof. Applying (13)—(15) in (26)-(28), we obtain
= 1w (29)
T = ) 1,
1 1 5
T2 = sz - awll (30)
1 1 1 4
3= 372w3 - @wlah - @wy (31)
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The bounds of 71 and 1, are directly obtained by using simple computations. For the
bound of 73, first we rearrange (31) in the form

1 3
3| = 35 W3 — gwit2 — Jwy

7

6

and then by applying Lemma 1 with ¢ = —1 and ¢ = —, we obtain the required result.
Equalities holds for the function given by (17) (19) and using (26)-(28). O

Theorem 6. If f € SKany, is of the form (1), then
’72—177‘<—max i|1—§—17| .
=12 "16
This inequality is sharp.

Proof. From (29) and (30), we have

1 3 3

_ a2 = = 9 2 O o

’72 ’771‘ = 12‘“’2 1671 1671}
_ 1 =3(1+7n)\ »
T 12 2+< 16 1

Using Lemma 2 and the triangle inequality, we obtain the required result. [

Putting 7 = 1, we obtained the following corollary.
Corollary 2. If f € SKanp, is of the form (1), then
1
_ A2 < =
- <5
Equality is determined by using (26), (27), and (18).

Theorem 7. If f € SKianp is of the form (1), then

1
13 =m172] < 30"
Equality is determined by using (26)—(28), and (19).
Proof. From (29)—(31), we obtain
|3 — | = 1 w3 — 1w w
3172 R T
so taking o = —% and ¢ = —% in Lemma 1 yields
13-l < 5
BTNN20S 5
which completes the proof. [
Theorem 8. If f € SKiapny, is of the form (1), then

This inequality is sharp, and equality is determined by using (26)—(28), and (18).
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Proof. From (29)—(31), we have

) 1], 45 , 9 9 ,
’7173—’)’2’ = mwz‘FﬁUﬁ—Rwlws—ﬁwlwz
= L1<w2—ww>+1 ﬁw4—lww—ngw + w3
o144 (2\72 T8 o 1087 T gt p 12 T2
1, 1145 1 9 )
1 1
= @Ql‘i‘@QZ/
where
Q= ’w% - w1w3‘
and 15 .
14 4 1 72 2
Q= ‘128w1 8w1w3 16w1wZ + w3
Using Lemma 4, we obtain Q1 < 1. For Qy, using Lemma 3 and the triangle inequality, we
have
0 < Bt Yl (1 - 20 ) 4 ) 4
2l = 187t T g™t U T Juny] ) 16 TR 21
45 4 1 1 3 |ZU1HZU2|2 9 2 2
< = il _ - o Aniar o, 2
45 4, 1 1, 3 2 w1 | 9 2
< 2 Zlwy| — = 11— )y = . (32
< il F gl =gl el (1 =gy ) F gl el G2
. |w | 2.
Since (1 - m) > 0and |wy| <1 — |w;|” in (32), we have
45 41 1, 3 22 w1 | 9 2 2
< — “lwq| — = ~ SR bad'S NN I - .
1Qal < gglnt* + glon = glanl*+ (1= o) (1= g 3L ) P (1= en )

After the elementary calculus of maxima and minima, we obtain

Q2| < 1.

Hence . 1 1
‘Hz,l (Ff/2>‘ < @Ql + @Qz < T

The proof is thus completed. [J

5. Inverse Coefficient for SK,.n

The renowned Koebe 1/4-theorem ensures that, for each univalent function f de-
fined in Uy, its inverse f~! exists at least on a disc of radius 1/4 with Taylor’s series
representation form

> 1
fHw)=w+ Z Ayw”, (|w| < 4>. (33)
n=2
Using the representation f(f~!(w)) = w, we obtain
A2 = —4ap (34)
A3 = —az+243 (35)

Ay = —ay+5aa3 —5a3. (36)
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Researchers have demonstrated a significant interest in understanding the geometric be-
havior of the inverse function in recent years. For example, Krzyz et al. [57] calculated
the upper bounds of the initial coefficient contained in the inverse function f~! when
f e S*(B) with0 < B < 1. In addition, Ali [58] examined the sharp bounds of the first four
initial coefficients for the class SS§*(¢) (0 < ¢ < 1) of a strongly starlike function as well as
the sharp estimate of the Fekete-Szego coefficient functional of the inverse function. For
more about the study of inverse coefficients, see the articles [59,60].

Theorem 9. If f € SKan, is of the form (1), then

1
1

A3l < 2,

|As] < 5
23./874

Al < .

[Ag] - < 8208

The first two bounds are sharp.

Proof. Applying (13)—(15) in (34)-(36), we obtain

1
Az = —Zwl (37)
1 1
11 5, 17 1
A4 = *1972101 + %wle — EZU} (39)

The bounds of A, and A3 are simple and straightforward. For A4, consider the following;:

A —iw —gww —I—Ew3
] e P
Now, using Lemma 1 with o = —1—67 and ¢ = % and the triangle inequality, we obtain
23874
|A4] < .
8208

Equalities holds for the function given (17), (18), and using (34), (35). O

Theorem 10. If f € SKnp is of the form (1), then

’A3 —;7A§‘ < 1max 1, 3(=2) .
6 8
This inequality is sharp.
Proof. From (37) and (38), we have
1 3 3
a2l L 2. 2 9N 2
‘A3 11A2’ = 6’@02 il + 3 W1

1 3(n—2
= 6‘wz+<(;78 ))w%

Using Lemma 2 and the triangle inequality, we obtain the needed result. [

Putting # = 1, we obtained the below inequality.
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Corollary 3. If f € SKanp, is of the form (1), then
1
2
’A3 Az‘ =6
Equality is determined by using (34), (35), and (18).

Theorem 11. If f € SKanp is of the form (1), then

194902
_ < V772
As = Aadlal < sz
Proof. From (37)—(39), we obtain
1 13
|A4 — A2A3| = E w3 — ZZUﬂUz + = 12
and so by taking o = — 3 and ¢ = 12 in Lemma 1 yields
194902
Ay — ApAs| < ———.
As = A2dlal < sz

This completes the proof. [

Theorem 12. If f € SKunp is of the form (1), then

1
’H”( )‘ ’AZA‘* — 4| < 36
Equality is determined by using (34)—(36), and (18).
Proof. From (37)—(39), we have
113 3 9
‘A2A4 - A%‘ = % 64w1 + BZw%wz 16w1w3 + w}

3

11/, 1(3 1 )

1 3 3 1 5
1
= Q1+ 7 Q2,
where
Q1= (w% - w1w3‘
and 3 3 .
Q= ’32101 + 16w%w2 8w1w3+w%

Using Lemma 4, we obtain Q; < 1. For Q> using Lemma 3, we have

3, a1 2w
< = o] (1= [y 2~
Q< Flwl +8|w1|< SL I

E|w1|2\w2| + |w2|2,

4 1 1,5 fw|w) 3. 2 2
< = — _ - _ =
3 4 1 1 3 2 |ZU1| 3 2
< = ~Jwy| — > 1— ) 4= . (40
= 32|w1| +8|w1| 8|w1| +|w2|< 8(1_’_‘w1|) +16|w1‘ ‘w2| (40)
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Since (1 - #M) > 0and |wy| <1 — |w;[* in (40), we have

3, 4,1 L3 2)? |1 | 3. 12 2
<= ~wy| - ¢ 1- 1— L) 2y 21— .
Q] < gl + glol = gloa P+ (1= ) 801+ [wi)) 16”1 (1= i)

After elementary calculus of maxima and minima, we obtain

|Q2| < 1.
Hence,
1 1 1
1< = — Q< —.
‘HZ'Z(f )‘ SpAt Qs

The proof is thus completed. [

6. Conclusions

The basic idea behind investigating coefficient problems in various families of holo-
morphic functions is to represent the coefficients of the corresponding functions with the
well-known class P, which includes functions with a positive real part in the open unit
disc. Many fascinating results were recently attained using this technique. Most of the
bounds, however, were non-sharp for analytic univalent functions linked to symmetric
points. In this work, we determine the estimates of the problems containing coefficients for
functions belonging to the family S, of the function, which are starlike with respect
to symmetric points associated with tan hyperbolic function, respectively. In proof of the
main results, we use the Lemmas derived by Prokhorov and Szynal, Libera, and Zlotkiwicz,
and Carlson’s inequality and bounds on the Schwarz function obtained by Eframidis . The
approach is focused on the relationship between the coefficients of functions in the given
family and the coefficients of corresponding Schwarz functions. Most of the bounds are
proved to be sharp. This work may inspire more investigations on the sharp bounds of
analytic functions connected with symmetric points.
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