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1. Introduction

Before clarifying the objectives of this paper, it is necessary to introduce the basic
concepts. Hence, we first identify several definitions and properties needed to understand
this paper. Let n,q € R with ¢ # 1. The quantum number or g-number discovered by
Jackson is

1—4g"
[n]q - 1 _ q /

noting that lim,_,[n]; = n. In particular, for k € Z, where [k], is called the g-integer [1-3].
Many mathematicians have researched the use of g-numbers in multiple fields such as
g-discrete distributions, g-differential equations, g-series, and g-calculus [4-6].

The equation
rl, [m —r]y![r]g!”

defines the g-Gaussian binomial coefficients, where m and r are non-negative integers [3,5].
For r = 0, the coefficient value is 1 since the numerator and denominator are both empty
products. Therefore, [n],! = [n]4[n — 1], - - - [2]4[1]5 and [0],! =

Consider an arbitrary function f(x). Its g-differential is

dyf(x) = fqx) = f(x),

and its h-differential is
dpf(x) = f(x+h) = f(x).
In particular, we note dyx = (q —1)x and djx = h. An difference between the quantum

differentials and the ordinary ones is the lack of symmetry in the differential of the product
of two functions. Since
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we have
dq(f(x)g(x)) = f(qx)deg(x) +g(x)dqf (x),
and similarly,

d(f(x)g(x)) = f(x + h)dng(x) + g(x)dpf(x).

The following two quantum derivatives:

_ def(x) _ flgx) = f(x)

Pl = dgx  (g-1)x 7
Dyf(x) = WO SO ZI0),

are called the g-derivative and h-derivative, respectively, of the function f(x). We note
limg 1 Dgf(x) = limy_ Dy f(x) = %(xx) if f(x) is differentiable [3].

In ref. [7], a two-parameter time scale T, ;, was introduced as follows:
T, == {q" h R necZ hgcR, g1 U{—"
oh = 10"x+nlgh | x€eR, ne€Z hqgeR", qg#1} {m}

Definition 1 ([7,8]). Let f : T,; — R be any function. Thus, the delta (q, h)-derivative of f
Dy (f) is defined by

flax+h) — f(x)

Dq,hf(x) = (q—l)x+h

From the above definition, we identify several properties as follows:
(i)  Dynf(x) = 0if f(x) is constant.
(i) Dynf(x) = Dgug(x) forall x € Rif f(x) = g(x) + ¢ with some constant c.
(iii) Dypf(x) = c1if f(x) = c1x + ¢z, where ¢1 and c; are constant.
In Definition 1, we can see D, ,(f), the delta (g, h)-derivative of f is reduced to Dy(f),

the g-derivative of f for h = 0 reduces to Dy (f), and the h-derivative of f for g — 1.
In addition, we can derive the product and quotient rules for the delta (g, h)-derivative.

The g-analogue of binomial (x —a)" is

ooy =1 if n=0,
7 (x—a)(x—qa)---(x—g"ta) if n>1.
For any positive integer n, we note that (x —a)/"™" = (x —a)j'(x — ¢™a)j and
(x—a)," = (x_ql,na),,. For n > 1, the h-analogue of binomial (x —a)" is
q

(x—a)y=(x—a)(x—a—h)---(x—a—(n—1)h),

and (x — a)) = 1. Similar to the g-version, we note (x — a)i ™ = (x —a)}(x —a—nh)l!

and (x — a),;" = m [3]
Definition 2 ([8,9]). The generalized quantum binomial (x — xo)g,h is defined by

(x —x0), = 1 ifn=0,
0)gh = " (x — (q’*lxo +[i— 1]qh)), ifn>0,

where xg € R.
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The generalized quantum binomial reduces to the g-analogue of binomial (x — x¢); as
h — 0 and to the h-analogue of binomial (x — x¢)}; as ¢ — 1. Furthermore, we note that

Hm g ) 1,0) (X = %0)g ), = (x = x0)".

A g-analogue of the classical exponential function (g-exponential function) is

g(x) = f;o X

[n]q!

We can find another g-analogue of the classical exponential function Eq(x) = e,-1(x).
Its two g-analogues have similar behavior such as Dje;(x) = e4(x) and DyE;(x) = E4(gx).

The h-analogue of the classical exponential function (h-exponential function) is
ep(x) = (1+h)i.
In particular, e1(x) = 2. Ash — 0, the base (1 + h)% approaches ¢, as expected [3].
Definition 3 ([8]). The generalized quantum exponential function exp oh (ax) is defined as

o0 uci(x — O)i i
equ,h(zxx) = Z T’ql

where w is an arbitrary non-zero constant.

Clearly, we note that equrh(O) = 1. As h — 0 with « = 1, the generalized quantum
exponential function exp, , (ax) becomes the so-called g-exponential function e;(x) [3,5].
Likewise, as g — 1 with & = 1, the generalized quantum exponential function exp q,h(ocx)

reduces to the so-called -exponential function e j,(x) = (1 + )i [3].

Based on the above concept, many mathematicians have studied g-special functions,
g-differential equations, g-calculus, and so on (see [6,10-15]). For example, Duran, Acik-
goz, and Araci [16] considered different types of trigonometric functions and hyperbolic
functions related to quantum numbers and looked for properties related to them. Mathe-
maticians have also proven various theorems related to basic concepts based on h-numbers.
Benaoum [9] obtained Newton’s binomial formula relating to (g, /), while Cermak and
Nechvatal [7] derived a (g,h) version of the fractional calculus. In 2011, Rahmat [17]
studied the (g, h)-Laplace transform, while in 2019, Silindir and Yantir [8] studied the gen-
eralization of quantum Taylor formula and quantum binomial. Their results motivated the
current research presented in this paper. Defining and characterizing degenerate tangent
polynomials, mathematicians are now curious about their definition and properties when
combined with quantum numbers. Roo and Kang [18] studied some properties for g-special
polynomials and observed approximate roots of g-Euler and g-Genocchi polynomials.

The main purpose of this paper is to construct degenerate g-tangent polynomials.
Based on the constructed polynomials, we formulate differential equations and investigate
their properties. This paper discusses the properties of series combined with quantum
numbers and their generalization.

The results present here may be useful to researchers studying quantum physics,
non-linear physics, and non-linear differential equations.
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Definition 4 ([13,19]). The g-tangent numbers and polynomials are defined as

- t" 2 © n 2
n;)Tn,‘? [n],! - eq(2t) +17 Y Tug(x) ! = e (20) ¥ 1eq(tx).

For g — 1, we note that g-tangent numbers and polynomials become tangent numbers
and polynomials, respectively.

Definition 5 ([20]). The degenerate tangent numbers and polynomials are defined as

YT et Y Tamh -2 s
AT — ’ A Pri :
a2 arani+1r a2 T a+ant 4

As h — 0in Definition 5, we note that degenerate tangent numbers and polynomials
become tangent numbers and polynomials, respectively.

In this paper, we define degenerate g-tangent numbers and polynomials, findings sev-
eral properties of these polynomials by using g-numbers, and (g, h)-derivatives. In addition,
we construct several higher-order differential equations whose solutions are degenerate
g-tangent polynomials.

2. Differential Equations for Degenerate g-Tangent Polynomials

In this section, we define degenerate g-tangent numbers and polynomials using de-
generate g-exponential functions. Using the (g, h)-derivative, we obtain several differential
equations related to degenerate g-tangent polynomials. Furthermore, we find relations
among g-tangent polynomials, degenerate tangent polynomials, and degenerate g-tangent
polynomials.

Here, we introduce the degenerate quantum exponential function.

oo o
ti’l

. p— 7’[
eq,h(x : t) T Z q,hn| Z qr hoyt
n=0 n=0 ’
Setting x = 2, we have
t'rl
n!’

eon(2:8) = i(z)qh

n=0
where (Z)Z’h =(2- O)Z,h =2(2—h)--- (2= [n—1]4h).
From the property of e, ,(x : t), we note the relation

(0 ) = 1 gl 1) (qx — 21gh) g~ Blyk) -+~ gx — I~ )
= ewflh(x s qt).

Definition 6. Let |q| < 1 and h be a non-negative integer. Then, we can define the degenerate
q-tangent polynomial Ty, 4(x : h) as

> t" 2
Tha(x:h = e n(x:t).
n;o mal )[n]q! egn(2:1)+1 (1)

For x = 0 in Definition 6, we note that

T — 7
nlg! an q! eon(2:1)+1
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where T, 4(h) are called degenerate g-tangent numbers. From Definition 6, we can see
certain relations between the tangent, degenerate tangent, and (p, q)-tangent polynomials.
Setting i — 0 in Definition 6, we can derive the g-tangent numbers T, ; and polynomials
Ty,q(x) as follows:

ad t" 2 i " 2
T, = , Thg(x = eq(tx).
ng‘b n’q[n]q! eq(2t) +1 7;6 mal )[n]q! eq(2t) +1 a(tx)

Ash — 0and g — 1 in Definition 6, we obtain the tangent numbers T, and polynomi-
als Ty, (x)
o g 2 & f 2 L.
n;OTnE:732t+1’ n;)Tn(x)H:7(32t+1e
When g — 1 in Definition 6, we can recover the degenerate tangent numbers T}, ()
and polynomials T, (x : &) as follows:

00 n

D TC Y L —C L
n! 7

n—=0 (1+ht)r +1

iTn(h)%: 2

=0 Do4nni 41

where T, (h) = T, (0 : h).
Here is a list of some degenerate g-tangent numbers:

= 341+ )1 +9+7D) +qB+q(4+29 - 1))
Fh(6+ 9+ P (=5+q(—6+ (=3 +9)q)))
+ W2 (=44 q(=5+q(=2+ g +24%))),

Several degenerate g-tangent polynomials are as follows:

Toq(x:h) =1,

Tig(x:h)=—-1+x,

Tog(x:h) = —1+h+q— (1+h+q)x+x?,

Taq(x:h) = —(1+q)(1+h +2h(=1+q) + (-3 +79)q)

+(=1+g@+ 11 +q) +2h(1 +q+¢%))x
—(1+g+g*+h2+q))x> + 5,

Figure 1 shows the structure of the approximate roots of degenerate g-tangent poly-
nomials. Here, we impose the conditions 0 < n < 50 and g = 0.1. Figure 1a,b show the
structure of the approximate roots for & = 40 and h = 0, respectively. The approximate
structure of degenerate g-tangent polynomials when / is —40 is shown in Figure 1c.
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i \\ J , %
40‘\ | n.ﬁw | 40} q\g.;_’:”,,? | : 40»\'

1m <, | S100 T

50 S/ “ / -05 < | /20
“~ | 20 Re 1 | / Re " | /

100 ¢

(ah =10 b)h=1 (c)h=0
Figure 1. Approximate roots viewed under the following conditions: (a) ¢ = 0.1; 1 = 40 (b) g = 0.1;
andh=0(c)qg=0.1,h = —40

Theorem 1. For |q| < 1and h € N, we have
D) Toqx 2 h) = [nlg Ty g(x : ).

Proof. From generating the function of the degenerate g-tangent polynomials T}, 4(x : &),

we obtain
Y Tagle:h) iy = 3 Tugln o ¥ (o), o
n=0 I’Z]q n=0 [ ]q' n=0 9 [ ]q’
- 00 n [n]q! n—k L
-k (%[ =1, TW(’”) Ry

From this equation, we can establish the relation between the degenerate g-tangent
polynomials and degenerate g-tangent numbers as follows:

k=0

Tpa(x i h) = Z m (x)Z,;ka,q(h). 2)
q

Using the (g, h)-derivative in Equation (2), we can derive the following equation:

D{S Y Tug(x:h) = k_zo m q[n — K, (x)Z,;k_lTqu(h)
= [n]gTy_1,4(x: h).

This completes the proof. [

Corollary 1. Let k be a non-negative integer. From Theorem 1, the following holds:

[ — klg!
Typq(x:h) = [n]q!q Déh)xTn,q(x 2 h).
Corollary 2. (i) Letting g — 1 in Theorem 1, we have
n—k)!
DTa(x:h) = nTyy(x ), Tup(x:h) = %D}(IQTH(x )

where Dy, is the h-derivative and T, j,(x) are the degenerate tangent polynomials.
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(ii) Letting h — 0 in Theorem 1, we have

DN Tg(x) = ]y Ty 10(x),  Tyopg(x) = —

where Dy is the q-derivative and Ty 4(x) are q-tangent polynomials.

Theorem 2. The solutions following differential equation

() @5 @),
q ﬁD;hx)T”/q(xh)—'_ 1

D" AT, (x: h)

[n— 2], ahx

2
@2 1
TR D Tuq(x s 1) 42D Tg(x h) + 2T q(x : ) —2(x)", =0,

are degenerate q-tangent polynomials.

Proof. Suppose thate, (2 :t) # —1 in the generating function of the degenerate g-tangent
polynomials. Then, we have

Zanx h } (qh(z t)+1) 2e0(x: ). (3)

The left-hand side of Equation (3) transforms to

n

S t
rg} T (x: h)[TM (Eq,h (2:1)+ 1)
E(;(;) {;}j (Z)I;,th—k,q(x h) + Tg(x: h)) t

q [n]y!

while the right-hand side becomes

e}

Zeqhx t E qh !

n=0

Hence, we derive

k:io [ﬂ q(Z)zlth_qu(x th) + Tyg(x:h) = Z(X)Z/h' (4)

Considering Corollary 1 in Equation (4), we obtain

k

n (z)q,h (k) . ) no_
Y rg Lo Tna(x 1) + Tug(x s 1) =2(x) ) = 0.
= [klg!t 1 9.

Therefore, we obtain the desired result. [

Corollary 3. Letting g — 1 in Theorem 2, we have

-1 -2
(2) T,h n (2) ;l,h n—1 (2) ;l,h

DT, (x : h) + (n_1)!Dl(1,x T, (x h) + TR

n! hyx
(z)ih (2) (1) "
517 Dy Tn(x 1) 2D ST (x ) + 2T (3 : 1) = 2(x)7,, =0,

DT, (x  h)
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where Dy, is the h-derivative and Ty, (x : h) are degenerate tangent polynomials.

Corollary 4. Letting h — 0 in Theorem 2, the following holds:
2

(71) 2 (1’!—1) 2 (n—2)
WDq,x Toq(x) + me,x Tyq(x) + = 2]q!Dw Tyq(x) + -+
2
+ WDS,,%? Ty g (x) + 2D T, (x) + 2T, g (x) — 20" = 0,
!

where Dy is the q-derivative and T, q(x) are q-tangent polynomials.

Theorem 3. The degenerate q-tangent polynomials are solutions of the following differential
equation:

Tn,q(2 : fln)]‘f" Tn,q (h) D,;nh)xTn,q (x : h) n Tn,qu(Z : h) + Tnfl,q(h) D(nfl)
q w

[7’1 _ 1]!]' q.hx Tn,q(x : ]’l) + ..
T2q(2: 1) + To(h)
+ 4 = q D,g,zh),xTn,q(x th) + (Tyg(2:h) + Tl,q(h))D,g,lg,xTn,q(x . h)
+ (Toq(2: 1) + Tog(h) —2) Tog(x : h) = 0.

Proof. From Definition 6, we have

2

= ot
0 el

W2 e n(2:1)+ 2 2 en(x:t)
b A . . ML)
2 Eq,h(z ) +11 Eq,h(z ) +1 Eq,h(z ) +11

n
|

i Tpq(x: h) t
n=0 [Tl]

Using the generating function of degenerate g-tangent polynomials, we find the
relation

2% Tyg(xih)be = 3 iV}@(ZM+TW»T (xoh) | e
n=0 " ' [”]q! n=0 \k=0 k q 4 ' b nka ‘ [n]q! '
Comparing the coefficients of both sides above, we find that

i Bj (Tk,q(Z th) + Tk,q(h))Tnfk,q(x S ) — 2Ty (x : h) = 0.
k=0 q

Replacing T,y ,4(x : h) with D[%,x Ty,q(x : h) in Equation (5), we derive

n | Thg (2:h) + Tk,q(h)
Z ( k]! ) ;If;g,xTn,q(X : h) — ZTn,q(X . ]’l) —0.
k=0 (k]!

The above equation allows us to complete the proof. O

Corollary 5. Setting h — 0 in Theorem 3, the following holds:

Tn,q (2) + Tn,q D(n) Tnfl,q (2) + Ty

l, n—
T D () + =L DR g )+
Tr4(2) + T
+ WD%? Tog(%) + (T1g(2) + T1g) DY) T, (%)

+ (Tolq,(Z) + Toq — 2) Ty q(x) =0,
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where Dy is the q-derivative and T, q(x) are q-tangent polynomials.

Corollary 6. Putting q — 1 in Theorem 3, the following holds

To(2: 1) + Ty(h)

4 BB g (o) 4 (Ty(2: )+ Ty DT (x 1)

+ (To(2 : h) 4+ To(h) —2)Ty(x : h) =0,

Tn—1(2 : h) + Tn—l(h)
(n—1)!

DT, (x :h) + DY I Ty(x i h) -+

where Dy, is the h-derivative and T, (x : h) are degenerate tangent polynomials.

Theorem 4. The degenerate g-tangent polynomials are solutions of the following higher-order
differential equation

(T a(2: g7 h) + Tuglg th (T, _1,(2:07 )+ T,_1,(gh _
Tl [n]?q! it ))Dt(lf;l),xTn,q(qx:h)+ e [Z—l)]q! ot ))Dz(;h,xl)Tw(qx:h)
2 a1 -1
7*(Toq(2:97'h) + Tog(q™'h) _ _
- (T2q o q )D;/Zh)len,q(qx:h)+q(Tl,q(21q 'h) + T14(q 1h))D;,1h)len/q(qx:h)

+ (Toq(2: 97 ) + Tog(q™'h) = 2) Tug(gx : 1) =0,

Proof. Plugging Equation (1) into the generating function of the degenerate g-tangent
polynomials, we find

[0 9]

Tnq(qx : h)

" 2
n=0 [n]‘i'

IR R LAY

eq/h

L 2 e (2:qt) + 2
= -1 .
2\ e 1y (2:gqt) 1774 L eoqn(2:qt) +1

X 2 egn(gx:t)
Y~ N~ I ’h . .
Eq,h(z : t) +1 q

Using T;,,4(x : h), we have the relation

t}’l
ny,!

2 i Tnq(qx - h) [
n=0

n

= g (k;] m qqk (Tk,q (2:q7 ')+ Tk,q(q’lh)) Tykq(gx h))

[”]q!'

From the above Equation (6), we obtain

kio {Z] qk(Tk,q(Z g ) + Tk,q(q—lh))Tn_qu(qx :h) — 2Ty e(gx - h) = 0. 7)
= q

Substituting gx for x in Corollary 1, we note that
[n—Klg!
Ty kq(qx:h) = Tq!qD;’h{me(qx  h). (8)
Applying Equations (8) and (7), we obtain

0 ok 1 -1
2 q (Tk,q(z g h) + Tk,q(q h)) D(k)
[k]q! ahx

Ty,q(qx 2 h) — 2T, 5(qx : 1) = 0.
k=0

There, we derive the desired result at once. O
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Corollary 7. Setting h — 0 in Theorem 4, the following holds:

qnil (Tn,qu(Z) + Tn 1 q)

qmﬂwéﬁ+nw)<wpw9)+ WA Dh )+
_|_ (TZ q[(zz]) + 1 q) Dl;ig Tn,q(x) + EI(TLq(Z) + T1,q)D,§,132 Tn,q(x)

(Toq(z) + TOq )anq(X) =0,
where Dy is the q-derivative and Ty 4(x) are q-tangent polynomials.

3. Differential Equations with Coefficients of Euler, Bernoulli,
and Genocchi Polynomials

In this section, we look for differential equations whose coefficients are other numbers
and polynomials. Based on these differential equations, we can confirm several additional
properties of tangent polynomials.

Theorem 5. The degenerate g-tangent polynomials are solutions of the following higher-order
differential equation combined with the q-Euler numbers and polynomials

Eng + Eng(1) En 1+ En14(1)
%D{S}z)xan(x h)+ = fn_l”]q!" D;hx)an( 1)
Erg+E4(1)
+%D§Z{fnq(ﬁf 1)+ (€10 + E1,4(1))D}) Tg(x : 1)

+ (E0,4 + E0,4(1) = 2) Tyg(x : h) =0,
where &, 4 are q-Euler numbers and &, 4(x) are q-Euler polynomials.

Proof. We note that the g-Euler numbers and polynomials are defined as

[e9) i 2 P i )
rg)gnﬂ [n],! - eq(t) +17 ngogn,q(x) (! = e (D + 1eq(tx),

see [14].
Using the g-Euler polynomials in the generating function of the degenerate g-tangent
polynomials, we obtain

iTn (x:h)
n=0

|
x

=
=
—~
=
~
~—

q,h
9)
2 2 2
( NOES! q“)*eq<t>+1>eq,h<z:t>+1e'%h(’“”
t}’l

i <¥ { L(é’k,q + Ek,q(l))Tn,k,q(x : h)) Tl

nly!”

1
2
_1
2
Comparing the coefficients on both sides of Equation (9), we have

2Tn,q(x:h)_ki)m (Skq+5kq( )) kg (X 1 h). (10)
= q
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Using the relationship of the degenerate g-tangent polynomials to the k-times (g, h)-
derivative in (10), we obtain

n Sk,q + Ek,q(l)
—( oK >D§”}xan(x h) — 2Ty q(x : h) = 0.
k=0 q-

The above equation completes the proof. O

Corollary 8. Letting h — 0 in Theorem 5, the following holds:

[n]q!
52 +52 ( )
%D(Z)TM( %) + (Evg + E1y (1)) DI T 4(x)

+ (50,q + 50,,7(1) — 2) Tn,q (x) =0,

gnfl,q + gnfl,q(l)
[n—1],!

DY T, g (x) + DY IT, 4 (%)

where Dy is the q-derivative and Ty 4(x) are g-tangent polynomials.

Corollary 9. Letting g — 1 in Theorem 5, the following holds:

5?1"'571(1) (”) . 5n,1+5n,1(1) (n—1) .
oy BEEWDOT () 4 (6 4 £1) DT (1)

+ (&0 + & (1) =2)Tu(x: h) =0,
where Dy, is the h-derivative and Ty, (x : h) are degenerate tangent polynomials.

Theorem 6. The following higher-order differential equation combines the q-Bernoulli numbers
and polynomials:

Bn,q( ) + Bnq Bn—l,q(l) + Bn—l,q n—1
[n],! Dy Toa (1) + [n— 1! Dy Tug(x: )
By, (1) + By 1
o o ADE) Tug(x:h) + (Brg(1) + Big)DL) Tug(x: 1)

+ (Bo,g(1) + Bog) Tug(x - h) — [2]3T—1,4(x - h) = 0.

The solution of the following higher-order differential equation are degenerate g-tangent polynomials,
where By, q is the q-Bernoulli numbers and By, 5(x) are g-Bernoulli polynomials.

Proof. The g-Bernoulli numbers and polynomials are defined as

t

) fn o n t
7;)3;1,‘1 [n]q! - eq(t) —1’ r;)Bn,q(x) [n]q! = (t) — 1€q(tx),

€q

see [18].
Using the g-Bernoulli polynomials, the degenerate g-tangent polynomials exhibit the
following relation:
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h
1 t t 2
=7 (eq(t) 10w o 1> eon@: D) qlan(x D)
tn

(] wa i)

gTn—1,4(x:h) = Z |:7’j (Bk,q(l) - Bk,q) Tykq(x :h)
q

(a0 -5)

k]q! q,h,xT”f@(x :h).

Therefore, we derive

w (B (1) — By
MDW Tog(x 2 1) — [y Tyo1,g(x - H) =0,

=S

which is the required result. [

Corollary 10. Setting h — 0 in Theorem 6, the following holds:

Bn,q(l) + Bn,q (n) anl,q(m + anl,q (n—1)
TDW Tp,q(x) 1,1 Dyx " Tugq(x)
B>,(1)+ B
ot WD&%?Tn,qm + (Big(1) + B1g) D T (x)
q!

+ (Bo,g(1) + Boyg) Tug(x) — [2]4Th—1,4(x) =0,
where Dy is the q-derivative and Ty 4(x) are g-tangent polynomials.

Corollary 11. Setting g — 1 in Theorem 6, the following holds:

Bn—l (1) + Bn—l

n—1
(n—1)! D’(%x T )

DT, (x: h) +

B, (1) + By
| h,x

By(1)+ B
r.op BT ;l 2D\ T (x ) + (By(1) + By) D) T(x : )

+ (Bo(1) + Bo)Tu(x : h) —2T,,_1(x : h) =0,
where Dy, is the h-derivative and Ty, (x : h) are degenerate tangent polynomials.

Theorem 7. The degenerate q-tangent polynomials are solutions of the following higher-order
differential equation combining q-Genocchi numbers and polynomials.

Gug + Gug(1) Gyt + Gno10(1) _(n1
S a0 1o+ S S
G+ Gog(1
L@”D(fg,xrn,q(x L)+ (Gig + Grg(1))DY) Tog(x : h)
[2],! g g

+ (Goyg + Gog(1)) Tug(x : h) = 2[n]Ty—1 4(x : ) =0,
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where Gy, 4 are g-Genocchi numbers and Gy,q(x) are g-Genocchi polynomials.

Proof. The g-Genocchi numbers and polynomials are defined as

S Gy = 2 Y Gug (1) = — 2L tx)
= n’q[n]q! eq(t) +17 = A ]yt eq(t) +1 AN

The generating function of the degenerate g-tangent polynomials transforms to

i Tyq(x 2 h) "
n=0 [n]W!

(12)

2t 2t ) 2
2 X1 t)

eqn(
egn(2:t) +171

k=0

. % 5 <i mq(cm + G (1)) Ty (x : h)) [;Tq'

Using the g-Genocchi numbers and polynomials and the coefficients comparison method
in Equation (12), we find

2] Ty 10(x: h) = kzo [’]j (Gig + Gig(1) ) Tuiqx : ).
= q

Hence, we obtain

r, (Gua + Gag(1) iy
IR

k=0

which is the desired result. O
Corollary 12. Setting h — 0 in Theorem 7, the following holds:

Gn—l,q + Gn—l,q(l)
[n—1],!

Gn,qg + Gn,q(l)
[n]g!

G2,q + Gz/q(l)
[2]4!

+ (Go,q + Golq(l))Tn,q(x) - Z[n]an,Lq(x) =0,

DY T, g (x) + DY IT, (%)

DA Ty0(x) + (Gug + Grg(1)) DY) T (%)

where Dy is the q-derivative and Ty 4(x) are q-tangent polynomials.

Corollary 13. Setting g — 1 in Theorem 7, the following holds:

Gn + Gu(1) () _ Gu-1+Gu—1(1) J(n-1) '

TDh,x Tn(x : h) + WDh’x Tn(x : ]’l)
Gy + Go(1

o TR 2( )D,S?ng(x :h) + (G1 + Gy (1)) Dy Ty (x : )

+ (G() + Go(l))Tn(x : h) — ZnTn,l(x : h) =0,

where Dy, is the h-derivative and T,,(x : h) are degenerate tangent polynomials.
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4. Conclusions

We constructed degenerate g-tangent polynomials and found several differential equa-
tions with these polynomials as solutions. We also found differential equations combining
Euler and Bernoulli polynomials. Polynomials for single-variable quantum numbers can
be extended to bivariate quantum numbers, and these polynomials include various prop-
erties and identities. The results from this paper have highlighted interesting topics for
constructing tangent polynomials with bivariate quantum numbers and properties.
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