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Abstract: Circulant networks are a very important and widely studied class of graphs due to their
interesting and diverse applications in networking, facility location problems, and their symmetric
properties. The structure of the graph ensures that it is symmetric about any line that cuts the graph
into two equal parts. Due to this symmetric behavior, the resolvability of these graph becomes
interning. Subdividing an edge means inserting a new vertex on the edge that divides it into two
edges. The subdivision graph G is a graph formed by a series of edge subdivisions. In a graph, a
resolving set is a set that uniquely identifies each vertex of the graph by its distance from the other
vertices. A metric basis is a resolving set of minimum cardinality, and the number of elements in the
metric basis is referred to as the metric dimension. This paper determines the minimum resolving set
for the graphs H;[1, k| constructed from the circulant graph C;[1, k] by subdividing its edges. We also
proved that, for k = 2,3, this graph class has a constant metric dimension.

Keywords: metric dimension; subdivision; circulant graph

MSC: 05C22; 05C12

1. Introduction and Preliminary Results

Metric dimension is a significant parameter in metric graph theory that has been
employed in a wide range of graph theory applications, including facility location prob-
lems, pharmaceutical chemistry [1,2], long-range navigation aids, robot navigation in
networks [3], combinatorial optimization [4], and sonar and coast guard Loran [5]. The met-
ric dimension is the extension of affine dimension to any metric space (assuming a resolving
set exists).

The distance d(x, i) between two vertices u,v € V(G) in a connected graph G is the length
of the shortest path between them. Let W = {x1, x2, X3, ..., X; } represent an ordered set of G
vertices and v represent an arbitrary G vertex. If each vertex of G can be uniquely identified
by its distance from the vertices of W, the k-tuple (d(v, x1),d(v,x2),d(v,x3),...,d(v,xx)) is
the r(v|W) representation of v with respect to W. If different vertices of G have different
representations with respect to W, then W is known as a resolving set [1] or a locating set [5].
A basis for G is a resolving set of minimal cardinality, where cardinality is the metric dimension
of G.

In response to the problem of uniquely identifying an intruder in a network, Slater [5,6]
introduced the concept of metric dimension. Harary and Melter conducted independent
research on the same concept in [7]. This invariant is discussed in [3] for network robot navi-
gation, ref. [1] for chemistry, and [8] for pattern recognition and image processing problems,
some of which involve the use of hierarchical data structures.
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If all of the graphs in F have the same metric dimension (which is separate to [), F is
identified as a family with a constant metric dimension.

Whenever the graph is a path, the metric dimension is one, and the metric dimension
is two if the graph is cycle C;. In [9-11], the metric dimension of some classes of regular
graphs with constant metric dimensions is investigated.

Inserting a new vertex on an edge splits it in half. In the graph, this is referred to as
subdivision. A subdivision graph G has edges that are subdivided. Subdivision is a method
for reducing a complicated graph to a simple graph. A barycentric graph subdivision is
one where every vertex is subdivided. A planar graph is one with no intersecting edges
that can be drawn in a plane. Planar graphs require graph subdivision to be described.
A planar graph G has only planar subdivisions.

The subdivision operation in planar graphs is demonstrated in the following theorem.

Theorem 1 ([12]). A graph is planar if and only if it does not have a Ks or K3 3 subdivision.

In [9,13], the subdivision graphs are constructed from the circulant graph C;[1, k] and
it is shown that this subdivision graph has a constant metric dimension for some values
of I and k. In this paper, a new subdivision graph is constructed from the circulant graph
Ci[1,k] for k > 2. It is demonstrated that this subdivision graph has a constant metric
dimension when k = 2.

1.1. Metric Dimension of Subdivision of Circulant Graph C;[1,2]

Circulant graphs are a popular type of graph in local area networks. Circulant
graphs are defined as follows:

Let n, m be natural numbers and x1, x2, ..., X be positive integers, with 1 < x, < L%J
and xp # x4 forall 1 < p < g < m. The circulant graph is an undirected graph with the
vertices V = {vy,...,v;} and the edge set E = {vp+xq :1<p<1,1<g < m/(the indices
are taken modulo /) and is denoted by C;[x1, x3..., X;|. The numbers (x1,xp, ..., %) are
known as generators. It is critical to observe that the circulant graphs are regular.

The graph H[1, k] is formed by subdividing edges of the type v,v, 1. Let u, be the
additional vertex in each edge v,v, k. As a result, the graph H[1, k| contains 2/ vertices
and 3/ edges.

If x, and x, are two vertices of H;[1, k], then the distance between them is defined as |p —q|,
where 1 < p < g < I. The vertices of the graph can be divided into two groups: U and V,
where U is the set of added vertices and V is the set of vertices of type v).

The first theorem establishes that the metric dimension of the graph H;[1, 2] is constant.

The following lemma offer a choice of the resolving set and will be useful in proving
the main result of this section Figure 1.
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Figure 1. Graph Hyq[1,2].
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Lemma 1. If W is a resolving set of the graph H;[1,2], then at least one vertex from each of the set
{v1,v3,0s,...,01} and {vy,v4, s, ...,v;_1} must belong to W.

Proof. Assume, for the sake of argument, that / is odd. Now, if none of the vertexes in the
set {vp,v4,05,...,0;_1} belongs to W, then the representation of the following vertices will
be the same:

r(ul) = 1’(?}171) ifZ)z,ZJ4,’06,...,Z)%_1] ¢ W
r(”(’kl) = r(v(%]iz) ifv(%],...,vl,l W

2

If none of the vertices in the set {v1,v3, vs, . .., v; } belongs to W, then the representation
of the following vertices will be the same:

r(ur) = r(v;) ifvl,vg,v5,...,v(1,71] ZWw
7’(1/[1) :r(v?y) ifv[HTl]""/vl—l

The proof is now complete. [

Theorem 2. Forl < 3,

3 ifn=4t—-1;teN
dim(H;[1,2]) = 4 otherwise

Proof. Case 1: | = 3(mod 4).
Let W = {uy,up, WL } be subset of the V(H;(1,2)). A representation of the vertices
2

of H;(1,2) concerning W is given below:
r(v1) = (1,2,4),r(v2) = (1,1,3), r(u1) = (0,2,3) , r(u2) = (2,0,3).

(15521, 51, T=32) for3<p<[H]andp=2t—1;teN
(181,151, 1232250 for3<p<[5] andp=2:teN
"I (e, ) forp = [551] 1
(15552, 1554, 125 for [ +3<p<I
(120, 1541, 152 ) for 3 < p < [H1]
r(uplW) = § (521, 1427, 154-2T) for p = [41] +1

1— 1— 1
(=521 T=520 1252 for [Bl+2<p <

The above representations demonstrate that each vertex has a distinct representation.
As a result, W must be a resolving set. and that dim(H;[1,2]) = 3. To demonstrate that
dim(H;[1,2]) > 3, itis sufficient to demonstrate that there is no resolving set with cardinal-
ity two.

On the other hand, suppose there is a resolving set A with cardinality 2. Then, by
Lemma 2, both vertices of A belong to v,,. One vertex can be assumed to be v1. Thus, one
can suppose that A = {v1,0,: 2 <p < [}

In this case, the vertices that have same representations for every choice of A are
stated below:

r(uy) =r(v) forp=1
r(o) =r(up) = (2,5) p>2, andp=24teN
r(u) =r(w) = (LB p>2, andp=2t-1;teN

As a result, no resolving set with cardinality two exists, and dim(Hn[1,2]) > 3.
The result can be obtained by combining the lower and upper bounds.
Case2:1=0,1,2(mod 4).
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e [ =1,2(mod4).
Let W = {v1,vp,up,v3} be a set of graph vertices. Each vertex’s representation

regarding this set W is as follows:
r(v1) = (0,2,2,2), r(vz) = (2,0,1,2).

For3<p<lI
(1221, 15521 + 1, 1221, [252)) if3<p<[H] andp=2t-1;teN
(7541, 157 [P 1 15 ) if3<p<[l5!] andp=2t;teN
(T2, T2, T4, T2 ifp=[%7+1 andp=2t—1;t €N
(M1 TR 141180 ifp=T51+1 andp=2tteN
r(vp|W) = ([H/”ﬂ 1, [fﬂ/[ﬂ) if p = [%14—2 andp=2t—1;teN
(Fgl T 151150 ifp=[5'1+2 andp=26teN
(F=520, 521 520, 1562 i[5 +3<p<l andp=2t-1LteN
([Z_TPW—Z,[TP]-Fl [l 2142, {1 L1+3)  if[B]+3<p<I andp=24teN

r(ur) =(1,1,2,3), r(up) = (2,1,0,2) and r(u3) = (2,2,2,0).

For4 <p<I
([%11’%,[%1],[%” if4§p§%]
(TH21, 1520, THE, TH2T) if p=T[3]+1
r(up|W) = (1531, TH21, 7567, [567) ifp=T[5]+2
(12521 TH521 55201 T5520Y) e [h1+3<p <l

The above representations demonstrate that each vertex has a distinct representation.
This can be explained by the existence of a resolving set W and

dim(H;[1,2]) < 4 )

e [ =0(mod4).

Let W = {v1,vp,up,v3} be a set of graph vertices of H;[1,2]. It will be shown that
this set is a resolving set by proving that the representation of each vertex is unique.
The representations of each vertex are shown below:

r(v1) = (0,2,2,1), r(v2) = (2,0,1,2).

For 3 < p <[, we have

(1221, 15521 +2, 1221, [552)) if3<p<[H4] andp=2t-1;teN
(5211, 1521, T8, 151) f3<p<[F] andp=25t€N
(FE1 TEL TR TR ifp=["%1+1 andp=2tt€N
r(vp|W) = (T2, TR T2 0L 14T ifp=[1+1 iandp=2t—1;t€N
(T 1+2 [T+ 15 +2, (521 +3)  #f[§]+2<p <l andp=26teN
([loptly, loptdy ploptdy plopidy) if [1]+2<p<l andp=2t—1;teN

u1(1,1,2,2),u2(2,1,0,1) and u3(2,2,2,1).
For4 < p < I, we have



Symmetry 2023, 15, 867 50f9

(T2, 751, T2, T22) if4<p <[4
r(up W) = { (TH2T TH2T, T2, 14D ifp=[4]+1
([5522, 15588, 18220, 184y if[h+2<p <

The above representations show that each vertex has a unique representation. As a
result, W is a resolving set. Hence,

dim(H;[1,2]) < 4 @)

To prove the other bound, it is sufficient to demonstrate that the resolving set has
at least four elements. Assume, on the other hand, that W is a resolving set of Hn[1,2]
such that [W| = 3. According to the Lemma 2, W must have two vertices v, and v; with
different parities. Because the third vertex of W belongs to either v}, or u,, we consider the
following possibilities:

e  If all the vertices of W belong to vy,.

In this case, without loss of generality, suppose that W = {v1,v,0; : 1 < p < g <
[HW }. The vertices that have a representation for each choice of i and j are listed below:

r(ug—2) = r(v411) ifp=2t—1L;teNandg=2teN
r(umd):r(v%]ﬂ) ifp,g=25teN
r(ugy11) = 1(vg49) ifp=2t—LteNandg=2tteN

e If W contain one vertex from u,. Assume, without being too specific, that W =
{v1,0p,u: 1< p<g < [HTl] }. The vertices that have representation for each choice
of i and j are listed below:

{r<up>—r(vp+z)—(§2§ [47142,1) f1<qg<p<[5]
r(”pfl):r(vp—z):(g 1 |— 1—%4—2) fl1<p<g< [H‘le

Thus, H;[1,2] does not contain any resolving set of cardinality 3 for I = 0,1,2 (mod 4).
This implies that
dim(H;[1,2]) > 4 (3)

From Equations (1)—(3), we can obtain
dim(H;[1,2]) = 4.

O

1.2. Metric Dimension of Subdivision of Circulant Graph C;[1, 3]

In this section, the metric dimension of the subdivision graph H;[1, 3] is investigated.
The following lemma gives a choice of the resolving set and will be useful in proving the
main result of this section.

Lemma 2. If W is a resolving set of the graph H;[1, 3], then at least one vertex from each of the set
U={up:1<p<Il}tandV = {v,:1 < p <1} must belong to W.

Proof. The distance of the vertices u;, v;_5, u;_1 and u;_, from the vertices u, and v, for
1<p< (%] are given below:
For | = 0(mod3).
If1<p<[4]
d(up,up) = d(uj_q,up) = pT d(ul,vp) =d(uj_1,0p) = p§3 forp=3t;te N
d(wy_1,up) = d(u_g,up) = [B57], d(wy_1,vy) = d(u_p,0p) = [E5*] for p = 1,2(mod3)
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For | = 1(mod3).

fl1<p<f[i]-2
d(ul—ZI uP) = d(”l—lr”p) = pT%/ d(ul—ll vp) = d(ul—Z/ Up) = pT% for p= 2t—-1;teN
d(uy, up) = d(vj_o,up) = pTH, d(uy,vp) = d(v;_p,vp) = % forp=21teN
Ifp=[3]-1
Ay, up) = Ay, up) = 12, d(uy,0p) = d(u1,0p) = 132,
tfp =[] 1 +1
A, up) = Ay 1, 1p) = EEL, duy1,0p) = d(uy_2,0p) = 242,

For | = 2(mod3)
F1<p<[j]—1
d(up,up) = d(vj_p,up) = pTJré, d(up,vp) = d(uj_q,vp) = %ﬁ forp=34teN
d(uj,up) = d(vj_p,up) = %5, d(uj,vp) = d(vi_p,vp) = pTH forp=3t—-2;teN
d(up,up) = d(uj_q,up) = %7, d(up,vp) = d(vj_p,vp) = pT” forp=3t—1;teN
Ifp=T14]-1
d(”l/up) = d(”l—lz“p) = %7/ d(”lzvp) = d(vl—ZIUp) = pTM
If p =31
A1, up) = d(u2,up) = P52, d(u,0p) = d(u-1,0p) = 152,

The above distances show that, to resolve the vertices u;, v;_5, u;_1 and u;_,, it is
necessary to include at least one vertex from the set U and V Figure 2. [

Vi up

u10

V10

ug

uz Us

v7

Figure 2. The graph H[1, 3].

Theorem 3. Let G denote the graph of H;[1,3]. Then, for | < 12
dim(G) < 4.

Proof. Case 1: I = 0(mod4).

Let W = {v1, v3, 3, u4 } be a set of vertices of H,[1, 3]. It will be shown that this set is a
resolving set by proving that the representation of each vertex is unique. The representa-
tions of each vertex are stated below:

Forl<p<[i]+1

(1,1,3,3) it p=1
([E£2], TEE2Y, 187, 122]) if p=3tteN

I B IBLIBNTE) i p=dt-diten
(15571 15151 1557 if p=3t-1t €N
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(B 122, 15520, 1552 if p=3tteN
W) ={ 5L 521 152 [50] if p=3t—1teN
(B T2, T2, 1552 if p=3t—2teN
Andfor F]+1<p<[n
(1,1,3,3) it p=1
(=83, [0 1lopsey [2p597) 4 p— 3Kt e N
([L=5r0q, [Lopt6y [ops6y [2861) if p=3t—1;t €N
(

(=521 5L 52 [520) if p=3t-2teN

r(up|W) =

- - I- = i
(F=5521 (=570, (520, 55721 if p=3tteN
rloplw) = (155720 5520, (552 1552 f p=3t—TLteN

(M5, 15571 5520, (25521 if p=3t-2;teN

The above representations show that each of the vertex has unique representation.
This implies that W is a resolving set and dim(H,[1,3]) < 4.

Case 2: | = 1,2(mod4).

Let W = {uq, us, us, v7} be a set of vertices of G. It will be shown that this set is a re-
solving set by proving that the representation of each vertex is unique. The representations
of each vertex are presented below:

For1 < p < [H1]

(1,1,3,3) if p=1

(T2 1521, 151, 1521)  if p=3tteN
T W) =0 (1, 22, 122, 1254)) if p=3i-LteN

(T30, TEE20, 12521, T554]) if p=3t—2;teN

M5, 1521 1521, 167 if p=36teN
ropW) = 515U B [52] if p=3t—1;t€N

(25N, 220, 12421, 18570 if p=3t-2;teN

Andfor L]+1<p<[n
(T=571, (550, T8, 5 if =36t e N

Pl W) = { (TEBE5], TEgE8) ooy gt
3

([Zf§+7—|, [lfg+8—|, |'1*P3+10"’ [lf —4

1) if p=3t—1;teN
1) if p=3t—2teN

(TR, 15510, 15220, 15527 if p =36t e N
- - = = i
roplW) = (TE52T IR 52T [H575]) i p=3t—LteN

(=520 (5521 15571 [H570) if p=3t—2;teN

The above representations show that each of the vertices has a unique representation.
This implies that W is a resolving set and dim(H,[1,3]) < 4.
Case 3: | = 3(mod4).
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Let W = {v1,v2,03,u,-1 } be a set of vertices of G. It will be shown that this set is a re-
2

solving set by proving that the representation of each vertex is unique. The representations
of each vertex are given below:
r(ug) = (2,1,3,) For 1 < p < [H1]

(1,1,3,3) if p=1

([E527, 258, T80, T2A)) if p=3KteN
rOplWY =0 o2y ey e ey i p=at-2teN

(TB571, 150, 151, 251 )  if p=3t—LteN

[EEA0, [BE3, 1253, 1502 if p=3KteN
rop W) =4 [5LIER) B2, 1558 if p=3t—2teN

[%H]/[p%},[%},[kf”’] if p=3t—1;tcN

Andfor5|+1<p<|n

(F=52) 5521 15521 [552]) if p=3tteN
r(upW) = { (5L 521 15521520 if p=3t-2teN
(5500, 1500, [5), [2552]) if p=3t-1L;teN

(T2 5P 1520, [25771) if p=3tteN
r(oplw) = { (TE5200 TE5H0, 620, TE51T) if p=3t -2t €N
(151 1571 15521 (557 if p=38t-1;teN

The above representations show that each of the vertices has a unique representation.
This concludes that W is a resolving set and dim(H;[1,3]) < 4. O

2. Conclusions

Circulant graphs are very useful graph and often used in local area networks. Vari-
ous authors [10,11,14,15] had discussed the resolvability of circulant graphs C;[1,2,...,k].
Subdividing an edge is the process of inserting a new vertex into an existing edge and di-
viding it into two edges. The subdivision graph is a graph comprising edge subdivisions.
Ahmad et al. [9] examined the metric dimension of barycentric subdivisions of circulant
graphs; they proved that some of these families have constant metric dimensions. Later,
Wei et al. [13] computed the metric dimension of a subdivision graph of circulant graphs,
which is denoted by G;[1,k| for 2 < k < 4. In this article, another subdivision graph of
circulant graph H;[1, k] was constructed. It was shown that this class of graphs has a constant
metric dimension for k = 2, 3. We also think that the metric dimension will remain constant
with increase in value of k. In this context, the following problem arises.

Open Problem: Calculate the exact metric dimension value for the subdivision of circulant
graphs. Hj[1,k| when k = 4
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