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Abstract: The research described in this paper follows the hypothesis that the monomiality principle
leads to novel results that are consistent with past knowledge. Thus, in line with prior facts, our
,qr; 1t). We obtain their
recurrence relations by using difference operators. Furthermore, symmetric identities satisfied by

aim is to introduce the A, multi-variate Hermite polynomials a, (41,42, - - -

these polynomials are established. The operational rules are helpful in demonstrating the novel
characteristics of the polynomial families, and thus the operational principles satisfied by these
polynomials are derived and will prove beneficial for future observations.

Keywords: A; Hermite polynomials; symmetric identities; monomiality principle; operational

formula

MSC: 26A33; 33E20; 33B10; 33E30; 33C45

1. Introduction

One of the most significant families of polynomial sequences is the Hermite family,
the Hermite polynomials are a sequence of polynomials that are widely used in mathematics
and physics, particularly in the study of quantum mechanics. They are named after
Charles Hermite, a French mathematician who first studied them in the late 19th century.
The Hermite polynomials are a family of orthogonal polynomials that satisfy a specific
differential equation known as the Hermite differential equation.

Many issues in applied mathematics, theoretical physics, approximation theory, and
other branches of mathematics regularly include Hermite polynomial sequences [1], which
have many applications in mathematical analysis, numerical analysis, statistics, physics,
and other fields of mathematics. Particularly in recent years, several extensions of special
functions in mathematical physics have seen significant progress. The majority of precisely
resolved problems in mathematical physics and engineering that have a variety of broad
applications have an analytical foundation due to this groundbreaking discovery.

Gaussian quadrature, numerical analysis, the quantum harmonic oscillator, and
Schrondinger’s equation all contain the Hermite polynomials. A notable development
in the theory of generalized special functions is the addition of multitudinous-index and
variable special functions. Both in the context of pure mathematics and in real-world
applications, these functions have been recognized for their importance. It is recognized to
address the problems that appear in a variety of mathematical fields, from the theory of
partial differential equations to abstract group theory, complex polynomials with many vari-
ables and indices are necessary. Hermite polynomials with multiple indexes and variables
were initially proposed by Hermite himself.

Gaussian quadrature, numerical analysis, the quantum harmonic oscillator, and
Schrondinger’s equation all contain Hermite polynomials. A large number of authors have
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taken interest in introducing and finding several characteristics of Aj, special polynomials;
see, for example, refs. [2-6]. Wani and colleagues recently developed a number of doped
polynomials of a certain kind and deduced their numerous features and attributes, which
are significant from an engineering perspective; see, for example, refs. [7-11]. Summa-
tion formulas, determinant forms, approximation qualities, explicit and implicit formulae,
generating expressions, etc. are a few examples of these features.

Inthe eventwhen ¢ : I C R — Rand h € R, the forward difference operator denoted
by Ay, is provided by [12] (p. 2):

x(u 4 h) = x(u) = Ap[x](u). ey

As a result, it follows for finite differences of degree i € N.
. i (i .
(85, )00 = L1 ()t 1) = ), @
I=0

where A} = A;, and Ag = I, with I as the identity operator.

Costabile et al. [3,13,14] recently made the first attempt to introduce A polynomial se-
quences, namely A;, Appell polynomials, and they explored their many features, including
generating functions, differential equations, and determinant forms.

Further, in [3], Aj, Appell sequences Q,,(q), m € N were defined by the power series

of the product of two functions 7 (t)(1 + h¢) T+ by

7 t £2 o
V()1 +hE) T = Qolg;h) + Q1(q;h)F + Qz(q;h)g +--- Qm(q;h)% N )]
where
t 2 m
T(E) = You T Yingy T Vohgy F )

Ay, Appell sequences transform into popular sequences and polynomials, such as
extended falling factorials ()"m = (q)m [12], Bernoulli sequences of the second kind
bm(q) [12], Boole sequences By, (g; A) [12], and Poisson—Charlier sequences Cp,(g; ) [12]
(p-2).

It is possible to trace the beginnings of monomiality back to 1941 when Steffenson
created the poweroid concept [15], which was subsequently improved by Dattoli [16].
The multiplicative and derivative operations for a polynomial set {b;, (1) } ;e are called
the M and D operators, and they fulfill the following expressions:

b1 (u) = M{by(u)} ®)
and
m by 1 (1) = D{bp(u)}. (6)

When multiplicative and derivative operators are used to alter a set {b,;(q) }en, it is
referred to as a quasi-monomial and must adhere to the following formula:

(D, M) = DAt — KD = 1, @)

and the result shows a Weyl group structure.

When the underlying set is quasi-monomial, the characteristics of the operators M
and D can be utilized to ascertain the characteristics of the set. Hence, the following
characteristics apply:

(i)  bm(q) demonstrates the differential equation

MD{bu(q)} = mbw(q), (8)
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if M and D possesses differential realizations.
(i) The following forms can be used to cast the explicit form of by, (u):
bu(q) = M™ {1}, ©)

while taking by(q) = 1.
(ili) Moreover, the following may be used to cast a relation in exponential form for by, (g):

m

1 = Y bul) o, < oo, (10)
m=0 :

by the usage of identity (9).

Numerous branches of mathematical physics, quantum mechanics, and classical optics
still employ these operational methods. Hence, these methods offer powerful and efficient
research tools; for instance, see [17-19].

Motivated by the work of Costabile and Longo [3], we introduce Ay multi-variate
Hermite polynomials, which can be represented by the generating expression:

m

A+t @ en)F aerd)t et = ¥ a0l g g
m=0 :

(11)

We derive several of their properties, and the rest of the manuscript is written as
follows: multi-variate A, Hermite polynomials are introduced in Section 2 along with
some of their specific features. In Section 3, symmetric identities for these polynomials
are established. Quasi-monomial characteristics for these polynomials are established in
Section 4. A conclusion is added in the last section.

2. A, Multi-Variate Hermite Polynomials

In this section, we offer an alternative generic technique for identifying multivariate
Ay, Hermite sequences. In actuality, we have

Theorem 1. Since, we observe Ay, multi-variate Hermite are given by (11); therefore, we have

q1 Ah [Ahﬁg’l} (QL qu Tty Qr/ h)] = mh Ahﬁ,[;],l(%/ 421 Tty erh)
quh [Ahﬁl[’;] (qll 172/ T /Qr/h)] - m(m - 1)h Ahﬁ,[;],z(‘h/ qu e Ierh)

73D [Ahﬁw (91,92, -+ ,qrsh)] = m(m—1)(m—2)h AhﬁLZ]_g(LH/QZr' g h)

(12)

oDl O (G142, g )] = m(m—=1)(m—=2) - (m—r+1)h 5, 81 (G140, qri ).

Proof. Differentiating Equation (11) w.r.t. g; via difference operators, we have

m

wbe{ 3 asutrn e it = wa{ et o)

12
h

1+hne®)% ...

X (1+h{f’)q7r}

Thus, in view of difference operators given by Equations (1) and (2), it follows that
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i m q1+h

IhAh{ Y A (q,q2, - ,qr;h)%} = (1+hé&)

m=0

2

(1+hE)T - (1+hE)T

qr
h

X (1+hE2)F - (1 +heF — A +he) T
92

= <1+hr§—1)(1+h(§)"7l (1+hE) T Q+hE)T - (1+ he)

93

= (ne) (1 +he)* (1 +h)F Q40T (1 +neDE
<) tm+1
=h Z Ahﬁm(quz/ Tt /qi‘/h)ﬁ
=0 m!
Replace m with m — 1, then equalize the coefficients of the same powers of ¢ in the resultant
expression, and we have

o0 m (e} [ee] m
aBn{ ZO s (g1, 92, ,qr;h)%} = ZO m{ ZO A m—1(31,92, - ,qr;h>%}-
m= m= m=

The proof of the first equation of the system of Equation (12) is obtained by comparing
the coefficients of the same powers of ¢ on b/s of the previous equation.
Next, differentiating Equation (11) w.r.t. gp via difference operators, we have

m 7’

w gk = pal e ) )

hgk

‘72Ah{

m=0

x (1+hg") }
Thus, in view of the difference operators given by Equations (1) and (2), it follows that

o) m

o] X g g} = (14 hg)

m=0

1
h

1+ AR —A+n)F A+ A+
_ (1+th —1)(1+h§)q71 (L+h2) 7 (L+h2) 7 - (1+hg)F

= (ne?) (14 he)

11
h

(1+he)F (1 +1g) R - (1 +ng) T
00 tm+2
=h Z Ahﬁm(%,qz/ te /erh)il
m=0 n:
Replace m with m — 2, then equalize the coefficients of the same powers of ¢ in the resultant
expression, and we have

m [e9)

q1Ah{ ZOAhﬁm(lhll]Z/' o /lhlh)%} = Z m(m - ]-){ ZOA;,fJWHZ(qLQZI' o /qr/h)

m=0

gm
Pkl
the proof of the second equation of the system of Equation (12) is obtained by comparing
the coefficients of the same powers of ¢ on b/s of the previous equation.

In a similar fashion, differentiating Equation (11) w.r.t. g, via difference operators,
we have
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[e9)

m

mAh{ )3 Ahﬁm(qlﬂhw“/ﬁlﬁh)%} IqrAh{(lJrhC)q}} (1+1e) T (1417

m=0

[e9)

X (1+h§r)%}

Thus, in view of the difference operators given by Equations (1) and (2), it follows that

m

i L (1,02, ,qr;h)%} = 1+

m=0

x A+ A+t —en)F A+ F (1 hen)

q
(1+h&)T 1+ T (1+1E)7T 2— 8002, G h) + 49100192, )
+Ah*62(q1/q21' o /qr/ )2! + +A;157Jm(q1/q2/ T /qfrh)% + Tt

= (141 =1)A+h)T A+ T Q+hS) T (1+hgF
(her) @+ he)% (1 E (ng) T 1 nenE
h

(e tm—i—r
; qlquI"'rqr/ ) m

Replace m with m — r, then equalize the coefficients of the same powers of  in the resultant
expression, and we have

oDl Y 8,9 (1,92, -+, qri ) =) m (m—2) - (m—r+1)
m=0 ! m=0

[} m
{ Z m rﬂl,lf]z/"'/%}h)i!}/

the proof of the rth equation of the system of Equation (12) is obtained by comparing the
coefficients of the same powers of { on b/s of the previous equation. [

Theorem 2. Further, the Ay, multi-variate Hermite polynomials Ahﬁm(ql, ga, - ,qrh), m € N

are determined by the power series expansion of the product (1 + h¢) 2 (1+ he?) 7
(1+h&) R - (1 + ke, that is

(13)

Proof. Expanding (1 + h¢) 2 (1 + htfz) 1+ h§3) - (1+hg") i by a Newton series for
finite differences at g1 = g, = - - - g, = 0 and the order the product of the developments of
function (1 + héj)qlTl 1+ h@z)%z (1+ h§3)q73 (14 h(’;f)%' w.r.t. the powers of ¢, then, in
view of expression (3) with y(t) = 1, we observe the polynomials a, 9 (41,92, - ,qr; h)
expressed in Equation (13) as coefficients of % as the generating function of A, multi-
variate Hermite polynomials. [

Next, we establish the quasi-monomial properties satisfied by A, multi-variate Her-
mite polynomials by proving the following results:

Theorem 3. The Aj, multi-variate Hermite polynomials satisfy the following multiplicative and
derivative operators:
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Ahf’erl (’h/ q2/ e /Qr/h) = MA;, {Ahﬁm(‘h/ q2/ e /quh)} -

A Ayl 14
(ql Ty 2 + Ml s rqr%) {891,241} (9
and
Ahﬁm—l (qll 172/ Tty Qr/ h) == DAh {Ahﬁm(‘h/ qu Tty erh)} -
log(1+44, Ap) " (15)
mh Ahﬁm(%rqu e Ier ) ’
respectively.
Proof. In view of finite difference operator Aj, we have
qlAh {Ahﬁm(%/ qZI te /qr; h):| =h C [A,,f)mfl(‘h/ q2/ e rqf;h)]/ (16)
or A
1 h [Ahﬁm((h/ QZ/ Tt /qi‘/h)i| - C [Ahﬁm—l (q1/ ‘72/ Tt /qr/h):| . (17)
Differentiating (1 1) w.rt. ¢ and g, separately, we find
A Om1(q1,92, - g h) = MAh{Ahﬁm(m,fh,' - ,Qr;h)} =
2 3 2 ; r—1 (18)
(th + 1+qhzg€2 + 132’3 oot %) {Ahﬁm(ql'q% e ,qr;h)}
and
A OIm(q1,92, 7, qrsh) = DAh{Ahﬁm(m,ﬂIz,' - /Qr}h)} = 19)

%{Ahﬁm(qlf QZI e rqr; h)}

Using identity (17) in view of (5) and (6) in above Equations (18) and (19), we are led
to assertions (14) and (15). O

Theorem 4. The Ay, multi-variate Hermite polynomials satisfy the differential equation listed as:

lhAh ! _ m%h
ql“q N, T2 q2h+ A z+3 q3h2+ A 3 T 8" 1og (44, 0p) (20)

X Ahﬁm(%/ g2, ,qrs h) =0.
Proof. Making use of expressions (14) and (15) in (8), we are led to assertion (20). O

Since, (1+ hé )% — efash — 0, itis clear that expression (11) reduces to multi-variable
Hermite polynomials.

3. Symmetric Identities

We provide symmetric identities for the multivariate Hermite Kampé de Fériet poly-
nomials in this section. Furthermore, we learn some of the multi-variate Hermite Kampé
de Fériet polynomials” formulae and characteristics.

Theorem 5. For, § # a and B, .0, we have
& Om(Ba1, BG2, - -, Barih) = B A, m(aq1, aqz, - -+, aqy;h). (21)

Proof. Since,  # a and B, x.0, we start by writing:

l‘érﬁyf]r
[

R(E g1, 00,93 qih) = (1+hE)" T (1+h§2) fo (14 he) (22)
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Therefore, the above expression R(&; 1,492,493, - - - ,qr; h) is symmetric in & and B.

Further, we can write

R 01,9203, i) = 5, 9m(@q1, 0202, -, &' qr; 1) e~ (23)
B pySm(agr, a2qa, -+, a7 g h) s
Thus, it follows that
R(E g h) = A S (Bar, BRaa, - - Brar ) S =
791,92, 93, 1 qrs aAHm(Ba1, Bq2, ;nﬁ qrs m! . (24)

& S (Ba1, B2, B h) .
The assertion (21) is obtained by equating the coefficients of the like term of xi in the final

two equations (23) and (24). O

Theorem 6. For, B # « B,a > 0, and it follows that

3 ¥ (m) <:1)aiﬁmﬂ_imf’)m(ﬁ%ﬁzqzr' < B ) Pi(a = L) =

i=0n=0
LA m i i m+1—i 2 r
Y ) [ Bla A Om (g1, 02q, 8" g ) Py_i(B— 1 1). (25)
i—on=0 \1/ \
Proof. Since, B # a B,a > 0, we start by writing:
« 282 ol By o
aBE(1+ 1) T (14 ) T (14 ) (<1 +hé>ﬁhﬁl>
S(&q1,q2,q3,- -+ ,qrh) = - (26)
(+ne)i1) (1 +ng)i1)
In a similar way to the previous theorem, we obtain statement (25). [
Theorem 7. For, B # « B,a > 0, we have
mimiim+1—i , 2 ro (a—1Hh 11 —
2 2 i " a'B Bm(h)Athl—m(:Bqlr,B q2, -, B'qr; h)Pm—l(‘X 1 ) Um—z(“ 1; h) =
i=0n=0
mlmiim-&-l—i , 2. . (R _1-
Y ) L, Bla By (h)a, 9iem (g1, a°q2, - - ,&"qr; h) 0_i(B — 1; h). (27)
i=0n=0
Proof. Since, f # a B,a > 0, we start by writing:
« “2 2 o B ar «
wBE(1+hE) T (14 hg2) T - (14 k) <(1 +h€>ﬁhﬁl>
(28)

FG e il = ((1 + hé‘)%—l) ((1 + hé‘)r‘?—l)

The preceding equation may be expressed as
apq 2p2g o"B'gr
Ty ih) = ey (LHRO T (LR T (L)
((1+h§)aﬁ%*l) (29)

(arne)it)

X



Symmetry 2023, 15, 839 8 of 10

oo m (l+h€) 1)
Usin: ¢:rx B (’352,< =0, (e —1;h (/SC and (11), we
B (1) =%, 2y B0 ol i(a— ;1) and (1),

have

(& q1,92,93, -+ G ) = & ZO By (h) (ﬁ,fi?m ZOAhﬁm(ﬁqlfﬁzqzw-- B h) L)
m= m=
XY i —1;h) B (30)
m=0

- OZO;O(ZI‘H:OZ;:O (" () B By () p, Him (Ba1, B2, -, B )i 1;h))%,

m=

If we proceed in the same way, we have

‘I(g;qlrlh,q&-..,qr;h)zzzzo( Ozn 0( )( )ﬁl amtl-ip (h)

" (31)
XAhﬁi—m<IBqlr 182’12/ T rﬁ qrs ) Um—i(ﬁ 1; h)) &

If we compare the coefficients of expressions (30) and (31), we obtain the result (27). O

4. Operational Formalism and Identities

The creation of new functional families and the facilitation of the derivation of the at-
tributes associated with regular and generalized special functions are both possible through
the application of operational approaches. Dattoli and their collaborators [15,16,20-23]
are interested in the study of special functions that aim to discover explicit solutions for
families of partial differential equations, such those of the Heat and D’Alembert type,
and their applications have acknowledged the value of using operational processes.

Differentiating successively (11) w.r.t. g1 via the forward difference operator concept
by taking into consideration expression (2), we find

AV [Ahﬁgz](bhlq:z,' L qnh)) = mh Ahﬁ,[,rl],l(%,%,' <, qph)
n [Ahf%[ﬁ] (91,92, ,qr; )] = m(m —1)h AhﬁLﬁ]_z(Q1,qz,- “,qr;h)

(32)

1A]’:1[Ah‘6£7}:1](q1/q21 tee /qr/'h)] m(m — 1)(}1’[ — 2) e (m —r + 1)h
X Ahﬁg’l]—r(qll q2,- - /qﬁh)-

Next, differentiating (11) w.r.t. 42,43, - - , g, via the forward difference operator concept by
taking into consideration expression (2), we find

7 0n [Ahﬁw(%,%w L qnh)] = m(m —1)h Ahﬁu 2(q1, 92, qr h)
BB S @ a2 g )] = m(m —1)(m—2)h o, 9L (G142, 45 1)

(33)

o Dula, S (1,02, 30 )] = m(m—1)(m—=2)---(m—r+1)h
[r] . -k
XAh‘f)m—r(qlquI /q}’/ )
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In view of system of expressions (32) and (33), we find that Ahf’)%]f,(ql, g2, ,qr; h) are
solutions of the expressions:

L]zAh [Ahfjl[’:;] (Chz qu e rQr} h)] - qlAiAhﬁLZ]_z(‘h; qZI e rQr} h)
T

Q3Ah [Ahﬁgl] (QL q2, - ,qrs h)] = Mm Az Ahﬁy_g,(%/ q2, - +qrs h)

(34)
l]rAh [Ahﬁg’l} (q1/ qZI ttty qu h)] - n ;l Ahf.),[;]fr (qlr QZ; Tty er h)/
under the listed initial condition
A (91,0,0, -, 0:11) = o, D1 1) (35)

Therefore, from system of expressions (34) and expression (35), we find that

5 (01,82, h) = exp (02082 + 83 8 + -+ 4,87 8, Sm(qis ). (36)

In light of previous mentioned expression, the Aj, multi-variate Hermite polynomials
[r]

A (91,92, -+ G 1) can be constructed from the the Aj, polynomial A, 9 (q1,; 1) by
applying the operational rule (36).

5. Conclusions

Here, we introduced the A;, multi-variate Hermite polynomials, and some of their
specific features were presented: Quasi-monomial characteristics for these polynomials
were established in Section 2, and forward difference relations were established in Theorem
1. Furthermore, symmetric identities were given in Section 3, and the operational rule was
established in Section 4.

Many mathematicians and physicists employ the Hermite polynomials, a set of poly-
nomials that is particularly useful for studying quantum mechanics. They are named after
the French mathematician Charles Hermite, who conducted the initial investigation into
them in the late 19th century. A collection of orthogonal polynomials known as the Hermite
polynomials fulfills the Hermite differential equation—a particular type of differential
equation. In addition to Gaussian quadrature, these polynomials may be found in physics,
numerical analysis, the quantum harmonic oscillator, and Schrondinger’s equation. They
also come up often in problems involving theoretical physics, approximation theory, ap-
plied mathematics, and other disciplines of mathematics including biological and medical
science.

The above-mentioned polynomials may also be proven to have extended generalized
forms, integral representations, and other features through further research and observation.
Furthermore, the interpolation form, recurrence relations, shift operators, and summation
formulae can also be a problem for new observations. Moreover, the hybrid forms of these
polynomials can be studied in future investigations, such as when convoluting with A,
Bernoulli, Euler, Genocchi, and Tangent polynomials.
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