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Abstract: Based on the strong field approximation theory and numerical solution of Maxwell’s
propagation equations, the high–order harmonic is generated from a neon (Ne) atom irradiated by
a high–intensity laser pulse whose central wavelength is 800 nm. In the harmonic spectrum, it is
found that in addition to the odd harmonics of the driving laser, a new frequency peak appeared. By
examining the time–dependent behavior of the driving laser, it is found that the symmetry of the
laser field is broken. We demonstrated that these new spectrum peaks are caused by the intensity
reduction and frequency blue shift of the high–intensity laser during propagation. Our results
reveal that it is feasible to modulate the harmonics of the specific energy to produce high–intensity
harmonic emission by changing the gas density and the position of the gas medium interacting with
the laser pulse.

Keywords: high–order harmonic generation; phase matching

1. Introduction

Many plentiful nonlinear phenomena [1–4] can be generated by ultrafast strong laser
interactions with atoms [5–9], molecules [10–13], and solids [14–20] including coherent high
energy harmonic emission, which can be applied to produce coherent tabletop light sources
of the tunable extreme ultraviolet and soft X-ray region [21–27], as well as in coherent diffrac-
tion imaging, ultrafast holography, and ultra–high time–resolved measurements [28–36].
Due to the spatial symmetry, only odd harmonics can be observed in the harmonics gen-
erated by atoms irradiated by the laser pulse. In the decades since it was first detected
experimentally, the phenomena of high–order harmonic generation (HHG) have progressed
significantly. On the one hand, using a 4 µm mid–infrared driven laser to interact with
helium atoms at high pressure, it was experimentally observed that HHG exceeds 5000 or-
ders of magnitude and harmonic energies up to 1.6 keV [37]. On the other hand, the
supercontinuous high–order harmonic emission spectrum obtained by the mid–infrared
laser produces ultrashort pulses of 43 attoseconds (as) [38]. However, the efficiency of
harmonics generated remains relatively low, which restricts the further application of HHG.
To address this issue, more in–depth research has been conducted.

The generation of gaseous harmonics can be broadly divided into two parts: the
response from a single atom to the driving field and the coherence of harmonics generated
by different atoms of the gas system (propagation effect). Numerous schemes to improve
the harmonic emission efficiency have been proposed for the single–atom response. In
order to improve harmonic efficiency, in 1994, Watanabe et al. [39] experimented with
the titanium sapphire laser and triple frequency two–color field and found that adding a
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third harmonic with an intensity of only 10% of the fundamental frequency laser intensity
can increase ion yield by 7 times. The suprathreshold ionization peak caused by the third
harmonic disappears in the photoelectron spectrum when the two–color superposition
is achieved, forming a continuous spectrum, indicating that the coherent control of the
two–color field is successfully achieved under tunneling conditions, and the results show
that the harmonic efficiency of the platform region is increased by an order of magnitude.
Tong and Rundquist et al. proposed to optimize the laser field waveform by the two–color
field or the multi–color field and then control the electron trajectory during harmonic
emission [40]. Lan et al. proposed an attosecond ionization gate composed of a two–
color laser field to modulate the generation of electron wave packets, thereby effectively
improving the harmonic yield [41]. Hong et al. significantly enhanced the yield of the
continuous harmonic spectrum through the field [42]. Luo et al. used UV pulses to assist
ionization in enhancing the quantum paths affecting the harmonics, thereby effectively
improving the intensity of the supercontinuum spectrum [43]. However, many of these
approaches fail to significantly improve efficiency when considering propagation effects,
especially for different gas pressures and driving laser focusing conditions, where the
same laser setup produces considerably different results because the plasma generated
by the interaction of the driving laser with the atomic gas target no longer maintains the
characteristics of the driving field for different gas pressures and driving laser parameters.
In comparison, the harmonic intensity of the harmonics cannot be effectively regulated due
to different phase–matching conditions of harmonic generation and gas absorption and
scattering processes. Hence, the harmonic efficiency is usually regulated from the collective
effect of the harmonic propagation.

The phase matching [44–47] requirements for harmonic production must be improved
to maximize the harmonic efficiency from a macroscopic perspective. Changing gas density
to achieve harmonic tuning is typically a direct method. For example, earlier studies by
Chen et al. observed that at lower laser energies, the intensity of harmonic emission can
be steadily enhanced as the gas density of nitrogen 7th to 17th harmonics increase [48].
Based on the interaction of Ne atom gas with 1200 nm few–cycle mid–infrared laser pulses,
Pan et al. found that the quantum trajectory of harmonic generation can be controlled in
the mid–infrared case, which in turn produces isolated attosecond pulses [49]. Since the
harmonic efficiency declines with the increasing wavelength of the driving laser pulse, the
aforementioned research could not successfully modulate the harmonic emission.

When a gas medium is ionized, the refractive index changes, causing the laser transmit-
ted in the medium to produce spectral modulation, also known as self–phase modulation
(SPM). The blue–shift phenomenon of harmonics is the result of self–phase modulation.
Wahlström et al. studied the blue shift phenomenon of Xe and Ar high–order harmonic
radiation generated by the pulse valve [50]. According to Kan et al., high harmonic genera-
tion in ionizing atomic gases ought to be accompanied by an intensity–dependent harmonic
phase, which in a practical experimental setting would lead to a clearly visible blue shift
and line splitting in the midplateau harmonics. Subsequently, the non–adiabatic blue shift
of the high–order harmonic from Ar was first experimentally discovered by Shin [51] et al.
By adjusting the respective positions of the pulse valve and the laser focus [52], Altucci et al.
were able to continuously tune harmonic radiation in the range of less than 20 nm. In
addition, the harmonic blueshift phenomena will be brought on by the non–adiabatic effect
produced by the quickly growing laser electric field [53]. Lu et al. experimentally inves-
tigated the spectrum blueshift properties of Ne phase–matched higher–order harmonics.
When laser pulses are delivered across a gas ionization medium, the produced self–phase
modulation (SPM) causes harmonics to turn blue [54]. Furthermore, pulse valve systems
make it challenging to determine the gas density with accuracy. High gas density can
be attained inside the gas box much more simply than using pulse valves. Additionally,
the gas box can expand the laser–gas interaction region, boost harmonic photon flux, and
make it easier to capture powerful high–order harmonic radiation. Reitze et al.’s use of an
evolutionary strategy algorithm in combination with a shaping laser pulse allowed them
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to tune the harmonic wavelength of Ar in the gas box and increase the harmonic photon
flux [55]. Nefedova et al. explained the microscopic effect of spectral movement of Ne and
He higher harmonic radiation generated by pulse valves. Moreover, through experimental
data, it was discovered that when the contribution of long electron trajectories is less than
10%, the contribution of higher harmonics to spectral motion cannot be ignored by the
atomic dipole phase [56].

In this study, we focused on the harmonic emission of the Ne atoms caused by a
high–intensity driving pulse of 800 nm. In this case, new energy peaks appear in the
harmonic emission spectrum under this situation. By examining the driving laser field and
the harmonic propagation process, it is demonstrated that the cause of this phenomenon is
that atoms rapidly ionize to form plasma under the action of a high–intensity driving laser.
As the fundamental drive field strength decreases, the frequency shifts to blue. Based on
this method, the gas density may be tuned to improve the generation of higher–intensity
harmonic emissions. The organization of this paper is as follows. We first propose the
theoretical model and computational scheme selected for the study. Next, the results of
the numerical calculations are given and discussed in detail. The results of the study are
summarized at the end of the paper.

2. Materials and Methods

In order to study the process of harmonic generation by the interaction between an
intense laser field and atomic gas, we need to calculate the single–atom response of atoms
and the propagation equation of the laser field.

A. Single–atom response
In order to resolve the time–dependent Schrödinger equation for atoms in low–frequency

laser beams, Lewenstein et al. devised an analytical theory in 1994. The three–step model
provided by Corkum et al. provides a traditional justification for the hypothesis. The
“Lewenstein model” or “strong field approximation model” are common names for this
theory (SFA). We applied the strong–field theory by Lewenstein to calculate the single–atom
response under the action of the laser field [57]. The time–dependent dipole moment of the
atom under the action of the laser field is expressed as:

D(t) =− i
∫ ∞

0
dτ

[
π

ε + iτ/2

]3/2
d∗x
(
~pst + ~A(t)

)
g∗(t) exp[−iS(~pst, t, τ)]

× E(t− τ)dx

(
~pst + ~A(t− τ)

)
g(t− τ) + c.c.

(1)

where, ~pst = − 1
τ

∫ t
t−τ

~A(t′)dt′, S(~pstt, τ) = Ipτ − 1
2~p

2
stτ + 1

2

∫ t
t−τ

~A2(t′)dt′ is the asymp-
totic momentum and a semi-classical action quantity. E(t) is the laser field. A(t) is the vector
potential corresponding to the atom in the theoretical simulation. g(t) = exp

(
−
∫ t

0
γ(t′)

2 dt′
)

is the ground state amplitude in numerical simulations. γ(t′) is the ionization rate during
the experiment.

The equation for the high–order harmonic spectrum is

P(w) =
∣∣dq(w)

∣∣2 (2)

After the Fourier transform, the dipole acceleration becomes

dq(ω) =
1√
2π

∫ ∞

−∞
D(t) exp(−iqωt)dt (3)

where ω is the central frequency of the laser pulse while q represents the harmonic order,
respectively.

B. Propagation of fundamental and harmonic fields.
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We consider the spatial distribution of the electric field driving the laser as: E1(r, z′, t′) =
Re
[

Egau(r, z′)A(r, z′, t′)e−i(ω0t′+ϕCE)
]

where the equations below are valid:

Egau
(
r, z′

)
=

bE0

b + 2iz′
exp

(
− kr2

b + 2iz′

)
A
(
r, z′, t′

)
= exp

[
−(2 ln 2)

(t′ − φlaser (r, z′)/ω0)
2

τ2
ω

]

φlaser
(
r, z′

)
= − tan−1

(
2z′

b

)
+

2kr2z′

b2 + 4z′2

(4)

To simulate the collective response of the macroscopic gas, the propagation of the
fundamental frequency laser field in the medium under the cylindrical coordinates can
be expressed by Maxwell’s propagation equations and solved numerically by the Crank–
Nicolson’s method [58–60]:

∇2E1(r, z, t)− 1
c2

∂2E1(r, z, t)
∂t2 = µ0

∂Jabs(r, z, t)
∂t

+
ω2

0
c2

(
1− η2

e f f

)
E1(r, z, t) (5)

∇2Eh(r, z, t)− 1
c2

∂2Eh(r, z, t)
∂t2 = µ0

∂2P(r, z, t)
∂t2

(6)

in Equations (5) and (6), E1(r, z, t) is the fundamental frequency laser pulse field, Eh(r, z, t)
is the harmonic field, z is the direction of laser propagation, and r is the radial distance,
respectively.

The effective refractive index of the medium for the experimental conditions is:

ηe f f (r, z, t) = η0(r, z, t) + η2 I(r, z, t)−
ω2

p(r, z, t)

2ω2
0

(7)

The first term η0 = 1 + δ1 − iβ1 on the right of the equation contains the refraction
δ1 and absorption effects of the neutral atom β1; the second term is the Kerr effect term,
which is limited by the intensity of the laser I(r, z, t); and the third term is based on the free
electron. The plasma frequency is ωp(r, z, t) =

[
e2ne(r, z, t)/(ε0me)

]1/2 , with the mass of
the electron represented by me, the charge of the electron by e, and the density of the free
electron by ne(r, z, t).

Jabs in Equation (5) was the absorption term for the dissociated medium.

Jabs(r, z, t) =
γ(r, z, t)(n0 − ne(r, z, t))IpE1(r, z, t)

|E1(r, z, t)|2
(8)

where γ(r, z, t) is ionization rate. P(r, z, t) is the polarization term, which depending on the
laser field E1(r, z, t).

C. Far–field harmonics
Near–field harmonics, which are harmonics that are released in the exit plane of a

gaseous medium, propagate further in a vacuum before being picked up by the spectrome-
ter. Before reaching the detector, harmonics may go through slits, iris, or pinholes, or they
may reflect off of mirrors or other sophisticated optical devices (called far–field harmonics).
The far–field harmonics are obtained through subjecting the near–field harmonics to the
Hankel transform [61–63]:

E f
h

(
r f , z f , ω

)
= −ik

∫ Ẽh(r, z′, ω)

z f − z′
J0

(
krr f

z f − z′

)
exp

 ik
(

r2 + r2
f

)
2
(

z f − z′
)
rdr (9)
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where J0 is the zero–order Bessel function, z f is the distance away from the laser focus
position, r f is the transverse coordinate in the far field, and k = ω/c is the wave vector k.

3. Results and Analysis

We used an 800 nm driving laser with a focusing peak intensity of 1015 W/cm2, a pulse
duration of 30 fs, and a laser beam waist of 25 µm. The Neon atom gas target was located
on the laser focus with a medium length of 1 mm. Figure 1a depicts the corresponding
harmonic emission spectrum. As can be seen from Figure 1a, the generated near–field
harmonics exhibit a clear platform structure. The cut–off energy of the harmonic spectrum
is approximately the 80th harmonic, which is substantially lower than the cut–off energy
(135th harmonic) of the single–atom response at this intensity. The harmonic spectrum
still exhibits odd–order harmonic properties below the threshold value. However, as
harmonic energy rises, more numerous spectral patterns become visible. It should be
noted that in addition to odd harmonic peaks, new spectral peaks can be seen. As the
harmonic order grows, the energy location of the new spectral lines gradually drifts away
from the harmonic peak energy position, which is also shown in the inset of Figure 1a.
When the harmonic energy increases further, the spectral structure of harmonic emission
becomes increasingly complex, showing a multimodal mode. It has been found that the
multi–peak patterns during the propagation are caused by the changes in the waveform
driving the laser, which we will explore in detail. In the far–field case, the new spectral
peak characteristics can be observed more clearly, as depicted in Figure 1b. Far–field
harmonics exhibit two characteristics, as seen in Figure 1b. Odd–order harmonics have a
higher emission intensity and a smaller divergence angle. Near the odd harmonic peak,
the harmonic emission’s width is narrower while its divergence angle is larger.
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Figure 1. (a) The near–field HHG spectra generated by an intense laser pulse at 800 nm. (b) The
spatial distribution of the divergence angles of the far–field harmonics at different positions along
and off the axis.

To better understand the nature of these harmonics, we estimated the variations in
the harmonic emission spectrum along the direction of harmonic propagation, as shown
in Figure 2. The graph shows that with the increase in z, the spectral intensity of odd
harmonic emission reaches the maximum value when z = −0.2 mm. When z increases
further, the harmonic intensity begins to decrease, while a new spectral peak arises near the
odd–order harmonics at z = 0.1 mm, the strength of this peak grows with the propagation
distance. It should be noted that with a subsequent increase in distance, the intensity of
odd harmonics remains constant.
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Figure 2. The relationship between the propagation position and the harmonic intensity distribution
of various harmonic orders.

Considering that harmonic emission is a driven laser field’s nonlinear reaction to an
atom, in order to study how the driven laser field changes with propagation position, we
further explored the variation of the driven laser field, as shown in Figure 3a. The diagram
displays the variation of the driving laser intensity at different spatial positions r with the
propagation position z. It can be seen from the figure that as the driving laser gradually
diffuses towards the focus, the intensity of the driving laser does not increase. Instead,
it shows a tendency to decay rapidly. When z = 0 is reached, the intensity of the driven
field decreases slowly until the end of the laser and remains at a lower amplitude. This
phenomenon was caused by the rapid ionization of atoms caused by high–intensity laser
pulses, which causes the plasma to form in the gas at low pressure [64–66] and defocus the
driving laser [67,68]. In this way, after the medium’s effective refractive index and intense
phase modulation change rapidly, the intensity of the driving laser decreases [69]. For a
more detailed view of the changes in the driving laser, Figure 3b presents the change in
intensity with r for the positions z = −0.5 mm (black solid line) and z = 0.5 mm (red dotted
line), respectively. The diagram makes it evident that, at the z = 0.5 mm location, the field’s
primary energy is concentrated close to the axis. Furthermore, the laser intensity rapidly
drops as the distance from the axis increases. At the position of z = 0.5 mm, not only does
the axial intensity decrease rapidly, but the intensity changes slowly with the change of r.
There is still a large intensity distribution at the position far from the optical axis.

In addition to the intensity of the driving laser, the more critical factor affecting the
harmonic generation is the waveform of the driving laser. In Figure 4, we display the change
in the time–dependent amplitude of the driving laser field at several spatial locations to
analyze this effect. From Figure 4a, it can be clearly observed that the peak amplitude
of the driving laser field varies significantly from z = −0.5 mm to z = 0 while the peak
amplitude changes negligibly from z = 0 to z = 0.5 mm. The time–dependent amplitude
change characteristics of the laser field also show different behaviors, with a bit of change
in the laser field along the rising edge of the laser pulse and a significant change in the laser
field close to the peak of the laser pulse, as seen in Figure 4b, where the central wavelength
of the driving optical field also moves toward the high–energy zone.
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Figure 3. (a) Spatial evolution of the laser field. (b) Radial distribution of the electric field intensity
before (black solid line) and after (red dotted line) the propagation.
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enlarged details of (a).



Symmetry 2023, 15, 636 8 of 13

We perform the Fourier transform in the time–domain electric field at various spatial
locations to produce the frequency spectrum of the laser field, as shown in Figure 5, which
allows us to examine the impact of this portion of frequency shift. It can be seen from
Figure 5 that the fundamental frequency driving laser field at different spatial positions
shows different characteristics, no matter whether r = 0 µm (Figure 5a) or r = 10 µm
(Figure 5b): firstly, the spectrum intensity of the spectrum decreases rapidly with the
increase in the propagation distance; secondly, the rate of decrease becomes more negligible
beyond z = 0 mm; thirdly, the spectrum peak also moves toward the high–energy zone;
and finally, the frequency almost stops moving when it exceeds z = 0 mm. The single–
atom response changes when the laser field changes, and we then looked more closely at
this variation.
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Figure 5. Variation of laser frequency amplitude with frequency at different propagation positions (a)
r = 0 µm, (b) r = 10 µm

Figure 6 shows how the single–atom harmonic spectrum changes at z = −0.5 mm,
0 mm, and 0.5 mm at a distance from the optical axis r = 4 µm. The harmonic emission
spectrum in Figure 6a shows a fairly intricate structure at z = −0.5 mm. In addition to
the interference peaks caused by the driving laser envelope effect, odd harmonics can
be observed in the harmonic spectrum, resulting from the driving laser’s pulsing effect.
It seems that the odd harmonic is still very near to the harmonic emission peak overall.
However, the peak energy of the harmonic emission spectrum has shifted towards the
high–energy area as due to the expanding propagation distance. Peak shift behavior can be
seen in the harmonic emission spectra approaches at z = 0 mm (Figure 6b) and z = 0.5 mm
(Figure 6c), which is consistent with the behavior of the driving laser field, where the
high–intensity driving laser rapidly ionizes the gas target to produce plasma, causing a
decrease in optical field strength and an increase in frequency as the propagation distance
increases, resulting in a new frequency peak in the generated harmonic spectrum.

The above analysis reveals that the interaction of the high–intensity driving laser
with the gas target changes the behavior of the driving laser field due to the scattering
effect of the generated plasma, which further affects the change of the harmonic emission
spectrum, resulting in the enhancement of the harmonic emission at certain frequencies.
The density and laser parameters of the gas medium can be macroscopically changed to
obtain harmonic enhancement for particular energies. In response, we examined how the
gas pressure and the position of the gas target that interacts with the beam affect harmonic
amplification. For gas target pressures of 20, 30, 40, and 50 torr, Figure 7a depicts the
changes in harmonic emission intensity with harmonic order. As can be observed from the
figure, when the gas pressure is low, harmonic intensity augments as the gas pressure rises.
However, the gradual transition of the harmonic emission spectrum from a bimodal to a
unimodal structure results in a decrease in the intensity of the odd harmonic peak relative to
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the harmonic peak produced by the laser field change, which makes this feature all the more
important because it allows for the modulation of shining efficiency at the corresponding
frequency. Additionally, it is acknowledged that the new frequency’s peak energy varies
significantly under various pressure conditions. This approach may be utilized to produce
the best modulation of the harmonic energy emitted. As illustrated in Figure 7b, we also
looked into how the harmonic emission spectra changed as the focusing position changed.
The relative strength of the harmonic peaks is altered by shifting the focusing location,
as can be seen in Figure 7b; however, the overall efficiency of the harmonics is not much
impacted. The odd harmonic of the input driving laser is still more noticeable when the
gas target is in front of the laser focus. Nevertheless, the new frequency peak will be much
higher than the odd harmonic peak produced by the input driving laser for the gas target
behind the laser focus (marked by the blue dotted line in Figure 7b). Therefore, it is possible
to control the effectiveness of the particular energy harmonics by the location of the driving
laser interaction with the gas target without affecting the gas pressure or the driving laser’s
characteristics.
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Figure 6. The harmonic spectra of single–atom response at r = 4 µm for propagation positions of
(a) z = −0.5 mm, (b) z = 0 mm, and (c) z = 0.5 mm.
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−0.5–0.5 mm; (b) harmonic spectra at different focal lengths of the air pressure on 20 Torr.
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To further regulate the efficiency and frequency of HHG, we increased the length of
the laser pulse acting with the gas, while illustrating how harmonic intensity varies with
propagation location, Figure 8 indicates how more atoms congregate, the medium enlarges,
and the high–energy peaks become stronger as the propagation distance rises. Additionally,
the number of peaks is growing and they are becoming larger and wider. Correspondingly,
the harmonic efficiency is improving. Furthermore, it can be observed that the phenomena
of multiple peaks occur at z = 2.5 mm, which might help us optimize the choice of a certain
number of harmonics.
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Figure 8. The harmonic emission spectrum at the propagation distance of 3 mm changing with the
propagation position.

4. Conclusions

In this study, a theoretical analysis of the HHG of the Ne atom by a high–intensity laser
is proposed. It has been discovered that the low–energy plateau of the harmonic emission
spectrum has a double–peak structure. The laser field’s analysis reveals that the intensity
of the laser field falls as the propagation distance rises. The defocusing action of the plasma
produced by the driving laser causes the frequency blue shift. New frequency harmonic
peaks are formed by the changing the laser field. The effect of the gas target density, and the
position of the gas target interaction with the laser pulses on this phenomenon was further
examined. Our scheme could be employed to optimize the particular energy harmonics
designed to improve the harmonic emission intensity.
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