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Highlights:

The stagnation point of heat transfer and hybrid nanofluid flow using the Powell-Eyring model
toward stretching/shrinking surface problem is studied. The metal particles used are GO and
Fe2O4 and Ethylene Glycol (EG) as base fluid. The analysis of entropy when the surface shrunk is
highlighted. The thermal radiation and magnetic effects are also investigated.

Abstract: The heat transmission in a non-Newtonian hybrid nanofluid that combines particles of
graphene oxide (GO) and iron dioxide (Fe2O4) with the base fluid chosen as ethylene glycol (EG) is
analyzed, including the effects of radiation and magnetic influence. The hybrid nanofluid flow is
assumed to be asymmetric because it flows along a horizontal shrinking surface in response to external
inducements. The mathematically modelled partial differential equations (PDEs) form is then derived
into ordinary differential equations (ODEs) by implementing a proper similarity transformation to
the PDEs. The mathematical formulation is then algorithmically estimated employing the bvp4c
solver in MATLAB. The parameters’ effects on the skin friction measurement, local Nusselt number,
entropy generation, velocity profile, and temperature profile are investigated and explained. This
finding illustrated that the skin friction is augmented between 13.7% and 66.5% with the magnetic
field, velocity slips, and the concentration of GO particles. As for the heat transmission ratio, only
thermal radiation and velocity slip effects will affect the heat upsurge with the range of 99.8–147% for
taken parameter values. The entropy for the shrinking case is found to increase between 16.6% and
43.9% with the magnetic field, velocity slip, and Eckert number.

Keywords: hybrid nanofluid; thermal radiation; magnetic field; entropy generation

1. Introduction

Magnetohydrodynamics (MHD) is the study of the behavior and characteristics of
magnetic-field-influenced electrically conducting liquid. Practical applications of MHD
fluids can be seen in the plastic deformation process, the optical industry, power generators,
etc. Ramzan et al. [1] ascertained the convective flow behavior of MHD hybrid nanofluid
with velocity and thermal slips. Using an analytical method called the homotopy analysis
technique, they discovered that an increase in magnetic field leads to a decrease in skin
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friction with or without velocity slip and an increase in magnetic field leads to a decrease
in Nusselt number with or without thermal slip. Moreover, a higher magnetic field value
will slow down the liquid’s velocity because the magnetic field will create more friction.
However, an appropriate magnetic field value will produce more Lorentz force, and more
energy can be kept in the fluid, which will enhance the heat transfer. Hafeez et al. [2]
explored the heat transference movement of a cross-nanofluid mixture on a contracting
exterior. They discovered that the critical point of the magnetic effect elevated as the
backward parameter raised from−1.2 to−1. Other scholars who also considered MHD flow
on shrinking sheets were Othman et al. [3], Parvin et al. [4], and Lund et al. [5]. Moreover,
it was shown that in the study by Yasir et al. [6] the MHD effect included in the stagnation
point movement also intensifies the skin friction together with the Nusselt number. More
studies about the MHD significance near the stagnation point at the shrinking slab were
performed by Anuar et al. [7], Jawad et al. [8], and Rahman et al. [9].

One of the core components that influences heat transmission in fluid flow is known as
Joule heating. When the electrical energy in a system turns into heat energy, the conversion
itself is referred to as Joule heating. The purpose of lessening the value of current in the
system is to reduce the destruction that may occur. With Joule heating, the conduction
of electricity will be enhanced, which can help to improve heat transmission. As Joule
heating has a massive repercussion against heat transmission, it is widely used in real-
life applications, such as the petroleum and nuclear industry, electrical devices, chemical
reactors, and microdevices and -systems. Using the Darcy–Forchheimer flow model to
study non-Newtonian tangent hyperbolic fluid, Rao et al. [10] exposed that the Eckert
number escalations increased the liquid’s temperature, further diminishing the heat trans-
mission efficiency. Venkatesan and Reddy [11] observed Al2O3/Blood fluid subject to Joule
heating and other few impacts and concluded that the Hartmann number reduced the
temperature of the fluid. Other previous papers that investigated Joule heating covering
liquid movement were the exploration of Joule heating on MHD movement of Walters-
B nanofluid close to extending slab, adopting the Runge–Kutta–Fehlberg technique by
Gholinia et al. [12], Joule heating reactions in porous materials by Alaidrous and Eid [13],
where they discussed electromagnetic radiative non-Newtonian nanofluid by optimal
homotopy analytical method, Joule heating analysis of Cattaneo–Christov Heat Flux on
CuO-Cu-Al2O3/H2O flow over an inclined contracting plate by Jangid et al. [14], and
the exploration of MHD bioconvection of nano liquid flow on an elongating wedge by
Ferdows et al. [15].

Extensive literature has been developed on nanofluids, and a lot of researchers are
gaining interest in hybrid nanofluids. Two different types of nanoparticles are combined
to create hybrid nanofluids in the chosen base fluid. It is different from nanofluid as
nanofluid only uses one type of nanoparticle. Recently, hybrid nanofluids have been
actively used in many industrial applications, such as radiators, generators, and cooling
systems. Previous studies have shown that hybrid nanofluids allow the heat exchange
among the properties to be optimized and embellish the thermal conductivity by indirectly
boosting the heat transmission effectiveness. Hybrid nanofluids are discovered to be less
damaging to the environment and help to save energy. It can also help to lower the costs of
individual nanoparticle, as only a smaller concentration is needed. It is stated that hybrid
nanofluids can improve the suitability and practicality of conventional nanofluids. As the
benefits are evident, it is crucial to discover more about heat transfer by utilizing hybrid
nanofluids in different conditions. The study of nonlaminar flow of CuO/H2O within a
wavy microchannel [16] and the analysis of Ag/H2O inside a duplex-layered sinusoidal
heat sink [17] are some of the studies on conventional nanofluids. Qureshi [18] compared
the proportion of heat transmission between ZrO2–Cu/EO mixture nanofluid and ZrO2-EO
nanofluid. The outcomes of this investigation revealed that mixture nanofluid is a superior
heat conductor compared to traditional nanofluid. Mashayekhi et al. [19] investigated
Cu-Al2O3/H2O within a binary-layered microchannel with heat absorption and found that
the wall’s structure affects the heat transmission rate significantly. Hussain et al. [20] did a
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study about the reaction and heat transfer on GO-MoS2/H2O hybrid nanofluid on a curved
surface with shape factors. They found that shape factors have a more noticeable impact
on a hybrid nanofluid. The involvement of GO was examined in [21] with the effect of
radiation, and it was concluded that the concentration of GO augments the momentum and
thermal effects of the liquid. Another research that studied GO hybrid nanofluid compares
GO/EO and GO-Fe3O4 with thermal and magnetic effects [22]. Few other studies show the
usage of Fe2O4 particles in heat transfer problems [23–25].

For a better understanding, Newtonian fluids follow Newton’s law of viscosity, which
means that they have a constant viscosity. Non-Newtonian fluids do not obey the law and
have a changing viscosity. Numerous studies have investigated non-Newtonian fluids, and
a lot of models are presented on this type of fluid with different thermophysical aspects.
A study about non-Newtonian fluids reported that Casson fluid, Carreau fluid, Powell–
Eyring fluid, and Prandtl–Eyring fluid are some non-Newtonian fluid models [26]. One of
the applications of this fluid in the industry is in processing chemicals, hence attracting
an increasing amount of scholars’ attention. Powell–Eyring fluid is a model developed by
Powell and Eyring [27]. Usually, it is very challenging to find the solution to non-Newtonian
models due to their complex system equations. However, this model’s simplicity helps
researchers gain solutions for their problems more efficiently [28]. Previous studies that
have emphasized this model are the entropy study of Powell–Eyring Cu-Al2O3/ethylene
glycol fluid [29] and the effects of MHD and heat source/sink of Powell–Eyring fluid
on a stretching surface [30]. One of the crucial components that is needed in the heat
transfer process is the base fluid. However, using the conventional base fluid without
adding nanoparticles gives poor thermal conductivity. As a result, the researchers started
to add particles to the base fluids. Some fluids that are mainly used for this process are
water, engine oil, kerosene oil, and ethylene glycol. A few studies on ethylene glycol as the
base fluid have been completed earlier, such as MHD flow of Cu/EG nanofluid with heat
generation/absorption effect [31], Cu-Fe3O4/EG-based hybrid nanofluid slip flow on the
elongating surface [32], and the mixed convective flow of SWCNT-MWCNT/EG hybrid
nanofluid [33].

The electromagnetic wave radiation that a surface emits due to its heat is known
as thermal radiation. Some applications that benefit from thermal radiation are solar
technology, nuclear plant, spacecraft aerodynamics, etc. Numerous scholars and experts
are interested in examining the influence of radiation on fluids’ behavior. The effect of
thermal radiation on an MHD Powell–Eyring C71500-Ti6Al4V/C2H6O2-H2O was studied
by Roja [34], where an increase in radiation led to an increase in entropy and decrease
in the temperature of the liquid. Rashad et al. [35] looked into MHD Powell–Eyring Cu-
Fe3O4/EG within a permeable medium. They detected that as the value of the magnetic
field and radiation were enhanced, the rapidity of the fluid is improved, although the
radiation effect alone enhanced the temperature within the boundary layer. Many scholars
solved the problem of the radiation effect in heat transfer by studying the laminar flow
of Cu/H2O within an upright channel [36], MHD flow of Cu/H2O between parallel
plates [37], and MHD flow of GO/H2O in a porous channel [38] for nanofluids and MHD
flow of CuO-Al2O3/H2O over two different geometries [39], MHD Al2O3-Ag/H2O flow
over a stretching sheet [40], and MHD Williamson MoS2-ZnO/EG flow over a permeable
stretching sheet [41] for hybrid nanofluids.

Entropy generation, associated with the second law of thermodynamics, is one of the
interferences that occurs in the system. When operating a system in real-life scenarios, it is
impossible to say that the system is in an ideal condition, where no energy, in the form of
heat and friction, is wasted. Hence, the primary concern of many experts is to minimize
the energy lost from the system. Entropy generation analysis is introduced to point out the
irreversible loss that occurs in a thermal process and to calculate the system’s disturbance,
help assess the ability, and achieve maximum effectiveness of a system. There are many
practical applications of entropy generation analysis, such as in electrical devices, the
cooling and heating industry, and biological and chemical systems. The entropy generation
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of Cu-Al2O3/EG hybrid nanofluid through a rotating channel was analytically solved and
has been reported that a stronger magnetic field leads to growth of entropy generation, as
the magnetic field produces a lot of resistance creating more Joule heating in the system [42].
The radiation effect also increases entropy in the system because the higher intensity of
radiation increases the temperature of the liquid. Similar results on the effect of magnetic
and radiation intensities on the entropy of the system can be seen in [43]. The entropy
of non–Newtonian Carreau hybrid nanofluid was studied in [44], and it was concluded
that a hybrid nanoparticle system produces more entropy than one that uses only one
nanomaterial. The study of entropy and curvature effect of Cu–Al2O3/Blood in [45]
showed that a higher concentration of the nanoparticles generates higher entropy because a
higher concentration increases the flow’s momentum and enhances the randomness of the
particles. They also stated that entropy in the system of hybrid nanofluid is high, while the
entropy produced from only the base fluid system is lower. Entropy of hybrid nanofluids
was further analyzed by Ghali et al. [46] and Hayat et al. [47].

Inspired by the previously discussed research and the vital elements of non-Newtonian
hybrid nanofluid and entropy studies, this work focuses on MHD GO-Fe2O4/EG hybrid
nanofluid’s flow and heat transfer over the expanding and contracting surfaces with thermal
radiation effect. Fe2O4 is widely used as a catalyst in the industry due to its magnetic
behavior. Whereas, GO, used in many applications due to its characteristics, is a very
promising particle to boost the catalyst. Hence, the combination of GO-Fe3O4 with ethylene
glycol is promising for a thermal heating and cooling system with minimum residue left
in the system for a solar battery, radiator, and device sensors with minimal cost. Several
studies focus on stretching surfaces with entropy analysis, but only a little information is
available when the surface shrinks with entropy analysis. The unstable boundary layer
partial differential equations are converted into a system of ordinary differential equations
using the proper similarity transformation. The collected results for velocity, temperature,
skin friction coefficient, local Nusselt number, and entropy generation are reviewed and
highlighted in tables and graphs.

2. Mathematical Modelling

Figure 1 demonstrates a steady, two-dimensional boundary layer flow into a moving
horizontal plate. The surface is assumed to be shrunk with the velocity Uw(x) along the
x−path, and the mass flux constant velocity is denoted by v. The constant temperature
of the flat plate is Tw and T∞ is known as the ambient temperature. Hence, the boundary
layer equations from these assumptions will be derived as (Source: Waini et al. [48] and
Wasim et al. [49]).

∂u
∂x

+
∂v
∂y

= 0 (1)

u
∂u
∂x

+ v
∂u
∂y

= ue
∂ue

∂x
+

(
νhn f +

1
ρhn f β∗ε3

)
∂2u
∂y2 −

1
2ρhn f β∗ε3

(
∂u
∂y

)2 ∂2u
∂y2 −

σ B2
0

ρ
(u− ue) (2)

u
∂T
∂x

+ v
∂T
∂y

=
khn f(

ρCp
)

hn f

(
∂2T
∂y2

)
+

µhn f(
ρCp

)
hn f

(
∂ u
∂ y

)2
+

σ B2
0(

ρCp
)

hn f
(u− ue)

2 − 1(
ρCp

)
hn f

(
∂qr

∂y

)
(3)

Subject to boundary conditions:

u = αUw + ε0
∂u
∂y

, v = 0,−khn f
∂T
∂y

= h f (Tw − T) at y = 0

u→ ue, T → T∞, as y→ ∞ (4)
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The solutions for Equations (1)–(3) along with the boundary condition (4) can be ob-
tained by reducing to ordinary differential equations with the implementation of similarity
transformation (Source: Waini et al. [48]), which is given as,

ψ(η) =
√

bν f x f (η), ϑ(η) = T − T∞/Tw − T∞, η =
√

b/v f y (5)

and given that the stream function is denoted as ψ which is collaborated with the follow-
ing equation

u =
∂ψ

∂y
, v = −∂ψ

∂x
(6)

The reduced partial differential equations are(
1

φaφb
+ χ

1
φb

)
f ′′′ + f f ′′ − f ′2 − χς

φb
f ′′ 2 f ′′′ −M

(
f ′ − 1

)
+ 1 = 0 (7)

φd
Prφc

(1 +
PrRd

φd
)ϑ′′ + Ec

1
φc

[
1
φa

f ′′ 2 + M
(

f ′ − 1
)2
]
+ f ϑ′ = 0 (8)

with boundary conditions:

f ′(0) = α + ε f ′′ , f (0) = 0,−
khn f

k f
ϑ′(0) = Bi[1− ϑ(0)]

f ′(η)→ 1, ϑ(η)→ 0 as η → ∞ (9)

Here the parameters involved are material parameter χ = 1
µ f β∗ε3 and ς = b3x2

2v f
, mag-

netic parameter M =
σ B2

0
bρ f

, radiation Rd = 16σ∗T3
∞

v f (ρCp) f 3k∗
, Prandtl number Pr =

v f (ρCp) f
k f

,

Eckert number Ec = b2x2

(Tw−T∞)(Cp) f
, velocity slip ε = ε0

√
b

v f
, and Biot number Bi =

h f
k f

√
v f
b .

α represents the stretching and shrinking parameter, in which α > 0 implies the elongating
region while α < 0 indicates the contracting surface.

The hybrid nanofluid parameters (Source: Qureshi [18]) are denoted as follows,

φa = (1− φ1)
2.5(1− φ2)

2.5 =
µ f

µhn f
(10)

φb = (1− φ2)

[
(1− φ1) + φ1

ρs1

ρ f

]
+ φ2

ρs2

ρ f
=

ρhn f

ρ f
(11)
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φc = (1− φ2)

[
(1− φ1) + φ1

(
ρCp

)
s1(

ρCp
)

f

]
+ φ2

(
ρCp

)
s2(

ρCp
)

f
=

(
ρCp

)
hn f(

ρCp
)

f
(12)

φd =
khn f

k f
(13)

The formulas and values involved in calculating the hybrid nanofluid parameters in
Equations (10)–(13) is given in Tables 1 and 2 respectively.

Table 1. The thermophysical features of hybrid nanofluids (Source: Devi and Devi et al. [50]).

Features Hybrid Nanofluid

Density (ρ) ρhn f = (1− φ2)
[
(1− φ1)ρ f + φ1ρs1

]
+ φ2ρs2

Viscosity (µ) µhn f = µ f /(1− φ1)
2.5(1− φ2)

2.5

Heat capacity (ρCp)
(
ρCp

)
hn f = (1− φ2)

[
(1− φ1)

(
ρCp

)
f + φ1

(
ρCp

)
s1

]
+ φ2

(
ρCp

)
s2

Thermal conductivity (k)
khn f =

ks2+2kn f−2φ2(kn f−ks2)
ks2+2kn f +φ2(kn f−ks2)

× kn f

With kn f =
ks1+2k f−2φ1(k f−ks1)
ks1+2k f +φ1(k f−ks1)

× k f

Table 2. The values of the thermophysical properties of nanoparticles and base fluid (Source: Hus-
sain et al. [20], Muhammad et al. [23] and Ogunseye et al. [29]).

Thermophysical
Properties

Graphene Oxide
(GO) Iron Dioxide (Fe2O4) Ethylene Glycol

(EG)

k
(
Wm−1K−1)

Thermal conductivity
5000 9.7 0.253

ρ
(
kgm−2)

Density
1800 5180 1115

Cp
(

Jkg−1K−1)
Specific heat

717 670 2430

The critical physical quantities for this mathematical modelling are the skin friction
coefficient C f , local Nusselt number Nux and entropy generation NG. The formulation for
these physical quantities is as follows (Source: Qureshi [18] and Wasim et al. [49]).

C f =
τw

ρ f U2
w

, Nux =
xqw

k f (Tw − T∞)
, NG =

T2
∞a2EG

k f (Tw − T∞)2 (14)

Along with the definition of the shear stress τw =

[(
µhn f +

1
β∗ε3

)
∂u
∂y −

1
6β∗ε3

(
∂u
∂y

)3
]

y=0
,

the heat flux qw = khn f

[
1 + 16σ∗T3

∞
3k∗k f

](
∂T
∂y

)
y=0

and EG =
khn f

T2
∞

[(
∂T
∂y

)2
+ 16σ∗T3

∞
3k∗k f

(
∂T
∂y

)2
]
+

µhn f
T∞

(
∂u
∂y

)2
.

By substituting Equation (6) in Equation (14), the following is obtained.

C f Re
1
2
x =

(
1
φa

+ χ

)
f ′′ (0)− χς

3
( f ′′ (0))3, NuxRe−

1
2

x = −φd(1 + Rd)θ′(0),

NGRe−1 = φd(1 + Rd)
(
θ′(0)

)2
+

BrT∞

φa(Tw − T∞)
( f ′′ (0))2 (15)
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The notation for the above equation is given as Rex = x Uw
v f

, which is denoted as a local

Reynolds number while Re = Uwb2

v f x is the Reynolds number, and the Brinkmann number is

given as Br =
µ f U2

w
k f (Tw−T∞)

.

3. Flow Stability

The similarity differential Equations (2) and (3) have identified several solutions. Thus,
stability evaluation is necessary to determine which solutions can provide stability. The
unstable forms for the similarity differential equations, where t denotes time, are

∂u
∂t

+ u
∂u
∂x

+ v
∂u
∂y

= ue
∂ue

∂x
+

(
νhn f +

1
ρhn f β∗ε3

)
∂2u
∂y2 −

1
2ρhn f β∗ε3

(
∂u
∂y

)2 ∂2u
∂y2 −

σ B2
0

ρ f
(u− ue) (16)

∂T
∂t

+ u
∂T
∂x

+ v
∂T
∂y

=
khn f(

ρCp
)

hn f

(
∂2T
∂y2

)
+

µhn f(
ρCp

)
hn f

(
∂ u
∂ y

)2
+

σ B2
0(

ρCp
)

hn f
(u− ue)

2 − 1(
ρCp

)
hn f

(
∂qr

∂y

)
(17)

τ is a new variable that denotes the dimensionless time variable. Therefore, the
similarity variables (Source: Khashi’ie et al. [51]) create dimensionless unsteady equations:

ψ =
√

bν f x f (η, τ), η =

√
b

v f
y, ϑ(η, τ) = T − T∞/Tw − T∞

u = ax f ′(η, τ), v = −√aν f f as τ = at (18)

The updated differential Equations (16) and (17) are reduced to(
∂ f
∂η

)2
− f

∂2 f
∂2η

= 1+
(

1
φaφb

+ χ
1
φb

)
∂3 f
∂η3 −

χς

φb

(
∂2 f
∂2η

)2
∂3 f
∂η3 −M

(
∂ f
∂η
− 1
)
− ∂2 f

∂τ∂η
(19)

φd
Prφc

(
1 +

PrRd
φd

)
∂2ϑ

∂η2 + Ec
1
φc

[
1
φa

(
∂2 f
∂2η

)2

+ M
(

∂ f
∂η
− 1
)2
]
+ f

∂ϑ

∂η
− ∂ϑ

∂τ
= 0 (20)

with the boundary conditions:

f ′(0, τ) = α + ε f ′′ , f (0, τ) = 0 ,−
khn f

k f
ϑ′(0, τ) = Bi[1− ϑ(0, τ)]

f ′(η, τ)→ 1, ϑ(η, τ)→ 0 as η → ∞ (21)

To determine the stability of both solutions f (η) = f0(η) and ϑ(η) = ϑ0(η), f (η, τ)
and ϑ(η, τ) are introduced (Source: Khashi’ie et al. [51]):

f (η, τ) = f0(η) + e−γτ F(η, τ), ϑ(η, τ) = ϑ0(η) + e−γτG(η, τ) (22)

It should be highlighted that F(η, τ) and G(η, τ) are small in comparison to f0(η)
and ϑ0(η), respectively, since variable γ is known as an unknown eigenvalue. When
Equation (22) is substituted into Equations (19)–(21), the linearized eigenvalue equations are(

1
φaφb

+ χ
1
φb

)
∂3F
∂η3 −

χς

φb

(
f ′′0

2 ∂3F
∂η3 + 2 f ′′0 f ′′′0

∂2F
∂η2

)
+ f0

∂2F
∂η2 −

(
2 f ′0 + M− γ

)∂F
∂η

+ F f ′′0 −
∂2F

∂η∂τ
= 0 (23)

φd
Prφc

[
1 +

PrRd
φd

]
∂2G
∂η2 + ( f0(η) + γ)

∂G
∂η

+
Ec
φc

[
2
φa

f ′′0 (η)
∂2F
∂η2 + 2M

(
f ′0(η)− 1

)∂F
∂η

]
+ F(η, τ)ϑ′0(η)−

∂G
∂τ

= 0 (24)
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The boundary conditions are

∂

∂η
F(0, τ) = ε

∂2

∂η2 F(0, τ), F(0, τ) = 0,
∂

∂η
G(0, τ) = BiG(0, τ)

k f

khn f

∂

∂η
F(η, τ)→ 0, G(η, τ)→ 0 as η → ∞ (25)

The potential range of the eigenvalues γ1 < γ2 < γ3 < · · · can be determined by
easing the boundary condition F(∞) = 0 or G(∞) = 0. In this paper, the boundary
condition F′(η)→ 0 is relaxed and substituted by initial condition F′′ (0) = 1. γ1 is the
smallest eigenvalue, and it serves as the stability determinant. When the value of γ1 is
less than zero, it portrays that there is a formation of disturbance in the solution; hence,
the computed solution is unstable. On the other hand, when the value of γ1 is more than
zero, it explains that the computed solution is stable with the deterioration of disturbance.
The smallest eigenvalues at every specific spot are illustrated in Figure 2. It shows that the
stable solution is the upper branch solution since the value is in the positive range, while
the lower branch solution is the unstable solution.

Symmetry 2023, 15, x FOR PEER REVIEW 9 of 23 
 

 

The potential range of the eigenvalues 𝛾1 < 𝛾2 < 𝛾3 < ⋯ can be determined by eas-

ing the boundary condition 𝐹(∞) = 0 or 𝐺(∞) = 0. In this paper, the boundary condi-

tion 𝐹′(𝜂) → 0 is relaxed and substituted by initial condition 𝐹′′(0) = 1. 𝛾1 is the small-

est eigenvalue, and it serves as the stability determinant. When the value of 𝛾1 is less than 

zero, it portrays that there is a formation of disturbance in the solution; hence, the com-

puted solution is unstable. On the other hand, when the value of 𝛾1 is more than zero, it 

explains that the computed solution is stable with the deterioration of disturbance. The 

smallest eigenvalues at every specific spot are illustrated in Figure 2. It shows that the 

stable solution is the upper branch solution since the value is in the positive range, while 

the lower branch solution is the unstable solution. 

 

 

Figure 2. Stability analysis for Equations (23)–(25). 

4. Results and Discussion 

Many solvers can be used to solve Equations (7)–(9) by implementing shooting tech-

niques to cater for the solutions for boundary value problems. For instance, the Runge–

Kutta–Fehlberg-45 (RKF-45) method combined with the shooting technique is used to 

solve the boundary value problems as in [52]. Likewise, Al-Mubaddel et al. [53] used 

bvp4c, which employs the three-stage Lobatto IIIa formula to solve the boundary value 

problems. Using bvp4c solver built-in MATLAB, Equations (7)–(9) are computed. The 

bvp4c solver is preferred mostly because it is a favorable solver that can untangle PDEs with 

complicated boundary conditions. It is also easier to compute the solution for shrinking sur-

face cases. Some former works that have used this solver can be found in [6,14,15]. Provided 

multiple parameters, which are 𝑀, 𝑅, 𝐸𝑐, 𝜖,  and 𝐵𝑖 , a relevant discussion is held. The 

Prandtl number for the base fluid, ethylene glycol, is set to be 𝑃𝑟 = 204 (see Ganesh et al. 

[54]). In this paper, 𝜙1 indicates Fe2O4 nanoparticles and 𝜙2 represents GO nanoparti-

cles. The concentration for both particles is 0.01. 

Validation is essential to ensure the reliability of this paper. That is, to compare recent 

discoveries and earlier findings from past researchers by numerical computing. A numer-

ical comparison with Bachok et al. [55] and Wahid et al. [56] is used to verify the accuracy 

of the present model. Table 3 presents the comparison data that we obtained, and it is 

shown that the data are all within the acceptable range. Hence, it is satisfactory to assume 

that the results are reliable. 

  

Figure 2. Stability analysis for Equations (23)–(25).

4. Results and Discussion

Many solvers can be used to solve Equations (7)–(9) by implementing shooting tech-
niques to cater for the solutions for boundary value problems. For instance, the Runge–
Kutta–Fehlberg-45 (RKF-45) method combined with the shooting technique is used to solve
the boundary value problems as in [52]. Likewise, Al-Mubaddel et al. [53] used bvp4c,
which employs the three-stage Lobatto IIIa formula to solve the boundary value problems.
Using bvp4c solver built-in MATLAB, Equations (7)–(9) are computed. The bvp4c solver is
preferred mostly because it is a favorable solver that can untangle PDEs with complicated
boundary conditions. It is also easier to compute the solution for shrinking surface cases.
Some former works that have used this solver can be found in [6,14,15]. Provided multiple
parameters, which are M, R, Ec, ε, and Bi, a relevant discussion is held. The Prandtl
number for the base fluid, ethylene glycol, is set to be Pr = 204 (see Ganesh et al. [54]).
In this paper, φ1 indicates Fe2O4 nanoparticles and φ2 represents GO nanoparticles. The
concentration for both particles is 0.01.

Validation is essential to ensure the reliability of this paper. That is, to compare
recent discoveries and earlier findings from past researchers by numerical computing. A
numerical comparison with Bachok et al. [55] and Wahid et al. [56] is used to verify the
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accuracy of the present model. Table 3 presents the comparison data that we obtained, and
it is shown that the data are all within the acceptable range. Hence, it is satisfactory to
assume that the results are reliable.

Table 3. Comparison of skin friction coefficient when f ′′ (0) and M = Ec = 0.

α

Bachok et al. [55] Wahid et al. [56] Present Study

1st
Solution

2nd
Solution

1st
Solution

2nd
Solution

1st
Solution

2nd
Solution

−0.25 1.4022408 - 1.402240767 - 1.402240774 -
−0.5 1.4956698 - 1.495669720 - 1.495669732 -
−0.75 1.4892983 - 1.489298191 - 1.489298195 -
−1.15 1.0822315 0.1167022 1.082231123 0.116702139 1.082231123 0.116702132
−1.2 0.9324739 0.2336497 0.932473307 0.233649729 0.932473309 0.233649727
−1.2465 0.5842956 0.5542825 0.584281454 0.554296191 0.584281488 0.554296191
−1.24657 0.5639733 - 0.574525263 0.564003924 0.574525624 0.564009932

As shown in Figures 3 and 4, it can be seen that for αc ≤ α < 0, dual solutions exist,
and it will ultimately end at a critical point αc. αc is the key to understand the flow’s
separating process and solution is not supposed to appear when α < αc. The figures are
visualized to show the connection between stretching and shrinking parameter α, when

parameters M and φ2 vary with the skin friction coefficient C f Re
1
2
x , local Nusselt number

NuxRe−
1
2

x , and entropy generation NGRe−1.
Figure 3 shows that the growth of M increases the value of skin friction, decreases

the value of the Nusselt number, and raises the value of entropy. M speeds up the fluid’s
velocity, which upsurges the shear stress, thereby the skin friction value is also escalated. The
main reason for this is that the boost in the magnetic force enhances the Lorentz force, which,
in turn, resists the movement in the vicinity of the boundary layer, which, as a result, raises
the surface friction forces next to the boundary layer. These forces dwindle somewhat when
they are far from the layer into the hybrid nanofluid. The local Nusselt number denotes the
rate of heat transfer. Hence, depletion of the Nusselt number means the rate of heat transfer
also diminishes as M gets bigger. It has been proved that augmenting the magnetic field M
accelerates the system’s entropy. As a result of swelling the Lorentz force, the temperature
of the internal molecules in the liquid is boosted, which in turn grows the energy stored
internally by the molecules that make up the hybrid nano liquid causing a contraction
in the heat transference from the inside of the fluid to the outside in the conventional
heat transfer procedures. This occurrence, in turn, enhances the entropy generation in the
thermal system for the hybrid nano liquid. In other words, the drag force caused by the
magnetic field generates a lot of friction, enhancing the entropy generation of the system.
As the value of M grows, the critical value lessens, such that αc = −1.373549 (M = 0.065),
αc = −1.37818 (M = 0.07), and αc = −1.405973 (M = 0.1). Theoretically, when the critical
value is lowered, it delays the separation of the boundary layer.

Figure 4 displays the increment effects of GO concentration φ2. As the value of φ2
becomes more concentrated, the critical importance moves toward positive value, such
that αc = −1.405973 (φ2 = 0.01), αc = −1.4035 (φ2 = 0.04), and αc = −1.40035 (φ2 = 0.08).
When the value of critical value increases, it fastens the separation of the boundary layer.
Skin friction coefficient surges because more resistance is built in the fluid, which enlarges
the shear stress. Physically, the rise of graphene oxide nano molecules exceeds the collision
forces between the molecules inside the nano liquid within the boundary layer, which
generates higher surface frictions, which, in turn, accretions the shear stress of the system.
The temperature of the fluid is boosted along with the concentration of GO, depicting that
more heat is absorbed into the liquid. Hence, the rate of heat transfer into the surface of
the system is diminished. The soaring of φ2 does not aid in the rise of disturbance in the
system, as the entropy generation reduces when φ2 rises. The boosting in the concentricity
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of graphene oxide nanoparticles raises the collisions and thus raises the values of the
internally stored energy of the particles inside the nano liquid with the swell of these
collisions due to the lack of interfacial spaces filled by the graphene oxide nanoparticles,
which raises the temperature and thus reduces the generated entropy within the studied
thermal system.
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Table 4 displays the values of physical quantities with various values of parameter
effects. As the value of velocity slip ε builds up, skin friction will be increased. A high
viscosity level of GO-Fe2O4/EG drives ε to increase skin friction. Velocity slip also helps in
boosting heat transfer because, as shown in the table, the Nusselt number’s value increases
when ε intensifies. In addition, ε elevates the production of disturbance in the system if its
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value increases. The increment in the rapidity slippage causes the molecules that make up
the hybrid nano liquid to lose their stored thermal energy and thus lose their temperature
near the boundary layer of the surface. This event physically exceeds the surface friction
forces and swells the heat transference process next to the boundary layer of the surface.
The slight change in skin friction coefficient, concerning parameter effects Eckert number
Ec and thermal radiation Rd, is because these parameters do not affect the momentum of
fluid. Instead, the change in the value of the local Nusselt number is evident because these
effects are closely related to the temperature of the liquid. Table 4 shows that as the value
of Ec increases, the value of the Nusselt number decreases because Ec will prevent the heat
from being transferred to the surface. However, when Rd enhances, more heat is carried
in the flow, so the value of the Nusselt number will improve. This phenomenon implies
that Ec prevents heat transmission while Rd supports the transfer of heat. Noticeably, the
strengthening of Ec leads to the increment of entropy. In contrast, when the value of Rd
augments, there is a minimal reduction in the entropy generation. It is important to know
the behavior of entropy for shrinking surfaces as, based on Adesanya et al. [57], the entropy
generation must be regulated for sustainable and efficient manufacturing. For the Biot
parameter Bi, the results show that it does not have any effect on all three values of skin
friction coefficient, local Nusselt number, and entropy generation. The physical reasons
are that when the Eckert number exceeds the required value, the temperature differences
of the fluid diminish, meaning that the temperature gradient gradually dwindles, which,
in turn, reduces the heat transference rate of the hybrid nano liquid. While the relatively
high thermal radiative value reduces the conventional liquid pair and raises the interfacial
distances between its molecules, the molecules begin to lose the internally stored thermal
energy, and thus the total heat transition rate of the hybrid nano liquid increases.

Table 4. Skin friction coefficient, local Nusselt number, and entropy generation, when α = −1.4.

Ec Rd ε Bi CfRe
1
2
x NuxRe

− 1
2

x Entropy

1st Solution 2nd Solution 1st Solution 2nd Solution 1st Solution 2nd Solution

0.01 0.1 0.1 0.1 1.072133669 0.750354986 −0.063235727 −0.043932841 4.359617604 2.129891634
0.8 - - - 1.072133757 0.750354987 −5.05888402 −3.514627291 26.322070129 12.730478987
1.0 - - - 1.072133758 0.750354987 −6.323605114 −4.393284109 38.677880812 18.694241172
- 0.07 - - 1.072133679 0.750354989 −0.072036548 −0.049763586 4.360764374 2.130420151
- 0.08 - - 1.072133680 0.750354987 −0.068565825 −0.047457329 4.360295382 2.130203896
- - 0.2 - 1.612105529 0.466433063 −0.099002297 −0.031028763 9.921324931 0.821946760
- - 0.3 - 1.816822281 0.370772639 −0.027679856 −0.027591472 12.630987007 0.519323731
- - - 0.45 1.072133668 0.750354989 −0.063235889 −0.043932852 4.359617616 2.129891649
- - - 0.5 1.072133668 0.750354987 −0.063235894 −0.043932843 4.359617616 2.129891638

The impact of magnetic field M on velocity and temperature profiles at contracting
surface α = −1.3 is shown in Figure 5. It can be deduced that as M is amplified, the velocity
of the liquid elevates, and the momentum boundary layer thickness diminishes. Owing to
the presence of radiation parameters and shrinking surface, as the magnetic field increases,
the velocity of fluid also increases. Production of Lorentz force caused by the magnetic
field interaction with nanofluid that conducts electricity helps fluid particles to move more
quickly instead of suppressing the fluid’s movement. This occurrence is only possible
because the force exerted is directly proportional to the liquid’s magnetic field and velocity.
The temperature of the fluid, as M increases, goes up little by little at first, but then falls
approximately at η = 2. Before it falls, the temperature accelerates because of the Lorentz
force’s resistance to the flow, which enhances the heat. After this particular point, as M
grows, the temperature of fluid slowly diminishes.
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Figure 6 depicts the effects of velocity slip ε on the flow of GO-Fe2O4/EG fluid at
contracting surface α = −1.4. It is evident that ε increases the velocity of fluid as ε increases.
A reference to Stoke’s Law is needed to clarify this condition, where ε will increase if the
density of the fluid is higher leading to a higher velocity gap between the liquid and the
surface. ε is also expected to create an extra interruption and speed up the fluid’s velocity.
The temperature of the liquid decreases as ε goes higher, and as the temperature of the
fluid drops, its viscosity climbs. This spectacle leads to a reduction in the boundary layer
thickness. This incident is physically due to the fact that the rate of rapidity slippage
inside the liquid is inversely proportional to the root of the viscosity of the conventional
liquid, which leads to the occurrence of that physical phenomenon that causes the effects
mentioned above.
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Figure 7 illustrates how the enhancement of graphene oxide’s concentration φ2 affects
the fluid. The speed of the liquid becomes slower because the concentration escalates the
fluid’s viscosity and produces more resistance in the flow, which leads to a boundary layer
with thicker momentum. However, the temperature of the fluid surges with the value of
concentration. It is proven that as φ2 increases, the high thermal conductivity of graphene
oxide helps more heat to transmit into the flow and widen the thermal boundary layer.
Swelling the graphene oxide nanoparticles rises the total density of the molecules inside
the fluid, which reduces the distances between the molecules and between each other, and
this negatively affects the movement of the nanofluid and increases the volume of internal
collisions. This causes these molecules to lose their thermal energy, which increases the
concentration and leads to an increment in the thermal transfer rate of the nano liquid.
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The thermal radiation Rd effect on the temperature of the fluid is analyzed in Figure 8.
It is shown in the temperature profile that there exists a turning point near η = 3. Before
the cross-over, the temperature of the liquid gets colder as radiation is enhanced, but
after that point, the temperature begins to become hotter. In a sense, it increases because
more substantial heat flux is generated due to the enhancement of kinetic energy that
results from interparticle collisions. With high radiation, it means that the system is getting
hotter. After η = 3, the thermal profile thickness is boosted. This phenomenon has been
referred previously because the energy of the internal molecules changes with the increase
in thermal radiative quantity, and the influence occurs on the temperature outlines and
thus the rates of heat transition affect in the opposite direction on the rates of generated
entropy. This phenomenon appears to be more evident, of course, by approaching the
boundary layer of the liquid and less by moving away from it.
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As illustrated in Figure 9, as Eckert number Ec intensifies, it further increases the
liquid’s temperature. The strong Ec emphasizes enormous kinetic energy, which means
that the temperature will increase due to the heating of the floor. Ec is the proportion of
kinetic energy to the total heat present in the thermodynamic system, where the pressure is
constant, which explains why high Ec means high kinetic energy. The thermal boundary
layer thickens as Ec varies increasingly. As the quantity of Eckert rises, the internal viscosity
of the liquid diminishes, so the kinetic energy of the molecules increases, which raises the
thermal energy stored in the molecules. As a result, its temperature increases near the
surface, then decreases rapidly by moving away from it, passing through the molecules
inside the nano liquid.
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The effect of Biot number Bi on the thermal profile is presented in Figure 10. It is
shown that as the Biot value increases, the temperature of GO-Fe2O4/EG and the thickness
of the thermal boundary layer decrease. The massive size of the Biot number is said to
activate the cooling process on the system’s surface, hence cooling down the particles. So,
this implies that with the presence of graphene oxide particles in the fluid, Bi enhances the
heat diffusivity from the liquid to the surface. The opposite of the physical effect occurs
with the Eckert quantity. The role of viscosity increases with the boost in the Biot number
near the boundary layer, so the apparent diminishing in temperatures occurs as a result of
the increment in heat transition rates approaching this layer, so its thermal thickness rises,
and its stored thermal energy is lost. Temperatures begin to decrease until relative stability
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occurs in the internal viscosity of the nano liquid, at which the temperature stabilizes away
from the boundary layer.
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5. Conclusions

The study of a non-Newtonian hybrid nanofluid on a shrinking plate has been ana-
lyzed in the presence of MHD and radiation. The mathematical modelling is being dealt
with bvp4c to obtain the dual solutions. By utilizing the stability analysis, it was discov-
ered that the upper branch solution is the one that converges instead of the lower branch
solution. The results of the current work are as follows:

1. The fluid velocity will be faster in the range of 9.7–54.3% when the values of magnetic field
and slip velocity parameters are optimized for the studied values of these parameters.

2. The temperature of the fluid will be hotter by a percentage ranging between 76.6%
and 215% with the increment in the value of the thermal radiation parameter effect,
the Eckert number, and the concentration of GO, within the limits of the selected
values for the parameters under study.

3. Skin friction will be elevated with the high magnetic field, velocity slip, and concentra-
tion of GO between 13.7% and 66.5% with these parameters’ values incrementations.

4. Thermal radiation and velocity slip can be enhanced to improve the heat transfer rate
with the range of 99.8–147% for taken parameters’ range.

5. Magnetic field, velocity slip, and Eckert number support the production of entropy
(with 16.6–43.9%) when their values are raised within the range for these parameters.

Through many previous studies, it has been proven that the hybrid nanofluid is very
useful in improving the efficiency of many applications in various industrial fields by
enhancing its heat transfer. Especially in this work, it has been shown that enhancing the
concentration of graphene oxide leads to a significant improvement in the rate of heat
transfer. Therefore, it is very useful to apply it in the industrial applications, especially
in the manufacturing of solar energy systems. This study can also be implemented and
extended experimentally in practical life applications in cooperation with chemistry and
materials science scientists.
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Nomenclatures

Bi Biot number Tw the fluid temperature of the surface
Br Brinkman number T∞ ambient temperature
C f skin friction coefficient b initial stretching rate
Cp specific heat

(
J kg−1 K−1) Greek symbols

Ec Eckert number φ the volume fraction of the nanoparticles
EG dimensional entropy (J/K) ρ density Kg m−3

h f heat transfer coefficient σ∗ Stefan Boltzmann constant
k thermal conductivity

(
W m−1 K−1) ψ stream function

k∗ absorption coefficient ε velocity slip parameter
Rd radiation parameter µ dynamic viscosity of the fluid (kgm−1s−1)
NG dimensionless entropy generation ν kinematic viscosity of the fluid (m2s−1)
Nux local Nusselt number θ dimensionless temperature
Pr Prandtl number (ν/α) χ, ς material parameters
qr radiative heat flux α stretching and shrinking parameter
qw wall heat flux Subscripts
Re Reynolds number f base fluid
v velocity component

(
m s−1) 0 surface

Uw the velocity of the stretching sheet n f nanofluid
vw mass flux constant velocity s particles
x, y dimensional space coordinates (m) GO graphene oxide nanoparticle
T fluid temperature Fe2O4 iron dioxide nanoparticle
M magnetic parameter EG ethylene glycol
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