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Abstract

:

The additive hazard regression model plays an important role when the excess risk is the quantity of interest compared to the relative risks, where the proportional hazard model is better. This paper discusses parametric regression analysis of survival data using the additive hazards model with competing risks in the presence of independent right censoring. In this paper, the baseline hazard function is parameterized using a modified Weibull distribution as a lifetime model. The model parameters are estimated using maximum likelihood and Bayesian estimation methods. We also derive the asymptotic confidence interval and the Bayes credible interval of the unknown parameters. The finite sample behaviour of the proposed estimators is investigated through a Monte Carlo simulation study. The proposed model is applied to liver transplant data.
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1. Introduction


In time-to-event analysis, the survival time,   T > 0  , represents the duration until the occurrence of an event and is the variable of interest. The hazard function,   h ( t )  , has received great attention among practitioners to model the risk of occurrence of an event in the particular interval   [ t , t + Δ t )  . Regression models are often used in survival analysis to investigate the causal relationship between survival outcome and covariates. In the statistical literature, the well-known proportional hazards (PH) approach [1] has gained popularity in modelling covariate effects on the survival of the individual. In the PH model, the effect of the covariates acts multiplicatively on some unknown baseline hazard rate function. However, there are occasions where a measure of the additive effect of covariates is preferred over a multiplicative effect [2,3]. Aalen [4] introduced an important alternative to the PH model that is the additive hazards (AH) regression model which was later studied by Lin and Ying [5,6]. In the AH model, the hazard with the associated covariates is defined as the sum of the baseline hazard rate and regression function of the covariates. In a two sample set-up, the PH model concerns the risks ratio, whereas the AH model addresses the risks difference.



In survival studies, it is often possible that an individual has a lifetime with   p ≥ 2   mutually exclusive types of events or competing risks [7,8]. In the competing risks setting, the occurrence of one type of event alters the chance of the occurrence of other types of events. For example, primary biliary cirrhosis (PBC) is a chronic liver disease in which an individual may receive a transplant and experience death in the waiting queue. In breast cancer clinical trials, investigators may be interested in observing events such as local relapse, auxiliary relapse, remote relapse, second malignancy of any kind, and death. Frequently used competing risks modelling methods depend on the observed value of the bivariate random vector   ( T , C )  , where T denotes the lifetime (possibly censored) and   C = j , j ∈  1 , 2 , … , p    is the set of possible causes of failure. In this framework, the basic identifiable quantities are the cause-specific hazard (CSH) function and the cumulative incidence function (CIF). For a comprehensive review and recent developments in competing risks, one may refer to [7,9,10,11,12,13].



In the literature, there is a considerable amount of work on the parametric modelling of competing risks data in the presence of covariates. Jeong and Fine [14] considered the parametric regression analysis for competing risks using the Gompertz distribution as a baseline model. Anjana and Sankaran [15] proposed the reverse cause-specific PH model by assuming an inverse Weibull distribution under left censoring. Lee [16] provided the parametric quantile inference for the CSH function with adjustment of covariates. Lipowski et al. [17] suggested three parametric distributions for competing risks data. Rehman and Chandra [18] presented a survival analysis with competing risks using the parametric PH model under the middle censoring scheme.



Parametric regression modelling of competing risks survival data in the above-mentioned literature is mainly based on Cox’s PH model [1]. However, researchers have commonly considered non-parametric and semi-parametric analysis of the AH model in the presence of competing risks. Shen and Cheng [19] proposed the confidence bands for CIF under the AH model. Sun et al. [20] considered the AH model for competing risks analysis of the case-cohort design. Zhang et al. [21] proposed a regression analysis of competing risks data via a semi-parametric AH model. Li et al. [22] analysed an additive sub-distribution hazard model for competing risks data.



Semi-parametric and non-parametric methods are distribution-free approaches, and they are useful in a situation where the distribution function of survival time T is unknown. If the model is adequately specified, however, parametric methods are more efficient than semi-parametric methods [9]. Parametric approaches have two major advantages: predicting future behaviour and the availability of straightforward estimation and inference methods based on the likelihood theory. In this article, we focus on the parametric approach for survival analysis based on the AH model instead of semi-parametric and non-parametric approaches. A parametric AH regression model may be developed by assuming some known distributional form for the baseline hazard function [23]. To the best of our knowledge, survival analysis with competing risks based on a parametric AH regression model has not received much attention, and this is the motivation behind the development of this article. Therefore, the main objective is to employ a parametric AH regression model for competing risks survival data. In this article, we study the modified Weibull distribution (MWD) with one scale and two shape parameters, which is capable of capturing various shapes of the hazard rate, such as bathtub failure rate, and it also accommodates many properties of exponential and Weibull distributions [24].



Another aim of this article is to consider both classical and Bayesian methods of estimation. In traditional statistical inference approaches, parameters are estimated based on the available data in which the maximum likelihood estimator (MLE) usually provides the solution. While dealing with lifetime data, it is obvious that some past information may be available in terms of the past record of the individuals. For example, in medical sciences, before examining a patient, the investigator may be interested in knowing the history of the disease. The MLE does not have the flexibility to incorporate prior information in data analysis. In this context, the Bayesian method of reasoning is well known for incorporating prior information. Furthermore, Bayesian methods provide more accurate estimation results than MLE when the sample size is small. In practice, researchers often consider the gamma prior as an informative prior even if it is not a conjugate prior [25]. However, other researchers consider Weibull, inverted gamma, and log-normal prior as an alternative choice of the gamma prior [26,27]. Therefore, in this article, we choose a class of baseline informative types of prior, namely gamma, Weibull, and log-normal priors for comparison purposes. For regression parameters, we assume uniform priors. The Bayes estimates are obtained based on two different loss functions, viz., squared error (symmetric) and LINEX (asymmetric) loss functions. Interval estimation is also obtained. Asymptotic and Bayes credible intervals of unknown parameters are derived in this setting with respect to classical and Bayesian approaches.



The rest of the paper is organised as follows: we propose a parametric cause-specific AH regression model in Section 2. In Section 3, we estimate the model parameters by using the MLE. In Section 4, the Bayesian estimation is considered under non-informative priors with two loss functions. In Section 5, interval estimation is considered. A Monte Carlo simulation study is carried out to examine the finite sample behaviour of the estimators in Section 6. In Section 7, the applicability of the proposed model is demonstrated with real data. Finally, the concluding remarks are given in Section 8.




2. The Proposed Model


In this study, to develop a regression model for competing risks survival data, we consider the AH regression model given in [5]. In this model, the effect of the covariates vector   x =   (  x 1  ,  x 2  , … ,  x m  )  ⊤    on the baseline hazard function is additive in nature. This model for the CSH rate turns out to be the following form:


   h j   ( t | x )  =  h  0 j    ( t )  +  β  j  ⊤  x ,  j = 1 , 2 , … , p ,  



(1)




where    h j   ( t | x )    represents the CSH rate for given covariates  x ,    h  0 j    ( t )    denotes the baseline CSH rate, and    β j  =   (  β  j 1   ,  β  j 2   , … ,  β  j m   )  ⊤    is the   m × 1   vector of cause-specific regression parameters. In the present work, we study the MWD with one scale parameter, a, and two shape parameters,  α  and  λ , for lifetime variate T with the cumulative distribution function and the hazard function given as:


  F  ( t )  = 1 − exp  ( − a  t α   e  λ t   )  ,  t ≥ 0 , a > 0 , α ≥ 0 , λ > 0 ,  



(2)






  h  ( t )  = a  ( α + λ t )   t  α − 1    e  λ t   ,  t ≥ 0 , a > 0 , α ≥ 0 , λ > 0 .  



(3)







Lai et al. [24] developed the MWD and discussed some of its theoretical properties, for example, the bathtub behaviour of the hazard rate. Ng [28] estimated the parameters of the MWD for progressive type-II censored samples. Furthermore, some Bayesian estimations of MWD parameters were considered in [29,30]. The MWD is assumed here as a baseline model of the cause-specific AH analysis in (1), due to its flexibility to accommodate various shapes of the hazard function.



Accordingly, the CSH function, cumulative CSH function, and overall survival function are obtained as:


   h j   ( t ;    Θ   j  , x )  =  a j   (  α j  +  λ j  t )   t   α j  − 1    e   λ j  t   +  β  j  ⊤  x ,  



(4)






   H j   ( t ;    Θ   j  , x )  =  a j   t  α j    e   λ j  t   +  β  j  ⊤  x t ,  



(5)




and


  S  ( t ;  Θ  , x )  = exp  −   ∑  j = 1  p   a j   t  α j    e   λ j  t   +  β  j  ⊤  x t   ,  



(6)




where    Θ  = (   Θ  1  ,   Θ  2  , … ,   Θ  p  )   and     Θ  j  =  (  a j  ,  α j  ,  λ j  ,  β j  )    are the vectors of cause-specific parameters. The main aim of this article is to develop estimation methods for the unknown parameters and cumulative CSH function as the quantity of interest.




3. Maximum Likelihood Estimation


Following the competing risks framework, let T be the observed lifetime which is defined by   T = min (  T *  , D )  , where   T *   is the failure time and D is the censoring time. For the given covariate  x ,   T *   and D are assumed to be independent. Furthermore, we assume that for each observed failure time, the associated cause of failure was also observed. Therefore, the censoring indicator is defined as    δ  i j   = I  (  T i  =  T  i  *  ,  C i  = j )   .



Let   (  t i  ,  δ  i j   ,  x i  )  ,   i = 1 , 2 , … , n   be the   n ∈ N   independently and identically distributed samples of   ( T , δ , x )  . Now, we can write the likelihood function for the observed data as:


  L  (  Θ  )  =  ∏  i = 1  n    ∏  j = 1  p   h j    (  t i  ;   Θ  j  ,  x i  )   δ  i j    S  (  t i  ;  Θ  ,  x i  )   .  



(7)







The fully parameterized likelihood function based on (4) and (6) is given by:


     L (  Θ  )     =  ∏  i = 1  n  [  ∏  j = 1  p     a j   (  α j  +  λ j   t i  )   t  i    α j  − 1    e   λ j   t i    +  β  j  ⊤   x i    δ  i j             × exp  −   ∑  j = 1  p   a j   t  i   α j    e   λ j   t i    +  β  j  ⊤   x i   t i    ] .     



(8)







The log likelihood function   ℓ (  Θ  ) = log L (  Θ  )   is given as:


     ℓ (  Θ  )     =  ∑  j = 1  p   ∑  i = 1   n j   log   a j   (  α j  +  λ j   t i  )   t  i    α j  − 1    e   λ j   t i    +  β  j  ⊤   x i            −  ∑  i = 1  n    ∑  j = 1  p   a j   t  i   α j    e   λ j   t i    +  β  j  ⊤   x i   t i   .     



(9)







In Equation (9),   n j   denotes the number of failures of type j. To obtain the estimates of the unknown parameters    a j  ,  α j  ,  λ j   , and   β j  , we maximize (9) by equating the partial derivatives of each parameter to zero. The score equations are obtained as:


    ∂ ℓ (  Θ  )   ∂  a j    =  ∑  i = 1   n j      (  α j  +  λ j   t i  )   t  i    α j  − 1    e   λ j   t i       a j   (  α j  +  λ j   t i  )   t  i    α j  − 1    e   λ j   t i    +  β  j  ⊤   x i    −  ∑  i = 1  n   t  i   α j    e   λ j   t i    = 0 ,  



(10)






      ∂ ℓ (  Θ  )   ∂  α j       =  ∑  i = 1   n j      a j   t  i    α j  − 1    e   λ j   t i    +  a j   α j   t  i    α j  − 1   log  t i   e   λ j   t i    +  a j   λ j   t  i   α j   log  t i   e   λ j   t i       a j   (  α j  +  λ j   t i  )   t  i    α j  − 1    e   λ j   t i    +  β  j  ⊤   x i             −  ∑  i = 1  n   a j   t  i   α j   log  t i   e   λ j   t i    = 0 ,     



(11)






      ∂ ℓ (  Θ  )   ∂  λ j       =  ∑  i = 1   n j      a j   α j   t  i   α j    e   λ j   t i    +  a j   t  i   α j    e   λ j   t i    +  a j   λ j   t  i    α j  + 1    e   λ j   t i       a j   (  α j  +  λ j   t i  )   t  i    α j  − 1    e   λ j   t i    +  β  j  ⊤   x i             −  ∑  i = 1  n   a j   t  i    α j  + 1    e   λ j   t i    = 0 ,     



(12)






    ∂ ℓ (  Θ  )   ∂  β j    =  ∑  i = 1   n j     x i    a j   (  α j  +  λ j   t i  )   t  i    α j  − 1    e   λ j   t i    +  β  j  ⊤   x i    −  ∑  i = 1  n   x i   t i  = 0 .  



(13)







The score equations (10)–(13) are not in explicit form and cannot be solved analytically. Therefore, we use numerical methods to estimate the parameters.



Several methodologies are available for estimating parameters in the literature by solving score equations or directly maximizing the log-likelihood function. The Newton–Raphson method is the most frequently used approach for estimation because the derivatives of the scoring equations are simple to calculate. The initial values are critical in the numerical iterative procedure because of the logarithm function. We use the simplex method [31] to estimate the parameters through the optim function in R software. The simplex method is a straightforward method for estimating parameters by maximizing the likelihood function without having to optimize the function’s derivatives. Once the parameter estimates are obtained, the function of the parameter estimates can be obtained using the invariance property of the MLE. Therefore, the MLE of the cumulative CSH    H j   ( t ;    Θ   j  , x )    is given by:


    H ^  j   ( t ;    Θ  ^  j  , x )  =   a ^  j   t   α ^  j    e    λ ^  j  t   +   β ^   j  ⊤  x t .  












4. Bayesian Estimation


In frequentist statistical techniques, prior information is not considered when analysing data. Bayesian inference is intriguing because it incorporates prior or previous information with observed data. As a result, this article explores the Bayesian analysis of a parametric cause-specific AH regression model. Prior assumptions are made based on previous experiences, mathematical convenience, and expert judgments, which can be informative, non-informative, or weakly informative. If the previous dataset is large enough, informative priors can be employed. A non-informative prior can be used when only limited or vague knowledge (a priori) about the parameters is available. This article considers informative types of priors for baseline parameters, such as the gamma, Weibull, and log-normal distributions. A uniform, non-informative prior is assumed for the regression parameters. Furthermore, it is assumed that all the chosen priors are independent.



4.1. Gamma Prior


We assume that the baseline model parameters   a j  ,   α j  , and   λ j   of the modified Weibull cause-specific AH model (4) are independent random variables with gamma informative types of priors. Furthermore, the regression parameters have the prior distributions as uniform distribution. Their respective marginal prior density functions are given as:


      π  1 j    (  a j  )      ∝  a  j    q  1 j   − 1    e  −  r  1 j    a j    ,   a j  > 0 ,  q  1 j   > 0 ,  r  1 j   > 0 ,        π  1 j    (  α j  )      ∝  α  j    q  2 j   − 1    e  −  r  2 j    α j    ,   α j  > 0 ,  q  2 j   > 0 ,  r  2 j   > 0 ,        π  1 j    (  λ j  )      ∝  λ  j    q  3 j   − 1    e  −  r  3 j    λ j    ,   λ j  > 0 ,  q  3 j   > 0 ,  r  3 j   > 0 ,        π  1 j    (  β j  )      ∝  ∏  l = 1  m   1  (  d  j l   −  c  j l   )   ,  − ∞ <  c  j l   <  β  j l   <  d  j l   < ∞ ,     



(14)




where    r  1 j   ,  r  2 j   ,  r  3 j     and    q  1 j   ,  q  2 j   ,  q  3 j     are the rate and shape hyper-parameters of the baseline gamma priors of   a j  ,   α j  , and   λ j  , respectively. The joint prior density function based on the priors defined in (14) is given by:


      π 1   (  Θ  )  ∝  ∏  j = 1  p     a  j    q  1 j   − 1    α  j    q  2 j   − 1    λ  j    q  3 j   − 1      ∏  l = 1  m   (  d  j l   −  c  j l   )    exp  −   r  1 j    a j  +  r  2 j    α j  +  r  3 j    λ j    .     



(15)







The hyper-parameters are assumed to be known and chosen in such a way as to reflect the prior belief about the unknown parameters.




4.2. Weibull Prior


We assume that the baseline parameters   a j  ,   α j  , and   λ j   of the model (4) are independent random variables with the prior distributions as Weibull distributions. We also assume that the regression parameters have the prior distributions as uniform distributions. Thus, their respective prior density functions are given as:


      π  2 j    (  a j  )      ∝  a  j    k  1 j   − 1    e  −   (  θ  1 j    a j  )   k  1 j      ,   a j  > 0 ,  k  1 j   > 0 ,  θ  1 j   > 0 ,        π  2 j    (  α j  )      ∝  α  j    k  2 j   − 1    e  −   (  θ  2 j    α j  )   k  2 j      ,   α j  > 0 ,  k  2 j   > 0 ,  θ  2 j   > 0 ,        π  2 j    (  λ j  )      ∝  λ  j    k  3 j   − 1    e  −   (  θ  3 j    λ j  )   k  3 j      ,   λ j  > 0 ,  k  3 j   > 0 ,  θ  3 j   > 0 ,        π  2 j    (  β j  )      ∝  ∏  l = 1  m   1  (  d  j l   −  c  j l   )   ,  − ∞ <  c  j l   <  β  j l   <  d  j l   < ∞ ,     



(16)




where   k  1 j   ,   k  2 j   , and   k  3 j    are the shape hyper-parameters and   θ  1 j   ,   θ  2 j   , and   θ  3 j    are the rate hyper-parameters of the Weibull baseline priors. Therefore, the joint prior distribution of   a j  ,   α j  ,   λ j  , and    β j  , j = 1 , 2 , … , p  , based on their prior densities defined in (16), is given by:


   π 2   (  Θ  )  ∝    a  j    k  1 j   − 1    α  j    k  2 j   − 1    λ  j    k  3 j   − 1      ∏  l = 1  m   (  d  j l   −  c  j l   )    exp  −    (  θ  1 j    a j  )   k  1 j    +   (  θ  2 j    α j  )   k  2 j    +   (  θ  3 j    λ j  )   k  3 j      .  



(17)








4.3. Log-Normal Prior


In this subsection, we assume the priors for the baseline parameters as the log-normal distributions. Regression parameters independently follow the uniform distributions. Their corresponding prior densities functions are given as:


      π  3 j    (  a j  )      ∝  1  a j    e  −  1 2      log  a j  −  μ  1 j     σ  1 j     2    ,   a j  > 0 ,  σ  1 j   > 0 , − ∞ <  μ  1 j   < ∞        π  3 j    (  α j  )      ∝  1  α j    e  −  1 2      log  α j  −  μ  2 j     σ  2 j     2    ,   α j  > 0 ,  σ  2 j   > 0 , − ∞ <  μ  2 j   < ∞        π  3 j    (  λ j  )      ∝  1  λ j    e  −  1 2      log  λ j  −  μ  3 j     σ  3 j     2    ,   λ j  > 0 ,  σ  3 j   > 0 , − ∞ <  μ  3 j   < ∞        π  3 j    (  β j  )      ∝  ∏  l = 1  m   1  (  d  j l   −  c  j l   )   ,  − ∞ <  c  j l   <  β  j l   <  d  j l   < ∞ ,     



(18)




where    μ  1 j   ,  μ  2 j   ,  μ  3 j     and    σ  1 j   ,  σ  2 j   ,  σ  3 j     are the hyper-parameters. The joint prior distribution of   a j  ,   α j  ,   λ j  , and    β j  , j = 1 , 2 , … , p   is the product of their marginal prior densities, given by:


      π 3   (  Θ  )      ∝  1   a j   α j   λ j   ∏  l = 1  m   (  d  j l   −  c  j l   )    exp { −  1 2  (     log  a j  −  μ  1 j     σ  1 j     2           +     log  α j  −  μ  2 j     σ  2 j     2  +     log  λ j  −  μ  3 j     σ  3 j     2  ) } .     



(19)








4.4. Posterior Analysis


The posterior probability distribution is obtained by combining past information with the observed sample using likelihood and prior distribution. Therefore, the joint posterior density of the random variables    a j  ,  α j  ,  λ j   , and    β j  , j = 1 , 2 , … , p  , given the data, can be written as:


  p  (  Θ  | data )  =   L ( data |  Θ  ) π (  Θ  )   ∫ ∫ ⋯ ∫ L ( data |  Θ  ) π (  Θ  ) d  Θ    ,  



(20)




where   p (  Θ  | data )   is the joint posterior density,   L ( data |  Θ  )   is the likelihood function for the given observed data as in (8), and   π (  Θ  )   is the joint prior density which can be taken from (15), (17) and (19). Under the joint priors, the joint posterior densities are obtained as:


      π 1   (  Θ  | data )      =  K 1   ∏  j = 1  p  [  ∏  i = 1   n j     a j   (  α j  +  λ j   t i  )   t  i    α j  − 1    e   λ j   t i    +  β  j  ⊤   x i            ×  a  j    q  1 j   − 1    α  j    q  2 j   − 1    λ  j    q  3 j   − 1   exp  −   r  1 j    a j  +  r  2 j    α j  +  r  3 j    λ j    ]          × exp  −  ∑  i = 1  n   ∑  j = 1  p    a j   t  i   α j    e   λ j   t i    +  β  j  ⊤   x i   t i    ,     



(21)






      π 2   (  Θ  | data )      =  K 2   ∏  j = 1  p  [  ∏  i = 1   n j     a j   (  α j  +  λ j   t i  )   t  i    α j  − 1    e   λ j   t i    +  β  j  ⊤   x i    a  j    k  1 j   − 1    α  j    k  2 j   − 1            ×  λ  j    k  3 j   − 1   exp  −    (  θ  1 j    a j  )   k  1 j    +   (  θ  2 j    α j  )   k  2 j    +   (  θ  3 j    λ j  )   k  3 j      ]          × exp  −  ∑  i = 1  n   ∑  j = 1  p    a j   t  i   α j    e   λ j   t i    +  β  j  ⊤   x i   t i    .     



(22)






      π 3   (  Θ  | data )      =  K 3   ∏  j = 1  p  [  ∏  i = 1   n j     a j   (  α j  +  λ j   t i  )   t  i    α j  − 1    e   λ j   t i    +  β  j  ⊤   x i            ×  1   a j   α j   λ j    exp { −  1 2  (     log  a j  −  μ  1 j     σ  1 j     2  +     log  α j  −  μ  2 j     σ  2 j     2           +     log  λ j  −  μ  3 j     σ  3 j     2  ) } ] exp  −  ∑  i = 1  n   ∑  j = 1  p    a j   t  i   α j    e   λ j   t i    +  β  j  ⊤   x i   t i    .     



(23)




where   K 1  ,   K 2  , and   K 3   are the normalizing constants or they are the denominator part in the right-hand side of Equation (20) according to each joint posterior distribution.



It is not possible to compute the integral in the denominator of (20) analytically under each considered prior due to the complex form of the likelihood function. Therefore, we cannot obtain the posterior density in closed form. Hence, in such a situation, the Markov Chain Monte Carlo (MCMC) method [32] can be used to approximate the integrals. Popularly used MCMC algorithms are the Gibbs sampling algorithm [33] and the Metropolis–Hastings (M–H) algorithm [34]. For the implementation of the Gibbs sampling algorithm, the full conditional distribution of each parameter is required. Therefore, in this situation, the M–H algorithm is preferable.




4.5. Loss Function


The selection of the loss function is vital in Bayesian analysis. We consider two different types of loss functions; namely, the squared error (symmetric) and LINEX (asymmetric) loss functions for a comprehensive comparison of Bayes estimates. The squared error loss function (SELF) for a parameter    Θ  j   is defined as:


   L 1   (   Θ  j  ,    Θ  ^  j  )  =   (   Θ  j  −    Θ  ^  j  )  2  .  











Then, the Bayes estimate for parameter    Θ  j   under SELF can be obtained as the posterior means and calculated by:


     Θ  ^   j   s e l f   =  1  N − M    ∑  l = M + 1  N      Θ  j      Θ  j  =   Θ   j   ( l )     ,  








where     Θ   j   ( l )   , l = 1 , 2 , … , N   are the MCMC random samples generated from the posterior distribution of    Θ  j   and M is the number of iterations used in the burn-in period.



However, we also consider the LINEX loss function (LLF) as an asymmetric loss function, which is given by:


   L 2   (   Θ  j  ,    Θ  ^  j  )  =  e  ρ (    Θ  ^  j  −   Θ  j  )   − ρ  (    Θ  ^  j  −   Θ  j  )  − 1 ,   ρ ≠ 0 .  











Under LLF, the Bayes estimates of parameter    Θ  j   can be obtained as follows:


     Θ  ^   j   l l f   = −  1 ρ  log   1  N − M    ∑  l = M + 1  N   e  − ρ     Θ  j      Θ  j  =   Θ   j   ( l )        ,  








where  ρ  is the hyper parameter of the LLF and the magnitude of  ρ  reflects the degree of asymmetry. For   ρ > 0  , the LLF is quite asymmetric about 0 with overestimation being more serious than underestimation. The vice versa is true for   ρ < 0  . If  ρ  is close to zero, then the estimates under LLF are approximately equal to the estimates obtained under SELF. Hence, LLF is more applicable in lifetime modelling, for instance, an over-estimation of the survival function and failure rate function is usually much more serious than an under-estimation [35].





5. Interval Estimation


5.1. Asymptotic Confidence Interval


On the basis of the asymptotic property of MLE, we obtained the interval estimates of the unknown parameters in this subsection. The exact distribution of MLEs cannot be obtained because the MLEs of the unknown parameters are not in closed form. The sampling distribution of    Θ  ^   can be approximated by a   ( 2 p + ( p × m ) )   variate normal distribution with a mean,   Θ  , and a variance-covariance matrix,    Σ  (   Θ   )  , which is nothing but the inverse of the Fisher information matrix,   I (  Θ  )  , given by:


  I  (  Θ  )  = E   −    ∂ 2  ℓ  (  Θ  )    ∂  Θ  ∂    Θ   ⊤       Θ  =   Θ  ^    .  











The exact mathematical expressions for the above expectations are difficult to obtain; therefore, the observed Fisher information matrix    I O   (  Θ  )    can be used to approximate the Fisher information matrix,   I (  Θ  )  , which is obtained by dropping the expectation operator, E, in   I (  Θ  )  . The variance of MLEs of the unknown parameters, i.e.,   var (   Θ  ^  )  , is the diagonal elements of the asymptotic variance-covariance matrix,    Σ  (   Θ  ^  )  . Thus, for a given confidence level  γ , a two-sided   100 ( 1 − γ ) %   asymptotic confidence interval (ACI) for    Θ  ^   can be constructed as follows:


     Θ  ^  −  z  γ / 2     var (   Θ  ^  )   ,   Θ  ^  +  z  γ / 2     var (   Θ  ^  )    ,  








where   z  γ / 2    is the upper   γ / 2   quantile of the standard normal distribution. Furthermore, we also computed the two-sided   100 ( 1 − γ ) %   confidence interval for the estimates of the cumulative CSH     H j  ^   ( t ;    Θ  ^  j  , x )   , which is given by:


     H j  ^   ( t ;    Θ  ^  j  , x )  −  z  γ / 2     var (   H j  ^   ( t ;    Θ  ^  j  , x )  )   ,   H j  ^   ( t ;    Θ  ^  j  , x )  +  z  γ / 2     var (   H j  ^   ( t ;    Θ  ^  j  , x )  )    ,  








where the variance of the cumulative CSH   var (   H j  ^   ( t ;    Θ  ^  j  , x )  )   is obtained by using the delta method as follows:


     var  (   H j  ^   ( t ;    Θ  ^  j  , x )  )  = g  (   Θ  j  )  Σ  (   Θ  ^  )  g   (   Θ  j  )  ⊤  ,       and   g  (   Θ  j  )  =     ∂  H j   ( t ;   Θ  j  , x )    ∂  Θ       Θ  =   Θ  ^    .     












5.2. Bayes Credible Interval


In the Bayesian approach, for a  γ  level of significance, the   ( 1 − γ )   interval estimate of a parameter   Θ   is a credible interval based on given data, which covers the parameter with   ( 1 − γ )   level of confidence. The   100 ( 1 − γ ) %   Bayes credible interval (BCI)     Θ  L  ,   Θ  U    for   Θ   is obtained by setting    Θ  L   equal to the   γ / 2 %   quantile and    Θ  U   equal to the   ( 1 − γ / 2 ) %   quantile of     Θ  l  , l = 1 , 2 , … ,  N − M   . Similarly, the same procedure is also adopted for obtaining the Bayes credible interval for    H j   ( t ;   Θ  j  , x )   .





6. Simulation Study


We conducted a Monte Carlo simulation study to observe the finite sample behaviour of the proposed estimators of the unknown parameters and cumulative CSH functions. In this simulation study, the datasets were generated for various sample sizes such as   n = 100  , 200, and 400. For each sample size, we have calculated the average estimate (AVE) and the mean square error (MSE) for point estimates, and the average length (AVL) and coverage probability (CP) for ACI and BCI of   a j  ,   α j  ,   β j  , and    H j   ( t | x )    over 500 replications.



For simplicity, we assumed two causes of failure, i.e.,   j = 1 , 2  , and one covariate, say x. The covariate x is generated using a Bernoulli random number for each sample with an equal probability of success and failure. Without loss of generality, we have arbitrarily taken the true value of the parameters as    a 1  = 0.5 ,  α 1  = 0.6 ,  λ 1  = 0.2 ,  β 11  = 0.6 ,  a 2  = 0.7 ,  α 2  = 0.5 ,  λ 2  = 0.2  , and    β 21  = 0.8  . We assume that   λ j   is known for mathematical simplicity. The censored time D is generated from   U ( 0 , d )  , where d is chosen in such a way that on average   20 %   observations are right censored. The survival time T is generated through an inverse transformation following the steps given in [36], Chapter 3. For each simulated survival time, the causes of failure are generated from a Binomial distribution with a probability of success of     h 1   ( t | x )     h 1   ( t | x )  +  h 2   ( t | x )     for cause 1 and the failure outcome is considered as cause 2. The estimates of    H j   ( t | x )    for   j = 1 , 2   are obtained at   t = 0.8   with covariates value   x = 0.6  .



The MLEs    a ^  j  ,    α ^  j  , and    β ^  j   of unknown parameters of the proposed model (4) do not have a closed-form solution. The score equations (10)–(13) are a system of multiple nonlinear equations, which can be difficult to solve analytically. Therefore, the MLEs of the unknown parameters   a j  ,   α j  , and   β j   are obtained based on the log-likelihood function given in Equation (9) through the optim function in R software. In the optim function, to get the MLE of   a j  ,   α j  , and   β j  , we need to supply some initial values, say,   a  j   ( 0 )   ,   α  j   ( 0 )   , and   β  j   ( 0 )   . Since we do not have any theoretical method to define the initial values in the literature, we arbitrarily tried multiple sets of initial values from the parametric space in order to eliminate the impact of initial values [37,38]. We considered the initial values that offered the maximum likelihood function value and showed the convergence code “0”, indicating the successful completion of the optimization. The MLE     H ^  j   ( t | x )    of the cumulative CSH function    H j   ( t | x )    was obtained by the invariance property of the MLE. As we mentioned in Section 4.4, the joint posterior densities based on each considered prior have a complicated form and it is also difficult to obtain the conditional posterior densities of the unknown parameters. Therefore, we employed the MCMC procedure for generating random samples from joint posterior densities. For this purpose, we used the BUGS software via the R2OpenBUGS package in R software [39]. The inbuilt BUGS system determines which of the available MCMC algorithms could be applied to a particular problem. To implement MCMC algorithms, BUGS only requires the log-likelihood function and the prior distribution of the parameters. On the basis of the properties of posterior densities, the BUGS system chose the appropriate MCMC algorithms [39].



Furthermore, for computing the hyper-parameters for baseline informative priors, we utilized the empirical Bayes method by using the MLE. First, we generated 1000 random samples of size 100. Now, corresponding to each sample, we obtained the average MLE and the empirical variance of   a j   and   α j   and then compared them with the mean and variance of gamma, Weibull, and log-normal priors of the   a j   and   α j  . Calculated hyper-parameters of gamma, Weibull, and log-normal priors are given in Table 1. The hyper-parameter of LLF is fixed as   ρ = ± 1.5   and known as LLF1 and LLF2, respectively. The hyper-parameters   c  j l    and   d  j l    of the regression parameters are assumed to be 0 and 2, respectively.



We generated   N =  10,000 Markov chains for each parameter, and the first   M =   4000 samples were used in the burn-in period for reducing the effect of initial values. Furthermore, for minimizing the effect of the autocorrelation, every second equally spaced outcome was considered, i.e., thin = 2. By the visualization of the convergence diagnostics plots, it was observed that the chains converged nicely. Therefore, the last 6000 MCMC samples were used to obtain Bayes estimates of the unknown parameters and cumulative CSH functions under both loss functions. The numerical results are presented in Table 2. The Bayes estimates given in this table are denoted as B-self, B-llf1, and B-llf2, where B denotes the first letter of the priors considered in Section 4. For example, for gamma, B = G; for Weibull, B = W; and for log-normal, B = LN. Based on the findings given in these tables, the following observations were made.



From Table 2, it is very clear that the Bayes estimates are significantly better compared to the MLE. It is also observed that as the sample size increases, the MSEs decrease for MLE and Bayes estimates, which verifies the consistency property of all the estimators. Furthermore, we noticed that the AVLs for ACI and BCIs decreased and CPs maintain the nominal level   ( 95 % )  . It was also noted that the performance of the log-normal prior is relatively good when compared to the gamma and Weibull priors. However, in some cases, the gamma prior also performs well. The performance of MLE gets better as the sample size increases. Besides that, for large samples, for example,   n = 400  , in most of the cases the Bayes estimates dominated. It was also noted that the performance of the LINEX loss function at   ρ = 1.5   was relatively good compared to SELF and LINEX   ρ = − 1.5   corresponding to each prior.




7. Illustrative Application


In this section, we used real data from a Mayo Clinic trial of primary biliary cirrhosis (PBC) of the liver conducted between 1974 and 1984 to demonstrate the applicability of the proposed model. This dataset is available in the survival package of R software. During these ten years, 312 patients were randomly assigned to receive D-penicillamine or placebo treatment from a total of 424 patients. Furthermore, the remaining 112 patients did not participate in the clinical trial but agreed to have their basic measurements taken and observed for survival. Six of those patients were not followed-up shortly after diagnosis, so these patients were removed from the study, resulting in   n = 418   patients.



Among the   n = 418   patients, 161 patients died, another 25 patients received a liver transplant, and 232 patients were not followed-up. Therefore, the competing risks model becomes reasonable for two competing outcome variables: liver transplant and death. The survival time is measured in days for all individuals. However, there are several covariates in the original data, such as treatment, sex, age, etc. For the analysis purpose, treatment is considered as a covariate. The baseline fitting summary of the data for death is reported in Table 3 and Figure 1. For more information on PBC data, one could refer to Therneau and Grambsch [40] and the application of competing risks on PBC data is available in the analysis of competing risks [41].



To transform survival time in terms of years, we divided it by 365, which yielded a median survival time 4.74 years. We also assumed that 106 patients who did not participate in the trial received the D-penicillamine treatment. Furthermore, we applied the proposed estimation methods to obtain the estimates of the unknown parameters and cumulative CSH functions. To choose unknown parameters for priors, we first tried several parameters and then chose the best one in terms of the convergence performance and computing time. Based on the results of this preliminary analysis, we decided to use the following parameters:    q  1 j   =  q  2 j   =  q  3 j   = 1.5 ,  r  1 j   =  r  2 j   =  r  3 j   = 2.2   (gamma prior);    k  1 j   =  k  2 j   =  k  3 j   = 2 ,  θ  1 j   =  θ  2 j   =  θ  3 j   = 0.71   (Weibull prior);    μ  1 j   =  μ  2 j   =  μ  3 j   = 0.1 ,  σ  1 j   =  σ  2 j   =  σ  3 j   = 1   (log-normal prior); and    c  1 j   = 0 ,  d  1 j   = 1   (uniform prior). The results of the estimates of the unknown parameters are presented in Table 4. We estimated the cumulative CSH functions using (5) based on the proposed estimators which are presented in Figure 2 and Figure 3.



These plots indicate that the cumulative CSH rate for transplant patients is small compared to the same for the patients who experienced death. Figure 2 shows that the value of the cumulative CSH function due to transplant is small for the patients who received the placebo treatment. Similarly, the same is observed for the cumulative CSH rate due to death, see Figure 3. Moreover, the likelihood ratio test procedure was also used to test the significance of the treatment effect on transplant and death separately. The hypotheses of interest are    H 0  :  β 11  = 0   against    H 1  :  β 11  ≠ 0   and    H 0  :  β 21  = 0   against    H 1  :  β 21  ≠ 0  . We calculated the likelihood ratio test statistics and corresponding p-values to be   5.44 ×  10  − 06     and   1.02 ×  10  − 03    . Hence, both the null hypothesis are rejected. This indicates that treatment had a significant effect on transplant and death.



To test the overall goodness of fit of the model (1) to the PBC data in competing risks framework, we used the Cox–Snell residual plot [42]. The Cox–Snell residual is defined as:


   r i  =  H ^   (  t i  |  x i  )  ,  i = 1 , 2 , … , n ,  



(24)




where    H ^   ( t | x )    is the estimator of cumulative CSH rate   H  ( t | x )  =  ∑  j = 1  2   H j   ( t | x )    and   j = 1 , 2   based on MLE for transplant and death, respectively. If the model holds, then these residuals should be a sample from a unit exponential distribution. Therefore, the hazard plot of residuals versus the Nelson–Aalen estimator of the cumulative hazard of the residuals will be a straight line with a slope equal to one. The residual plot of Figure 4 demonstrates a reasonable fit of the model (1). Readers are referred to Figures 12.6–12.9 of the book [42] for a reasonable fit.




8. Conclusions


In this article, we propose a parametric cause-specific AH regression analysis, where the baseline CSH functions follow the MWD. The proposed AH model is a good alternative to the Cox PH model, and it is useful when excess risk is of concern. The estimation of the unknown parameters and cumulative CSH function is dealt with by ML and Bayes estimates. In addition to Bayes estimation, we propose three types of informative priors for baseline parameters, and uniform priors are considered for regression parameters. The simulation results show that the Bayes estimates based on each considered priors under the SELF and LLF dominate over MLE for a small sample size. Furthermore, across the priors, the choice of baseline log-normal priors gives better results with a smaller MSE and AVL. Moreover, selecting different priors and loss functions shows their applicability in the simulation study. We demonstrate the model utility with the PBC data. These data fit well with the model, and the covariate significantly affects transplant and death.



The proposed work can be extended for different censoring schemes such as interval, current status, and middle censoring schemes [7,9,18,42]. Furthermore, the situation of masking in competing risks analysis is widespread [43,44]. Therefore, the analysis of masked competing risks data using the proposed model seems to be an interesting attempt.



Determining the appropriate form of the prior is often difficult, historically affecting the widespread use of the Bayesian paradigm. According to [45], there is no hard and fast rule for selecting the best possible prior distribution to formulate the Bayes estimator. In this study, we considered an informative prior for the unknown parameters. However, a noninformative prior can be used when only limited or vague knowledge (a priori) about the parameters is available. The rationale for using noninformative prior distributions is often said to be to let the data speak for themselves so that inferences are unaffected by external information to the current data. Hence, all resulting inferences were completely objective rather than subjective. A commonly used noninformative prior in Bayesian analysis is Jeffrey’s prior [46]. However, the half-t [47] distribution as a noninformative prior is also gaining attention of researchers. The proposed study can be extended for the noninformative priors which would be reported elsewhere.
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Figure 1. Fitted and empirical CDF plots of death for PBC data. 
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Figure 2. Estimated cumulative CSH for transplant based on the Bayes estimates for informative priors and MLE based on the PBC data. 
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Figure 3. Estimated cumulative CSH for death based on the Bayes estimates for informative priors and MLE based on the PBC data. 
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Figure 4. Plot of the Cox–Snell residual versus its estimates of cumulative hazard rate. 
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Table 1. Hyper-parameters of the gamma, Weibull, and log-normal priors for baseline parameters of the modified Weibull CSAH model.
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	Priors
	Hyper-Parameters





	Gamma
	    q 11  = 11.48 ,  r 11  = 21.69 ,  q 21  = 25.60 ,  r 21  = 39.75 ,  q 12  = 2.06 ,  r 12  = 3.44 ,   



	
	    q 22  = 16.69 ,  r 22  = 22.09   



	Weibull
	    k 11  = 3.78 ,  θ 11  = 1.71 ,  k 21  = 5.87 ,  θ 21  = 1.44 ,  k 12  = 1.46  θ 12  = 1.51 ,   



	
	    k 22  = 4.65 ,  θ 22  = 1.21   



	Log-normal
	   μ 11  = − 0.68 ,  σ 11  = 0.08 ,  μ 21  = − 0.46 ,  σ 21  = 0.04 ,  μ 12  = − 0.71  σ 12  = 0.39  ,



	
	    μ 22  = − 0.31 ,  σ 22  = 0.06   
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Table 2. Simulation results for parameter estimation of the modified Weibull cause-specific AH model under MLE and Bayes estimates.
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Cause 1

	
Cause 2




	
n

	
Method

	
    a 1    

	
    α 1    

	
    β 11    

	
    H 1    

	
    a 2    

	
    α 2    

	
    β 21    

	
    H 2    






	

	
True value

	
0.5

	
0.6

	
0.6

	
0.8012

	
0.7

	
0.5

	
0.8

	
1.1187




	
100

	
MLE

	
AVE

	
0.5350

	
0.6494

	
0.6175

	
0.8388

	
0.7567

	
0.5450

	
0.7582

	
1.1492




	

	

	
MSE

	
0.0234

	
0.0231

	
0.1642

	
0.0315

	
0.0373

	
0.0075

	
0.2376

	
0.0492




	

	
ACI

	
AVL

	
0.5672

	
0.4880

	
1.5375
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AVE
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0.0164

	
0.0130
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AVL
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0.0651
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0.6917
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MSE

	
0.0059
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0.0268




	

	
W-BCI

	
AVL

	
0.3163

	
0.2687
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0.2266

	
1.1667
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CP
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AVE
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0.6271
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0.8857

	
1.1753
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0.0044
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0.0949
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AVE
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0.8187

	
1.1612




	

	

	
MSE
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Table 3. Baseline parameter estimate and goodness of fit statistics for death.






Table 3. Baseline parameter estimate and goodness of fit statistics for death.





	Model
	MLE
	Log-Likelihood
	AIC
	BIC





	MWD
	  a = 0.0639  ,   α = 0.9986  ,   λ = 0.0197  
	−580.870
	1167.74
	1179.85



	Weibull
	Shape = 1.24, Scale = 12.67,
	−584.0561
	1172.11
	1180.18



	Log-normal
	Meanlog = 2.341, Sdlog = 1.546
	−585.9771
	1175.95
	1184.03



	Burr XII
	a = 28.53   α = 1.135  ,   λ = 2.814  
	−581.64
	1169.28
	1181.39
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Table 4. ML and Bayes parameter estimates of the modified Weibull CSAH model for transplant and death for the PBC data.






Table 4. ML and Bayes parameter estimates of the modified Weibull CSAH model for transplant and death for the PBC data.





	

	
Transplant

	
Death




	
Method

	
    a 1    

	
    α 1    

	
    λ 1    

	
    β 11    

	
    a 2    

	
    α 2    

	
    λ 2    

	
    β 21    






	
MLE

	
0.0117

	
0.3038

	
0.1394

	
0.0026

	
0.0407

	
0.2946

	
0.2174

	
0.0286




	
MLE.SE

	
0.0054

	
0.9331

	
0.1965

	
0.0077

	
0.0101

	
0.0947

	
0.0353

	
0.0096




	
G-self

	
0.0062

	
0.9640

	
0.0852

	
0.0042

	
0.0600

	
0.8965

	
0.0443

	
0.0118




	
G-llf1

	
0.0062

	
0.8806

	
0.0827

	
0.0042

	
0.0599

	
0.8867

	
0.0439

	
0.0117




	
G-llf2

	
0.0062

	
1.0445

	
0.0878

	
0.0042

	
0.0601

	
0.9061

	
0.0447

	
0.0118




	
G.SE

	
0.0031

	
0.3312

	
0.0581

	
0.0030

	
0.0109

	
0.1136

	
0.0234

	
0.0079




	
W-self

	
0.0062

	
0.9681

	
0.0878

	
0.0040

	
0.0597

	
0.8828

	
0.0485

	
0.0118




	
W-llf1

	
0.0062

	
0.9057

	
0.0859

	
0.0040

	
0.0597

	
0.8737

	
0.0481

	
0.0117




	
W-llf2

	
0.0062

	
1.0295

	
0.0898

	
0.0040

	
0.0598

	
0.8919

	
0.0488

	
0.0118




	
W.SE

	
0.0030

	
0.2876

	
0.0510

	
0.0029

	
0.0109

	
0.1100

	
0.0219

	
0.0080




	
LN-self

	
0.0110

	
0.6324

	
0.1081

	
0.0036

	
0.0617

	
0.8262

	
0.0597

	
0.0118




	
LN-llf1

	
0.0110

	
0.5906

	
0.1066

	
0.0036

	
0.0616

	
0.8184

	
0.0594

	
0.0117




	
LN-llf2

	
0.0110

	
0.6756

	
0.1096

	
0.0036

	
0.0618

	
0.8339

	
0.0600

	
0.0118




	
LN.SE

	
0.0041

	
0.2384

	
0.0449

	
0.0027

	
0.0108

	
0.1018

	
0.0205

	
0.0080








SE: Standard error.
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