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Abstract: Hardy-type integral inequalities play a prominent role in the study of analytic inequalities,
which are essential in mathematical analysis and its various applications, such as in the study of
symmetry and asymmetry phenomena. In this paper, employing methods of real analysis and using
weight functions, we investigate some equivalent conditions of two kinds of reverse Hardy-type
integral inequalities with a particular non-homogeneous kernel. A few equivalent conditions of two
kinds of reverse Hardy-type integral inequalities with a particular homogeneous kernel are deduced
in the form of applications.
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1. Introduction

In 1925, by introducing one pair of conjugate exponents (p,q) (p >1, % + % = 1),
Hardy [1] established the following extension of Hilbert’s integral inequality:
For f(x),8(y) = 0,

0</ fP(x)dx < co and 0</ g1 (y)dy < oo,
0 0

we have

-

B s < e (o) (f g‘f(y)dy)é, )

with the best possible constant factor

T
sin(rt/p)

Inequality (1) as well as Hilbert’s integral inequality (for p = g = 2 in (1), cf. [2]) have
proved to be essential in analysis and its various applications (cf. [3,4]). In 1934, Hardy et al.
established an extension of (1) with the kernel k;(x,y), where k1(x,y) is a non-negative
homogeneous function of degree —1 (cf. [3], Theorem 319). The following Hilbert-type
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integral inequality with the non-homogeneous kernel is proved:
fp>15+4="1hu) >0,

(o) = /Oooh(u)u”_ldu € Ry,

then

[ [ nn sty

<o) ([ ) ([ o)’ ®

with the best possible constant factor ¢( %) (cf. [3], Theorem 350).
In 1998, by introducing an independent parameter A > 0, Yang presented an extension
1

of (1) for p = q = 2 with the kernel ey (cf. [5,6]). In 2004, by introducing another pair of

conjugate exponents (r,s) (r > 1,1 + 1 = 1), Yang [7] proved an extension of (1) with the
kernel ﬁ (A > 0).In 2005, Yang et al. [8] also established an extension of (1) and the
result of [5]. Krnic et al. in [9-14] presented as well some extensions of (1).

In 2009, Yang proved the following extension of (3) (cf. [15,16]):

If A+ Ay =A € R=(—00,0), k) (x,y) is a non-negative homogeneous function of
degree —A, satisfying

Ky (ux, uy) = u= "k (x,y)(u,x,y > 0),
k(Ay) = / ka(u, 1)~ ldu € Ry = (0,00),
0

then for p > 1,% + % =1, we have
L[ e sy

< k(A) < /O " P21 gp (x)dx) ’ ( /0 "= (y)dy) " 3)

with the best possible constant factor k(A1). For0 < p < 1, % +
of (3). The following extension of (2) has been proved:
For p > 1,% + % =1, we have

% = 1, we derive the reverse

[ [ nen sty

< ¢(0) (/Ow x”(lv)lfp(x)dx) v (/Ow yq(lo)lgq(y)dy> %, 4)

where the constant factor ¢(c) is the best possible. For 0 < p < 1, % +
reverse of (4) (cf. [17]).

Some equivalent inequalities of (3) and (4) were considered in [16]. In 2013, Yang [17]
also studied the equivalency between (3) and (4). In 2017, Hong [18] presented an equivalent
condition between (3) and some parameters. Other similar works are provided in [19-27].

% = 1, we obtain the

Remark 1 (cf. [17]). Ifh(xy) = 0, for xy > 1, then

1
#(0) = [ h(udu = ¢1(0) € Ry,
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and the reverse of (4) reduces to the following reverse Hardy-type integral inequality with the
non-homogeneous kernel:

A ( [ h(xy)f(x)dx> y

> ) (/Ow xp(1_0>_1fp(")dx> % </Ooo y 1=t (y)dy) %; )

if h(xy) =0, for xy < 1, then

#0) = [ h(wulau = ga(0) € Ry,

and the reverse of (4) reduces to the following reverse Hardy-type integral inequality with non-
homogeneous kernel:

/s ( /- h(xy)f(X)dX> dy

Y
> $a(0) (/Ooo xp(l”)lf”(x)dx> ' (/Ooo y"(lg)lg”(y)dy> " (6)

Hardy-type integral inequalities play a prominent role in the study of analytic inequal-
ities, which are essential in mathematical analysis and its various applications in Physics
and Engineering, such as in the study of symmetry and asymmetry phenomena (cf. [23,28]).

In the present work, employing methods of real analysis as well as using weight
functions, we obtain a few equivalent conditions of (5) (resp. (6)) with a particular non-
homogeneous kernel

(min{xy, 1})¢|Inxy|P
(maxtay, e
Some equivalent conditions of two kinds of reverse Hardy-type integral inequalities

with a particular homogeneous kernel are deduced in the form of applications. We also
consider some interesting corollaries.

1)

2. An Example and Two Lemmas

Example 1. Setting
(min{u, 1})%| Inu|P

h(u) = (max{u, 11174 (u>0),
we then obtain that (min " r
_(min{xy,1})%| Inxy
MO = oy, 1
andfor p> —1,0,u > —a,0+u=A€R,
(1) [ o1, (1 (min{u,1})*(~Inu)f
k(o) : = /0 h(uw)u’du = ./0 (max(ut, 11173 u’ " du
! _ r(B+1)
— ato—1 — 13 = —
./0 u (—Inu)Pdu o+ a)p € Ry,
@) R A o1, [ (min{u, 1) (Inu)P
K7 (o) = /1 h(u)u’ " du = /1 (max{z, 1)1 73 u’ " du
1 r(p+1)

= /0 T (—1no)Pdo = = kf\l)(ﬂ) € Ry,

(4 + )P+
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where

stands for the gamma function (cf. [29]).

In the following, we assume that0 < p < 1(4 <0), -+ =1, > —1,A, 00 € R.

141
P 4q
Lemma 1. If o > —u and there exists a constant My > 0 such that for any non-negative
measurable functions f(x), g(y) in (0,00) the following inequality

1

o0 v (min{xy, 1})*| In xy|P
/0 g(y)lfo ((m{ax]{{xy}:)l]!)/”i/ f(x)dx]dy

> M [/000 xP(lv)lfP(x)dX} G [/Ooo yq(lgl)lg”’(y)dy] i )

holds true, then we have
o =0 and k&l)(a) > M.

Proof. If 07 < 0, then for n € N, we consider the following two functions

L XU+%_1,O<XS1 . 0,0<y<1
fulx) = { %> 1 , &n(y) = R ETETE

and obtain that
1 1
Lo :{ /O xp(lg)lff(x)dx} [ / yq“"l“gi(y)dy]

- (/ X 1dx> (/ o 1dy> —n.

Setting u = xy, for 0 < p < 1, we derive that

o0 4 (min | In xy|P
= [ &) [/0( by L fn(x)dx]dy

(max{xy, 1})*+*

/m [ /; (min{xy, 1})*] In xy|? a+1_1dx] SE
1 0

(max{xy, 1}) e
00 By
_ (1—0)—1-1 / (min{u,1})*| Inu| -1
/1 4 4y (max{u,1})A+« Wy
1 B (1)
¢ 1 [ g oy, B
c—01+ 5 (max{u,1})A+« c—oq

and then by (7), it follows that

KD ()
o—0

> L > Mi]p = Mn. 8)

By (8), letting n — oo, in view of k(Al) (0) < 00,0 > 07 and M > 0, we get that

which is a contradiction.
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If o1 > o, then for

n>

~ ql(er =)

we consider the following two functions:

~ 0,0<x<1 o+t -1
L 7 ~ L y qn ’0<y<1
X) = ’ = ’
fn( ) { xa—#—1,x>1 gn(]/) { 0,y>1

(n €N),

and deduce that

ho: = UOOO x”(la)lﬁzj(X)dx} ! [/Ooo y”’<”1“§2<y)dy] '

1 1
_ R S W /1 19 )"_
= 1 d nd =n.
(/1 X x) (0 yntdy n

Setting u = xy, in view of o + qin > 0 (g < 0), we obtain

1

T / fn [/x min{xy,l})“|1nxy|5§n(y)dy]dx

(max{xy, 1})A+e

1
o[ (minfay 1) il oear | oot
B /1 [/0 (max{xy, 1})A+e v " tdy| < dx

(min{u, 1})*| Inu|? o+ -1

— (7 o1) ———1
/1 dx / (max{u,1})A+« " du

1 /1 (min{u, 1) Inulf , k(@)
—o+1 (max{u,1})A e “ -0’

<

and then by Fubini’s theorem (cf. [30]) and (7), we derive that

k ~ o ﬁmin 1D InxylP ~
011(—037 Il:/o &nly) [/o : (mif(y{xy},)l}|)?\f‘*y| n(x)dx]| dy

> MJ; = Myn. ©)

v

By (9), letting n — oo, we obtain that

M
OO>MZOO,
oy —0

which is a contradiction.
Hence, we conclude that oq = 0.
For oy = 0, we deduce that I[; > MjJ; and then

Wy _ /1 (min{u, 1) Inulf .,
ki () 0o (max{u,1})M« ut
U (min{u, 1})* Inulf ,+1 4
n > .
/0 (max{u,1})A e wer = My

This completes the proof of the lemma. [
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Lemma 2. If 4 > —wa,0 = A — p and there exists a constant My > 0 such that for any non-
negative measurable functions f(x), g(y) in (0, 00), the following inequality

00 © (min{xy,1})*|In xy|P
"5 [/1 ey f<x>dx]dy

y

> M [ /0 " apli-o)-1pp (x)dx} ' [ /Ooo Y=o -1gh (y)dy] ' (10)

holds true, then we have
=0 and kg\z) (U) > MZ.

Proof. If o7 > ¢, then for n € N, we consider two functions f(x) and g, (y) as in Lemma 1
and derive that

1 1
i= [/0 xp““”‘lﬁf(X)dx} p [/0 y”’““’“‘lgﬁ(y)dy} f=n
Setting u = xy, we obtain
(min{xy, 1})%|Inxy|# ~
_ / 2y Uy oy Ty o (x)ex |y
e mingxy 1)yl oo ] et
- /OU (max{ay, e+ A

1 1)) Inulf ;- 1_
-1 [ (mint ey
/0 Y 4 (max{u,1})A+« "

K2 (o)
o —0oc’

and then by (10), it follows that

2
kE\)(U) > TZ > Mz’]vl = Mpn. (11)
o —0 = -

)
. k(o) oo,
o —0

which is a contradiction.
If 1 < o, then for

1
nzw(neN),

we consider two functions f,(x) and g, (y) as in Lemma 1 and get that

= [/wap(l -1 (x)d } [/ 0018 (g 1:n.
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Setting u = xy, we obtain

_/ fulx [/ (min{xy,1})“ |1nxy|/5g (y)dy]dx

(max{xy, 1})M

B
- [ e DRl g | ok

1 (max{xy,1})M

X

— /1 x(tfffﬁ)Jr%*ldx /°° (min{u,l})”‘| lnu|/3uglfﬂl"71du
0 1 (max{u,1})M e

1 o (minf{u, 1) nulf ,_,. kK2 (0)
/ u’ tdu = +—=,
c—o 1 (max{u,1})A e -0

and then by Fubini’s theorem (cf. [30]) and (10), it follows that

k(z)(a) o 0 (min{xy,1})%|Inxy|P
D s e [Cat | [ bl

> MyJ; = Man. (12)

By (12), letting n — co, we derive that

which is a contradiction.
Hence, we conclude that o4 = 0.
For oq = 0, we deduce I, > M, ], and then it follows that

@ _ [ min{u, 1} nulf
o) = /1 (max{u,1})A+« W’ du
© (min{u,1})%|Inu|p -1 -1
- /1 (max{u,1})A+« w2 M.

This completes the proof of the lemma. [

3. Reverse Hardy-Type Inequalities of the First Kind

Theorem 1. If o > —a, then the following conditions are equivalent:
(i) There exists a constant My > 0, such that for any f(x) > 0 satisfying

0< /0 x”(k”)*lf”(x)dx < oo,

we have the following reverse Hardy-type integral inequality of the first kind with the non-
homogeneous kernel:

7 (min{x I n xy|P : %
{/ g [ 4 (rnix}?;y},)l})ﬂj' f<x>dx] dy}
> Ml[/o P (x)d } - (13)

(ii) There exists a constant My > 0, such that for any g(y) > 0 satisfying

0< /0 Y11= "1 g9 (y)dy < oo,
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we have the following reverse Hardy-type integral inequality of the first kind with the non-
homogeneous kernel:

o L (mi @ B q g
{ o] [ il R g
> M [ /0 T yli-o)1ge (y)dy} " (14)
(iii) There exists a constant My > 0, such that for any f(x), g(y) > 0 satisfying
0< /:o xPA==1 P (x)dx < 0 and 0 < ./c;oqu(l_‘“)_lgq(y)dy < 0o,

we have the following inequality:

_/ [ v (min{xy, 1})" |1nxy|ﬁf(x)dx]dy

(max{xy, 1}) =

> M [/000 xP(l—U)—lfP(x)dx} b [/Ooo 1(1-01) 10 (y)dy} . -

(iv) o = 0.
If Condition (iv) holds, then the constant My = kg\l) (0) in (13)~(15) is the best possible.

Proof. (i) = (ii). By the reverse Holder inequality (cf. [31]), we have

(max{xy, 1})A

v

] { /0 N y"““’l)‘lg"(y)dy} " (16)

Then by (13), we obtain (14).
(ii) = (iv). By Lemma 1, we have 07 = 0.
(iv) = (i). Setting u = xy, we obtain the following weight function:

v (min{xy,1})%|Inxy|P

: afl
@loy) = =y (max{xy, 1}) = dx
1 Inulf
A (r?ﬂii{u}i}gﬂi" uldu =k (0)(y > 0) 17)
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By the reverse Holder inequality with weight and (17), for y € (0, 00), we have
1 . P
¥ (mm{xy,l})”‘|lnxy|/5
[/0 (max{xy, Tite 1 9
_ [ [ ) g [0 ] e ,,
= Vb (max{xy, 1A (a—l)/qf I | yen7e [
, [Pl Dyt
— Jo (max{xy 1pAte  xle=1)p/q
) /; (minfxy, 1) [Inxylf 2ot 37
0 (max{xy, 1})Me  yle=1a/p
_ [wiey) 7 /5 (minf{xy )| InxylP 71 )
yale=1)+1 0 (max{xy 1})Ae xle=1)p/g
1
v B
— (1) p—1 —pt7+1/y (mln{xyrl}) |1nxy| ]/ (4
(k)L (U)) Yy 0 (max{xy,l}))“""‘ 0’ 1p/qf ( ) (18)

If (18) obtains the form of equality for some y € (0,c0), then (cf. [31]) there exist
constants A and B, such that they are not both zero, and

yafl xofl

= BW ae.inRy.

We suppose that A # 0 (otherwise B = A = 0). It follows that
Ax ’
which contradicts the fact that 0 < [;°xP(1=9)=1fP(x)dx < co. Hence, (18) becomes a

strict inequality.
For 01 = o, by Fubini’s theorem (cf. [30]) and the above result, we have

s e { [ [ /0; (min{xy, 1})*[Inxy|? y"' £7 (x) dx] dy}"

(max{xy, 1})Ate  xle=1)p/q
1 o[ ry (min{x AN InxylP 4o ld %
_ <k&”<a>>q{ Ji [/0 ey L x({,’_wﬂ)]f"(x)dx}
= DT | [T wrle o (o]

= W) [Tt (e ]

Setting 0 < M; < kg\l)(a)(< o), (13) follows.
Therefore, Conditions (i), (iii), and (iv) are equivalent. Since the Conditions (i) and (iii)
are equivalent, similarly, by Fubini’s theorem, we have

==

1_/ flx l * (min{xy,1})%|Inxy|P

(max{xy, 1})A

g(y)dy | dx,

and we deduce that Conditions (ii) and (iii) are equivalent. Hence, the conditions (i), (ii),
(iif), and (iv) are equivalent.
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When Condition (iv) is satisfied, if there exists a constant M; > kgl) (0), such that (14)

is true, then by Lemma 1 we have kg\l) () > M;j. Hence, the constant factor M; = kgl) (0)
in (14) is the best possible.

The constant factor M; = kf\l) (0) in (13) is still the best possible. Otherwise, by (16)
(for o7 = o), we would conclude that the constant factor M; = kg}) (0) in (15) is not the

best possible. Similarly, we can prove that the constant factor M; = kg\l) (0) in (14) is the
best possible.
This completes the proof of the theorem. [J

1

p in Theorem 1, we derive the following corollary.

In particular, for o = oy =

Corollary 1. Ifa > — %, then the following conditions are equivalent:
(i) There exists a constant My > 0, such that for any f(x) > 0, satisfying

0< / xP2fP(x)dx < oo,
0

we have the following inequality:

00 %minx,l“lnxﬁ P %
U o] )

> M (/Ooo x”zf”(x)dx> % (19)

(ii) There exists a constant My > 0, such that for any g(y) > 0, satisfying

0< / §1(y)dy < oo,
0

we have the following inequality:

oo %minx,l"‘lnxﬁ i %
([ i o)

> M ( /0 Y (y)dy> %- (20)

(iii) There exists a constant My > 0, such that for any f(x),g(y) > 0, satisfying
0< / xP72fF(x)dx < oo and 0 < / g1(y)dy < oo,
0 0

we have the following inequality:

o0 5 min{xy, 11| 1n xy|P
s [ b e g

> M (/000 x”zf”(x)dx);</owgq(y)dy)é- (21)

The constant My = k(Al) (%) in (19)—(21) is the best possible.

Settingy = 1, G(Y) = g(%)yzl—,A in Theorem 1, and then replacing Y by y, we deduce

the following corollary.
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Corollary 2. If o > —a, then the following conditions are equivalent:
(i) There exists a constant My, such that for any f(x) > 0, satisfying

0< /oo xPA=) 1P (x)dx < oo,
0

we have the following inequality:

1

{ [y { [ (min{x,y})* [ In(x/)|° dx} ”dy}"
0 0

(max{x, y})

1

> M [/oo xp(lg)lfp(x)dx} " (22)
0
(ii) There exists a constant My > 0, such that for any G(y) > 0, satisfying
0< /Oo yq[lf(/\f‘fl)]flcq(y)dy < 00,
0

we have the following reverse Hardy-type integral inequality:

{/Om X1 Um (mirn Y| iy )'ﬁc(y)dy} qu}

(max{x, y})A e

1
q

1
> M [ / yﬂ”“ﬂ“cﬂwdy} g (23)
0
(iii) There exists a constant My > 0, such that for any f(x), G(y) > 0, satisfying
0< /Ooo xPU=D=1 P (x)dx < oo and 0 < /Ooo y 1= (A=)l =1Ga () dy < oo,

we have the following inequality:

/Ooo o) {/Oy (min{x,y})"| ln(x/y)|’5f(x>dx} dy

(max{x, y})*+

q

> M UOOO xp(lv)lfp(x)dx} ’ [/000 yq[l(Am]lcq(y)dy} ) (24)

(iv) g = 0.
If Condition (iv) holds true, then the constant My = k(Al) (0) in (22)—~(24) is the best possible.

For g(y) = G(y) and 4 = A — oy in Corollary 2, we deduce the corollary below.

Theorem 2. If ¢ > —a, then the following conditions are equivalent:
(i) There exists a constant My > 0, such that for any f(x) > 0 satisfying

0< /OOO xPA=) =1 6P (x)dx < oo,

we have the following reverse Hardy-type inequality of the first kind with the homogeneous kernel:

{/Ow yPr=l [/Oy (min{x, y})| ln(x/y)wf(x)dx} de};

(max{x, y})*+*

1

> M {/Ow x”(l_”)_lf”(x)dx} g (25)
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(ii) There exists a constant My > 0, such that for any g(y) > 0 satisfying

0< /0 Y11 1ed(y)dy < oo,

we have the following reverse Hardy-type inequality of the first kind with the homogeneous kernel:

e

1
" 00 i
> M UO y‘?“"‘)‘lgq(y)dy] : (26)

(iii) There exists a constant My > 0, such that for any f(x),g(y) > 0 satisfying
0< / xPA=O) 1P (x)dx < o0 and 0 < / y11==10(y)dy < co,
0 0

we have the following inequality:
°° Y (min{x, y})*|In(x/y)|? }
/0 8(y) [ /O (max(x, y )1+ f(x)dx|dy

> M Uow xP(l—U)—lfP(x)dx] v Uooo yq(l—y)_1gq(y)dy:| q. o

(i) p+0o = A
If Condition (iv) holds, then the constant My = kg\” (o) in (25)—(27) is the best possible.

In particular, for A = 1,0 = %, U= % in Theorem 2, we deduce the corollary below.

Corollary 3. If o > — %, then the following conditions are equivalent:
(i) There exists a constant My > 0, such that for any f(x) > 0 satisfying

0< / fP(x)dx < oo,
0
we have the following inequality:

{ /Ooo { /Oy (mirz;{;zﬁ:yl}j%wa (x)dx} pdy}p > M; ( /0 ” f”(x)dx) " (28)

(i) There exists a constant My > 0, such that for any g(y) > 0 satisfying

0< /0 g1 (y)dy < oo,
we have the following inequality:

([ o ol ().

(iii) There exists a constant My > 0, such that for any f(x), g(y) > 0 satisfying

0</Ooofp(x)dx<oo and 0 < /Ooogq(y)dy<oo,
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we have the following inequality:

(max{x, y})*

> M (i/owf’”(X)dX) : (i/omgq(y)d@ %- (30)

The constant My = kgn (%) in (28)—(30) is the best possible.

4. Reverse Hardy-Type Inequalities of the Second Kind
Similarly, we obtain the following weight function:

. (min{xy, 1})* [ InxylP ,
2y) = =y ./ (max{xy, 1})A e X

min{u nulbP
B /1 : (mixf{zji}gl\wl udu = kglz) (o) (y > 0).

Given Lemma 2, we similarly derive the following theorem.
Theorem 3. If A — o > —a, then the following conditions are equivalent:

(i) There exists a constant My > 0, such that for any f(x) > 0, satisfying
0< / xPA=) =1 6P (x)dx < oo,
J0

we have the following reverse Hardy-type inequality of the second kind with the non-
homogeneous kernel:

o0 _ © (min{xy,1})*|In xy|P : %
{ [y [ A s f<x>dx] dy}

1

> M, { /0 " =01 fp(x)dx] " (31)

(ii) There exists a constant My > 0, such that for any g(y) > 0 satisfying

0< /0 Y11= 19 (y)dy < oo,

we have the following reverse Hardy-type integral inequality of the second kind with the
non-homogeneous kernel:

(1750 e ] )

1

> M, { /O y"“"”lg"(y)dy} " (32)

(iii) There exists a constant My > 0, such that for any f(x),g(y) > 0 satisfying

0< /OOO xP1=0)=1£P (x)dx < 00 and 0 < /OOO Y11=l (1) dy < oo,
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we have the following inequality:

oo 00 (min{xy,l})”‘|lnxy|/3
A g(y)[/; ooy T f(x)dx]dy

1 0 1
> My [ /0 N (x)dx] ' [ /O yIi=o=1gn (y)dy] " (33)
(iv)oq = 0.
If Condition (iv) holds, then the constant M, = kg\z) (0) in (31)—(33) is the best possible.

In particular, for o = o = % in Theorem 3, we have

Corollary 4. If A > % — w, then the following conditions are equivalent:
(i) There exists a constant My > 0, such that for any f(x) > 0 satisfying

0< / P2 P (x)dx < oo,
0
we have the following inequality:

oo | reo (minf{xy, 1})%| In xy|P ’ %
(7] entirtent )

y

1

> My (/Ooo x’”zfp(x)dx> " (34)

(i) There exists a constant My > 0, such that for any g(y) > 0 satisfying

0< /0 8"(y)dy < o,

we have the following inequality:

{/Om T s gt qu} |

> M, [ /0 ) gq(}/)dy} %- (35)

(iii) There exists a constant My > 0, such that for any f(x), g(y) > 0 satisfying
0< / xP72fP(x)dx < oo, and 0 < / 81 (y)dy < oo,
0 0

we have the following inequality:
°° * (min{xy,1})"|In xy|?
/0 s l/i (max{xy, e |

> M ( /0 a2 (X)dx> : ( /OOo g’ (y)dy) %- (36)

The constant My = kg?) (%) in (34)—(36) is the best possible.

Setting y = +, G(Y) = g(3) % in Theorem 3, and then replacing Y by y, we deduce

the following corollary.
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Corollary 5. If A — 0 > —a, then the following conditions are equivalent:
(i) There exists a constant My > 0, such that for any f(x) > 0 satisfying

0< /oo xPA=)=1£P (x)dx < oo,
0

we have the following inequality:

o T (minfa/y, 1)) In(x/y) P P
{/o v dy}

1

> M {/Ooo xp(lg)lfp(x)dx} . (37)

(i) There exists a constant My > 0, such that for any G(y) > 0 satisfying
0< /oo y10+)=1GA (y)dy < oo,
0

we have the following reverse Hardy-type integral inequality:

© o— x (mlﬂ{x/y[l})a“n(x/y)lﬁ q %
{/0 x1 1[/0 (max{x/y,1})M e G(y)dy] dx}

> M, {/OOO J/q(HUl)le(y)dy] % (38)
(iii) There exists a constant My > 0, such that for any f(x), G(y) > 0 satisfying
0< /Ooo xPA=71 P (x)dx < oo, and 0 < /Ooo y11+a)=1GA () dy < oo,
we have the following inequality:

w ~ (min{x/y,1})*|In(x/y)|
/OG@M (max{x/y, 1]+ f(’“)d"}d}’

> M {/0“’ xP(la)lfP(x)dx} v [/000 yq(lﬂrl)lcq(y)dy} q‘ )

(iv) g = 0.
If Condition (iv) is satisfied, then the constant My = kf\z) (0) in (37)—~(39) is the best possible.

For g(y) = y*G(y) and s = A — 0y in Corollary 5, we obtain the following theorem.

Theorem 4. If A — o > —a, then the following conditions are equivalent:
(i) There exists a constant My > 0, such that for any f(x) > 0 satisfying

0< /0 x”(l_”)_lf”(x)dx < oo,



Symmetry 2023, 15, 463 16 of 18

we have the following reverse Hardy-type integral inequality of the second kind with the homoge-

neous kernel:
T (minfx,y))* In(x/y)]A P\
{/0 T e e dy}

> M {/Ooo xp(la)lf”(x)dx] " (40)

(i) There exists a constant My > 0, such that for any g(y) > 0 satisfying

0< /ow Y1710 (y)dy < oo,

we have the following reverse Hardy-type inequality of the second kind with the homogeneous kernel:

[ [ [ e 0 )

1
> M, { /O =110 (y)dy} " (41)

(iii) There exists a constant My > 0, such that for any f(x), g(y) > 0 satisfying
0< / xPA=O)=1fP (x)dx < oo, and 0 < / y11=1=100(y)dy < oo,
0 Jo

we have the following inequality:

[ st [ minka In(x/y)|? )]y

(max{x, y})

> M, { /O N x”“”’lf”(X)dx] / { /O " yp-m-1gn (y)dy] %- (42)

() u+o=A
If Condition (iv) is satisfied, then the constant My = kf\l) () in (40)—(42) is the best possible.

_1

p in Theorem 4, we derive the corollary below.

In particular, for A = 1,0 = %, n

Corollary 6. Ifa > — %, then the following conditions are equivalent:
(i) There exists a constant My > 0, such that for any f(x) > 0 satisfying

0< /Ooofp(x)dx < o,

we have the following inequality:

(U et o anf on( [ roow) o

(ii) There exists a constant My > 0, such that for any g(y) > 0 satisfying

0< / ¢1(y)dy < oo,
0



Symmetry 2023, 15, 463

17 of 18

References

we have the following inequality:

([ et ol [ cm).

(iii) There exists a constant My > 0, such that for any f(x), g(y) > 0 satisfying

O</Ooofp(x)dx<oo, and O</Ooog‘4(y)dy<oo,

we have the following inequality:

/Ooo ) {/y‘x’ (min{X,y})“\ ln(x/y”ﬁf(x)dx} dy

(max{x, y})!+

> Mz(/ooof"(x)dxy</Ooogq(y)dy>;. (45)

The constant My = kgl) (%) in (43)—(45) is the best possible.

5. Conclusions

Hardy-type integral inequalities play a prominent role in the study of analytic inequal-
ities, which are essential in mathematical analysis and its various applications, such as in
the study of symmetry and asymmetry phenomena. In the present work, in Theorem 1
and Theorem 3, employing methods of real analysis as well as using weight functions, we
obtain a few equivalent conditions of (5) (resp. (6)) with a particular non-homogeneous
kernel. Some equivalent conditions of two kinds of reverse Hardy-type integral inequalities
with a particular homogeneous kernel are deduced in the form of applications in Theorem 2
and Theorem 4. We also consider some interesting corollaries. In further studies, some
Hardy-type integral inequalities involving the Riemann zeta function are obtained. The
lemmas and theorems proved within this work provide an extensive account of this type
of inequalities.
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