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Abstract: In this paper, we define two classes of meromorphic multivalent functions in the punctured
disc U* = {w € C: 0 < |w| < 1} by using the principle of subordination. We investigate a number
of useful results including subordination results, some connections with a certain integral operator,
sandwich properties, an inclusion relationship, and Fekete-Szeg6 inequalities for the functions
belonging these classes. Our results are connected with those in several earlier works, which are
related to this field of Geometric Function Theory (GFT) of Complex Analysis.

Keywords: analytic functions; meromorphic multivalent functions; subordination; superordination;
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1. Introduction
Let A[a, n] be the subclass of analytic functions g(w) in U = {w € C : |w| < 1} of the
following form:

g(w) =q-+ anwn —+ anHw”H =+ ... ({1 c (C;w S U)

Furthermore, let M, denote the class of all analytic functions g(w) of the following form:

g(w) =w P+ i mwt (peN=1{1,23,.}), 1)
k=1-p

which are meromorphic p-valent in the punctured disc U* = U\{0}. If ¢ (w) and g2 (w) are
analytic in U, we say that g1 (w) is subordinate to g (w) or g (w) is superordinate to g1 (w),
written as, g1(w) < g2(w), if there exists an analytic function v(w) in U with v(0) = 0 and
|v(w)| < 1(w € U) such that

81(w) = g2(v(w))(w € U).
In particular, if g»(w) is a univalent function in U, we have the following equivalence (see
[1-3]):
g1(w) < g2(w) & £1(0) = 2(0) and g1(U) € ().

Many subclasses of meromorphically multivalent functions have been introduced and
investigated by several earlier authors (see, for example, [4-12]). Now, we introduce a
certain class Ml; (L, M) of meromorphic multivalent functions by using the principle of
subordination.
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Definition 1. For fixed parameters L and M with —1 < M < L < 1, we say that a function
g(w) € My isin Mg(L, M) if it satisfies the following condition:
B whtlg! (w) S 2
p 1+ Muw’
By using the above definition of subordination, (2) is equivalent to the following
inequality:

{_ wp+lg/(ru)]l;_1
P
<1

- w e U).
M[— wl’*lpg’(w)}ﬁ_L ( )

For convenience, we write M/;(l —20,-1) = Mg(a)(o <o < 1), where

wPHg’(w)}ﬁ

Mg(a):{geMpzéR[ >a,0§<7<1}. ©)]

We note that
(i) Taking B = 1in (2), the class Mg(L, M) reduces to M (L, M), where

p+1y/
My(L,M) = {g € My : -8 < Ll

(i) Takingf=1L=1-20(0 <o <1)and M = —1 in the class M’g(L, M), we obtain
whtle (w
/\/lp(a) = {g €M, §R{—+()} >0, 0<0< 1}.
In order to establish our main results, we need the following definition and lemmas.

Definition 2. [13] Denote by 11 the set of all analytic functions g that are injective on U\E(g),
where

£(g) = {¢ €U : limy_,; g(w) = oo},
and such that §'({) # 0 for { € U\E(Q).

Lemma 1. [14] Let h(w) be an analytic and convex (univalent) function in U with h(0) = 1.
Suppose also that ¢(w) given by

p(w) =1+ cyw + cow?* + ... (4)
in an analytic function in U. If
/
¢wyﬂwf”<hw)(w®z@5¢m, 5)

then
w
p(w) < Pp(w) = 6w [~ h(t)dt < h(w),
0
and  is the best dominant.

The Gaussian hypergeometric function » 71 (p1, p2; p3; w) is defined by

p1(p1+1).02(p2+1) w?

Prpa W, o s ®)

ps 1 p3(p3 +1)

2 F1(p1, 02, 03,w) =1+



Symmetry 2023, 15, 347 30f13

(p1,02,03 € C; p3 ¢ Zy = {0,—1,-2,..})).

Lemma 2. [15] (Chapter 14): For p1, 02,03 € Cwith p3 & Z;,

1
/ 271 (1= 1) P2 (1 —wt) 0 dt = F(pz)llj((gzs) p2) 2F1(p1, p2; 035 W) 7)
. 3

0

(R(p3) > R(p2) > 0);

_ w
2F1(p1,02;03w) = (1 —w) o F <P1,P3—92;P3; w—l); 8)

2F1(p1,02; 03, w) = 2F1(p2, 01503, W). ©)
Lemma 3. [16] Let q(w) be a convex univalent function in U such that

R{1+ 2 > maxfo,~R(L)} (e Cr=cC\{fo}).

If the function @(w) is analytic in U and
p(w) + scwe' (w) < q(w) + swq (w),
then ¢(w) < q(w) and q(w) is the best dominant.
Lemma 4. [13] Let q(w) be convex univalent in U and x € C. Further assume that R(x) > 0. If
¢(w) € Alg(0),1] N 1L,
and ¢(w) + xwe' (w) is univalent in U, then
9(w) + g’ (w) < (w) + k! ()
implies q(w) < ¢(w) and q(w) is the best subordinant.

Lemma 5. [17] Let h(w) = 1+ c;w + cow? + c3w> + ... € P, i.e., let h be analytic fuction in U
and satisfy R{h(w)} > 0 for w in U, then

‘cz - vcﬂ < 2max{1,|20 — 1|} forallv e C. (10)

The result is sharp for the functions given by g(w) = %f“’; or g(w) = .

In this paper, we study a number of useful properties including subordination results,
sandwich properties, inclusion relationship and Fekete-Szego inequalities for the function
classes Mg(L, M) and ./\/l/; (o), which are defined above. The results derived in the present
paper will pave the way for the further study in the direction of the Geometric Function
Theory (GFT). The recent developments in Geometric Function Theory (GFT) of Complex
Analysis (especially in algebraic geometry, number theory, as well as in physics, hydro-
dynamics, hermodynamics, engineering, and quantum mechanics) play a crucial role in
research in many disciplines, including in the concept of symmetry.

2. Main Geometric Properties

Unless otherwise mentioned, we assume throughout this investigation that —1 <
M < L<1,8,v>0,p € Nand all powers are understood as principal values.



Symmetry 2023, 15, 347 40f 13

Theorem 1. Let g(w) € M, defined by (1) satisfying the following subordination condition:

(147 g (w) 1+ Mw

Then g(w) € ./\/lf,(L, M) and

wPte! (w) P 1+ Lw
() PPt w
where the function Q(w) given by
M-L +
b+ iy o7 (LB M) (M £ 0)
Q(ew) = (13)
_PBL —
is the best dominant. Furthermore, g(w) € Ml;(a), ie,
wrtlg' (w)]”
[N e, a9
where
ﬁ+1\2( ))Z-Fl( 1Pﬁ+1lM ]) (M#O)
pL —
ﬁrr)ﬁ (M=0).
The estimate in (14) is the best possible.
Proof. Let p
wp+1 ! w
o(w) = [ wew). (16)
Then, ¢(w) is analytic in U and is of the form (4). Differentiating (16) with respect to w, we
obtain
g (@)]” |y [wg (@) W' (w))” T o () < 1L
1+ {—} +{ +1H—] = ¢(w) + —we (w) < . (17)
e p Pl g p o)+ 509 () = 755
Now, by using Lemma 1 for § = pﬁ , we obtain
WPt ig (w)]P pB w6 [ B (1+Lt\  pB [ty 1+ Luwu
[p] <Q(w)_7w ! .O/tL7 <1—|—Mt) / (1+Mwu>du° (18)

By using Lemma 2 with p; = 1,00 = pﬁ’ 03 = pﬁ+’y in (18), we obtain

L M-L . +y. M

This proves the assertion (12) of Theorem 1.
Next, in order to show the assertion (14) of Theorem 1, it suffices to prove that

inf {R(Q(w))} = Q(=1). (19)

wel
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We here have

v

R(EH) = 56 (vl <r<1).

Putting

g(6,w) = HHY and dv(g) = 25 Tag (0<g<1),

which is a positive measure on the interval [0, 1], we obtain

O(w) = [ &(g,w)dv (),

O%»—n

so that

1
R 0/ (1= (O = 0= (ol <7 <1). 20)

Letting r — 17 in (20), we get the assertion (14) of Theorem 1. Finally, the estimate in (14)
is the best possible as Q(w) is the best dominant of (12). [

Taking B = 1 in Theorem 1, we obtain
Corollary 1. Let g(w) € M, defined by (1), satisfying the following subordination condition:
_whtlg'(w) 7 [wg” (w) 1+Lw
Sty 3[R 1]} <

Then g(w) € M (L, M) and

wPtlg (w) 1+Lw
- <M (w) < 171w/

P
where O (w) given by
M
s M((1+M)zu) 2]:1( AL+ 1+Mw) (M #0)
O (w) =
L
1+ 5w (M =0)

is the best dominant. Furthermore, g(w) € Mpy(01), ie,
p+1,/
%{—W#g(w)} >0 (wel),

where

b+ e 2P (LLE+ Tl ) (M #0)
0 =

pL —
- B (M=0).

The above estimate is the best possible.

For the function g(w) € M, Kumar and Shukla [18] defined the integral operator
Gup(8)(w) : My — M, as follows:

Gp(8) () = L [0 1g(0ydt (> 0w € D). 1)

From (21), we obtain

wGy, ,(8)(w) = pg'(w) — (p+p+1)G;, ,(g)(w). (22)
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Theorem 2. If g(w) € M, satisfies the following subordination condition:

w1g, (5)(w)]” wpﬂg,a,p(gxw)r Lt Lo
- — < ,  (23)
p 1+ Mw

_ g'(w)
1 v)l ; [

+
G @ W)

where Gy,p(8)(w) is defined by (21), then G, ,(g)(w) € ./\/ll;(L, M) and

wgl, (9)(w) ] P
- o) < i,

where the function

T Fy (1, 1; Bt M%ﬁl) (M #0)

d(w) =
(M=0),

wpPt1ig! w) 1P
%{% ¢QX) > & (wel), (24)
where
b (1= ) = M)A (LGB M) (M £ 0)
&=
B —

1- gL (M=0).
The above result is the best possible.
Proof. Defining ¢(w) by

(25)

/ B
p(w) = [W] (w e V),

we note that ¢ is analytic in U and is of the form (4). Differentiating (25) with respect to w

and using the identity (22), we find that

wrig), (g)(w) ] P Jw) [ g, @@)]P
“‘Vﬂ_;7]+7gﬂwm" b

= p(w) + fwg'(w) < L.

Employing the techniques that we used in proving Theorem 1 above, we can prove the
remaining proof of Theorem 2. [
Setting B = 1 in Theorem 2, we obtain

Corollary 2. If g(w) € M, satisfies the following subordination condition:

wPtG) L (8)(w) wP e’ (w)
Hp + 9 8w < 1+Lw
1+Mw’

—1(1=7) g )

where Gy, p(8)(w) is given by (21), then
1+Lw

wPtg (2)(w)
- @ () < Kb,

where O1(w) given by



7 of 13

Symmetry 2023, 15, 347

L (ML) LHtY. M
) MJFWZE(LLT'Mﬂl) (M #0)
(Dl w) =
1+%%Lw (M=0),

is the best dominant. Furthermore,
+1 0/
g}%{_“’pgwr’(é’)(“’)} > & (wel),

P
where
M—-L +
1+ A 271 (Ll;%?m) (M #0)
&=
1— H%L (M=0).

The result is the best possible.
Theorem 3. If g(w) € M?(J) (0 <o <1),then

§R{(1+7) [—Wrﬁ{wgzg) +1] [—Wr} >0 (Jw| <R), (26)

where
1y 27)

Proof. Since g(w) € M?(U), we write

' B
{_w”ﬂg(w}} =c+(1-0)u(w) (wel). (28)

p
Then, u(w) is analytic in U, is of the form (4), and {u(w)} > 0. Differentiating (28) with

respect to w, we obtain

B ) R L

(1+7) [ -8 — u(w) + Lo (w).  (29)

r\ &w)

1—0 B

Now, by applying the following estimate (see [19,20])
ot < 2 (lwl=r<1)

in (29), we obtain

p+1 7 B 1" p+1 ' (w) p
( )[ P } P( 8 (w) >{ p } > %{u(w)}<1 2qr ) (30)
1-96 pp(1 —1r2)

Note that the right-hand side of (30) is positive provided that » < R, where R is given by

(27). This shows the assertion (26) of Theorem 3.
In order to prove that the bound R is the best possible, we consider g(w) € M,

defined by

[~ gw]’ (1 — o)k 0<o<1).

Noting that
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wi’*lg’(w) 2 v [ wg” (w) ZUP+18/(W) A
(1+7) [_# +§ & (w) +1 T -0 _ pﬁ(]—w2)+2’)/w

=3 = ppawp 0

for w = Rexp(irr), we complete the proof of Theorem 3. [

Theorem 4. Let q(w) be univalent function in U such that

§R<1 + wq’iZf;;”) > max{O,—@%(pf) } (31)

If g(w) € M, satisfies the subordination condition

o[]S ) i e

Hw) 1B
then [—M] < g(w) and q(w) is the best dominant.
Proof. Let ¢(w) be given by (16). Combining (17) and (32), we obtain
p(w) + 5wyl (w) < q(w) + oy (). (33)
PP PP
Applying Lemma 3 on (33) with s = #, we easily obtain the assertion of Theorem 4. [

1+Lw

T Mw in Theorem 4, we obtain

Putting g(w) =

Corollary 3. Suppose that
?RG;%%) > max{O, —?R(%) }

If g(w) € M, satisfies the following subordination condition:

(T+7) [‘Wﬁ* » S+ [‘wpﬂfl(w)} =< i+ 7 i

p+1lo/ B
then [—w }‘f (w)] = fjl\%’f,, and fj]\%‘z is the best dominant.

Theorem 5. Let { wr’#g} € A[q(0), 1] N IT such that

O i e R e

be univalent function in U. If g(w) € M, satisfies the superordination condition

)+ ) < 4[24 s s

"w) 1P
where q(w) be convex univalent function in U, then q(w) < [—W} and q(w) is the best
subordinant.

Proof. Let ¢(w) be defined by (16). Then

wr’“’;z'(w)r L [wg'%w) N 1} {_ wPHg’(w)T
o) + gy (@)

g(w) + L

Tugw) < (1+9) [—

An application of Lemma 4 yields the assertion of Theorem 5. [J
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Putting g(w) = 1IAL/Iw in Theorem 5, we obtain

') 1P
Corollary 4. Let {—M} € A[1,1) NIT such that

_wrig@))P g fugw) ][ wrtgw)]?
(e [ g [ 1] [
be univalent in U. If g(w) € M, satisfies the superordination condition

£ + 3 < (1 +7) [~ g et ) (o)

1,/ B
then 1111%]0 < {—wp 5 (w)} and 1111\61% is the best subordinant.

By combining the above results of subordination and superordination, we easily obtain
the following "Sandwich-type result".

Theorem 6. Let g1 be convex univalent in U and g be univalent in U such that gy satisfies (31). If

-2 e A,

and

e[ gl ][

be univalent in U, also

R i
5]2( ) pﬁwq (ZU),

5+%{wg(()) _I_l} {_W}ﬁ B

then

wPtlo! (w /5
71(w) < [~ < ga(w),

and g1 (w) and q(w) are, respectively, the best subordinant and the best dominant.

Theorem 7. Suppose that g(w), h(w) € M satisfy the following inequalities:

R{ -2 0 wev).

r
If
o) —1‘ <1 (wel),
then
%R{1+ (())} >0 (lw| < Ry),
where
R — (B+2)*+4pf*(p+1)— (B+2)
0= 2B(p+1) )
Proof. Letting
_ §(w) 1 _ 2
P(w) = e 1=tw+tbw* + ..., (34)

since ¢(w) is analytic function in U with ¢(0) = 0 and |¢(w)| < |w| (w € U). Then, by
using the Schwarz’s lemma (see [21]), we obtain
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p(w) = Hi -1 = w¥ (w),

where ¥ (w) is analytic function in U and [¥(w)| < 1 (w € U). Hence, (34) leads us to
wg' (w) = wh'(w)(1+w ¥(w)) (weTU). (35)
Differentiating (35) logarithmically with respect to w, we obtain

wg” (w) wh" (w)  w{¥(w) +w? (w)}
1+ ' (w) =1+ W () + 1+ w¥(w) . (36)

With

plw) = [~ gw)”

we see that ¢(w) is analytic function in U, is of the form (4), R{¢(w)} > 0 (w € U) and

S = b

so that we find from (36) that

o wg ) o 1wg )] |w{¥(w)+ w¥ (w))
“{” () }Z” Bl () ’ ‘ Ttw¥(@) | 7

Now, using the following known estimates (see [22]):

e < 2 (ol =r < 1)

and

k4 Yy

in (37), we obtain

wg” (w — r— r2
_3%{1 + gg’(z(u))} > b (ﬁzz[i—rzﬂ](pﬂ) (lw| =7 <1),

which is certainly positive, provided that » < Ry, R¢ being defined as in Theorem 7. [

Now, employing the same techniques used in [23,24], we study the Fekete-Szego
problems for the classes M’g (L, M) and MI; (0).

Theorem 8. If g(w) € Mg(L,M) given by (1), then

M+<ﬁ1+P(P2)>(LM)7‘}(;;;A1,2), (38)

- P
2 (p-1) B

2 - M) .
‘az,p yalfp‘f (pr)ﬁ max< 1;

Proof. If g(w) € Ml;(L, M), then there is an analytic in U with v(0) = 0 and |v(w)| < 1in
U such that

7wp+1g’(w) p 14 Lv(w) (39)
% 14+ My(w)’
If we define the function h(w) by
_ 14v(w) 2
h(w) = =) ~ 14w+ cw” + .., (40)
we see that R{h(w)} > 0and h(0) = 1. Therefore,
1+ Lv(w) (L-M) (L-=—M7[  (OA+M),] ,



Symmetry 2023, 15, 347 11 of 13

Now by substituting (41) in (39), we have

{_M'(wr:lw—wqw

p 2

From the above equation, we obtain

(p—1)B _(L—-M)
;=5 (42)
and )
(r—2)p (p—1)°p(B—1) (L—M) (1+M)

” ap—p + 272 a%_p =5 |27 3. (43)

Thus,
L-M
M-p = ;27((;7*1)!261

and

m-p = b o — 3 (14 M+ BB,

Therefore, we have

a2—p — W%-p = H{Cz - UC%}, (44)
where
_1 B—1  p(p—2)\(L- My
v—21+M+( 5 +(p_1>2> 5 ] (45)

Our result now follows from Lemma 5. This completes the proof of Theorem 7. [

Remark 1. (i) Taking p = 1in (42) and (43), we have c; = 0 and a1 = —%cz. Thus

|{Ill| S %
(ii) Taking p = 2 in (42) and (43), we have

2V3(L-M)
V(R =i

Putting B = 1 in Theorem 8 and Remark 1, we obtain

Corollary 5. If g(w) € M,(L, M) given by (1), then

;| < L-M (p=1);

ol < 22 (pm2M 1)
wy—pal,| < wmax{l; M P E,fi(f)z_ M)u‘} (b #1,2)

Putting L =1—20(0 < ¢ < 1) and M = —1 in Theorem 8 and Remark 1, we obtain
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Corollary 6. If ¢(w) € Mg((f) given by (1), then

2(1—o0)

3 (p=1);

< 4(1—0)
~ VIBB-1)(1 -0

az,p—‘ua%_p‘ < 2p(l_(f)max{l,‘

;| <

(p=2p#1);

2p(p—2)\(A—0o)u
1—(Bg—1+ £1,2).
(ﬁ (P—Uz> ‘}W )

a_q]

- (p—2)B B

3. Conclusions

In our present investigation, we have defined some classes M? (L, M) and M‘g (0) of
meromorphic multivalent functions by using the principle of subordination. Furthermore,
we have derived the subordination results, sandwich properties, inclusion relationship,
and Fekete-Szego inequalities for the functions belonging to these classes.
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