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Abstract: Any new gravitational theories can be built with the help of a gauge theory with local
Poincare symmetry. This local Poincare symmetry can set up a space-time with torsion. In the present
study, the authors working on the parametrization approach towards Hubble’s parameter in the
frame of modified teleparallel Gauss-Bonnet gravity which is established on the torsion invariant
T and the teleparallel equivalent of the Gauss-Bonnet term TG , say F (T , TG ) gravity. In particular,
gravity is responsible for an integrated explanation of the cosmological history from early-time
inflation to late-time acceleration expansion, by lacking the addition of a cosmological constant. The
domino effect acquired is reliable with recent cosmological outcomes. A transition scenario from
a decelerating phase to an accelerating phase of cosmic evolution has been detected. Using the
combined datasets (SNe-Ia+BAO+CMB+H(z)), we have constrained the transition redshift zt (at
which the universe transit from a decelerating phase to an accelerating) and established the best fit
value of zt. Next, we paralleled the renovated results of q(z) and ω(z) and found that the outcomes
are well-suited with a ΛCDM universe.

Keywords: FRW space-time; dark energy; F (T , TG ) gravity; cosmology

1. Introduction

Astronomical data and theoretical influences put forward that the cosmos passed
through an early inflationary era and brought about an accelerated era at a late time [1–7].
The confirmations that have been specified to explain this stage can commonly be put into
two categories. One way is to revise the universe content by bringing together additional
fields such as canonical and non-canonical scalars, fermionic, etc., that make known the
conceptions of the inflation and/or the dark energy (DE), which can be protracted in an
enormous class of models see [8–10]. Moreover, DE is classified by the equation of state
parameter (ω) which is defined as ω = p

ρ . The equation of state parameter is not certainly
constant but the inconstant time dependant equation of state parameter is responsible
for more physically feasible and realistic DE models explored by the Chevallier-Polarski-
Linder (CPL) parametrization [11,12]. If ω is slightly upper and lower than −1 then it
would be respectively equal to the quintessence and phantom DE cosmology whereas the
possibility ω << −1 is ruled out by current cosmological data. Together with several
additional restrictions of the equation of state parameter are obtained from SNe-Ia data
and a combination of SNe-Ia data with CMB anisotropy and Galaxy clustering statistics
are −1.66 < ω < −0.62 and −1.33 < ω < −0.79 correspondingly. The modern outcome
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obtained from cosmological data sets coming from CMB anisotropy, luminosity distances
of high red-shift SNe-Ia, and galaxy clustering constrain the range of ω lies in −1.44 < ω <
−0.92. Further, the CMB revealed that DE subsidizes 68% to the entire energy at the ease of
the Universe. The cosmological constant Λ is the supreme up-front DE candidate with the
equation of state ω = −1. The ΛCDM model, containing the both cosmological constant
(Λ) and cold dark matter (CDM), is the regular model that constantly fits with the current
observational data sets. On the other hand, the Λ suffers from fine-tuning and coincidence
matters. The other one is to transform the gravitational sector (Hilbert-Einstein action)
instead which resulted in modified gravity theories. An extension of Hilbert-Einstein action
leads to the f (R) gravity [13–22] which represents a class of theories defined as arbitrary
functions of R. An approach to transforming the gravitational Hilbert- Einstein action is to
spread out the work of the corresponding torsion formulation, called Teleparallel Equivalence
of General Relativity (TEGR) [23–26]. In this class of gravity, the Weitzenbock connection
is used instead of the torsion-less Levi-Civita connection and the torsion scalar T can be
achieved after the contraction of the torsion tensor. Torsional formulation of gravity plays
an essential role in the so-called Poincare gauge gravity, where the Poincare invariance
plays a fundamental role. Moreover, torsional gravities can be obtained starting from
the local Poincare symmetry. In the Poincare approach, torsion contributes to the overall
dynamics where internal degrees of freedom (spins) and external degrees of freedom
(space-time). Furthermore, based on a nonlinear realization of the local conformal-affine
group of symmetry transformations was formulated. A number of significant studies
on the astrophysical as well as cosmological aspects of f (T ) gravity are ended in the
references [27–37]. Other alternatives are f (R, T) gravity [38–43], f (R, Lm) gravity [44–49].
Another, in the teleparallel formulation of gravity, the complex curvature rectifications can
be acquainted with the Gauss-Bonnet combination G in which the torsion invariant term TG
has been pulling out without commanding the Weitzenbock connection [50–59], this lead
to an alternative remarkable class of modified gravity, known as F (T , TG) gravity [60,61].
These F (T , TG) gravity have been broadly considered in several contexts and acquired an
exciting domino effect on multiple scales [62–64]. By adding the matter sector along with
the gravitational one, the total action for F (T , TG) gravity is defined as [62],

Stot =
1

2κ2

∫ (
d4xeF (T , TG) + Sm

)
, (1)

where Sm relates to a matter energy-momentum tensor and κ2 = 8πG be the four-dimensional
Newton’s constant.

Any model that just reduces the sound horizon recombination can never fully resolve
the Hubble tension while still being consistent with other cosmological datasets, as shown
by Jedamzik et al. [65] in their study. They have explicitly demonstrated that models with
larger Ωmh2 develop tension with galaxy-weak lensing data, whereas models with smaller
Ωmh2 develop tension with observations of baryon acoustic oscillations. This is because
models with lower matter density Ωmh2 achieve a higher Hubble constant.

Inspiring by the effective cosmological domino effect of f (T ) and the extension of
f (T ) gravity, in this study, the author study a gravitational action of the torsion scalar
and the Gauss-Bonnet component which omits the F (T , TG) theory is considered. In
particular, the author shall make an effort to the behavior of the Universe at the late time of
its evolution.

The article is organized as follows: In Section 2. given basic formalism of F (T , TG) the-
ory. In Section 3. presented parametrization of the Hubble parameter. Basic observational
constraints are shown in Section 4. and results of tests summarised Section 5. Interesting
behavior of physical parameters graphically presented in Section 6. Conclusions in detail
given in Section 7.
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2. Cosmology with F(T ,TG) Gravity

In order to inspect the astrophysical and cosmological implications of the action (1),
here the author thinks through a spatially flat cosmological ansatz of the form

ds2 = −N2(t)dt2 + a2(t)
(

dx2 + dy2 + dz2
)

, (2)

where a(t) indicates the scale factor and N(t) be the lapse function. This metric omits the
diagonal vierbein and its determinant as

eα
µ = diag(N, a, a, a), and e = Na3 (3)

As usual, consider N(t) = 1. Using the vierbein (3) of the considered cosmological ansatz (2),
we found

T = 6H2 and TG = 24H2(Ḣ + H2), (4)

where H = ȧ/a represents the Hubble’s parameter and the overhead dot denotes the
differentiation with respect to cosmic time t.

Furthermore, varying the action (1), the equations of motion using diagonal vierbein (3)
are formed as [60,61],

2κ2ρ = F − 12H2FT − TGFTG + 24H3ḞTG (5)

−2κ2 p = F − 4(Ḣ + 3H2)FT − 4HḞT − TGFTG +
2TG ḞTG

3H
+ 8H2F̈TG (6)

here F = F (T , TG),FT =
∂F (T ,TG )

∂T and FTG =
∂F (T ,TG )

∂TG .
To analyze the above components of the equation of motion, it is necessarily required

to consider the form of F = F (T , TG). Hence go through the utmost essential and non-
trivial model of the form (which does not introduce a new mass scale into the problem),

F (T , TG) = −T + ε1 f (T , TG), (7)

where f (T , TG) =
√
(T 2 + ε2TG), ε1 and ε2 are dimensionless coupling model parameters.

Also, the model is forecast to be necessary in late times. As, this model can yield significant
cosmic behavior validating the advantages, opportunities, and original features ofF (T , TG)
cosmology [66].

In view of the F (T , TG) the model given in (7), and the components of equation of
motion provided in Equations (5) and (6) become,

κ2ρ = 6H2

(
2−

ε1
(
2TGε2T + ṪGε2

2 + 2T 3)
(TGε2 + T2)

3/2

)
+

ε1
(
TGε2 + 2T 2)

2
√
TGε2 + T 2

− T (8)

κ2 p = 3H2

 ε1

(
4T
(
TGε2 + T 2)2 − Ṫ 2

G ε3
2

)
(TGε2 + T 2)

5/2 − 4

+
TG ṪGε1ε2

2

6H(TGε2 + T 2)
3/2 +

4TGHε1ε2Ṫ
(TGε2 + T 2)

3/2

+Ḣ

(
4ε1T√
TGε2 + T 2

− 4

)
−

ε1
(
TGε2 + 2T 2)

2
√
TGλ2 + T 2

+ T

(9)

3. Isotropization

To examine the changing aspects of models/dark energy models, there are several
somatic arguments and inspirations for the model are present in the literature. In this
section, the authors keep an eye on the similar idea of parametrization of cosmological
models and explain the gravitational equations openly and study the dynamics in an altered
phase of the universe’s evolution. To define the phase transition of cosmological models
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from early-time inflation and deceleration to acceleration in late time, various cosmologists
have well-thought-out parametrization of cosmological parameters and constrained them
through observational data. Most of them are equations of state, deceleration, Hubble’s,
and some well-known CPL parametrizations [67,68]. Hence, examine the parametrization
of the Hubble parameter as

H(z) =
H0

1 + γ

[
1 +

γ

a1/β

]
, (10)

where a is the average scale factor, H0 be the present value of H(z), γ and β both are
non-negative free model parameters. Using (1 + z) = 1

a , one can represent the above
Equation (10) in z as

H(z) =
H0

1 + γ

[
1 + γ(1 + z)1/β

]
. (11)

4. Observational Constraints

In the previous sections, we have briefly described the F (T , TG) gravity and solved
the field equation with a new parametrization of the Hubble parameter. In order to extract
the best fit values, the considered form of H(z) was constrained by SNIa from Pantheon,
CMB from Planck 2018, BAO, and 36 data points from Hubble. In what follows, we
describe in detail the methodology adopted and data used in our analysis in the following
subsections. The results of our study are shown in Tables 1 and 2 along with the contour
plots (two-dimensional) with 1σ and 2σ errors.

Table 1. The table displays the mean values of the free cosmological parameters as well as their
summary and best fit.

Model Par Prior Best Fit Mean

ΛCDM Ωm [0.001, 1] 0.311408+0.00589651
−0.00589651 0.311568+0.0058866

−0.0058866

Ωbh2 [0.001, 1] 0.0223949+0.000131606
−0.000131606 0.0224038+0.000131345

−0.000131345

h [0.4, 1] 0.679136+0.00435014
−0.00435014 0.679113+0.0043422

−0.0043422

Model β [0, 1] 0.673644+0.00366388
−0.00366388 0.673728+0.00366858

−0.00366858

γ [0, 1] 0.62501+0.0000621386
−0.0000621386 0.625011+0.00006221

−0.00006221

h [0.4, 1] 0.657403+0.00408987
−0.00408987 0.657422+0.00409376

−0.00409376

Table 2. The table shows the summary of χ2
tot

min, AICc and ∆AICc.

Model χ2
tot

min AICc ∆AICc

ΛCDM 1102.2611 1108.28 0

Model 1108.2811 1109.4586 1.1771

4.1. Supernovae Type Ia (SNe-Ia)

Here, we use supernovae from Pantheon compilation made of 1048 spectroscopically
confirmed Type Ia Supernovae distributed in the Redshift range 0.01 < z < 2.26 [69]. So
for the Pantheon compilation, the chi-square equation is expressed as

χ2
SN = (µobs − µth)

T .C−1
Pan.(µobs − µth), (12)

where µth = 5 log10
cDL

H0 Mpc + 25, µobs be the observed distance modulus and CPan is the
covariance matrix of Pantheon data.
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4.2. Cosmic Microwave Background

The χ2 for cosmic microwave background is expressed as follows [70]

χ2
CMB(β, γ, h) = XT

CMB(β, γ, h).C−1
CMB.XCMB(β, γ, h), (13)

where XT
CMB(β, γ, h) = (R(β, γ, h)− 1.74963, la(β, γ, h)− 301.80845, Ωbh2(β, γ, h)− 0.02237)

and CCMB be the cosmic microwave background covariance matrix.

4.3. Baryon Acoustic Oscillation

In this paper, we use correlated BAO data (6dFGS, WiggleZ and Lya) and uncorrelated
ones (SDSS DR7 MGS, BOSS-LOWZ, BOSS-DR12, BOSS-CMASS and DES) [71,72]. Hence,
the total chi-square for BAO, χ2

BAO, is expressed as

χ2
BAO(β, γ, h) = χ2

6dFGS + χ2
SDSS + χ2

BOSS−LOWZ + χ2
BOSS−CMASS + χ2

WiggleZ + χ2
BOSS−DR12. (14)

The peak positions of Baryon Acoustic Oscillation are in general given in terms of
DV(z)/rs(z), DA(z)/rs(z) and H(z)/rs(z) measured at the drag epoch zdrag i.e., where
baryons were released from photons.

4.4. Hubble’s Data

For the constraints, we also make use of the Hubble measurements H(z). This obser-
vation can be regarded as cosmic chronometers, and we use a sample covering the redshift
range 0 < z < 2.34. For, these measurement the estimator χ2 equation is expressed as:

χ2
H(z)(β, γ, h) =

36

∑
i=1

[
Hobs,i − H(zi, β, γ, h)

σH,i

]2

. (15)

where Hobs be the observed value of H(z) and σH(zi) represents the observational errors
on the measured values Hobs(zi).

4.5. Monte Carlo Markov Chain (MCMC)

We can test the predictions of our theory with the available data by implementing the
MCMC process. Hence, the total χ2 defined as

χ2 = χ2
SN + χ2

CMB + χ2
BAO + χ2

H(z) (16)

5. Results on Observational Tests

After successfully implementing the MCMC process, we got the best fit and mean
values of the cosmological free parameters β, γ that appear in Table 1. Further, an exciting
feature is perceived in the significance of the Hubble constant, well-defined as H0 = 100 h.
With respect to the values acquired by [73] and the one forecast by Planck, our end result for
H0 perfectly resembles the value of Planck. The constrained values of the free cosmological
parameters γ and β are found to be as γ = 0.62501+0.000062138

−000062138 , β = 0.67364+0.0036638
−0.0036638 (See

Figure 1. Also compare the resultant values of χ2
tot, AICc and ∆AICc with the standard

ΛCDM model, and observed that our model is supported and perfectly consistent with the
observations as ∆AICc < 2 (See Table 2).
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Figure 1. The figure shows the MCMC 1σ and 2σ confidence contours plot obtained from the combine
SCBH dataset.

6. Physical Parameters
6.1. Deceleration Parameter

The deceleration parameter (DP) describes the rate of acceleration of the Universe and
is defined as

q(z) = −1− Ḣ
H2 (17)

The Universe is in a decelerating phase for optimistic q > 0, whereas an accelerating
phase can be seen for unfavorable q < 0. Here, the model parameters γ and β both are
cast-off to analyze the DP q. Figure 2, gives details of the expansion of transition from
the past (positive) deceleration to the present (negative) acceleration for redshift z. At
present, the DP is observed as q0 = −0.45015 for the SNe-Ia+CMB+BAO+H(z) (SCBH)
dataset. Because of this, q(z) at the current cosmic epoch is fairly compatible with the range
q0 = −0.528+0.092

−0.088 as found by a recent observation [66,74].



Symmetry 2023, 15, 321 7 of 13

-1 0 1 2 3
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Figure 2. The DP with the best fit constraints value obtained from combined SCBH data versus
redshift z.

6.2. Equation of State Parameter

When used to define the physical relevance of energy sources in the evolution of the
universe, the equation of state (EoS) parameter is produced as

ω =
p
ρ
=


T −

3Ṫ 2
G H2ε1ε3

2

(Gε2 + T 2)
5/2 +

TG ṪGε1ε2
2

6H(TGε2 + T 2)
3/2 + 4

(
3H2 + Ḣ

)( ε1T√
TGε2 + T 2

− 1

)

+4HṪ
(

ε1√
TGε2 + T 2

− ε1T 2

(Gε2 + T 2)
3/2

)
+

TGε1ε2

2
√
TGε2 + T 2

− ε1

√
TGε2 + T 2


− 6ṪGH2ε1ε2

2

(TGε2+T 2)
3/2 − 12H2

(
ε1T√
TGε2+T 2

− 1
)
+ ε1

√
TGε2 + T 2 − TGε1ε2

2
√
TGε2+T 2

− T
(18)

The EoS parameter is characterized as follows:

• “For the dust phase the EoS parameter, ω = 0,
• in the radiation-dominated phase, ω = 1

3 ,
• in the vacuum energy or ΛCDM model, the EoS parameter is recovered by ω = −1.
• in the quintessence phase, EoS parameter lies in range (−1 < ω < 0),
• in the phantom regime (ω < −1)”.

In our investigation, the redshift-dependent behavior of the EoS parameter from
Equation (13) is depicted in Figures 3 and 4 by taking into account the change in the
values of ε1 (0.6681 ≤ ε1 ≤ 0.6881) and ε2 (0.9851 ≤ ε2 ≤ 0.9951). This picture indicates
that the model approaches the ΛCDM limit at z → 0 for all ε2 and ε1 = 0.6781; this
ΛCDM deviation also requires attention. It is usually convenient to have a ΛCDM limit
to ensure that a model fits the data. The EoS parameter is constrained to have a range of
−1.02 ≤ ω ≤ −0.986 at the 1σ and 2σ confidence level for the collective dataset of the
observations, whereas the best fit value is close to ω = −1.0024 at the present epoch (see
red color line in Figure 3) and it approaches −1 at late times (see Figures 3 and 4). As a
result, we determine that the end result is almost reliable with the recent observational
constraints on ω obtained by Wood-Vasey et al. [75] and Davis et al. [76] at z→ 0 and also
in good agreement with the cosmological data Amanullah et al. [77] at z→ −1. Hence, we
fix ε1 = 0.6781 and ε2 = 0.9901 throughout the analysis.
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ϵ1 = 0.6681

ϵ1 = 0.6781

ϵ1 = 0.6881

-1 0 1 2 3

-1.0

-0.5

0.0

0.5

z

ω
(z
)

Figure 3. EoS parameter with the best fit constraints value obtained from SCBH data ε1 = 0.6681,
ε1 = 0.6781 and ε1 = 0.6881 versus redshift z.

ϵ2 = 0.9851

ϵ2 = 0.9901

ϵ2 = 0.9951

-1 0 1 2 3

-1.0

-0.5

0.0

0.5

z

ω
(z
)

Figure 4. EoS parameter with the best fit constraints value obtained from SCBH data ε2 = 0.9851,
ε2 = 0.9901 and ε2 = 0.9951 versus redshift z.

6.3. Energy Density and Pressure

With the best fit constraints value of β and γ which obtained from SCBH data and
considered fix values of ε1 and ε2 the behavior of energy density and pressure is given in
Figures 5 and 6.

-1 0 1 2 3

0

2

4

6

8

z

ρ
(z
)

Figure 5. Energy density of the Universe with the best fit constraints value obtained from SCBH data
ε1 = 0.6681, ε1 = 0.6781 and ε1 = 0.6881 versus redshift z.
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Figure 6. Isotropic pressure of the Universe with the best fit constraints value obtained from SCBH
data ε2 = 0.9851, ε2 = 0.9901 and ε2 = 0.9951 versus redshift z.

The Figures 5 and 6 reveal that the redshift progression of energy density and isotropic
pressure derived here in the framework of F (T , TG) gravity is completely reliable with the
outcomes resulting in more than a few works mentioned in the collected analysis [78–80].
In detail, the cosmic energy density is non-negative and increases with the redshift, despite
the fact an isotropic pressure is negative at present and in the future. As a result, negative
pressure is liable for the accelerating expansion of the Universe at present and in the future.

6.4. Energy Conditions

The energy conditions (EC) consent us to consider the behavior of gravitating systems
without stipulating the detailed behavior of the matter. The well-known Raychaudhuri
equation, which deals with appealing gravity, has shown to be highly helpful in describing
energy conditions. Strong energy condition (SEC), weak energy condition (WEC), null
energy condition (NEC), and dominant energy condition (DEC) are the four point-wise
energy conditions that are limits on the stress-energy-momentum tensor of the matter that
are most frequently utilized. In generally known that WEC is the most spontaneous of the
energy conditions. The WEC implies ρ ≥ 0 for a perfect fluid. Furthermore, the pressure
of the universe can’t be so negative it takes over the energy density, or ρ + p ≥ 0. Next,
the second law of black hole thermodynamics is determined by the null energy condition
(NEC) [81–83]. Conferring to the meaning, we can also understand that if the NEC is
violated, then the WEC and DEC on the other cannot be satisfied. In physical these energy
conditions are defined as [84],

• “Null energy condition (NEC) ⇐⇒ ρ + p ≥ 0,
• Weak energy condition (WEC) ⇐⇒ ρ + p ≥ 0 and ρ ≥ 0,
• Strong energy condition (SEC) ⇐⇒ ρ + p ≥ 0 and ρ + 3p ≥ 0,
• Dominant energy condition (DEC) ⇐⇒ ρ− |p| ≥ 0 and ρ ≥ 0”.

The energy conditions in several modified theories of gravity are studied such as
Capozziello [85] and Alvarenga [86] studied using the power law in f (R) and f (R, T)
gravity, Liu [87] studied it with exponential as well as Born-Infeld f (T ) gravity, in f (G)
gravity by Garcia [88] and Bamba [89] also Atazadeh [90] investigated in f (R,G) gravity.
The energy conditions in cosmological models with variable anisotropic parameters in
f (R, T) gravity have been examined by Mishra et al. [91].

The plots of the energy conditions are presented in Figure 7. We can see from the
figure that the model’s NEC and DEC hold true, but the SEC is violated, which clearly
indicates that the universe has accelerated expansion.



Symmetry 2023, 15, 321 10 of 13

NEC

DEC

SEC

-1 0 1 2 3

0

5

10

15

20

z

E
n
er
g
y
C
o
n
d
it
io
n
s

Figure 7. EC of the Universe with the best fit constraints value obtained from SCBH data ε1 = 0.6681,
ε1 = 0.6781 and ε1 = 0.6881 versus redshift z.

7. Conclusions

In the present work the investigation of observational constraints towards a modified
gravity based on the torsion scalar (T ) and the teleparallel equivalent of the Gauss-Bonnet
combination (TG ) sayF (T , TG) gravity is presented. Firstly, the author takes out the general
Friedmann equations and then, choosing specific F (T , TG) ansatzes we executed a complete
study of various observable, such as energy density, the equation of state parameters, etc.
The consequential cosmology leads to motivating behaviors.

• A geometrical Hubble’s parameter H parametrization has been deliberated using the
best fit constraints values of free parameters β and γ obtained from SCBH data. This
parametrization generates a time-dependent q and gives details the current accelerated
expansion of the Universe, i.e., q < 0 with a prior deceleration, i.e., q > 0. Additionally,
it is noted that the model deviates from the typical big bang scenario. The model
with q as time-dependent has a signature flipping behavior with evolution. So, the
feature of an early deceleration to the late acceleration of the model is appropriate for
structure formation in the early stage of evolution and accelerated expansion in the
later stage of the evolution.

• Also discovered that the free cosmological parameters that are included in H(z) more
specifically, could be associated in some way with the background parameters Ωm
and Ωr. To end with, an exciting result here to comment on is that the value achieved
for the Hubble parameter H0, lies close to the Planck estimation.

• The behavior of energy density and pressure can be completely predicted using the
best fit constraints values of β and γ, which were obtained from SCBH data and taken
into consideration fix values of ε1 and ε2. The results have been reported in a number
of works. In detail, the cosmic energy density is non-negative and increases with the
redshift, despite the fact an isotropic pressure is negative at present and in the future.
As a result, negative pressure is liable for the accelerating expansion of the Universe
at present and in the future.

• In the analysis it is detected that the NEC and DEC both energy conditions are held,
meanwhile, the SEC violates, the violation of SEC direct leads to the accelerating
expansion of the Universe. Also, the WEC is non-negative from the early to late
time phase of the Universe. Hence, the model reveals quintessential behavior. Si-
multaneously, the SEC was violated at a late time and satisfied at the early times
(Figure 7).
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