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Abstract: In the last few years, numerous subfamilies of univalent functions, whether directly or
indirectly associated with exponential functions, have been introduced and thoroughly investigated.
Among these, the families S;, C, and R, defined by subordination to ¢* have been intensively
investigated. While the coefficient problem on the class S; and C, has been solved in many cases,
in this paper, we mainly intend to compute the sharp estimates of some initial coefficients, the
Feketo-Szego inequality, and the sharp bounds of second- and third-order Hankel determinants for
functions belonging to the class R.. This work has the potential to significantly enrich and enhance
the exploration of univalent functions in conjunction with exponential functions, making the field
more comprehensive and robust.

Keywords: Hankel determinant; bounded turning functions; exponential function

MSC: 30C45; 30C50

1. Introduction and Definitions

Let H(ID) represent the family of analytic functions defined in the open unit disc
D:={z € C:|z| < 1}. For f € H(DD), the normalized functions taking the form of

f(z) :z+ibszs, zeD, (1)
s=2

belong to the class A. Let S C A be the set of all univalent functions in D. We denote by P
the set of all analytic functions in D in which the function p(z) € P satisfies the conditions

R(p(z)) > 0and
p(z) =1+ ) 2", zeD. )

n=1
Such functions are also known as the Carathéodory functions [1]. A basic relationship
in geometry function theory is subordination. We write ¢ < g to illustrate that g is
subordinate to g. It is explained that, for a given two functions g, € (D), a Schwarz
function w exists such that g(z) = g(w(z)) for z € D. Once g is univalent in I, then this
relation is equivalent to saying that
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8(z) <g(2), (z€D) <= g(0)=g(0) and g(D)Cg(D).

In 1916, Bieberbach [2] gave the most prominent conjecture in function theory, known
as the “Bieberbach conjecture”, which states that, for any s > 2, |bs| < sif f € S. He himself
proved this for s = 2. This conjecture remained an unsolved problem for a long time, and,
finally, in 1985, de-Branges [3] proved it for every s > 2 by using hypergeometric functions.
In an effort to resolve this conjecture between 1916 and 1985, several researchers produced
a variety of other exciting results, which ultimately strengthened geometric function theory
research. A number of these included estimating the nth coefficient bounds for a variety of
subfamilies within the family of univalent functions; these include, but are not limited to,
starlike &*, convex C, bounded turning R, and many more.

In 1992, Ma and Minda [4] constructed a family of univalent analytic functions (say)
7*(z), which maps D onto the star-shaped domain with respect to g*(0) = 1 in the right
half-plane and is symmetric about the real axis. The Ma and Minda families of C(q"),
S*(q*) and R(q*) are defined in set-builder form, respectively, as

Clq") = {feA:(Zﬁ((j)))ﬁ*(z), (ze]D))},

sw) = {fea: T <r@, em),

R@@) = {feA:f(2)<q"(2), (zeD)}.

The researchers concentrated on a few fundamental but significant findings, all of
which were based on the geometrical properties of these functions. A few of these include
covering, growth, and distortion theorems. Moreover, it is to be noted from the literature
that several subfamilies have been intensively investigated recently as particular choices of
the above-defined classes. As is evident, all of these particularly selected functions in the
below-provided classes exhibit a close relationship with the exponential function.

(i) Sic=8"(12=) and Csc = (12 ) I8, Re = R( 2= 6],
(ii). S&s = S8*(cos(z2)) [7], Sy = S*(1+z¢%)) [8],C,,, = C(1+ ze*) [9],
(iit). Rear = R(1+z¢%) [10], S, = §*(1 +sin(2)) [11], S5y = S* (1 + sinh ™! z) [12].

sin

The determinant H,,(f), where 1, n € N = {1,2,---}, is known as the Hankel
determinant and was contributed by Pommerenke [13,14]. It is formed by the coefficients
of the function f € S and is defined as

by bn-i—l s bn+z—1
bys1  buyor ... bps

Hz,n (f) = . : . . (3)
bn+171 bn—l—q s bn+21—2

The significance of the Hankel determinant is evident in the field of singularity theory,
and it was shown in [15] to be an efficient approach for the examination of power series
with integral coefficients. There are relatively few publications in the literature that give
the bounds of the Hankel determinant for functions of general class S. The best estimate
for f € S was determined by Hayman in [16] and is |Hp ,(f)| < ||, where 7 is a constant.
Additionally, for f € S, it was shown in [17] that the second-order Hankel determinant
|Hop(f)| < 1 for 0 < 5 < 11/3. The two determinants Hy 1 (f) and Hy»(f) have been
extensively studied in the literature for various subfamilies of univalent functions. The
work done by the authors [18-21], where they determined sharp bounds for the second
determinant, is particularly noteworthy.

In comparison to the sharp bound of the second-order Hankel determinant, the sharp
bound of the third-order Hankel determinant Hz 1 (f) for any analytic or univalent function
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is much more difficult to find. This is why there are, in the literature, very few articles in
which sharp bounds of the determinant Hj1(f) have been obtained. The sharp bounds
of this determinant were obtained recently for the classical classes C, $*, and R in the
articles [22], [23], and [24], respectively. These sharp bounds are

45, for feC,
, for feS*
, for feR.

|H31(f)] <

MO

These were not easy tasks, as the articles [25,26] show that there have been many
attempts before. Moreover, by using a simple technique, Lecko et al. [27] and Kowalczyk
et al. [28] determined the sharp bounds of H3 1 (f) for functions belonging to the families
S§*(1/2) and C(—1/2), respectively. Furthermore, in Table 1, we give more sharp bounds
for this determinant for some specific subfamilies of S.

Table 1. Sharp bounds on |Hz 1 (f)| for some subfamilies of S.

Author/s Class Sharp Bound Year Reference
Barukab et al. Rpet 1/16 2021 [29]
Riaz et al. Sic 1/36 2022 [9]
Shi et al. Sin 1/9 2022 [30]
Riaz et al. Csg 1/576 2022 [9]

Shi et al. Rsin 1/16 2022 [30]
Arif et al. Rsc 1/64 2022 [6]
Wang et al. S;,‘et 1/9 2023 [31]
Neha and Kumar Skr 1/9 2023 [32]

Shi et al. Rear 1/16 2023 [10]

In 2015, Mendiratta et al. [33] considered the exponential function and observed
that the function g%(z) = e* has a positive real part. Using this particular function, they
introduced the classes S} = S§*(¢?) and C, = C(e?). The structural formula, inclusion
relations, coefficient estimates, growth and distortion results, subordination theorems, and
various radii constants for functions in the class S; were obtained in the same article. Later,
in 2022, Shi et al. [34] introduced and studied a subfamily of bounded turning functions
R. defined by

Re={fe€S:fl(z) <¢, zeD}.

The goal of the present article is to compute the sharp bounds of the third-order
Hankel determinant Hz;(f) for the family R, of bounded turning functions associated
with an exponential function. In addition to this, we also obtain sharp bounds for certain
coefficient-related problems that include the first four initial coefficients, Fekete-Szego type
inequality, and the second-order Hankel determinant for such a class.

2. A Set of Lemmas

We use the following lemmas to obtain our main results.

Lemma 1 ([35]). Assume p € P as the form of (2). Then

21 = i+ (4= 123), @

dis = 113 +2(4 = e = (4= 43 )2 +2(4 = 13) (1= 1), ®)

8iug = it + (4— y%)x[c%(xz —3K+3) —|—4K} —4(4 — y%) (1 — |K|2)
[i(x—1)s +7%62 — (1-16]")o], ©)

for somex,5,0 € D:={ze€C:|z| <1}.
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Lemma 2 ([1]). If p belongs to class P and has the form (2), then
|| <2 for n > 1. (7)
Lemma 3 ([36]). Let p € P. If T € [0,1] and T(2T1 — 1) < v < T, we have
“Mg — 2Ty + vy?‘ <2 8)
Lemma 4 ([37]). If p € P is taking the form of (2), then

<2

‘w‘% +ap3 + 2up 3 — %ﬁu?uz ~ s
forall w, B,, and a fulfilling the conditions that 0 < x < 1,0 <a < 1land
8a(1—a) ((a/% —29)? + (a(a+a) — /3)2) +a(1—a)(B—2aa)? < 4a0®(1 — 2)*(1 — a). )
Lemma 5 ([38]). If p belongs to class P and of the form (2), we obtain

2 for 0<v<1;

22v — 1| otherwise. (10)

s ] < 2max{, 20 =11} = {

3. Main Results

We begin by finding the bounds on the first four coefficients for functions belonging
to class Re.

Theorem 1. Let f € R, and has the form (1). Then,

1 1 1 1
< Z < = < - < -.
|b2‘ = 2/ |b3| = 3/ ‘b4| = 4/ |b5| -5

These bounds are best possible.
Proof. Let f € R.. Then, by definition, there exists a Schwarz function such as
fl(z) =eB), zeD.
Suppose that

1+w(z
ﬂl(Z):l_wEZ%:1+#1Z+#222+V323+'“, (11)

which is equivalent to

w(z) = q(z) =1 iz +paz? + usz® + pazt + -

= = , 12
q(z) +1 2+ pyz+ ppz? + psz® + pazt + - 12)
and it is known that g € P. Based on (1), we see that
f'(z) = 1+ 2byz + 3b3z? + 4byz> + 5bsz* + - - - . (13)
By simplification and using the series expansion of (12), it is found that
@ =1+ (him)z+ (2 — §3) 2 + (s + & — b2 2
(14)

+ (s — $3 + Fgut + o — hpaps ) A+
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Comparing the coefficients in (13) and (14) leads to

by = il

by =

by =

bs =

L (15)

1
8#%)

3 1
@lﬁ - 4#1#2),
1,
Ha — P’2+384V1+ 6V1V2

(16)

1/1

3<2V2

1/1
<2#3+

i (17)
L <1 4V1V3>- (18)

For by, implementing Lemma 2, we obtain

1
|ba| < =

For b3, reordering (16), we obtain

b1y, 1
3 = 6142 ,”1,”1

Using Lemma 5, we have

1
bl < =.
|3|73

For by, we can write (17) as

From (8), we have

and

1 1 1,
|by| = 8' <H3 —2(4>V1#2+ 24P‘1> ’

1
T2Tt-1) = ~3 <.

Thus, by applying Lemma 3, we obtain

1
|ba| < 7.

For bs, we can rewrite (18) as

1
bs 10

where

are such that

8a(1—a)((ap —27)°

with0 <« < 1,0 < a < 1. Hence, by using Lemma 4 in (19),

L
19211

1
o (w% +ap3 + 2appis — 5/3#%#2 - m),

(2o 28 i)

(19)

+ (w(a+a) — ,8)2) +a(l—a)(B—2a0)® < 4aa(1— a)(1 —a),

we have

1
bs| < =.
|5|_5
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On the sharpness, it is noted that the equalities can be achieved by the following
function:

falz) =€),

where n = 1,2,3,4. Thus, we have

f1(Z)262—1:Z+%zz—|—%z3+..., 20)
fz(Z)Z/()Zetzdt:z+%z3+1ioz5+..., 1)
fs(Z):/Ozet3dt:z+£z4+iz7+..., 22)
f4(Z):/Ozet4dt:z+%z5+1i8z9+..._ 23)

O

Now, we consider the Fekete-Szeg6 inequality for f € R,.

Theorem 2. Suppose that v is a constant complex number. Then, for f € R, we have

1 3|y -2
—vb3| < = )
’bg vb2’ maxq =, =

The equality is attained on the function defined by (20) and (21).

Proof. Making use of (15) and (16), it is found that

6 24 16
_ 3v+42
H2 3 M
The application of Lemma 5 leads us to
3v—-2
) .
After the simplification, we obtain
1 3jv| -2
—vb?| < = )
‘b3 Vb2’ < max T

b — v3| = |2 L

By rearranging, it yields

1
b—bz‘:—
‘3 Y217 g

2
1|

2
‘bg, —vb%‘ < 6max{1,

The required proof is accomplished. [

Placing v = 1 in Theorem 2, we deduce the following corollary.

Corollary 1. Let f € R,. Then,
1
by — bz‘ <z
’ 537721 =3

This inequality is sharp for the function f, given in (21).
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On the class of univalent functions S, a coefficient problem was proposed by Zalcman
in 1960. It is conjectured that, for f € S, we have

b2 — bz,H‘ <m-17 n>2 (24)
The generalized form of the Zalcman inequality is
[bpim—1 — bubm| < (n—=1)(m—=1), mmneN,m>2,n>2. (25)

We intend to consider the cases of Zalcman inequalities for a special choice of m and n
with respect to f € R, in the following.

Theorem 3. Assume that f € R, and has the series expansion (1). Then,

1
bl < =
|babs — by| < 1

This equality is attained with the extremal function defined in (22).

Proof. Using (15)—(17), we have

1
|babs — by| = 3

5 1 4
M3 — 2<12) Hip2 + gt
From Lemma 3, we have

5 1

0<t=
ST 5

—_

and

Applying triangle inequality along with Lemma 3 leads us to

|babs — by| <

N

Thus, the required proof is completed. O

Theorem 4. Let f € R, be the series expansion (1). Then,

1
|bs — byby| < 5
This inequality is sharp.
Proof. From (16) and (18), we obtain
byl = |- Lo L 18 9 e L
b5 = baba] = ’ 1280/"1 302~ 160113 T 30112 T 91|

After simplifying, we have

1 3

1 1 13 3
|b5 — babs| = _10’128% + ;V% +2(32>V1V3 5 <16>V%Pi2 — Mal- (26)
Comparing the right side of (26) with
4 2 3,2
")’Vl +ap; +20ppiz — Eﬁ.ulVZ — Ha|, (27)
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where

are such that
8a(1—a) (4B —29)" + (w(a+a) — B)?) +a(l - a)(p - 200)” < 4aa®(1 — a)*(1 - a),

with 0 < a < 1,0 < a < 1. Therefore, by applying Lemma 4 in (27), we have

1
_ < I,
|bs — boby| < 5

The required inequality is sharp for the function f4 given in (23). O
Theorem 5. Let f € R, has the series form (1). Then,
1
2
— b < =
’b5 b3‘ =5
This inequality is sharp.
Proof. Using (16) and (18), we obtain

7 19 1 19 1
2 = A 72 72 L
’b5 b3‘ ‘ 576()#1 360}12 20]’11]’13_‘_ 720V1V2+ 10;”4

3
= ‘w‘% +aps + 2appis = 5Pt — pa,

where
7 19

_761_706_1 =
U T Ui

it
108"
By virtue of
8a(1—a) ((oc,B —29)* 4 (a(a+a) - ,13)2> +a(1—a)(p—2a0)* < 4a0*(1 — a)*(1—a),
and by using Lemma 4, we have
1
B2 < Z
bs— 83| < ;.
The required inequality is sharp for f; givenin (23). O

Next, we will give direct proof of the inequality

’aﬁ - ag("fl)’ <2l P,

over the class R, for the choice of n =4, p =1, and for n = 5, p = 1. Krushkal introduced
and proved this inequality for the whole class of univalent functions in [39].

Theorem 6. If f € R, and is of the form (1). Then

1

‘b‘“bg‘ S

This outcome is sharp.

Proof. Using (15) and (17), we have

b=

1 1
Uz — 2<4>}41V2 + (—12)#%
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From Lemma 3, we have

and .
T2t —-1) = ~3 <w.

Now, with the application of the triangle inequality along with (8), we obtain
1
_Bl < =
by 83| < 7.
This outcome is sharp for the function f3 given in (22). O
Theorem 7. If f € R, and it has the series form (1), then
1
bs —b3] < .
‘ > 2 =5
The above outcome is best possible.

Proof. From (15) and (18), we obtain

13 1 1 1 1
‘bS - bg‘ = ‘—fj,&]:()lfl1 - EH% BTG + %V%M + ToH4

After simplifying, we have

1] 13 1 1 3/1
sl 1|13 4 1, 1 3TN o
‘55 bz’ 10‘384V1+4H2+2<4>H1#3 2<12>H1]l2 Ha- (28)
Comparing the right side of (28) with
4 2 3,9
"Wl +ap; + 2 p3 — E,BMP‘Z — Ha|, (29)
where
B N R |
T 384 v YTy Py

are such that
2 2 2 2 2
8a(1—a) ((ocﬁ —29)" 4+ (a(a+a) — B) ) +a(l —a)(f—2an)” < 4aa”(1—a)°(1—a),

with 0 <« < 1,0 < a < 1. Thus, by virtue of Lemma 4 in (29), we have
1
_ K < 2
‘b5 bz‘ =5

The required inequality is sharp for the function f; givenin (23). O

Finally, we determine the bounds of the second and third Hankel determinants for
f € Re.

Theorem 8. Let f € R, have the representation (1). Then,
o 1
[Ha2(f)] = ‘bzbz;—bs’ <3

The result is sharp and equality obtained by the extremal function defined in (21).
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Proof. From (15)—(17), we have

S S S ST LI
Hop(f) = —530a#1 — grghiba + gzhks = 5eha-

By the rotation-invariant property for the class R, and the functional |Hp,(f)|, we
can assume that yq; = p € [0,2]. Using Lemma 1 to express i and y3, we obtain

|Hap(f)] = ‘ 23104pt + 11152y2(4_y2)x_ 11%#2(4_}{2),{2 N ;@(4_?‘2)2"2
+6—4y(4 — y2> (1 - |K2)§‘.

Using the triangle inequality along with the fact that |[6| < 1and |x| =t < 1, we see

Hoa(F)] < gzt + oagi? (4= 12) P g (4= 12) P iy (4= 42
614y<4 U )(1—t2) =: F(u,t).

. It is easy to show that %—f > 0 on [0,1]; thus, we have F(u,t) < F(u,1). Taking t = 1
gives

H22(f)] < 2304” +576”2(4_”2) 1314(4 . )2::1(”)'

As I'(n) < 0, it is known that I is a decreasing function and /(x) < 1(0). Hence,
we have

|Hap(f)] <

@\H

O

Theorem 9. Let f € R, be given the series form (1). Then

|Ha3(f)| < 1176

This result is the best possible.

Proof. By placing (16)—(18) with 3 = p into Hy3(f) = bsbs — b2, we obtain

Ha5(f) 552 565 (—27u® + 120p* o + 921604 — 230433 — 4320213 a0
+4032p o3 — 2304u% g + 4323 u3 — 8640143).

Using A =4 — y2 in (4)—(6) of Lemma 1, we obtain

1
H5(f) = 505 {—3y6 +288utKk3A — 12964 K% A + 361k A% — 72u%13 A% — 39647k A2

F1152%K%A — 12% KA + 23041302 — 288K3A3 — 1152;12)@(1 - |;<|2)(5

—1152;4310\(1 - |K|2)5 + 216;43)\(1 - |1c|2)(5 — 144px2\2 (1 - |K|2)5

(1 - \K|2)52 - 2160/\2<1 - |;<|2)252 - 2304)\2|K|2<1 - |;<|2)52 — 1008xA2
+2304cA% (1= [x*) (1= 6] ) o + 115227 (1 = [x*) (1= 5 o}

Clearly, we can write it in the form of
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Ha3 () = 55 geg | 100%) + 820,03 + Lo (1, x)2% + @, 0)e].

Here, p,x,6 € D and

Gr(p) = =30+ (4= 22) [ (4= 1) (2160 + 362t + 11526 — 396372

12883 — 39642 + 115222 — 12;144,

O, x) = 72 (4 - yz) (1 - |x\2) {(4 - yz) (—14;m - z;ucz) — 163k + 3;43},

G x) = 144(4 - yz) (1 - \K|2) [(4 - ;ﬂ) (—|;c|2 - 15) - s;ﬂﬂ,
O, x,8) = 576(4 - yz) (1 - \K|2) (1 - |5\2) [2y2 +4K(4 - ;42)}.
By making || = x, || = y along with |o| < 1, it is noted that

|Ha3(f)

IN

55960 101 (1 )| + 102 (1, )y + 183 (1, %) [y + 1@ (e, x,0)] ] -

IN

sszoao (L (1 X y)),

where we set

T(,x,y) = r1(, %)+ 2, x)y + 13 ()P + ra(n, ) (1 - 42),

with

r(p, x) = 36 + (4 - ]/12) [(4 - ]/12> (216y2x3 +36%x* +11520° + 396y2x2)
1288433 + 3960422 + 11524222 + 12y4x},

ra(e ) = 72(4 = ) (1= ) [ (4= ) (1 + 2002) + 1653 + 3¢,

ra(n,x) = 144 (4= 12) (1= 22) [(4 = p2) (2 + 15) + 82,

ra(p,x) =576 (4 = i2) (1= 2) [20% + 4 (4 = 42 |.

Then, our task is to find the maximum value of I in the closed domain defined by
©:=1[0,2] x [0,1] x [0,1]. Inlight of T'(0,0,1) = 34,560, it is seen that

max {T(p,x,y)} > 34,560. (32)
(nxy)e®

Now, we aim to illustrate that the maximum value of I with (y,x,y) € © is equal
to 34,560.
When x = 1, it reduces to

T(1y) =360+ (4 - 12) [ (4 - 2) (1152 + 64842 ) + 115202 + 696p* .

As
ar
i —270p° — 9600p° + 11,520y,

placing g—; = 0, we obtain the critical point p ~ 1.0780; thus, maxT'(y,1,y) ~ 21,813.93 <

34,560. If y =2,T(2,x,y) = 192 < 34,560. Thus, we also assume y < 2 and x < 1. Let
(u,x,y) €0,2) x [0,1) x (0,1). Then,
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Z; =72(4— ) (1= ) {ay(x = D[ (4 - #2) (x - 15) + 842

i [2x(4 - yz) (7 + x) + p2(16x + 3)} }
Inserting z% = 0 yields

_ p[2x(4— ) (7 +x) + p?(16x + 3)]
= T4 - D) [ — 1) (15— x) — 847

If yo € (0,1), then we must have the following inequalities:

13 (16x +3) + 2;4x(4 - ;ﬂ) (7+x) +4(1—x) (4 - yz) (15—x) < 32121 —x), (33)

4(15 —x)
23 —x

2

U > (34)

It is not difficult to prove that the inequality in Equation (33) is false for x € {%, 1).

Therefore, for the existence of a critical point (o, xo, yo) with yo € (0,1), we have t5 < %

Letg(t) = %. By observing that g is decreasing on (0, 1), we have p3 > g(%) =16,

As xg < %, we know
1
r1(po, x0) <11 (VO/ 2) =: ¢1(po)- (35)

Using 1 — x5 < 1and xo < %, we obtain

4 1 )
rj(po, x0) < 37 <llo, 2> =: ¢j(ho) j=2,34 (36)
Therefore, we deduce that

T (10, X0,¥0) < ¢1(po) + Pa(p0) + P2 (o) o + [p3(p0) — Pa(p0)]yg =: ¥ (4o, vo)-

In light of ¢3(p0) — Pa(po) = 36(4 — u3) (116 — 45u3) < 0, it follows that 22715 <0 for
0

yo € (0,1). Thus, we have

ik 4 oY 116
s > %|y0:1 = ¢2(po) +2[¢3(p0) — Pa(po)] 2 0, po € < 45/2>-

This means that

¥ (4o, y0) < P(po,1) = P1(o) + 2 (po) + ¢3(po) =: (o).

Because 55 takes a maximum value 16,368.92, we have I'(1o, xo, o) < 34,560. Next, we
prove that the maximum value of I' is less than 34,560 when y = 0. Actually,

Ly, x,0) = r1(p, x) +ra(p, x). (37)

In the case of x < %, we have

nGux) <n <;4170> = () (38)

and 100 7
ra(p,x) < 5—11’4 <F’1()> = n(u). (39)
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Then
I, x,0) <7 () + () = t(p). (40)

By virtue of T having its maximum value 32,126.98 at y = 0, we obtain

7
I'(u,x,0) < Hrg[gé){r(y)} < 34,560, x¢€ [0, 10). (41)

If x > £, thenry(p, x) < r1(p,1). This leads to
I(p,x,0) <ri(p,1) +ra(p, x) =: @(p, x). (42)

It is found that %—‘f < 0forx > %. Hence,

@(p,x) < cfo(y170> (43)

Combining (42) and (43), we obtain the conclusion that

7
I(p,x,0) < w<% 10) =:1(p). (44)

As 7 achieves its maximum value of about 31,860.76 at ¢ ~ 0.5912, we obtain
I'(u,x,0) < 34,560 on x € [%, 1) . Based on the above discussion, we see that the maximum
value of ' on y = 0 is less than 34,560.

At this time, the problem reduces to finding the maximum value of I' when y = 1.
Indeed,

T(p,x,1) = 3 + (4 - ;42)2 (36 (2 — 4y — 4)x* +72(3p2 — 14 +16) °
+36 (11;12 Ay 60) 2 +1008x + 2160}
+ (4 12) [288p2 (42 — 4p — 4)2® + 36p7 (1% — 63 + 32 ) 2
+1242 (42 + 96y +96) x + 2164° | =: Q(p, x).

By observing that u? — 4y — 4 < 0 for p € [0,2), we find

O, x) <3+ (4 - yZ)Z 7234 — 14 +16)x° + 36 (112 + 4yt — 60) 2
+1008px +2160] + (4 — 2 [362 (1142 — 63 +32)

+1242 (yz + 96y + 96) X+ 216;13} = Q(u, x).

Furthermore, using 3;42 —14u+16 > 0, 13 < 22 < x < 1 and some basic calculations,
it leads to

Q) < 3p° +36 (4~ ;ﬂ)z | (1742 — 240 — 28) 2 + 28px + 60
+ (4 p?) (408p* + 11525° + 230442 ) =: W(p, ).
Suppose that

R(p,x) = (173 = 24p — 28) 3 + 28pux + 60
=: Ax> +Bx+C,
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where A = 17u% — 24y — 28, B = 28y and C = 60. Clearly, we have A < 0 for u € [0,2).
H H H Yy H

Assuming that

B 14y
0T oA T T17pE - 24— 28 (45)

Let fip = @ ~ 1.6108 be the only root of the equation 17u? — 10u — 28 = 0 that
lies in (0,2). For 4 > fip, we have %y > 1. Hence, R(p, x) < R(u, 1), which leads to

Wi, x) < 38 +36 (4 — y2)2R(y, 1) + (4 p12) (408" +11524° + 230432 ) =: 8(p).
Since ¢ obtains its maximum of 24,950.52 on u = fly, we obtain
T(u,x,1) < 34,560, (u,x)€ [fp,2)x][0,1). (46)
For i1 < fly, we see that ¥y € [0,1). Then,

B2 19632 196 2
R < —_——™ - . < *
(px) = C 4A 60+ 28424y —17u2 — 60+ minye(,5,)128 + 24p — 17p2} s

As min, e (g q.) 28 + 24p — 17p% > 22, it follows that

R(p,x) <60+ 129—26/\2 < 60 + 9>, (47)
Therefore, we obtain
2
W(n,x) <30 + (4 —cp?) (2160 + 32457 ) + (4 — p?) (408p* + 11524 + 23044 ) =: o (c).

It is calculated that @ achieves its maximum value of 34,560 at ; = 0 for all 1 € [0, flp).
Therefore, we find that I'(p, x, y) < 34,560 on the domain ©, which leads to

1
|Hy3(f)| < — = 0.0625.
’ 16
It is sharp for the function f3 given in (22). O

Theorem 10. Let f € R, have the series representation (1). Then

1
H < —=.
[Hs1 ()] = 1¢
This inequality is sharp.
Proof. From the definition, we see that Hz 1 (f) can be written as
Hs1(f) = 2bybsby — b3 — bj + bsbs — b3bs.

By virtue of the rotation invariance for f € R,, we suppose that j; = u € [0,2]. By
placing (15)—(18) in the above relation, we obtain

1
H31(f) = 55560 (—65y6 + 1683 iy + 720p% 3 — 5284 5 — 57604

+9792pp 13 — 4864313 + 921642114 — 8640;4%) . (48)

Suppose that A = 4 — u2. Then, by (4)~(6) of Lemma 1, we obtain
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_ 1 _ .6 2.3 3.3 24,2 443 44 .2
H31(f) = 552,960{ u° +2304A°x% — 608A° K% — 576~ Ak — 144pu~Ax” + 108~ Ax
2

1204 Ak + 36¢2A%K* — 7922 A%k — 216042 (1 - \x|2) 2 + 602\ 22

_ 29 (1 12\ (1 _ 1512 3 2 29(1 112 52
576127 (1= [?) (1= 10 @ + 5761 Ax (1 — x|} + 5763*A% (1 — [} 6

+72y3A(1 - |;<|2)5 - 144;1)\2;8(1 - |K|2)5 - 2304/\2|K\2(1 - |;<\2)(52

+432A% (1 — [ )8 + 2304A% (1 — [« *) (1= o) o}

Now, we can write it as

1
Hs1(f) = 355 |41 (1) + da (1,100 + da (11, 1)8% + x (11, ).

Here, 0,%,6 € D and
() = =0 + (4= p2) [ (4 12) (1286 — 18442 + 36%* + 6072
576322 — 144343 + 10842 + 12y4x],
o) = 72(4 = ) (1= | ) [(4 = 22 (6pux — 20 ) + 8% + 4],
(i) = 144 (4 — ) (1= ) [ (4 = ) (—Ixl” = 15) + 4],

x(u,0) = 576(4— ) (1= x?) (1= o) [ + 4 (4~ 12) .

Setting |k| = x, || = y and using |o| < 1, we obtain

[H31 ()l < ssa60 (141 (1) + d2(, 0) |y + lda (%) y> + [x (%, 0)]. )
< 52050 [A (1%, )],
where
A x,y) = v1 (1, %) + va(p, x)y + valp, )y + va(p, %) (1= 7).
with

or(x) = p0+ (4= 1) [ (4 - 12) (1285 + 1843 + B6p2x* + 602
+5760%x2 + 144p4 23 + 10842 + 12;44x],

oa(p, ) = 72(4 =) (1= ) [ (4= 12) (6 + 2% + 8%+ 4%,

v3(u,x) = 144 (4= p2) (1= 2) [ (4= p2) (2 +15) + 4px],

va(p,x) = 576(4 = 12) (1 - %) [ @ +4x (4 — ) |.

We are now able to obtain the maximum value of A with (y, x, y) still restricted in ®.
As it is observed that

o) < r(ux), (G=1,2,3,4), (50)

a conclusion can be made that A(y, x,y) < I'(i,x,y) < 34,560 on [0,2] x [0,1] x [0,1].
Therefore, according to (49), we obtain

|H31(f)] <

1 1
< —.
552,960 AP XY = 1

It is sharp for the function f; given in (22). O



Symmetry 2023, 15, 2090 16 of 17

Author Contributions: The idea of the present paper was proposed by the researchers RK.A., M.A.
(Muhammad Arif), M.A. Muhammad Abbas), D.B., L.-1.C., E.R. confirmed the data and offered
several ideas that significantly improved the current article. After having read the final draft, each
author made further contributions. The manuscript’s final form was approved by all authors once
they had read it. All authors have read and agreed to the published version of the manuscript.

Funding: This research received no specific funding.
Data Availability Statement: Data are contained within the article.

Conflicts of Interest: The authors declare that they have no conflict of interest.

References

1.

@

*®

10.

11.

12.
13.

14.
15.

16.
17.

18.
19.

20.

21.

22.

23.

24.

25.

26.

27.

Carathéodory, C.B. Uber den Variabilititsbereich der Fourier’schen Konstanten von position harmonischen Funktionen. Comptes
Rendus Math. 1911, 32, 193-217. [CrossRef]

Bieberbach, L. Uber dié koeffizienten derjenigen Potenzreihen welche eine schlichte Abbildung des Einheitskreises vermitteln.
Sitzungsberichte Preuss. Akad. Der Wiss. 1916, 138, 940-955.

De-Branges, L. A proof of the Bieberbach conjecture. Acta Math. 1985, 154, 137-152. [CrossRef]

Ma, W.C.; Minda, D. A unified treatment of some special classes of univalent functions. In Proceedings of the Conference on
Complex Analysis, Tianjin, China, 19-23 June 1992; pp. 157-169.

Goel, P; Kumar, S.S. Certain class of starlike functions associated with modified sigmoid function. Bull. Malays. Math. Sci. Soc.
2020, 43, 957-991. [CrossRef]

Arif, M; Marwa, S.; Xin, Q.; Tchier, E; Ayaz, M.; Malik, S.N. Sharp coefficient problems of functions with bounded turnings
subordinated by sigmoid function. Mathematics 2022, 10, 3862. [CrossRef]

Bano, K.; Raza, M. Starlike functions associated with cosine function. Bull. Iran. Math. Soc. 2021, 47, 1513-1532. [CrossRef]
Kumar, S.S.; Kamaljeet, G. A cardioid domain and starlike functions. Anal. Math. Phys. 2021, 11, 1-34. [CrossRef]

Riaz, A.; Raza, M.; Thomas, D.K. Hankel determinants for starlike and convex functions associated with sigmoid functions. Forum
Math. 2022, 34, 137-156. [CrossRef]

Shi, L.; Srivastava, H.M.; Cho, N.E.; Arif, M. Sharp coefficient bounds for a subclass of bounded turning functions with a cardioid
domain. Axioms 2023, 12, 775. [CrossRef]

Cho, N.E.; Kumar, V.; Kumar, S.S.; Ravichandran, V. Radius problems for starlike functions associated with the sine function. Bull.
Iran. Math. Soc. 2019, 45, 213-232 [CrossRef]

Arora, K.; Kumar, S.S. Starlike functions associated with a petal shaped domain. Bull. Korean Math. Soc. 2022, 59, 993-1010.
Pommerenke, C. On the coefficients and Hankel determinants of univalent functions. Bull. Aust. Math. Soc. 1966, 41, 111-122.
[CrossRef]

Pommerenke, C. On the Hankel determinants of univalent functions. Mathematika 1967, 14, 108-112. [CrossRef]

Dienes, P. The Taylor Series: An Introduction to the Theory of Functions of a Complex Variable; Dover Books on Science S: Dover, NY,
USA, 1957.

Hayman, W.K. On second Hankel determinant of mean univalent functions. Proc. Lond. Math. Soc. 1968, 3, 77-94. [CrossRef]
Obradovi¢, M.; Tuneski, N. Hankel determinants of second and third order for the class S of univalent functions. Math. Slovaca
2021, 71, 649-654. [CrossRef]

Janteng, A.; Halim, S.A.; Darus, M. Hankel determinant for starlike and convex functions. Int. J. Math. 2007, 13, 619-625.

Lee, S.K.; Ravichandran, V.; Supramaniam, S. Bounds for the second Hankel determinant of certain univalent functions. J.
Inequalities Appl. 2023, 2013, 281. [CrossRef]

Ebadian, A.; Bulboacd, T.; Cho N.E.; Adegani, E.A. Coefficient bounds and differential subordinations for analytic functions
associated with starlike functions. Rev. Real Acad. Ciencias Exactas. Fisicasy Nat. Ser. Matemdt. 2020, 114, 128. [CrossRef]

Cho, N.E.; Kowalczyk, B.; Kwon, O.S.; Lecko, A.; Sim, Y.J. Some coefficient inequalities related to the Hankel determinant for
strongly starlike functions of order alpha. J. Math. 2017, 11, 429-439.

Kowalczyk, B.; Lecko, A.; Sim, Y.J. The sharp bound of the Hankel determinant of the third kind for convex functions. Bull. Aust.
Math. Soc. 2018, 97, 435-445. [CrossRef]

Kowalczyk, B.; Lecko, A.; Thomas, D.K. The sharp bound of the third Hankel determinant for starlike functions. Forum Math. 2022,
34, 1249-1254. [CrossRef]

Kowalczyk, B.; Lecko, A. The sharp bound of the third Hankel determinant for functions of bounded turning. Boletin Soc. Matemit.
Mex. 2021, 27, 1-13. [CrossRef]

Kwon, O.S,; Lecko, A.; Sim, Y.J. The bound of the Hankel determinant of the third kind for starlike functions. Bull. Malays. Math.
Sci. Soc. 2019, 42, 767-780. [CrossRef]

Zaprawa, P; Obradovi¢, M.; Tuneski, N. Third Hankel determinant for univalent starlike functions. Rev. Real Acad. Cienc. Exactas.
Fisicas Nat. Ser. Matemdt. 2021, 115, 1-6. [CrossRef]

Lecko, A.; Sim, YJ.; Smiarowska, B. The sharp bound of the Hankel determinant of the third kind for starlike functions of order
1/2. Complex Anal. Oper. Theory 2019, 13, 2231-2238. [CrossRef]


http://doi.org/10.1007/BF03014795
http://dx.doi.org/10.1007/BF02392821
http://dx.doi.org/10.1007/s40840-019-00784-y
http://dx.doi.org/10.3390/math10203862
http://dx.doi.org/10.1007/s41980-020-00456-9
http://dx.doi.org/10.1007/s13324-021-00483-7
http://dx.doi.org/10.1515/forum-2021-0188
http://dx.doi.org/10.3390/axioms12080775
http://dx.doi.org/10.1007/s41980-018-0127-5
http://dx.doi.org/10.1112/jlms/s1-41.1.111
http://dx.doi.org/10.1112/S002557930000807X
http://dx.doi.org/10.1112/plms/s3-18.1.77
http://dx.doi.org/10.1515/ms-2021-0010
http://dx.doi.org/10.1186/1029-242X-2013-281
http://dx.doi.org/10.1007/s13398-020-00871-x
http://dx.doi.org/10.1017/S0004972717001125
http://dx.doi.org/10.1515/forum-2021-0308
http://dx.doi.org/10.1007/s40590-021-00383-7
http://dx.doi.org/10.1007/s40840-018-0683-0
http://dx.doi.org/10.1007/s13398-020-00977-2
http://dx.doi.org/10.1007/s11785-018-0819-0

Symmetry 2023, 15, 2090 17 of 17

28.

29.

30.

31.

32.
33.

34.

35.

36.

37.

38.

39.

Kowalczyk, B.; Lecko, A.; Thomas, D. The sharp bound of the third Hankel determinant for convex functions of order —1/2. J.
Math. Inequalities 2023, 17, 191-204. [CrossRef]

Barukab, O.; Arif, M.; Abbas, M.; Khan, S.K. Sharp bounds of the coefficient results for the family of bounded turning functions
associated with petal shaped domain. J. Funct. Spaces 2021, 2021, 5535629. [CrossRef]

Shi, L.; Shutaywi, M.; Alreshidi, N.; Arif, M.; Ghufran, S.M. The sharp bounds of the third-order Hankel determinant for certain
analytic functions associated with an eight-shaped domain. Fractal Fract. 2022, 6, 223. [CrossRef]

Wang, Z.G.; Raza, M.; Arif, M.; Ahmad, K. On the third and fourth Hankel determinants for a subclass of analytic functions. Bull.
Malays. Math. Sci. Soc. 2022, 45, 323-359. [CrossRef]

Verma, N.; Kumar, S.S. A conjecture on Hs 1 (f) for certain starlike functions. Math. Slovaca 2023, 73, 1197-1206. [CrossRef]
Mendiratta, R.; Nagpal, S.; Ravichandran, V. On a subclass of strongly starlike functions associated with exponential function.
Bull. Malays. Math. Sci. Soc. 2015, 38, 365-386. . [CrossRef]

Shi, L.; Srivastava, H.M.; Rafiq, A.; Arif, M.; Thsan, M. Results on Hankel determinants for the inverse of certain analytic functions
subordinated to the exponential function. Mathematics 2022, 10, 3429. [CrossRef]

Kwon, O.S.; Lecko, A.; Sim, Y.J. On the fourth coefficient of functions in the Carathéodory class. Comput. Methods Funct. Theory
2018, 18, 307-314. [CrossRef]

Libera, R.J.; Zlotkiewicz, E.]. Coefficient bounds for the inverse of a function with derivative in P. Proc. Am. Math. Soc. 1983, 87,
251-257. . [CrossRef]

Ravichandran, V.; Verma, S. Bound for the fifth coefficient of certain starlike functions. Comptes Rendus Math. 2015, 353, 505-510. .
[CrossRef]

Pommerenke, C. Univalent Functions, Vandenhoeck und Ruprecht, Gottingen; Department of Mathematics, Tokyo Metropolitan
University, Fukazawa: Setagaya-ku, Tokyo, 1975; p. 158.

Krushkal, S.K. A short geometric proof of the Zalcman and Bieberbach conjectures. arXiv 1948, arXiv:1408.1948.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://dx.doi.org/10.7153/jmi-2023-17-14
http://dx.doi.org/10.1155/2021/5535629
http://dx.doi.org/10.3390/fractalfract6040223
http://dx.doi.org/10.1007/s40840-021-01195-8
http://dx.doi.org/10.1515/ms-2023-0088
.
http://dx.doi.org/10.1007/s40840-014-0026-8
http://dx.doi.org/10.3390/math10193429
http://dx.doi.org/10.1007/s40315-017-0229-8
.
http://dx.doi.org/10.2307/2043698
.
http://dx.doi.org/10.1016/j.crma.2015.03.003

	Introduction and Definitions
	A Set of Lemmas
	Main Results
	References

