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Abstract: The time–energy uncertainty relation (TEUR) plays a fundamental role in quantum mechanics,
as it allows the grasping of peculiar aspects of a variety of phenomena based on very general principles
and symmetries of the theory. Using the Mandelstam–Tamm method, TEUR has recently been derived
for neutrino oscillations by connecting the uncertainty in neutrino energy with the characteristic timescale
of oscillations. Interestingly, the suggested interpretation of neutrinos as unstable-like particles has
proved to naturally emerge in this context. Further aspects were later discussed in semiclassical gravity
theory, by computing corrections to the neutrino energy uncertainty in a generic stationary curved
spacetime, and in quantum field theory, where the clock observable turns out to be identified with
the non-conserved flavor charge operator. In the present work, we give an overview on the above
achievements. In particular, we analyze the implications of TEUR and explore the impact of gravitational
and non-relativistic effects on the standard condition for neutrino oscillations.

Keywords: time–energy uncertainty relation; quantum theory; general relativity; neutrino; flavor
oscillations; unstable particles

1. Introduction

Uncertainty relations constitute a cornerstone of quantum theory. For example, the
Heisenberg principle sets a fundamental lower limit on how precisely we can perform
simultaneous measurements of position and momentum of any quantum system. A direct
consequence is that an exactly specified (classical-like) phase-space trajectory cannot be
defined for these systems. Another such pair of incompatible variables are energy and
time. An informal meaning of the time–energy uncertainty relation (TEUR) is that quantum
states that only exist for a relatively short time cannot have a sharply determined energy.

Despite formal similarities, the analogy between TEUR and the Heisenberg principle
cannot be pursued all the way because of the lack of a time operator in quantum mechanics
(QM). In fact, the proper formalization and general validity of TEUR have been controversial
issues since the advent of quantum theory. For a comprehensive review on the subject,
one can refer to [1], while a recent discussion on the non-uniqueness of TEUR formulation
appears in [2]. In what follows, we shall basically resort to the most general Mandelstam–
Tamm version of TEUR, which is based on the only assumption that the evolution of
Heisenberg operators in quantum theory is ruled by the Hamiltonian H [3]. Using natural
units h̄ = c = G = 1, TEUR in this framework takes the form

∆E ∆t ≥ 1
2

, (1)
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where ∆E ≡ σH is interpreted as the standard deviation of the energy on a generic quantum
state |ψ〉, and

∆t ≡ σO/
∣∣∣∣d〈O(t)〉

dt

∣∣∣∣ . (2)

Here, O(t) denotes the “clock observable”, whose dynamics quantifies temporal
changes of the system, and ∆t is the characteristic timescale over which the mean value
〈O(t)〉 ≡ 〈ψ|O(t)|ψ〉 = 〈ψ(t)|O|ψ(t)〉 varies by a standard deviation.

One of the most common applications of TEUR concerns the understanding of the
decay of excited states of atoms. In this scenario, the minimum time it takes for an atom
to decay to its ground state and radiate is related to the energy uncertainty of the excited
state [4]. Based on the Mandelstam–Tamm method, in [5], TEUR was derived for neutrino
flavor oscillations in the QM picture.

Neutrino oscillation is a phenomenon characterized by a finite timescale, the oscillation
time [6], and thus, particularly suited for a description in terms of Equation (1). By
identifying ∆t with the time during which a significant change in flavor content happens
for a given neutrino state, the authors of [5] came to the conclusion that a non-vanishing
neutrino energy uncertainty ∆E is actually needed for oscillations to occur.

Interesting advances in the study of TEUR for neutrino oscillations were later achieved
from both the phenomenological and theoretical points of view. In the former context,
the applicability of TEUR to the Mössbauer neutrino experiment was analyzed with con-
flicting results [7,8]. On the theoretical side, a generalized TEUR was obtained in [9] for a
generic stationary curved spacetime, while in [10], Equation (1) was recast in terms of a
flavor–energy uncertainty relation by using the quantum field theoretical (QFT) formalism
of [11,12]. Remarkably, the QFT approach of [10] brings out the interpretation of TEUR for
flavor neutrinos as fundamental bounds on energy variances, in close analogy with the case
of unstable particles. All of the above considerations make it clear that a careful study of
TEUR might reveal valuable information about the true nature of neutrinos and the related
mechanism of flavor oscillations, which are still subject of active investigation.

Based on the outlined premises, here we review recent progress in the description
of TEUR for neutrino oscillations. After a brief historical overview, we summarize basic
concepts and results in the literature, with focus on the future prospects and research lines
that can be inspired by the present analysis. The rest of the paper is structure as follows. In
Section 2, we go through the derivation of the original QM TEUR for both neutrinos and
unstable particles. Section 3 is devoted to exploring gravitational effects on TEUR, while
the extension to QFT is investigated in Section 4. Conclusions and discussion are presented
in Section 5.

2. TEUR for Oscillating and Unstable Particles

Let us start by presenting TEUR for neutrino oscillations as first derived by Bilenky [5].
The result is compared to the corresponding formula for unstable particles [13,14], empha-
sizing conceptual similarities and differences.

2.1. TEUR for Neutrino Oscillations (à-la Bilenky)

Following [5], we set O = Pl = |νl〉〈νl | in the Mandelstam–Tamm inequality (1),
where |νl〉 (l = e, µ, τ) is the flavor neutrino state (〈νl |νl′〉 = δll′ ) and Pl is the projection
operator on this state. It is straightforward to check that the average value of Pl on a
generic state |ψ(t)〉 is nothing but the probability to find the flavor neutrino νl in |ψ(t)〉,
i.e., 〈Pl(t)〉 = |〈νl |ψ(t)〉|2. Hence, assuming |ψ(0)〉 = |νl〉, one has that 〈Pl(t)〉 coincides
with the survival probability Pνl→νl (t) of the neutrino νl at time t. Clearly, the following
relations hold true:

Pνl→νl (0) = 1 , Pνl→νl (t) ≤ 1 for any t > 0 . (3)
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Projection operators are idempotent, which means they satisfy P2 = P. From this
condition, it follows that the standard deviation ∆Pl obeys

∆Pl(t) =
√

Pνl→νl (t)− P2
νl→νl

(t) . (4)

By substitution into Equation (1), we derive

∆E ≥ 1
2

| d
dt Pνl→νl (t)|√

Pνl→νl (t)− P2
νl→νl

(t)
. (5)

Let us now consider the survival probability Pνl→νl (t) in the time interval 0 ≤ t ≤ t1min,
where t1min is the time when Pνl→νl (t) reaches the first minimum. In this range, Pνl→νl (t) is
a monotonically decreasing function [5,7,8,15–17]. By integration of Equation (5) from 0 to
t, we finally get

∆E t ≥ 1
2

[π

2
− sin−1(2Pνl→νl (t)− 1

)]
. (6)

It is useful to apply the above inequality to some specific cases of experimental
interest. For instance, atmospheric neutrinos are produced by cosmic rays interacting in
the upper atmosphere of the Earth. In turn, the resulting pions and kaons decay into muon
neutrinos and muons, many of which give rise to electrons and a muon neutrino–electron
neutrino pair. A crude estimation indicates that muon neutrinos are roughly two times
more abundant than electron neutrinos [18,19]. In the atmospheric Long Baseline region,
the survival probability Pνµ→νµ(t) is driven by the neutrino-mass-squared difference ∆m2

23
(for more details on the theoretical treatment of neutrino mixing, see Sections 3 and 4).
By taking into account that Pνµ→νµ(t

(23)
1min) ' 0, where t(23)

1min = 2πE/∆m2
23, we obtain the

following TEUR for ultrarelativistic neutrinos (L ' t) [5]

∆E t(23)
osc ≥ π , (7)

where t(23)
osc = 2t(23)

1min denotes the period of oscillations in the atmospheric Long Baseline re-
gion. As explained in [5], the above relation provides a necessary condition for atmospheric
neutrino oscillations to be observed.

As a further example, we consider the ∆m2
23-driven survival probability of ν̄e. Ac-

cording to the CHOOZ experiment [20], this probability is close to the maximal value
of unity. Using the condition Pν̄e→ν̄e(t

(23)
1min) = 1 − sin2 2θ13 along with the constraint

sin2 2θ13 . 2× 10−1, where θ13 is the mixing angle, Equation (6) becomes (up to terms of
order sin2 2θ13)

∆E t(23)
osc ≥ 2 sin 2θ13 , (8)

which is less stringent than the bound (7).
An interesting experimental application of TEUR in the high-energy regime concerns

Mössbauer neutrino effects [7,8,15,16,21–24]. Mössbauer neutrinos could be produced and
detected in recoiless Mössbauer transitions

3H → 3He + ν̄e , 3He + ν̄e → 3H , (9)

with energy Eν ' 18.6 keV and relative uncertainty ∆Eν/Eν ' 4.5× 10−16. Flavor oscil-
lations of Mössbauer neutrinos were studied in [22] by using the macroscopic Feynman-
diagram approach [22,25–28]. This result was, however, challenged by Bilenky et al. [7],
who estimated that the minimum uncertainty needed for Mössbauer oscillations to occur
according to TEUR should be ∆Eν/Eν & 10−12 for atmospheric neutrinos, ∆Eν/Eν & 10−13

for reactor neutrinos, and ∆Eν/Eν & 10−14 for solar neutrinos. This controversy was later
debated in [8,15,16,22]. In particular, a connection between this issue and the possible
non-stationary nature of oscillations was investigated in [15,16]. The conclusion was that,
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if time plays an active role in neutrino oscillations, one cannot escape from the implications
of TEUR. Conversely, if oscillations are a stationary phenomenon, the viewpoint of Akhme-
dov [22] would be the correct one. In the absence of a fundamental and widely shared
theory of neutrino oscillations, valuable hints could be provided by the possible future
detection of Mössbauer neutrinos.

2.2. TEUR and Unstable Particles

We here digress briefly to discuss TEUR for unstable particles. Let us stress that such
systems provide one of the most interesting examples in which TEUR is typically applied,
see, e.g., [29]. Toward this end, we stick to the original treatment of [13] and the recent
review in [14].

The analysis of [13], which inspired the derivation of TEUR for neutrino oscillations, is
built upon the same considerations leading to Equation (5), with Pνl→νl being now replaced
by the so-called quantum non-decay probability Pt. For convenience, let us recast the
inequality (5) as ∣∣∣∣ d

dt
Pt

∣∣∣∣ ≤ 2∆E
√

Pt − P2
t , (10)

which allows identification of the particle half-life Th, for which Pt = 1/2 and the right-
hand side attains its maximum value. Then, Equation (10) gives the weaker inequality∣∣∣∣ d

dt
Pt

∣∣∣∣ ≤ ∆E , (11)

which sets a time-limit to the instability of decaying quantum systems (see below for more
quantitative discussion).

Since for decaying particles Pt=0 = 1 and Pt→∞ → 0, we can infer the following
features that are likely to be of interest in the asymptotic regimes of decay∣∣∣∣ d

dt
Pt

∣∣∣∣ = 0 , for t = 0 , (12)

d
dt

cos−1 Pt ≤ 2∆E , for t→ 0 , (13)

d
dt

P1/2
t ≤ ∆E , for t→ ∞ . (14)

These can be unified as

d
dt

cos−1 P1/2
t ≤ ∆E , for 0 ≤ t ≤ ∞ . (15)

Integration of the the latter inequality gives

∆E t ≥ cos−1 P1/2
t , (16)

which is, in fact, the analog of Equation (6) for unstable particles. At this stage, it becomes
clear that the parallelism between neutrinos and unstable particles has a merely formal
meaning—indeed, although a TEUR can be associated with both systems, the phenomenon
of oscillations is not strictly equivalent to a decay, since the oscillation probability does
not vanish at asymptotically long time. Notice also that Equation (16) fixes the minimum
time-limit to π/(2∆E).

Now, for t equal to the half-life Th defined earlier, Equation (16) leads straightfor-
wardly to

∆E Th ≥
π

4
for 0 < Th ≤

π

2∆E
. (17)
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Conversely, if Th > π/(2∆E), the non-negativity of Pt allows us to write

Pt ≥ 0 > 1− 2∆E t
π

, for t >
π

2∆E
, (18)

which again implies the inequality (17). Combining these two results, we finally obtain the
Mandelstam–Tamm version of TEUR for a decaying quantum system

∆E Th ≥
π

4
. (19)

The above derivation has been recently revised in [14], leading to a more stringent
bound. Based on the approach of [30], the basic idea is to regard a system of unstable
particles as an open quantum system. This entails that a comprehensive analysis cannot be
limited to the system alone, but must necessarily involve its surrounding “environment”
too. In a field theoretical language, such a prescription amounts to saying that it is not
sufficient to describe the system as excitations of some fields on a single vacuum state,
but one should take into account extra (artificial) degrees of freedom. A typical strategy
consists of doubling each physical degree of freedom, resulting into an enlargement of the
Hilbert space. Although this construction was originally proposed to develop a QFT at
finite temperature—Thermo Field Dynamics [31–33]—various applications have been later
considered in QFT on curved spacetime [34] and the quantum brain model [35], among
others.

For practical purposes, let us consider a set of canonical fermionic operators ak, a†
k,

which annihilate and create a decaying particle of momentum k at t = 0, respectively. The
associated vacuum is denoted by |0〉, i.e., ak|0〉 = 0. Following the standard notation [31,32],
we indicate the corresponding set of doubled operators by ãk, ã†

k and the related vacuum by
|0̃〉, so that ãk|0̃〉 = 0. Notice that such new operators obey the same (anti-) commutation
relations as ak, a†

k, i.e.,
{

ak, a†
p

}
=
{

ãk, ã†
p

}
= δ(k− p) .

Using the above tools, it is natural to define an enlarged Fock space having the tensor-
product structure between the Fock spaces associated with ak and ãk, respectively. In this
setting, the underlying vacuum state |0〉〉 = |0〉 ⊗ |0̃〉 is defined in such a way that

ak|0〉〉 = ãk|0〉〉 = 0 . (20)

The core idea of [14] is to construct a state |0(ϕ)〉, such that the expectation value of
the number operator Nk = a†

kak satisfies

Nk(t) ≡ 〈0(ϕ)|Nk|0(ϕ)〉 = exp(−Γk t) , (21)

where Γk is the inverse lifetime of the unstable particle (the physical meaning of the
parameter ϕ will become clear later). Inspired by Thermo Field Dynamics [31], one can
introduce the new set of ladder operators via the Bogoliubov transformations

ak(ϕ) = cos ϕk ak − sin ϕk ã†
k , (22)

ãk(ϕ) = cos ϕk ãk + sin ϕk a†
k . (23)

The related vacuum is defined by the usual condition ak(ϕ) |0(ϕ)〉 = ãk(ϕ) |0(ϕ)〉 = 0.
By explicit computation, it is possible to show that [31]

|0(ϕ)〉 = ∏
k

(
cos ϕk + sin ϕka†

k ã†
k

)
|0〉〉 . (24)

Combining Equations (21) and (24), we infer

Nk(t) = sin2 ϕk(t) = exp(−Γkt) , (25)
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which displays the meaning of ϕk ≡ ϕk(t) in terms of the inverse lifetime Γk.
To have a more physical intuition on |0(ϕ)〉, let us consider the asymptotic regions

t→ 0 and t→ ∞. In the first case, we have

|0(ϕ)〉|t=0 = ∏
k
|0(ϕk)〉 , (26)

where
|0(ϕk)〉 = a†

k ã†
k |0〉〉 , (27)

is the state describing an unstable particle of momentum k. Conversely, the limit

|0(ϕ)〉|t=∞ = |0〉〉 , (28)

gives the zero-particle state.
In order to extract TEUR, we now switch to the Heisenberg representation. In this

picture, the expectation value (25) is kept unchanged, while the vacuum |0(ϕ)〉 must be
set as in Equation (26). In turn, the number operator Nk defined above in Equation (21)
gains a non-trivial time-dependence. With this setting, we can choose O(t) = Nk(t) in
Equations (1) and (2) to obtain

σ2
N = 〈0(ϕ)|N2

k(t)|0(ϕ)〉 − 〈0(ϕ)|Nk(t)|0(ϕ)〉2 = Nk(t)(1−Nk(t)) , (29)

which yields ∣∣∣∣dNk(t)
dt

∣∣∣∣ ≤ 2∆E
√
Nk(t)(1−Nk(t)) . (30)

Notice that this inequality is the same as Equation (10), with the non-decay probability
Pt being now formally replaced by the vacuum density Nk(t). For the characteristic time
Th that maximizes the right side, we have Nk(Th) = 1/2 and

∆E ≥
∣∣∣∣dNk(t)

dt

∣∣∣∣ , (31)

to be compared with Equation (11).
The relation (31) can be further manipulated by resorting to the triangular inequality

and integrating both sides from 0 to T to obtain

∆E T ≥
∫ T

0
dt
∣∣∣∣dNk(t)

dt

∣∣∣∣ ≥ ∣∣∣∣∫ T

0
dt

dNk(t)
dt

∣∣∣∣ , (32)

which yields
∆E T ≥ 1−Nk(T) . (33)

At T = Th, we then get the Heisenberg-like lower bound

∆E Th ≥
1
2

, (34)

that is stronger than the one in Equation (19).
As a final remark, it is worth noting from Equation (25) that Th = log 2/Γk = τk log 2,

where τk = 1/Γk is the particle lifetime. Therefore, TEUR (34) can be rearranged as

∆E ≥ 1
τk log 4

. (35)

This inequality sets an intrinsic lower bound on the energy distribution width of
unstable quantum particles. In the same way, by continuing the analogy between neutrinos
and unstable particles, we can interpret Equation (5) as a fundamental limit on the width
of the neutrino energy distribution.
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3. Gravitational Effects on TEUR

In [9], TEUR for neutrino oscillations has been derived for a generic stationary curved
spacetime to study how gravity affects the characteristic oscillation length. To review such
a formalism, we first take a step back and consider the Bilenky-like (Minkowski) form (6)
of TEUR, here rewritten equivalently as

2∆E
√

Pνl→νl (x)− P2
νl→νl

(x) ≥
∣∣∣∣ d
dt

Pνl→νl (x)
∣∣∣∣ , (36)

where, for more generality, we have assumed that the neutrino survival probability Pνl→νl

depends on t through the spacetime coordinate x ≡ x(t). For simplicity, from now on
we restrict to a toy model involving two flavors only, but the same considerations can be
extended to the more realistic case of three neutrino generations.

As observed in Section 2.2, the left side of Equation (36) reaches its maximum when
Pνl→νl = 1/2. Integrating both sides between some initial time t0 (such that Pνl→νl (x(t0)) = 1)
and t, and employing once more the triangular inequality, we are led to [9]

∆E T ≥ Pνl→νl′ (x(t)) , (37)

where T ≡
∫ t

t0
dt′ = t− t0 is the neutrino flight-time and Pνl→νl′ (x(t)) = 1− Pνl→νl (x(t))

is the oscillation probability.
Gravitational corrections to flavor oscillations typically enter the neutrino phase [36–53].

To find out the form of these extra terms, we write explicitly the generic flavor eigenstate
|νl〉 as a mixture of the mass eigenstates |νk〉 (k = 1, 2) according to [6]

|νl(x)〉 = ∑
k=1,2

Ulk(θ) |νk(x)〉 , l = e, µ , (38)

where Ulk(θ) is the generic element of the mixing matrix [6].
Since the states |νk(x)〉 are Hamiltonian eigenstates, in the standard quantum theory

using a flat background, their evolution is governed by the usual relation

|νk(x)〉 = exp[−iϕk(x)]|νk〉, (k = 1, 2) , (39)

where
ϕk(x) ≡ Ek t− pk · x (40)

denotes the QM phase of the kth eigenstate having mass mk, energy Ek, and three-momentum
pk, respectively, (not to be confused with the parameter ϕk appearing in the Bogoliubov
transformations (22) and (23)). These three quantities are connected via the flat mass-shell
relation E2

k = m2
k + |pk|

2.
For relativistic neutrinos traveling along the x-axis from the source point x0 to the

detector point x (with x > x0), the phase (40) can be simplified to

ϕk '
m2

k
2E

Lp , (41)

where we have assumed the mass eigenstates to have roughly the same energy E. Further-
more, we have denoted the proper distance traveled by neutrinos by Lp = x− x0, which
can be approximated to the flight-time T in the relativistic limit.

Now, substitution of Equation (41) into (38) and (39) gives

|νl(x)〉 = ∑
k=1,2

Ulk(θ) exp

(
−i

m2
k

2E
Lp

)
|νk〉 , l = e, µ . (42)
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In turn, the probability that a neutrino |νl〉 undergoes a flavor transition to |νl′〉 after
propagating over the distance Lp is [9]

Pνl→νl′ (x) = |〈νl′(x)|νl(x0)〉|2

= sin2(2θ) sin2
( ϕ12

2

)
= sin2(2θ) sin2

(
π Lp

Losc

)
, l 6= l′ , (43)

where in the second step ϕ12 ≡ ϕ1 − ϕ2 denotes the phase-shift acquired by the mass eigen-
states during the propagation, while in the last step we have introduced the characteristic
oscillation length Losc

Losc ≡ 4πE
∆m2 , ∆m2 = |m2

1 −m2
2| . (44)

Accordingly, TEUR in Equation (37) takes the form

∆E T ≥ sin2(2θ) sin2
(

π Lp

Losc

)
. (45)

Since this inequality holds for any spacetime point, we can set Lp = Losc/2 so as to
maximize the right side and obtain the neutrino oscillation condition

∆E ≥ 2 sin2(2θ)

Losc . (46)

Two comments are in order here: First, we notice that for θ = 0 and/or Losc → ∞, the
lower bound on the neutrino energy uncertainty vanishes, as expected in the absence of
mixing and/or oscillations. Moreover, in [54], ∆E is interpreted as the minimum energy
transferred to neutrinos in scattering processes, which is necessary to reveal them once the
oscillation occurred.

3.1. TEUR in Curved Spacetime

Let us extend the above formalism to stationary curved spacetime. For this kind of
metrics, we remark that TEUR can be consistently defined, since there always exists a
global time-like Killing vector field Kµ, such that K ≡

∫
Kµ Tµν dΣν does not depend on

the space-like hypersurface Σ, where Tµν is the (conserved) stress-energy tensor [55]. We
are then allowed to introduce a coordinate t, such that the metric is independent of it and
with respect to which Kµ = (1, 0, 0, 0). One has K ≡

∫ √−g : T0
0 : d3x = H, where : T0

0 :
denotes the normal-ordered operator, g is the determinant of the metric tensor gµν, and H
is the Hamiltonian of the considered system. More generally, the role of the above Killing
vector can be taken by the Kodama vector for dynamical metrics [56].

To generalize TEUR for flavor oscillations to curved spacetime, it proves convenient
to rephrase the evolution (42) of the neutrino state in a manifestly covariant way as [37]

|νl(λ)〉 = ∑
k=1,2

Ulk(θ) exp(−iΦ)|νk〉 , l = e, µ , (47)

where λ is the neutrino world-line parameter and Φ generalizes the definition (40) of
neutrino phase to

Φ =
∫ λ

λ0

Pµ
dxµ

null
dλ′

dλ′ . (48)

Notice that Pµ and dxµ
null/dλ in the above integral are the generator of spacetime

translations of neutrino mass states and the null tangent vector to the neutrino world line,
respectively. For gµν = ηµν, one can check that Equation (48) reproduces the evolution (42)
in flat spacetime, as expected [9].
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For a generic stationary curved spacetime, the operator Pµ is defined by the generalized
mass-shell relation [37] (

Pµ +
Aµγ5

2

)(
Pµ +

Aµγ5

2

)
= M2 , (49)

where M = diag[m1, m2] is the diagonal neutrino mass-matrix and γµ are the Dirac matrices
obeying the Clifford algebra {γµ, γν} = 2gµν (γ5 = iγ0γ1γ2γ3). Furthermore, the potential-
like term

Aµ =

√
g

4
eµ

â εâb̂ĉd̂(∂σeb̂ν − ∂νeb̂σ

)
eν

ĉ eσ
d̂ (50)

enters the spin-connection in the Dirac equation on curved spacetime [9,37]. Here, eµ
â are the

tetrads connecting general curvilinear and locally inertial coordinates, denoted by Greek
and (hatted) Latin indices, respectively. The symbol εâb̂ĉd̂ stands for the totally antisymmet-
ric Levi-Civita tensor of component ε0̂1̂2̂3̂ = +1, while ∂ indicates ordinary derivative.

As shown in [37], the integral in (48) can be simplified for relativistic neutrinos mov-
ing along a null trajectory by neglecting the O(A2) and O(AM2) terms. Under these
assumptions, we obtain [9]

Φ =
∫ λ

λ0

(
M2

2
−

dxµ
null

dλ′
Aµγ5

)
dλ′ , (51)

which can be further manipulated by rewriting the line element dλ in terms of the differen-
tial proper distance d` at constant time for null trajectories as

dλ = d`
(
−gij

dxi

dλ

dxj

dλ

)− 1
2

= d`

[
g00

(
dt
dλ

)2
+ 2g0i

dt
dλ

dxi

dλ

]− 1
2

. (52)

Equation (51) provides the crucial ingredient toward reformulating TEUR in curved
spacetime. To this end, we recast Equation (37) in terms of λ to obtain

∆E T(λ) ≥ Pνl→νl′ (x(λ)) , (53)

where the neutrino flight-time is given by T(λ) ≡ t(λ) − t(λ0) for a fixed λ0. From
Equation (43), it follows that

∆E ≥ sin2(2θ)

T(λ)
sin2

[
ϕ12(x(λ))

2

]
, ϕ12 ≡ ϕ1 − ϕ2 , (54)

where the neutrino phase ϕk (k = 1, 2) is now generally defined as the eigenvalue of Φ in
Equation (51) with respect to the kth mass eigenstate, i.e., Φ|νk〉 = ϕk|νk〉.

Before moving onto the evaluation of the above inequality for some specific metrics,
it is worth observing that ∆E appearing in Equation (54) represents the uncertainty on
the neutrino energy as measured by an asymptotic observer (see [9] for more details).
However, the truly measurable quantity in neutrino oscillation experiments is the local
energy uncertainty ∆E`, which represents the uncertainty for a local observer temporarily
at rest in the curved background (and, thus, with respect to the oscillation experiment). The
connection between these two quantities is established via the vierbein fields

E`(x) ≡ P0̂(x) = eν
0̂(x) Pν . (55)

Clearly, this transformation must also be implemented into the expression of the
phase-shift ϕ12, along with the usage of the proper distance traveled by neutrinos. This is
an essential step to make a consistent comparison with the TEUR (46) in the limit when
gµν → ηµν.
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3.1.1. Schwarzschild Spacetime

The Schwarzschild metric in isotropic coordinates (t, x, y, z) and (linearized) weak-
field approximation is

ds2 = (1 + 2φ)dt2 − (1− 2φ) (dx2 + dy2 + dz2) , (56)

where φ(r) = −M/r ≡ −M/
√

x2 + y2 + z2 is the gravitational potential and M the
spherically symmetric source mass. The only non-trivial components of the tetrads are
e0

0̂
= 1− φ and ei

ĵ
= (1 + φ) δi

j, where δi
j is the Kronecker delta.

Because of the particular symmetry of the metric, the potential Aµ in Equation (50)
vanishes. From Equations (51) and (52), the resulting neutrino phase-shift ϕ12 takes the
simple form [9]

ϕ12 =
∆m2

2

∫ `

`0

1 + φ

E
d`′ , (57)

with E ≡ P0 = g00 dt/dλ.
If we set the frame axes so that the neutrino propagates radially (e.g., along the x-

direction), we have d` = (1− φ)dx. Then, by taking into account that E is constant along a
null trajectory, the integral (57) can be solved straightforwardly to give the following form
of TEUR

∆E ≥ sin2(2θ)

T
sin2

[
∆m2(x− x0)

4E

]
. (58)

In terms of the proper distance

Lp ≡
∫ x

x0

√
−g11 dx′ = x− x0 + M ln

(
x
x0

)
, (59)

and the local energy (55), we obtain

∆E`

1− φ
≥ sin2(2θ)

T
sin2

(
πLp

Losc
φ

)
, (60)

where we have introduced the Schwarzschild-corrected proper oscillation length (at the
leading order in φ) [39]

Losc
φ ≡

4πE`

∆m2

[
1 + φ +

M
x− x0

ln
(

x
x0

)]
. (61)

Here, the gravitational potential is to be regarded as φ(x) = −M/x.
As emphasized in the text below Equation (45), the right side of the inequality (61) is

maximized for Lp = Losc
φ /2, which in turn gives the following relation between the time

interval T and the oscillation length Losc
φ [9]

T =
Losc

φ

2

[
1 +

M
x− x0

ln
(

x
x0

)]
. (62)

By plugging into Equation (60), we can finally cast the TEUR in Schwarzschild space-
time as

∆E` ≥
2 sin2(2θ)

Losc
e f f (M)

, (63)

where

Losc
e f f (M) ≡ Losc

φ

[
1 + φ +

M
x− x0

ln
(

x
x0

)]
(64)

is the effective oscillation length.
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The last form of TEUR (63) allows for a direct comparison with the corresponding flat
expression (46). Remarkably, we can see that gravitational corrections increase Losc

e f f with
respect to the standard oscillation length (44), resulting into a more stringent bound on ∆E`.
For consistency, one can check that Losc

e f f (M) → Losc for M → 0 and the inequality (46) is
recovered. Conversely, in the limit Losc

e f f (M)→ ∞, the right side of Equation (63) vanishes,
in line with the discussion below Equation (46).

3.1.2. Lense–Thirring Spacetime

We can now apply the same line of reasoning to extract TEUR in Lense–Thirring
background, which can be interpreted as the exterior gravitational field of a rotating
spherical source. Notice also that this metric is usually adopted to describe gravitomagnetic
frame-dragging effects, see for instance [57].

In the weak-field approximation, the line element on the equatorial plane reads

ds2 = (1 + 2φ)dt2 − φΩ
r2 (x dy− y dx)dt− (1− 2φ) (dx2 + dy2 + dz2), (65)

where Ω ≡ 4R2ω/5, ω is the angular velocity of the source of radius R and φ the gravita-
tional potential defined below Equation (56). Without loss of generality, we assume the
rotation takes place around the z axis.

Following the same calculations as in Section 3.1.1, we now arrive at [9]

∆E` ≥
2 sin2(2θ)

Losc
e f f (M, Ω)

, (66)

where the effective oscillation length exhibits a non-trivial dependence on both the mass
and angular velocity of the source as

Losc
e f f (M, Ω) ≡ Losc

[
1 +

M
x− x0

ln
(

r + x
r0 + x0

)
+

M Ω
2b(x− x0)

(
x
r
− x0

r0

)
+ φ

(
1 +

Ωb
r2

)]
, (67)

with b > R being the impact parameter. As discussed for Schwarzschild geometry, the
effective oscillation length is increased with respect to the flat case. The latter is however
restored for M, Ω→ 0, as it should be.

3.1.3. Rindler Spacetime

As a final example, we discuss TEUR for an observer undergoing constant proper
acceleration a > 0 (a Rindler observer). It is interesting to note that, although the corre-
sponding Rindler metric is flat, it well-describes the static gravitational field that would be
appropriate for a spacetime with fictitious “infinite flat earth” [58]. Assuming the accel-
eration along the x-axis, the (linearized) line element in Rindler–Fermi coordinates is [59]

ds2 = (1 + ax)dt2 − (dx2 + dy2 + dz2) . (68)

TEUR for a Rindler observer can be cast in the same form as Equation (63) (or
Equation (66)), with the acceleration-dependent oscillation length being now defined by [9]

Losc
e f f (a) ≡ Losc

[
1 +

a
4
(x− x0)

]
. (69)

Once again, the effective oscillation length is increased with respect to the flat case,
giving rise to a more stringent bound on the energy uncertainty ∆E`. As expected, the
standard formula in Minkowski spacetime is reproduced for a→ 0. Conversely, the limit
of Losc

e f f (a) → ∞ for fixed a cannot be considered in the present case, as it invalidates the
linearized approximation under which Equation (69) is derived [59].
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4. TEUR in Quantum Field Theory

We start this section by reviewing the TEUR in the Pontecorvo formalism for neutrino
mixing and oscillations [60–64] as developed in [10]. This analysis gives similar results to
the ones shown in Sections 2 and 3. Although the Pontecorvo approach is experimentally
successful, it has however several conceptual drawbacks and is widely recognized to be
only applicable to relativistic neutrinos [11,65–69]. These issues motivate us to introduce the
main aspects of the so-called flavor Fock space approach to neutrino mixing in QFT [11,70–77],
which extends the Pontecorvo formalism to the non-relativistic domain. We then show
how TEUR can be studied in this generalized framework [10]. For consistency with the
original notation [11], in what follows, we label neutrino fields with definite masses by
Latin indices, while Greek indices are reserved for definite flavor fields.

4.1. Time–Energy Uncertainty Relations for Neutrino Oscillations: Pontecorvo Flavor States

In Section 2.2, we re-formulated the TEUR for unstable particles in a second quantiza-
tion language. The same procedure can be repeated for the Minkowski form of TEUR for
neutrino oscillations.

The fields νj(x), j = 1, 2 describe Dirac neutrinos with definite masses mj:

νj(x) = ∑
r

∫ d3k

(2π)
3
2

[
ur

k,j(t) αr
k,j + vr

−k,j(t) βr†
−k,j

]
eik·x , (70)

with x ≡ (x, t), ur
k,j(t) = e−iωk,jt ur

k,j, vr
k,j(t) = eiωk,jt vr

k,j, and ωk,j =
√
|k|2 + m2

j . The

ladder operators αr
k,j and βr

k,j annihilate the massive neutrino vacuum |0〉1,2, i.e.,

αr
k,j|0〉1,2 = 0 = βr

k,j|0〉1,2 . (71)

The anticommutation relations are

{να
i (x), ν

β†
j (y)}tx=ty = δ3(x− y)δαβδij , (72)

{αr
k,i, αs†

q,j} = δkqδrsδij , {βr
k,i, βs†

q,j} = δkqδrsδij , (73)

while the orthonormality and completeness relations are fixed as

ur†
k,iu

s
k,i = vr†

k,iv
s
k,i = δrs , ur†

k,iv
s
−k,i = 0 , ∑

r
(urα∗

k,i urβ
k,i + vrα∗

−k,iv
rβ
−k,i) = δαβ . (74)

Similarly to the case of unstable particles, we define the number operator for flavor
(Pontecorvo) neutrinos as

NP,σ(t) = ∑
k,r

αr†
P,k,σ(t)α

r
P,k,σ(t) , (75)

where the flavor ladder operators αr
P,k,σ are just linear combinations of the mass operators

αr
P,k,σ =

2

∑
j=1

Uσ j αr
k,j . (76)

Then, Pontecorvo flavor states can be built as

|νr
k,σ〉P = αr†

P,k,σ|0〉1,2 , (77)

which coincide with Equation (42) of the QM treatment when one assumes equal momenta.
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The flavor survival probability can be thus computed as the expectation value of the
number operator on a reference flavor state

Pσ→σ(t) = 〈NP,σ(t)〉σ = 1− sin2(2θ) sin2
(

Ω−
k

2
t
)

, (78)

where, in this subsection, 〈· · · 〉σ = P〈νr
k,σ| · · · |ν

r
k,σ〉P. Moreover, we have introduced the

shorthand notation Ω±
k ≡ ωk,1 ±ωk,2.

It is clear that the number of flavor neutrinos is a good candidate for being clock-
observable, i.e., O(t) = NP,σ(t). Noting that

σ2
N = 〈N2

P,σ(t)〉σ − 〈NP,σ(t)〉2σ = Pσ→σ(t)(1−Pσ→σ(t)) ,

we get ∣∣∣∣dPσ→σ(t)
dt

∣∣∣∣ ≤ 2∆E
√
Pσ→σ(t)(1−Pσ→σ(t)) , (79)

which is in fact equivalent to Equation (36). An important remark is that σN quantifies the
dynamic flavor entanglement of the neutrino state (77) (see [78,79]) and it naturally appears
in the study of Leggett–Garg inequalities in the context of neutrino oscillations [80,81].

The inequality (79) can be made simpler by following similar steps to those below
Equation (32). In so doing, we arrive to

∆E T ≥ Pσ→ρ(T) , σ 6= ρ , (80)

where Pσ→ρ(t) = 1−Pσ→σ(t) is the flavor oscillation probability at time t. For T = Th
such that Pσ→ρ(Th) =

1
2 , we finally get the analog of Equation (34) for neutrino oscillations.

4.2. Flavor Fock Space Approach to Neutrino Mixing and Oscillations

Consider the weak decay of a W+ boson, W+ → e++ νe. This process can be described
by the Lagrangian L = Lν + Ll + Lint with

Lν = ν
(
iγµ∂µ −Mν

)
ν , (81)

Ll = l
(
iγµ∂µ −Ml

)
l , (82)

Lint =
g

2
√

2

[
W+

µ ν γµ (1− γ5) l + h.c.
]

, (83)

where ν =
(
νe, νµ

)T , l = (e, µ)T , and

Mν =

(
me meµ

meµ mµ

)
, Ml =

(
m̃e 0
0 m̃µ

)
. (84)

The off-diagonal components of Mν give rise to the neutrino mixing terms in Lν. These
terms can be diagonalized by means of the field mixing transformation [60–64]

νσ(x) = ∑
j

Uσ jνj(x) , σ = e, µ; j = 1, 2 , (85)

where U is the mixing matrix

U =

(
cos θ sin θ
− sin θ cos θ

)
, (86)
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with tan 2θ = 2meµ/(mµ −me), so that

L = ∑
j

νj
(
iγµ∂µ −mj

)
νj + ∑

σ

l
(
iγµ∂µ − m̃σ

)
l

+
g

2
√

2
∑
σ,j

[
W+

µ (x) νj U∗jσ γµ (1− γ5) lσ + h.c.
]

. (87)

This fact led to the development of the idea that neutrino flavor states can be defined as
linear combinations of neutrino mass states, as discussed in the previous sections. However,
the field mixing transformation (85) does not imply the definition (77). Then, the question
arises as to how to consistently define the flavor states |νσ〉 in QFT.

In order to reveal this, we start from the observation that the Lagrangian L is invariant
under the action of the global U(1) transformations ν → eiαν and l → eiαl, leading
to the conservation of the total flavor charge Qtot

l corresponding to the lepton-number
conservation [64]. This can be written in terms of the flavor charges for neutrinos and
charged leptons

Qtot
l = ∑

σ=e,µ
Qtot

σ (t) , Qtot
σ (t) = Qνσ (t) + Qσ , (88)

with

Qe =
∫

d3x e†(x)e(x) , Qνe(t) =
∫

d3x ν†
e (x)νe(x) ,

Qµ =
∫

d3x µ†(x)µ(x) , Qνµ(t) =
∫

d3x ν†
µ(x)νµ(x) . (89)

Noticing that [Lint(x, t), Qtot
σ (t)] = 0, we see that neutrinos are produced and detected

with a definite flavor [6,66]. However, [(Lν + Ll)(x, t), Qtot
σ (t)] 6= 0, leading to the flavor

oscillation phenomenon.
The second key observation is that the field mixing transformation (85) can be exactly

rewritten as [11,70]

να
e (x) = G−1

θ (t)να
1 (x)Gθ(t) , (90)

να
µ(x) = G−1

θ (t)να
2 (x) Gθ(t) , (91)

where the mixing generator reads

Gθ(t) = exp[θ(S+(t)− S−(t))] , (92)

S+(t) ≡
∫

d3x ν†
1 (x) ν2(x) , S−(t) ≡

∫
d3x ν†

2 (x) ν1(x) . (93)

In fact, from the above equations we get, e.g., for νe

d2

dθ2 να
e = −να

e , (94)

with the initial conditions

να
e |θ=0 = να

1 ,
d
dθ

να
e

∣∣∣∣
θ=0

= να
2 . (95)

The key point is that the vacuum |0〉1,2 is not invariant under the action of the mixing
generator Gθ(t). In fact, one has

|0(t)〉e,µ ≡ G−1
θ (t) |0〉1,2 = e−θ(S+(t)−S−(t)) |0〉1,2 . (96)
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The state (96) is known as a flavor vacuum because it is annihilated by the flavor ladder
operators ασ(t) and βσ(t) defined by

αe(t)|0(t)〉e,µ ≡ G−1
θ (t)α1Gθ(t) G−1

θ (t)|0〉1,2 = 0 , (97)

and similarly for βσ(t). Their explicit form is

αr
k,e(t) = cos θ αr

k,1 + sin θ
(

U∗k(t) αr
k,2 + εrVk(t) βr†

−k,2

)
, (98)

αr
k,µ(t) = cos θ αr

k,2 − sin θ
(

Uk(t) αr
k,1 − εrVk(t) βr†

−k,1

)
, (99)

βr
−k,e(t) = cos θ βr

−k,1 + sin θ
(

U∗k(t) βr
−k,2 − εrVk(t) αr†

k,2

)
, (100)

βr
−k,µ(t) = cos θ βr

−k,2 − sin θ
(

Uk(t) βr
−k,1 + εrVk(t) αr†

k,1

)
. (101)

In these equations, we have defined εr ≡ (−1)r, while Uk and Vk are the Bogoliubov
coefficients

Uk(t) ≡ ur†
k,2ur

k,1 ei(ωk,2−ωk,1)t = |Uk| ei(ωk,2−ωk,1)t , (102)

Vk(t) ≡ εr ur†
k,1vr

−k,2 ei(ωk,2+ωk,1)t = |Vk| ei(ωk,2+ωk,1)t , (103)

where the time-independent part of the coefficients is given by

|Uk| ≡ ur†
k,2 ur

k,1 = vr†
−k,1 vr

−k,2

=

(
ωk,1 + m1

2ωk,1

) 1
2
(

ωk,2 + m2

2ωk,2

) 1
2
(

1 +
k2

(ωk,1 + m1)(ωk,2 + m2)

)
, (104)

|Vk| = εr ur†
k,1 vr

−k,2 = −εr ur†
k,2 vr

−k,1

=
|k|√

4ωk,1ωk,1

(√
ωk,2 + m2

ωk,1 + m1
−
√

ωk,1 + m1

ωk,2 + m2

)
. (105)

Notice that |Uk|2 + |Vk|2 = 1. It is straightforward to check that in the relativistic limit,
ωk,j ≈ |k|, |Uk| → 1 and |Vk| → 0. Furthermore, |Vk| = 0 when m1 = m2 and/or θ = 0, i.e.,
when no mixing occurs. |Vk|2 reaches a maximum at |k| = √m1m2 with |Vk|2max → 1/2

for (m2−m1)
2

m1m2
→ ∞, and |Vk|2 ' (m2−m1)

2

4|k|2 for |k| � √m1m2 at the first non-vanishing order.
The flavor fields can be thus expanded as

νe(x) = ∑
k,r

eik·x
√

V

[
ur

k,1(t) αr
k,e(t) + vr

−k,1(t) βr†
−k,e(t)

]
, (106)

νµ(x) = ∑
k,r

eik·x
√

V

[
ur

k,2(t) αr
k,µ(t) + vr

−k,2(t) βr†
−k,µ(t)

]
, (107)

where ∑k,r is a simplified notation for the superposition over all field modes of momentum
k and polarization r.

A flavor Hilbert space (at some reference time, say, t = 0) is defined as

He,µ =
{

α†
e,µ , β†

e,µ , |0〉e,µ

}
, (108)
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with |0〉e,µ ≡ |0(t = 0)〉e,µ. This is a different Hilbert space with respect to the one of
mass-neutrino states. In fact, one can verify that

lim
V→∞ 1,2〈0|0(t)〉e,µ = lim

V→∞
e
V
∫ d3k

(2π)3
ln (1−sin2 θ |Vk|2)

2

= 0 , (109)

i.e., flavor and massive fields belong to unitarily inequivalent representations of the anti-
commutation relations.

The previous discussions suggest that flavor states |νr
k,σ〉 can be built as one particle

states of the flavor Fock space

|νr
k,σ〉 = αr†

k,σ|0〉e,µ , (110)

and similarly for the antineutrino (|βr
k,σ〉 ≡ βr†

k,σ|0〉e,µ). One can prove that these states are
exact eigenstates of the charge operators at the reference (production/detection) time, i.e.,

Qνσ (0)|νr
k,σ〉 = |νr

k,σ〉 . (111)

In this approach, the flavor oscillation probability is computed by taking the expec-
tation value of the time-dependent flavor charges with respect to a reference time flavor
state [82]

Qσ→ρ(t) = 〈Qνρ(t)〉σ , (112)

where 〈· · · 〉σ ≡ 〈νr
k,σ| · · · |ν

r
k,σ〉, which gives

Qσ→ρ(t) = sin2(2θ)
[
|Uk|2 sin2

(
Ω−

k
2

t
)
+ |Vk|2 sin2

(
Ω+

k
2

t
)]

, σ 6= ρ , (113)

Qσ→σ(t) = 1 − Qσ→ρ(t) , σ 6= ρ . (114)

Notice the presence of the term proportional to |Vk|2 in the oscillation probability Equa-
tion (113), which introduces fast oscillations that are not present in the usual QM formula
(see Equation (78)). As already mentioned, |Vk|2 → 0 in the relativistic limit |k| � mj,
j = 1, 2, and the oscillation formula reduces to the standard result, as it should be. It has
been proven in the simple case of scalar field mixing that the above oscillation formula
is the time component of a Lorentz-covariant formula, though the flavor vacuum breaks
the Lorentz invariance [83]. Furthermore, connections between implications of the QFT
treatment of mixing and extended (Tsallis-like) statistics have been explored in [84].

4.3. Time–Energy Uncertainty Relation for Neutrino Oscillations in QFT

It is clear that in the QFT treatment, lepton charges are natural candidates for clock
observables. In fact, starting from

[Qνσ (t) , H] = i
dQνσ (t)

dt
6= 0 , (115)

we find the flavor–energy uncertainty relation

σH σQ ≥
1
2

∣∣∣∣dQσ→σ(t)
dt

∣∣∣∣. (116)

Proceeding as in the Pontecorvo case, one finds∣∣∣∣dQσ→σ(t)
dt

∣∣∣∣ ≤ ∆E . (117)
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From Equation (116), we get the simple form for TEUR

∆E T ≥ Qσ→ρ(T) , σ 6= ρ. (118)

When mi/|k| → 0, i.e., in the relativistic case, we get

|Uk|2 ≈ 1 − ε(k) , |Vk|2 ≈ ε(k) , (119)

with ε(k) ≡ (m1 −m2)
2/4|k|2. In the same limit

Ω−
k ≈

δm2

4|k| =
π

Losc , Ω+
k ≈ |k| . (120)

Evaluating the inequality (118) at the leading order and for T ≈ L = Losc/2, one finds

∆E ≥ 2 sin2(2θ)

Losc . (121)

Then, in such a limit, we recover the result (46). As we said above, such a neutrino
TEUR is usually regarded as a condition for flavor oscillations to occur [5,85]. In other
words, if one managed to measure with a great accuracy the neutrino energy/masses, it
could be inferred which massive neutrino was produced in the weak interaction. Then,
the oscillation would not occur, as remarked by Bilenky et al. [7] (see also the discussion
on Mössbauer neutrinos in Section 2.1). This reasoning is based on the idea that flavor
neutrinos are just a superposition of the “physical“ massive neutrinos. However, the QFT
approach bring us to a different interpretation of the inequality (121). In fact, note that
Equation (109) implies

lim
V→∞
〈νr

k,i|ν
r
k,σ〉 = 0 , i = 1, 2 , (122)

i.e., neutrino flavor eigenstates, which are produced in charged current weak decays, cannot
be generally written as a linear superposition of single-particle massive neutrino states.
However, for Pontecorvo states (77), which are a good approximation of the exact flavor
states in the relativistic regime, it holds

lim
V→∞
〈νr

k,1|ν
r
k,e〉P = cos θ . (123)

This apparent contradiction is resolved by observing that

lim
mi/|k|→0

lim
V→∞

6= lim
V→∞

lim
mi/|k|→0

, (124)

i.e., the relativistic mi/|k| → 0 limit cannot be exchanged with the “thermodynamical” limit.
The relativistic approximation has to be considered just as a single-particle approximation,
which does not take into account the intrinsic multi-particle nature of QFT. The relation (122)
should be thus understood as

〈νr
k,i|ν

r
k,σ〉= 1,2〈0k|αr

k,1αr†
k,e|0k〉e,µ ∏

p 6=k
1,2〈0p|0p〉e,µ , (125)

where we have used the fact that the Hilbert spaces for both massive and flavor fields have
a tensor product structure [86]. The first factor on the r.h.s. corresponds to (123), and it is
finite. However, as said above, this corresponds to a selection of a single particle sub-space
from the complete Hilbert space. In other words, beyond the QM single particle view, the
Pontecorvo definition of neutrino state does not work anymore. Then, the inequality (121)
should be regarded as a fundamental bound on the energy precision that can be reached
experimentally: as in the case of unstable particles, flavor neutrinos have an intrinsic energy
spread that is related to their “lifetime”, i.e., Losc. From this perspective, observations of
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Mössbauer neutrinos could not occur, since the required energy uncertainty would be
smaller than the minimum value allowed by TEUR (see the discussion in Section 2.1).

Let us now consider the exact oscillation formula (113) at the first order in ε(k):

Qσ→ρ(t) ≈ sin2(2θ)
[

sin2
(

πt
Losc

)
(1− ε(k)) + ε(k) sin2(|k|t)

]
, σ 6= ρ . (126)

Evaluating the inequality (118) at T = Losc/2 we get

∆E ≥ 2 sin2 2θ

Losc

[
1− ε(k) cos2

(
|k|Losc

2

)]
. (127)

We thus find that the energy bound is lowered with respect to (121). If we set m1 =
0.0497 eV, m2 = 0.0504 eV for neutrino masses in the inverted hierarchy [87] and |k| =
1 MeV, we obtain ε(k) = 2× 10−19, which reveals that such a correction is negligible in
the relativistic regime and Equation (127) can be naively approximated by the quantum
mechanical version of TEUR.

The situation changes if one looks at the non-relativistic regime, e.g., |k| = √m1m2. In
such a case,

|Uk|2 =
1
2

+
ξ

2
= 1− |Vk|2 , (128)

ξ =
2
√

m1m2

m1 + m2
, (129)

and we can rewrite the TEUR (118) in the form

∆E T ≥ sin2 2θ

2
[1− cos(ω̃1T) cos(ω̃2T)− ξ sin(ω̃1T) sin(ω̃2T)] , (130)

where ω̃j =
√

mj(m1 + m2). In order to compare it with the previous cases, we evaluate

such an expression at T = L̃osc/4, with L̃osc = 4π
√

m1m2/δm2, obtaining

∆E ≥ 2 sin2 2θ

L̃osc (1− χ) . (131)

Here, we have introduced the shorthand notation

χ = ξ sin
(
ω̃1 L̃osc/4

)
sin
(
ω̃2 L̃osc/4

)
+ cos

(
ω̃1 L̃osc/4

)
cos
(
ω̃2 L̃osc/4

)
. (132)

Using the same values for neutrino masses as above, we estimate χ = 0.1, which
implies that the original bound on the neutrino energy is now decreased by 10%.

5. Conclusions and Discussion

We have discussed recent advances in the study of TEUR for neutrino flavor oscil-
lations. In particular, we have investigated how the the original inequality Equation (6)
derived by Bilenky changes in the presence of gravity and in a field-theoretical picture,
respectively. In the first case and for some specific background metrics, it has been shown
that gravitational corrections can be rearranged so as to leave the form of the generalized
TEUR unchanged, provided one defines an effective (gravity-dependent) oscillation length
(see Section 3). Conversely, the QFT formulation of TEUR relies upon the identification of
the (non-conserved) flavor charge operator with the clock observable. In the latter context,
we have argued that the interpretation of neutrinos as “unstable” particles does naturally
emerge, the lifetime being related to the characteristic oscillation length (see the discussion
below Equation (125)). In passing, we mention that the analogy of oscillating neutrinos with
unstable particles has been pointed out also in a recent study [88], in which the oscillation
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formula (113) has been independently obtained by considering mixing as an interaction
and employing the usual perturbation expansion in the Dirac picture. In that work, the
role of TEUR is fundamental because it requires the use of finite-time QFT in order to study
flavor oscillations, which would be otherwise spoiled in the S-matrix formalism (t→ ∞).

Further aspects are yet to be explored. In a recent analysis [44], neutrino oscillations
have been addressed in extended theories of gravity as a testing ground for the violation
of the strong equivalence principle (SEP). Potential violation effects manifest themselves
in the form of a generalized oscillation length depending on the SEP parameter. By
plugging into the gravity-modified TEUR, one could exploit this result to delve deeper
into the interplay between neutrino oscillations and SEP, and possibly constrain SEP
corrections. Moreover, a link between cosmic-scale phenomena and the QFT properties
of field mixing has been analyzed in [89] in connection with the suggestive interpretation
of the flavor vacuum condensate as a dark energy candidate (see also [90–92] for other
similar dark energy models). It would be interesting to extend our study to this context
in the effort to improve the current bounds on neutrino masses through dark energy
constraints. In addition, growing interest is being aroused by the study of quantum
correlations and quantum coherence in neutrino oscillations [78,93–97]. Specifically, in [95],
the complete complementarity relations have been applied to neutrino flavor oscillations to
fully characterize the quantumness of such a phenomenon. In line with previous studies,
the result has been found that quantum correlations still survive after the complete spatial
separation of the wave packets composing a flavor state, revealing that the quantum nature
of mixed neutrinos goes beyond the pure flavor oscillations. It is our intent to extend the
TEUR paradigm to the quantum-information theoretic analysis of oscillations to explore the
time non-classicality of this phenomenon in a relativistic domain. Preliminary results in this
direction appear in [81]. These and some other research lines are under active investigation
and will be presented elsewhere.
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