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Abstract: Contemporary aero-engines aim for enhanced efficiency and weight reduction. They are
designed to increase rotor operational speed while reducing rotor bending stiffness. This may result
in bending deformation in rotor systems within the operational speed range. Such deformation can
change the relative positions of rotor components, potentially causing increased mass asymmetry
or unbalance. Traditional rotor dynamic models typically assume a constant rotor state. They
approximate unbalance using constant mass eccentricities at certain rotor cross-sections. However,
this approach has its limitations. This paper focuses on a high-speed jointed rotor system. A
distributed rotational inertia load excitation model is proposed. This model explicitly considers the
rotor’s variable unbalance state at different operational speeds. The study involves both simulations
and experimental investigations. The results show that at high speeds, bending deformation causes
the unbalance and rotational inertia load to shift from a concentrated to a distributed state. Notably,
the localized rotational inertia moment from thin-disk components like turbine disks becomes
significant at high speeds. This results in a rapid increase in bearing load with rotational speed.
It also profoundly affects the rotor’s joints, causing interfacial slip and sudden changes in rotor
vibration characteristics.
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1. Introduction

As aero-engines continuously pursue performance improvement and structural effi-
ciency, their structural systems confront progressively intricate dynamic challenges. No-
tably, the rotor systems of these aero-engines may cause vibrations that exceed acceptable
limits if they exhibit poor unbalance states. This concern becomes particularly pronounced
for jointed rotors, where joints may undergo deformation due to interfacial slip damage,
resulting in alterations in the rotor’s unbalance state. Therefore, gaining insights into
jointed rotors with mass asymmetry and understanding the influence of joints on the
rotor’s dynamic response become pivotal in vibration control for aero-engines.

In 1919, Jeffcott [1] introduced the “Jeffcott rotor” model, which initially identified the
deviation between the rotor’s center of mass (CM) and center of shape as the source of rota-
tional inertia load, leading to the primary cause of rotor whirling [2]. Smith and others [3–6]
expanded on the “Jeffcott rotor” model by developing the “four degrees-of-freedom rotor”
model. In both models, the rotor’s mass asymmetry is represented by the offsets of the
rotor’s CM, and the rotational inertia loads arising from rotating unbalance are approxi-
mated as transverse harmonic force excitations within the specified plane. Hereafter, this
model of rotational inertia load excitation is described as the “concentrated rotational
inertia load excitation model” or the “concentrated excitation model”. As per this excitation
model, the rotor’s dynamic response induced by unbalance excitation may decrease with
the operational speed once the rotor’s CM turns inward, unless the operational speed is in
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proximity to the critical speeds, causing the rotor’s modal vibration. Based on this concen-
trated excitation model, researchers have extensively analyzed rotor dynamics, leading to
significant research findings [7–9].

However, as the investigation into rotor dynamics advanced, certain limitations of
the concentrated excitation model came to light. Firstly, the approach of representing the
rotor’s mass asymmetry solely through the CM offset, while neglecting the rotor’s axial
length, can introduce significant errors when the rotor undergoes bending deformation,
rendering it no longer in a constant state [10–13]. Secondly, the rotational inertia load
excitations resulting from the slant of the principal axis of inertia (PAI) of rotor components
can significantly influence rotor vibrations. Particularly, for a thin-disk, when a slant of its
PAI occurs, it induces a continuously increasing rotational inertia moment of excitation
with the operational speed in even a supercritical state, leading to a rapid escalation in
rotor dynamic response [14,15]. This supercritical vibration has been observed in heavy
gas turbine engines and aero-engines, where the slant of the turbine disk was identified
as the underlying cause of elevated rotor vibration under supercritical conditions [16,17].
Therefore, it is critical to consider the effect of the slant of a thin-disk’s PAI and its axial
distribution on the rotor’s dynamic response at high speeds.

In study of jointed rotor dynamics, Qin [18] and Luan [19] represented the bending
stiffness of the rotor’s joints as a function of operational loads and investigated its impact
on the rotor’s modal characteristics. Zhuo [20] and Chen [21,22] conducted studies in
which they observed that under the influence of bending moments, the contact stress
distribution at the joint interface undergoes non-axisymmetric changes, resulting in a
significant reduction in the joint’s bending stiffness. Consequently, the bending mode
frequency of the rotor becomes highly sensitive to the rotor’s bending deformation. These
studies primarily focused on the influence of joint bending stiffness on the rotor’s modal
characteristics. However, in the rotor designs of aero-engines, critical-speed-avoidance
principles are commonly adopted, and variations in joint bending stiffness are unlikely to
induce rotor modal vibrations within the operating speed range of the rotor.

Nevertheless, the phenomenon of joint deformation affecting the rotor’s unbalance
state and subsequently influencing the rotor’s dynamic response has gained consider-
able attention. Chen et al. [23] conducted a study on the impact of joint deformation on
the distribution of the rotor’s CM offset, confirming that rotor unbalance primarily origi-
nates from components’ slanting relative to the rotation axis caused by joint deformation.
Hong et al. [24] observed a deformation in a rotor’s bolt joint after cumulative operating
cycles, resulting in an increase in the rotor’s unbalance and vibration. Liu et al. [25,26]
investigated cases involving interface defects and parallelism errors, revealing that a rotor’s
CM offset exhibits variation with the operational speed, leading to increased rotational
inertia excitation and vibration. In engine experiments, engineers have also discovered that
as the high-pressure rotor speed increases from 80% to 100% of the maximum operational
speed, the turbine disk’s slant caused by centrifugal force and thermal deformation at the
joint leads to continuous growth in rotor vibration [27]. Furthermore, Sun et al. [28,29]
found that if the pre-forces of a rotor’s bolt joints are uneven circumferentially, the radial
slip distance in various sectors of the bolt’s end face under centrifugal loads can be asym-
metric with respect to the rotation axis, resulting in changes in the concentricity of the joint
and exacerbating the rotor’s unbalance state.

Previous studies have identified that joint deformation can induce changes in the ro-
tor’s unbalance state leading to an impact on the rotor’s vibration response. However, these
investigations still simplify the unbalance change caused by joint deformation as merely
an increase in rotor CM offset. This oversimplification fails to provide a comprehensive
explanation for the observed increase in rotor vibration with the operational speed in the su-
percritical state. Consequently, there is an urgent need to reveal the underlying mechanisms
by which joint deformation affects a rotor’s dynamic response at high operational speeds.

In conclusion, the primary objective of this paper is to explore the dynamic behavior of
high-speed, jointed rotor systems, taking into consideration the distributed mass asymme-
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tries of rotor components, including both the CM offset and PAI slant, and their variations
resulting from joint deformation. To achieve this, a distributed rotational inertia load
excitation model, referred to as the “distributed excitation model”, is proposed. Through
simulation analyses of rotor dynamic responses at varying operational speeds, the underly-
ing mechanisms behind the changes in the distribution of rotational inertia loads within
the rotor and their influence on rotor dynamics can be revealed. Additionally, experimental
investigations will be carried out to validate the correctness of the proposed model.

2. Distributed Rotational Excitation Model for High-Speed Rotor System

In the context of engineering, the initial mass distribution of a rotor in its static state
may not exhibit complete axisymmetry due to manufacturing and assembly errors. This
initial mass asymmetry is commonly referred to as the “initial unbalance” of the rotor.
As the rotor undergoes rotation, this mass asymmetry induces rotational excitation at the
rotor’s rotational frequency, which is known as “rotational inertia load excitation”. It is
important to note that different types and locations of mass asymmetry can have varying
effects on the dynamic response of the rotor [14]. Furthermore, as the operational speed of
the rotor increases, the rotor experiences bending deformation and localized deformation at
the joints, leading to changes in its mass asymmetry. This variated mass asymmetry during
operation is referred to as the “operational unbalance” of the rotor. Consequently, relying
solely on a constant and unchanging CM offset within a specific cross-section to represent
the mass asymmetry of the rotor across its entire speed range is inadequate. Instead, a
comprehensive analysis should consider the axial distribution of its mass asymmetry and
how these distributions evolve with the operational speed.

2.1. Configuration of a Typical High-Speed Jointed Rotor

Figure 1 illustrates a typical high-speed jointed rotor system consisting of multiple
components interconnected axially through joints. The inherent variations in materials
and geometric configurations among these components lead to inevitable changes in their
relative angular positions during high operational speeds, resulting in distinct motions of
these components. Consequently, the rotational inertia load excitations arising from these
motions also undergo corresponding changes. Therefore, the rotor no longer complies with
the assumption of being in constant state.
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Figure 1. A typical high-speed jointed rotor: P1—front shaft element; P2—compressor element;
P3—drum shaft element; P4—turbine element; P5—rear shaft element.

Based on the structural characteristics of the rotor and its deformations during opera-
tion, certain connecting components that share similar characteristics and motion states
can be aggregated and represented as unified entities, denoted as “structural elements” or
simply “elements” for conciseness. These elements can be classified into two categories
based on their mass and stiffness: “mass elements” and “elastic elements”. “Mass elements”
refer to elements with large mass and moments of inertia, whose own deformations can
be neglected during motion. In the rotor system, the compressor element (P2) and turbine
element (P4) are both considered as mass elements. Meanwhile, “elastic elements” refer to
elements with a smaller mass but significant deformations, which determine the stiffness
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of the rotor system. In this rotor, the front shaft element (P1), drum shaft element (P3), and
rear shaft element (P5) are all classified as elastic elements.

2.2. Description of the Rotational Inertia Load Distributed in the Rotor
2.2.1. Description Method Based on PAI Slant and CM Offset

In a rotating rotor, its elements experience non-inertial motion, leading to continuous
changes in their linear and angular momentum due to the constraints imposed by bearings.
Consequently, the rotor generates reaction forces on the constrained boundaries, known as
rotational inertia loads, which can be expressed as FI =
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Figure 2. Mass asymmetry of an element and its description method: (a) body-fixed translation co-
ordinate system of the element, referred to as 1 1xMy . This coordinate system has the element’s cen-
troid M  as its origin, and its coordinate axes align with the absolute coordinate system. In this 
coordinate system, G  —the element’s CM, pI  , dI  —the element’s PAI, 0 0 0, ,x y zω ω ω  —compo-
nents of rotor’s rotation ω  in the direction of the element’s PAI; (b) mass center coordinate system 
of the element, referred to as 0 0x Gy . This coordinate system has the element’s CM G  as its origin, 
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Figure 2. Mass asymmetry of an element and its description method: (a) body-fixed translation co-
ordinate system of the element, referred to as 1 1xMy . This coordinate system has the element’s cen-
troid M  as its origin, and its coordinate axes align with the absolute coordinate system. In this 
coordinate system, G  —the element’s CM, pI  , dI  —the element’s PAI, 0 0 0, ,x y zω ω ω  —compo-
nents of rotor’s rotation ω  in the direction of the element’s PAI; (b) mass center coordinate system 
of the element, referred to as 0 0x Gy . This coordinate system has the element’s CM G  as its origin, 

and the line of intersection between planes 1 1xMy  and 0 0x Gy  as x -axis. In this coordinate sys-

ρr′ × (−a)dV = −dL/dt
(1)

where, FI, MI—rotational inertial force and rotational inertia moment generated by the
element, respectively, a—acceleration of the element, r′—displacement vector of the element
relative to its centroid, and P, L—linear and angular momentum of the element.

Obviously, an element’s linear momentum is determined by its mass and velocity,
while its angular momentum is determined by its moment of inertia and angular velocity.
As shown in Figure 2, it is assumed that the rotor’s elements are geometrically symmetrical,
but due to manufacturing and assembly errors, its CM, referred as G, does not coincide
exactly with its centroid, referred as M. Similarly, the polar PAI, referred as Ip, does not
coincide exactly with the rotor’s rotation axis. Therefore, it is necessary to establish two
coordinate systems, one of which is a body-fixed translation coordinate system x1My1,
based on M, while the other is based on G, seen in Figure 2b as x0Gy0. These two coordinate
systems are used to describe the mass asymmetry of the element and its linear momentum
and angular momentum during rotation. It is worth noting that this paper assumes that
the rotor motion is always synchronized and in the forward direction.
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Figure 2. Mass asymmetry of an element and its description method: (a) body-fixed translation
coordinate system of the element, referred to as x1 My1. This coordinate system has the element’s
centroid M as its origin, and its coordinate axes align with the absolute coordinate system. In this
coordinate system, G—the element’s CM, Ip, Id—the element’s PAI, ωx0, ωy0, ωz0—components of
rotor’s rotation ω in the direction of the element’s PAI; (b) mass center coordinate system of the
element, referred to as x0Gy0. This coordinate system has the element’s CM G as its origin, and

the line of intersection between planes x1 My1 and x0Gy0 as x-axis. In this coordinate system,
→
i ,

→
k —directions vector of x-axis and z-axis, respectively. e—distance between the element’s CM and
centroid, τ—angle between the PAI and the rotor’s rotation axis, Lx0, Ly0, Lz0—components of the
element’s angular momentum along the x, y, z axes of coordinate x1 My1. (c) The projection of the
element’s PAI slant and CM offset onto plane x1 My1, where βe, β′τ—phase of the CM offset and
PAI slant.

Among them, the distance between G and M is called the eccentricity distance, denoted
as e; the angle between GM and Mx1 is called the eccentric phase angle, denoted as βe.
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During the rotation of the element, the position of its CM in coordinate x1My1 can be
represented as 

x1 = e cos(ωt + βe)
y1 = e sin(ωt + βe)
z1 = const

(2)

Substituting Equation (2) into Equation (1), the expression for the rotational inertia
force can be obtained as {

FI,x = −dPx/dt = meω2 cos(ωt + βe)
FI,y = −dPy/dt = meω2 sin(ωt + βe)

(3)

Based on the geometric relationship, the expressions for the components of the rotor’s
self-rotation ω in the coordinate x0Gy0 can be obtained asωx0

ωy0
ωz0

 = AT

 0
0
ω

 (4)

where, A is a transformation matrix to transfer vectors in coordinate x0Gy0 to x1My1.
Assuming the initial phase of the motion of coordinate x0Gy0 relative to coordinate x1My1
is 0, and A can be expressed as

A =

cos(ωt) − sin(ωt) 0
sin(ωt) cos(ωt) 0

0 0 1

cos β′τ − sin β′τ τ sin β′τ
sin β′τ cos β′τ −τ cos β′τ

0 τ 1

 (5)

by which the angular momentum vector L0 = (Lx0, Ly0, Lz0)
T of this element in coordinate

x0Gy0 can be obtained as Lx0
Ly0
Lz0

 = I

ωx0
ωy0
ωz0

 = IAT

 0
0
ω

 (6)

where, I represents the matrix of the moment of inertia, and it can be expressed as

I = diag(Id, Id, Ip) (7)

Transforming L0 into coordinate xi Myi, which can be expressed asLx1
Ly1
Lz1

 = AIAT

 0
0
ω

 (8)

Neglecting the term containing higher-order small quantities τ2, the angular momen-
tum of the element can finally be obtained asLx1

Ly1
Lz1

 =

−(Id − Ip)τω sin(ωt + β′τ)
(Id − Ip)τω cos(ωt + β′τ)

Ipω

 (9)

Substituting Equation (9) into Equation (1), the rotational inertia moment can be
obtained as {

MI,x = −dLx1/dt = (Id − Ip)τω2 cos(ωt + β′τ)
MI,y = −dLy1/dt = (Id − Ip)τω2 sin(ωt + β′τ)

(10)
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Combining Equations (3) and (10), then expressing them in terms of complex notation,
the expression for rotational inertia load excitation can be obtained as{

F̃I = mẽω2 · eiωt

M̃I =
(

Id − Ip
)
τ̃ω2 · eiωt (11)

where, ẽ = e∠βe, τ̃ = τ∠βτ , βτ = β′τ − π/2, and from a geometric perspective, βτ

represents the angle between the plane containing the PAI slant and plane x1My1.
From Equation (11), it can be seen that the rotational inertia force F̃I depends on

the mass and CM offset of the element, while the rotational inertia moment M̃I not only
depends on the slant of the element’s PAI τ̃ but also on the relative size of the polar and
diametral moments of inertia. Therefore, the elements that satisfy Ip < Id are referred to as
thick-disks, while those that satisfy Ip > Id are referred to as thin-disks. These two types of
rotors exhibit significant differences in the direction and variation of the rotational inertia
moment with the operational speed [14].

2.2.2. Axial Distribution of the Rotational Inertia Load of a Rotor

In high-speed rotors, because most of the mass and the moment of inertia are concen-
trated in the compressor and turbine elements, only the mass asymmetry of these two mass
elements should be considered. However, the compressor element is typically a thick-disk,
while the turbine element is a thin-disk, resulting in significant differences in the direction
and variation patterns of the rotational inertia loads generated by their rotations at varying
operational speeds. If the compressor and turbine element are treated as a single entity
and combine their unbalances, it would not accurately represent the actual state of the
rotational inertia loads acting on the rotor.

Therefore, as shown in Figure 3, it is necessary to describe the unbalance of the
compressor and turbine elements separately by using the CM offset ẽ2, ẽ4 and the PAI slant
τ̃2, τ̃4, based on which the rotational inertia loads applied to the rotor can be described as{

F̃2 = m2 ẽ2 ·ω2eiωt, M̃2 = (Id,2 − Ip,2) · τ̃2 ·ω2eiωt

F̃3 = m3 ẽ3 ·ω2eiωt, M̃3 = (Id,3 − Ip,3) · τ̃3 ·ω2eiωt (12)

where F̃2, M̃2 and F̃4, M̃4 represent the rotational inertia force and rotational inertia moment
generated by the compressor element and the turbine element. These rotational inertia load
excitations act on elements’ CM.
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Figure 3. Axial distribution and representation of mass asymmetry in high-speed rotors: mi—mass
of the ith element; Ip,i, Id,i—polar and diametral moment of inertia of the ith element; τ̃i—angles
between the ith element’s PAI and the centroid line of this element, ẽi—distance between the ith
element’s CM and the centroid line of this element.

2.3. Influence of the Motion State of the Rotor

As illustrated in Figure 4, the motion of the rotor in the low-speed range is depicted
with respect to the operational speed. In this low-speed region, the effect of rotor bending
deformation on the relative positions between elements can be negligible. Therefore, the
rotor can be treated as a thick-disk rotor due to Ip,r < Id,r. The mass asymmetry of the
compressor and the turbine elements are aggregated and represented as the rotor’s CM
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offset ẽr and PAI slant τ̃r. The rotor’s motion state variation with the operational speed
ω can be described using a four degrees-of-freedom rotor model [15]. Specifically, before
reaching the critical speed, the amplitude of the rotor dynamic response increases with ω.
However, after surpassing the critical speed, the dynamic response decreases with ω due
to a turning inwards of the rotor’s CM or PAI.
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the relative positions between its mass elements. Consequently, the rotor can no longer be 

Figure 4. Variation of a rotor’s motion with the operational speed (low-speed range): (a) while rotating
at low speed, the rotor can be regarded as a thick-disk, where, mr, Ip,r, Id,r —mass and moment of
inertia of the rotor, ẽr, τ̃r—CM offset and PAI slant of the rotor, ω—operational speed; (b) the rotational
inertia force generated by the CM offset increases with the rotational speed, enhancing the rotor’s
lateral displacement; (c) when ω exceeds the first critical speed ωcr,1, the rotor undergoes the turning
inward of CM; (d) the rotor’s CM gradually approaches the rotor’s rotation axis, resulting in a
gradual decrease in the rotational inertia force. However, the rotational inertia moment produced
by the rotor’s PAI slant increases rapidly with the operational speed, enhancing the rotor’s angular
displacement; (e) as ω surpasses the second critical speed ωcr,2, the rotor’s PAI changes direction;
(f) the rotor’s PAI gradually approaches the rotor’s rotation axis, leading to a gradual reduction in
the rotational inertia moment and a consequent decrease in the angular displacement of the rotor.

As illustrated in Figure 5, the motion of the rotor in the high-speed range shows
significant changes due to rotor bending deformation and the corresponding alterations in
the relative positions between its mass elements. Consequently, the rotor can no longer be
considered as a constant-state rotor, and it becomes imperative to separately consider the
mass asymmetry and rotational inertia load excitations for the compressor element and
the turbine element, respectively. Notably, the turbine element is classified as a thin-disk,
where the effect of rotational inertia moment is relatively strong, by which the turbine
element undergoes angular displacement, gradually approaching and aligning its PAI with
the rotor’s rotation axis. Subsequently, the angular deformation of the turbine element
ceases to exhibit significant increments with further increases in ω. Moreover, with a further
increase in ω, the rotational inertia moment generated by the compressor element also
becomes significant, causing its PAI to align with the rotor’s rotation axis.

Hence, from the comprehensive analysis presented, it can be deduced that at high-
speed range, the rotor experiences bending deformation, resulting in alterations in the
relative angular positions between the compressor element and the turbine element. This,
in turn, impacts the rotor’s mass asymmetry, leading to the manifestation of localized
rotational inertia load excitations caused by elements’ mass asymmetry.
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Figure 5. Variation of a rotor’s motion with the operational speed (high-speed range): (a) the CM and
PAI of the rotor are nearly aligned with the rotation axis; (b) with increasing ω, the rotor undergoes
bending deformation, leading to the disruption of the structural integrity of the rotor. At this stage, it
becomes necessary to separately consider the mass asymmetry and motion states of the compressor
and turbine element; (c) due to the thin-disk characteristic of the turbine element, the rotational inertia
moment generated by this element becomes more pronounced compared to the compressor element
as ω increases. Consequently, the PAI of the turbine element aligns with the rotation axis first, and
the angular displacement of the turbine element no longer increases with further operational speed
increase; (d) upon reaching sufficiently high operational speed, the rotational inertia load induced by
the compressor element also increases to the point where its PAI aligns with the rotation axis. After
this threshold, the angular displacement of the compressor element ceases to increase with further
operational speed increments.

2.4. Influence of the Mechanical Characteristic of the Joints
2.4.1. Bending Stiffness Loss of the Joints

The impact of operational loads, such as centrifugal forces, thermal deformations,
bending moments, and aerodynamic loads, can lead to changes in the contacting area and
redistribution of contact stresses at the joints’ interfaces, resulting in a reduction in their
bending stiffness [30–32]. Consequently, in the high-speed range, the bending deformation
of the rotor can become more pronounced due to the weakened bending stiffness of its
joints. This alteration in the rotor’s bending behavior affects the distribution of rotational
inertia load excitations and subsequently influences the rotor’s dynamic response.

As shown in Figure 6, taking the bending stiffness of Joints C/D (kJ,C, kJ,D) as examples,
the influence of joints’ bending stiffness loss on the distribution of the rotational inertia
loads in the high-speed range (ω > ωcr,2) can be concluded as follows:
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Figure 6. Influence of a joint’s bend stiffness loss on the distribution of rotational inertia load in a
rotor at high operational speed: (a) while the bending stiffness of Joint C, denoted as kJ,C is greater
than that of Joint D, denoted as kJ,D. In the diagram, F̃b,f, F̃b,r—bearing load at the front and rear
bearing, respectively, M̃g,r—rotational inertia moment generated by the rotor; (b) when kJ,C < kJ,D.
In the diagram M̃g,2, M̃g,4—local rotational inertia moment generated by the compressor element
and turbine element, respectively.
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(a) When kJ,C > kJ,D: As kJ,C determines the bending stiffness between the compressor
element and the turbine element, a higher kJ,C can effectively restrains the angular disloca-
tion between the turbine element and the compressor element, by which the integrity of the
rotor is enhanced. Therefore, the rotor can still be regarded as a thick-disk, whose rotational
inertia moment excitation M̃g,r decreases with the operational speed. Simultaneously,
the decrease in kJ,D weakens the bearing constraint exerted on the rotor motion, and this
weakening in constraint reduces the reaction forces at the rear bearing.

(b) When kJ,C < kJ,D: A lower value of kJ,C exacerbates the change in the relative
position between the compressor and turbine elements, leading to the appearance of local
rotational inertia moment excitation, denoted as M̃g,4, caused by the slant of the turbine
element’s PAI. This rotational inertia moment excitation can rapidly increase with the
operational speed. Simultaneously, a higher kJ,D imposes stronger constraints on the rotor
motion, inducing a significant increase in the bearing load in the high-speed range.

2.4.2. Sudden Angular Deformation

During the variation of operational conditions, the joints may experience non-uniform
interface constraints or be subjected to bending moments, leading to changes in the dis-
tribution of interface contact stresses or macroscopic interfacial slide, resulting in angular
deformation of the joints [28,29]. This, in turn, causes additional slant of the PAI of nearby
mass elements, as depicted in Figure 7. To accurately account for the effect of the angular
deformation of the joints on the slant of the PAI of the mass element and the resulting
rotational inertia moment, it is necessary to modify Equation (12) as{

F̃2 = m2 ẽ2 ·ω2eiωt, M̃2 = (Id,2 − Ip,2) · τ̃′2 ·ω2eiωt

F̃4 = m4 ẽ4 ·ω2eiωt, M̃4 = (Id,4 − Ip,4) · τ̃′4 ·ω2eiωt (13)

where, τ̃′2, τ̃′4 represents the slant angles of the compressor element and the turbine element,
respectively, considering the influence of the angular deformation of the joints, and they
are denoted as τ̃′2 = τ̃2 + α̃2 and τ̃′4 = τ̃4 + α̃4.
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Figure 7. Influence of angular deformation of the joints on the slant of an adjacent mass element’s
PAI: (a) in the initial state, the slant of the PAI of the mass element is τ̃; (b) due to the local angular
deformation α̃ of the joint near this mass element, its PAI undergoes an additional slant, resulting in
an equivalent slant angle τ̃′ = τ̃ + α̃.

It is critical to note that the mechanical characteristics of the joints’ interfaces are
discontinuous, resulting in sudden changes in interface contact stress and sliding damage
with varying operational loads. Therefore, the impact of angular deformation of the joint
on the rotational inertia load distribution of the elements also exhibits abrupt changes.
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3. Dynamic Model for High-Speed Jointed Rotor System
3.1. Parameters of Rotor System

As shown in Figure 8, the rotor’s motion state is achieved by the lateral displacement
r̃i and angular displacement θ̃i of each element’s CM, denoted as

u = (· · · , r̃i, θ̃i, · · · )
T

(14)

where, u represents the displacement vector of the rotor system. To analyze the dynamic
response of the high-speed jointed rotor, it is necessary to obtain the mass, moment of inertia,
and bending stiffness of its constituent element, i.e., mi, Ip,i, Id,i, kθ,i shown in Figure 8, as
well as the bending stiffness of the joints kJ,i. The boundary conditions of the rotor, namely
the stiffness kbf, kbr and damping coefficients cbf, cbr of the front and rear bearings also need
to be considered. Additionally, the CM offsets and PAI slants in the mass elements, denoted
as ẽ2, τ̃2, ẽ4, τ̃4, must be considered.

Symmetry 2023, 14, x FOR PEER REVIEW 10 of 27 
 

 

(a)



(b)

 

Joint

Mass Element's PAI & CM
 

Figure 7. Influence of angular deformation of the joints on the slant of an adjacent mass element’s 

PAI: (a) in the initial state, the slant of the PAI of the mass element is  ; (b) due to the local angular 

deformation   of the joint near this mass element, its PAI undergoes an additional slant, resulting 

in an equivalent slant angle    = + . 

It is critical to note that the mechanical characteristics of the joints’ interfaces are dis-

continuous, resulting in sudden changes in interface contact stress and sliding damage 

with varying operational loads. Therefore, the impact of angular deformation of the joint 

on the rotational inertia load distribution of the elements also exhibits abrupt changes. 

3. Dynamic Model for High-Speed Jointed Rotor System 

3.1. Parameters of Rotor System 

As shown in Figure 8, the rotor’s motion state is achieved by the lateral displacement 

ir  and angular displacement 
i  of each element’s CM, denoted as 

T( , , , )i ir =u  (14) 

where, u  represents the displacement vector of the rotor system. To analyze the dynamic 

response of the high-speed jointed rotor, it is necessary to obtain the mass, moment of 

inertia, and bending stiffness of its constituent element, i.e., p, d, ,, , ,i i i im I I k  shown in Fig-

ure 8, as well as the bending stiffness of the joints 
J,ik . The boundary conditions of the 

rotor, namely the stiffness bf br,k k  and damping coefficients bf br,c c  of the front and rear 

bearings also need to be considered. Additionally, the CM offsets and PAI slants in the 

mass elements, denoted as 2 2,e  , 4 4,e  , must be considered. 

2 2,e  4 4,e 

kbf

cbf

kbr

cbr
p, d, ,, , , , ,i i i i i im I I k r 

Mass Element PAI Slant & CM Dislocation

(a)

(b)

m,il

il

J,ik

 

Figure 8. Structural and mechanical parameters of the rotor and its elements: (a) for the ith element,
mi-mass, Ip,i, Id,i—polar moment of inertia and diametral moment of inertia, kθ,i—bending stiffness, z̃i,
θ̃i—lateral displacement and angular displacement of the element’s CM, li—axial length, lm,i—axial
distance between the front end face of the element and its CM. kbf, kbr, cbf, cbr—stiffness and damping
coefficient of the front and rear bearing, kJ,i—bending stiffness of the ith joint; (b) during rotor
dynamic analysis, only the rotational inertia load excitations caused by the CM offset and the PAI
slant of the mass elements are considered.

3.2. Rotor Motion Differential Equations Based on Lagrange’s Method

Based on the above-mentioned description method, the motion differential equations
of this rotor system can be obtained using Lagrange’s method as

d
dt

∂L
∂

.
ui
− ∂L

∂ui
= Qi (15)

where, L can be expressed as

L =
n

∑
i=1

Ti − (
n−1

∑
i=1

Vi,i+1 + Vbf + Vbr) (16)

where, Ti—kinetic energy of the ith degree of freedom (DoF), Vi,i+1—elastic energy between
the ith and (i + 1)th DoF, Vbf, Vbr—elastic energy of front and rear bearings, ui—displacement
of the ith DoF, Qi —generalized force applied to the ith DoF.
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Based on Equation (15), the mass matrix M, damping matrix C, and stiffness matrix K
of the rotor system can be obtained, and simultaneously, the motion differential equations
of this rotor system can be expressed as

M
..
u + C

.
u + Ku = Q (17)

where the vector of generalized force can be obtained by Equation (13) as

Q = (· · · , F̃2, M̃2, · · · , F̃4, M̃4, · · · )T
(18)

3.3. Mechanical Characteristics of Joints in the Dynamic Rotor Model
3.3.1. Bending Stiffness Loss of the Joints

In order to characterize the influence of the joints’ bending stiffness loss on the rotor
dynamic model, the stiffness matrix K in Equation (17) needs to be modified. As shown
in Figure 9, the bending stiffness between the ith and (i + 1)th elements’ angular DoF,
denoted as kt,i,i+1, can be considered as a series connection of the bending stiffness of the
ith element’s rear section kr

θ,i, the bending stiffness of the (i + 1)th element’s front section
kf

θ,i+1, and the bending stiffness of the joint between the two elements kJ,n. Therefore, kt,i,i+1
can be expressed as

1
kt,i,i+1

=
1

kr
θ,i

+
1

kf
θ,i+1

+
1

kJ,n
(19)
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Figure 9. Equivalent method for the influence of joints’ bending stiffness loss on rotor stiffness. In
this method, based on the assumption of constant section beams, the bending stiffness between
the ith and (i + 1)th elements’ angular DoF is obtained by serially connecting the joint and its
adjacent components.

Assuming that the elements are constant section beams, it is easy to determine the
bending stiffness of the front and rear sections of the ith element by Equation (20)

kf
θ,i =

li
lm,i

kθ,i, kr
θ,i =

li
li − lm,i

kθ,i (20)

Meanwhile, the stiffness loss coefficient βn is used to represent the degree of stiffness
loss at the nth joint by

βn = 1− kJ,n/k0
J,n (21)

where, k0
J,n—bending stiffness of the joint when its interfaces are perfected merged, kJ,n—actual

bending stiffness of the joint.

3.3.2. Sudden Angular Deformation of the Joint

Due to the turbine element having a configuration of a thin-disk, the impact of its
rotational inertia moment is more pronounced. Furthermore, Joint C is subjected to harsh
loading conditions, making it more susceptible to deformation during operation. As a
result, this paper specifically investigates the influence of the angular deformation of Joint
C on the rotational inertia moment excitation caused by the turbine element.

As shown in Figure 10, for a turbine element with an initial PAI slant τ̃, when the
initial slant is small and the operational speed ω is low, the rotational inertia moment
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generated by the turbine element and the resulting bending deformation of the rotor can
almost be neglected. However, as ω increases, various loads such as centrifugal force,
axial tension force, and thermal deformation acting on the joints gradually increase with
ω, until ω reaches a certain threshold ωt. At this key point, the contact stress distribution
or interface slip damage at the joint’s interfaces experiences a sudden change, leading to
a sudden angular deformation in this joint, denoted as α̃. As a result, the PAI slant of the
turbine element suddenly increases to τ̃′. It can be assumed that the additional slant of the
turbine element’s PAI equals the joint’s angular deformation, which can be expressed as

τ̃′ = τ̃ + α̃ (22)
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where t —threshold operational speed at which Joint C undergoes a sudden increase in 

angular deformation, and t,CM —threshold bending moment at which Joint C undergoes 

Figure 10. Process of the effect of joints’ angular deformation on the dynamic characteristics of a
high-speed rotor: (a) in low-speed ranges, since the initial PAI slant τ̃ is relatively small and the
operational speed ω is low, the rotational inertia load generated by the elements during operation
and the resulting rotor bending deformation can be negligible; (b) when ω increases to ωt, the loads
applied to the joint cause their interfaces to slip, resulting in sudden angular deformation α̃ of the
joint. This leads to the turbine element’s slant and corresponding rotational inertia moment M̃g. This
M̃g not only acts back on the joint, causing it to experience bending moment M̃J, but also induces
bearing loads F̃b at the rear bearing; (c) as ω continues to increase, M̃g increases rapidly, and the
bending deformation of the adjacent elastic elements intensifies accordingly. Consequently, as the rear
bearing acts as a constraint boundary, in order to balance the bending deformation within the elastic
elements, the bearing loads F̃b also increase rapidly with ω; (d) when M̃J exceeds a certain threshold,
the joint undergoes a sudden angular deformation change, with residual angular deformation α̃r,
causing a sudden decrease in the angle between the element’s PAI and the rotor’s rotation axis.
Simultaneously, as the rotational inertia moment generated by the turbine element decreases, the
bending deformation of the elastic elements and the resulting bearing reaction force also experience a
sudden drop.

In response, the rotational inertia moment excitation generated by the turbine element
also suddenly increases to M̃g. This rotational inertia moment acts on the two adjacent
elastic elements, causing bending deformations in these elements. As the rear bearing
acts as a constraint boundary, it can generate a significant reaction force, denoted as F̃b,
that balances the bending deformations in the elastic elements. Additionally, apart from
inducing elastic elements’ bending deformations and bearing loads, the rotational inertia



Symmetry 2023, 15, 2009 13 of 24

moment also applies a bending moment, denoted as M̃J, to the joint. Force equilibrium can
be formulated as

M̃J = M̃g + l̃s × F̃b (23)

where, l̃s—position vector of the rear bearing relative to the CM of the turbine element.
As ω increases, the rotational inertia moment rapidly increases and the turbine el-

ement’s PAI tends to align with the rotor’s rotation axis. However, when M̃J acting on
the joint reaches the threshold, denoted as Mt, the joint can undergo a sudden angular
deformation in the same direction as M̃J, resulting in a residual angular deformation α̃r. As
a result, the angle between the turbine element’s PAI and the rotor’s rotation axis suddenly
decreases, leading to a sharp reduction in the rotational inertia moment generated by the
turbine element. Consequently, the rotor’s bending deformation and the corresponding
bearing loads also experience a sudden decrease.

Therefore, the angular deformation of the turbine front joint, denoted as α̃C, is ex-
pressed as a piecewise function of ω and the bending moment applied to Joint C (denoted
as M̃J,C) given by

α̃C(ω, M̃J,C) =


0 , ω < ωt

α̃ , ω ≥ ωt&
∣∣∣M̃J,C

∣∣∣ < Mt,C

α̃r ,
∣∣∣M̃J,C

∣∣∣ ≥ Mt,C

(24)

where ωt—threshold operational speed at which Joint C undergoes a sudden increase in
angular deformation, and Mt,C—threshold bending moment at which Joint C undergoes a
sudden angular deformation decrease. These threshold values can be obtained through
static analysis of the bolt joint. By substituting Equation (24) into Equation (13), the impact
of the sudden angular deformation caused by the bolt joint on the rotor’s dynamics can
be analyzed.

4. Simulation of High-Speed Jointed Rotor System

Table 1 presents the mass, moment of inertia, and bending stiffness values of the rotor
and its elements. The stiffnesses of the front and rear bearings are set as kbf = 5× 107 N/m
and kbr = 1 × 108 N/m. Moreover, the local bending stiffnesses of the bolt joints are
obtained through static mechanical analysis.

Table 1. Mass/moment of inertia/bending stiffness of the rotor and its elements.

Element ID P1 P2 P3 P4 P5 Rotor

m (kg) 10 100 10 100 10 230
Ip (kg ·mm2) 7.0 × 104 3.5 × 106 1.5 × 105 5.5 × 106 1.5 × 105 9.4 × 106

Id (kg ·mm2) 7.8 × 105 4.7 × 106 1.2 × 105 2.8 × 106 8.3 × 104 2.8 × 107

Ip/Id 0.09 0.74 1.26 1.94 1.80 0.33
kθ (N ·m/rad) 7.3 × 109 10.0 × 1010 2.6 × 109 10.0 × 1010 0.4 × 109 -

4.1. Rotor Dynamic Response with Different Excitation Model

The influence of sudden angular deformation of the rotor joints is temporarily ignored
and the distributed rotor unbalance state can be set as ẽ2m2 = ẽ4m4 = 300 g ·mm∠0◦,
τ̃2 = 0∠0◦, and τ̃4 = 1× 10−4∠90◦ rad, referred as Group A.

Meanwhile, in order to compare the effects of different excitation models on rotor
dynamics, this section also designs a second group of rotor unbalance states, referred to as
Group B. In this Group B, the CM offset of the mass element remains unchanged, and the
mass elements’ PAI slants are equivalent to the CM offset, denoted as ∆ẽ2m2, ∆ẽ4m4, in the
planes of the compressor and turbine elements’ CM. Based on force balance, ∆ẽ2m2, ∆ẽ4m4
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can be obtained by Equations (25) and (26), where L̃24 represents the vector between the
turbine element’s CM and the compressor element’s CM.

L̃24 × ∆ẽ4m4 =
(

Id,2 − Ip,2
)
τ̃2 +

(
Id,4 − Ip,4

)
τ̃4 (25)

∆ẽ2m2 + ∆ẽ4m4 = 0 (26)

Clearly, in Group B, the rotor’s mass asymmetries, regardless of their types or lo-
cations, are represented as the rotor’s dynamic unbalance, denoted as (ẽ2 + ∆ẽ2)m2 and
(ẽ4 + ∆ẽ4)m4. This unbalance equivalent method considers the rotor as a four degrees-
of-freedom rotor, and the distributed rotational inertia load excitations caused by mass
elements’ CM offset and PAI slant are consolidated into two planes.

The results of comparing the rotor’s dynamic response under the two excitation models
are depicted in Figure 11. It is evident that when using the concentrated excitation model,
the front and rear bearing loads of the rotor follow a trend where the bearing load amplitude
increases with the operational speed, reaches a maximum at the critical speed, and then
decreases with further increase in operational speed. As the rotor approaches its maximum
operating speed, the bearing load remains relatively constant. Additionally, upon observing
the phase of the bearing load, it can be inferred that within the non-critical speed region,
the vibration phase of both the front and rear bearing remains nearly constant with the
operational speed, and the phase difference between the front and rear bearing remains
consistent, which aligns with the predictions of the four degrees-of-freedom rotor model.
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Figure 11. Rotor’s dynamic response under different rotational inertia load excitation models:
(a) amplitude of front and rear bearing loads. ωcr,1, ωcr,2—first/second critical speed of the rotor;
(b) phase of front and rear bearing loads.

When utilizing the distributed excitation model, in the low-speed range (ω < ωcr,2),
the rotor bearing loads, both in terms of amplitude and phase, exhibit a pattern nearly
identical to that of the concentrated excitation model group. This similarity arises because,
at this low-speed range, the rotor undergoes no significant bending deformation, allowing
it to be treated as having integrity, and thus, the dynamic response of the rotor remains
similar for different rotational inertia load excitation models. However, as the rotational
speed enters the high-speed range (ω > ωcr,2), the rotational inertia moment generated by
the turbine element increases continuously with the operational speed, leading to a rapid
increase in the amplitude of the bearing load with the operational speed (referred to as
vibration following, or VF). Furthermore, the phase of the rear bearing load also rapidly
approaches the plane of the turbine element’s PAI slant (90/270◦ plane) with increasing
operational speed.

The angular displacements of the mass elements under different excitation models
are illustrated in Figure 12. In the low-speed range (ω < ωcr,2), it can be observed from
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Figure 12a that the excitation model has little influence on the amplitude of the angular dis-
placements of the mass elements. However, as the operational speed enters the high-speed
range (ω > ωcr,2), using the concentrated excitation model results in both the compressor
element and turbine element experiencing a decrease in their angular displacements with
increasing operational speed, while their difference in angular displacements remains
almost unchanged. This indicates that the rotor undergoes little bending deformation in
this speed range. However, when the distributed excitation model is used, the turbine
element experiences a significant local rotational inertia moment, leading to an increase
in its angular displacement with the operational speed. Furthermore, the difference in
angular displacements between the turbine element and the compressor element increases
rapidly with the operational speed, suggesting that the bending deformation of the rotor is
progressively intensifying.
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Figure 12. Rotor mass elements’ angular displacement under different rotational inertia load exci-
tation models: (a) amplitude of mass element’s angular displacement; (b) phase of mass element’s
angular displacement.

From Figure 12b, it can be observed that when using the concentrated excitation
model, the angular displacements of the compressor element and turbine element occur
in the same plane throughout the entire speed range, which confirms the rotor’s integrity
and minimal bending deformation. However, when the distributed excitation model is
used, the phase difference of the turbine element’s angular displacement relative to that
of the compressor element rapidly changes by 180◦ as the operational speed exceeds the
second critical speed. This confirms the conclusion that the bending deformation of the
rotor significantly intensifies under the distributed excitation model, leading to substantial
changes in the relative positions of the mass elements.

4.2. Impact of Joint Bending Stiffness on Rotor Dynamics

Since the turbine element is a thin-disk, the rotational inertia load it generates is more
sensitive to the angular deformation of nearby joints. Therefore, this section primarily
focuses on investigating the impact of the bending stiffness loss in the bolt joints before
and after the turbine element.

To make the analysis results more general, parameter λ is defined as the ratio of the
bending stiffnesses of the front and rear bolt joints of the turbine element., i.e., λ = kJ,C/kJ,D,
where kJ,C represents the bending stiffnesses of the joints before the turbine element, and
kJ,D represents the bending stiffnesses of the joints after the turbine element. While keeping
kJ,D constant, the rotor’s bearing loads as λ = 0.5, 1.0, 2.0, 5.0 are solved. The results are
illustrated in Figure 13. Based on this figure, conclusions can be made:
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Figure 13. Impact of joints’ bending stiffness on bearing load: (a) amplitude of front bearing load
at different joints’ bending stiffness, where λ represents the ratio of the bending stiffnesses of the
front and rear bolt joints of the turbine element; (b) amplitude of rear bearing load at different joints’
bending stiffness.

(a) As the bending stiffnesses of the rotor’s joints change, the first two critical speeds
of the rotor also change, but the variation is relatively small (less than 10%). This is because
the modal shapes corresponding to the first two critical speeds are rigid body modes, which
makes them less sensitive to changes in rotor bending stiffness;

(b) In the low-speed range (ω < ωcr,2), the rotor’s bearing loads are not sensitive to
changes in joints’ bending stiffness. This is because the rotor does not undergo significant
bending deformation within this speed range. However, it should be noted that near the
second critical speed, with an increase in kJ,C, the bearing loads at the second critical speed
rapidly increase. This is because the second critical speed corresponds to a rotor’s pitching
modal shape, and an increase in bending stiffness improves the integrity of the rotor. This
enables the rotational inertia moment caused by the turbine element to act on the entire
rotor, leading to a significant increase in this modal vibration.

(c) In the high-speed range (ω > ωcr,2), the amplitude of the rear bearing loads is
extremely sensitive to the joints’ bending stiffness. When kJ,C is low, the rear bearing loads
can continuously increase with the operational speed. The reason behind this phenomenon
is that as the kJ,C decreases, the integrity of the rotor is also weakened, resulting in the
manifestation of the rotational inertia moment excitation caused by the turbine element’s
PAI slant. This rotational moment rapidly increases with the operational speed, leading to
an increase in the rear bearing loads, which is consistent with the analysis in Section 2.4.1.

In addition, both the concentrated excitation model and the distributed excitation
model were employed to solve the rotor’s dynamic characteristics. To assess the influence
of different excitation models on the simulation results, the error coefficient ηE(ω) was
introduced, which is defined as

ηE(ω) = (Fbr,con(ω)− Fbr,dis(ω))/Fbr,dis(ω) (27)

where Fbr,con(ω), Fbr,dis(ω) represent the amplitudes of rear bearing loads obtained by
employing the concentrated excitation model and the distributed excitation model, respec-
tively. The curves of the error coefficient ηE(ω) are illustrated in Figure 14.

It can be observed that when the operational speed is low or close to the first critical
speed, employing either the concentrated excitation model or the distributed excitation
model has little impact on the prediction of the rotor’s dynamic response. However, in
the high-speed range, there is a significant difference in the rotor’s dynamic response
characteristics obtained from the two excitation models. If the concentrated excitation
model is employed instead of the distributed excitation model in this speed range, the
rotor’s dynamic response characteristics will be greatly underestimated. Moreover, when
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the bending stiffness of the joints between the compressor element and the turbine element
is low, the poor integrity of the rotor can result in a more severe underestimation of the
rotor’s dynamic response in this high-speed range. Therefore, it is essential to consider the
influence of joint bending stiffness and use the distributed excitation model for accurate
prediction of the rotor’s dynamic response in the high-speed range.
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Figure 14. Impact of rotational inertia load excitation model and joints’ bending stiffness on rotor dynamics.

4.3. Impact of Joints’ Angular Deformation on Rotor Dynamics

Employing Group A as the rotor’s unbalance state, let ωt = 72%ωmax, Mt = 1400 N ·m,
α̃ = 3× 10−4∠165◦ rad, α̃r = 0∠0◦. The simulation results of the rotor dynamic response
are illustrated in Figure 15.
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Figure 15. Rotor dynamic response characteristics considering the joint’s sudden angular deformation:
(a) amplitude of bearing load; (b) phase of bearing load.

From Figure 15a, it can be observed that the rotor’s dynamic response increases
with the operational speed until it reaches its maximum value at the first/second critical
speed, then decreases with the operational speed. However, when the rotor’s operational
speed satisfies ω = ωt, there is a sudden angular deformation in Joint C, causing the
turbine element to slant. The resulting rotational inertia moment suddenly increases the
bearing loads, especially for the rear bearing, which is closer to the turbine element. As
the turbine element is a thin-disk, the rotational inertia moment it generates can increase
with the operational speed even under this supercritical state, and this increasing rotational
inertia moment leads to a speed-dependent increase in the bearing load. The vibration
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following continues until the rotational inertia moment generated by the turbine element
becomes large enough that it makes M̃J(ω) satisfy

∣∣∣M̃J(ω)
∣∣∣ = Mt. At this point, the

angular deformation of Joint C suddenly recovers, causing the turbine element’s PAI to
coincide with the rotor’s rotation axis, i.e., “straightened”, leading to a sudden decrease in
bearing loads.

Furthermore, from Figure 15b, it can be noticed that at the moment when the rotor’s
dynamic response experiences a sudden increase, the phase of the front and rear bearing
loads abruptly shifts towards the plane where the additional PAI slant of the turbine element
occurs (165/345◦ plane), and with increasing operational speed, it gradually approaches
this plane. This is because after the joint angular deformation induces a significant PAI
slant of the turbine element, the dominant factor influencing the rotor dynamics becomes
the rotational inertia moment generated by the turbine element. As a result, the phase of
the front and rear bearing loads abruptly shifts towards the plane where this rotational
inertia moment or the additional PAI slant is located. Meanwhile, the amplitude of this
moment can increase with the operational speed, causing the phase of the front and rear
bearing loads to come closer and closer to this plane.

As the rotor’s operational speed increases, the variation of bending moments applied
to different joints is illustrated in Figure 16. It can be observed that when Joint C undergoes
a sudden angular deformation, the resulting spiked rotational inertia moment is caused
by the turbine element, leading to a sudden increase in the bending moment applied to
the rotor’s joints. Among them, Joint C experiences the highest bending moment. This is
because this joint is the closest joint to the turbine element and has a higher bending stiffness.
Furthermore, as the operational speed causes the rotational inertia moment generated by
the turbine element to increase, the resulting bending moment applied to Joint C also
increases until it reaches the threshold value Mt, triggering this joint to angularly deform
again. Consequently, the turbine element’s PAI slant disappears, leading to a sudden
decrease in the bending moment applied to the rotor’s joints.
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operational speed.

The angular displacement amplitudes and phases of the compressor and turbine
elements are shown in Figure 17. By comparing with Figure 12, it can be observed that when
ω = ωt, the deformation of Joint C causes a sudden increase in the angular displacement
of the turbine element. However, the rotational inertia moment generated by the turbine
element tends to restore the angular displacement of the turbine element. Therefore, as the
operational speed increases, the angular displacement of the turbine element gradually
decreases until the angular deformation of the joint suddenly recovers, causing the angular
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displacement of the turbine element to almost return to 0. In addition, by observing the
phase of the angular displacement of the mass elements, it can be seen that at the moment
of the sudden increase in the angular deformation of Joint C, the angular displacement of
the mass element jumps to the plane where the additional slant of the turbine element’s PAI
occurs (165/345◦ plane). This confirms that the deformation of the rotor in the high-speed
range is dominated by the rotational inertia moment caused by the sudden additional slant
of the turbine element’s PAI.
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5. Dynamic Experiment of High-Speed Jointed Rotor System
5.1. Experimental Facility and Test Method

The experimental rotor used in this research is a full-scale rotor, constructed with
materials and bearings identical to those utilized in real-world rotors. The rotor is driven
by a high-speed motor at the front end. Acceleration sensors are installed at the front
and rear bearings to measure the rotor bearing loads accurately. To capture the angular
displacement of each element and the angular deformation of the joints as the operational
speed changes, multiple sets of displacement sensors are placed at the turbine module. The
arrangement of these displacement sensors at the turbine module is shown in Figure 18.

With the above-mentioned experimental setup, the lateral displacements of the drum
shaft element, and the axial displacement of the turbine element and rear shaft element can
be measured. The angular displacements of these elements can be obtained by θ3,x =

(
D2

3,x − D1
3,x

)
/L3

θ3,y =
(

D1
3,y − D2

3,y

)
/L3

(28)

{
θ4,i = D4,i/L4
θ5,i = D5,i/L5

, i = x, y (29)

where, θ3,i, θ4,i, and θ5,i represent the angular displacements of the drum shaft element,
turbine element, and rear shaft element, respectively, in plane i (i = x or y). It can be
assumed that the bending deformation of each element is relatively small, thus the an-
gular deformation difference between adjacent element mainly comes from the bending
deformation of the joints, which can be expressed as{

αC,i = θ4,i − θ3,i
αD,i = θ5,i − θ4,i

, i = x, y (30)

where, αC,i, αD,i represent the angular deformations of Joint C and D, respectively, in plane
i (i = x or y).
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Figure 18. High-speed jointed rotor dynamic characteristics test rig: displacement sensors D1
3 , D2

3 are
used to measure the lateral displacement at two sections of the drum shaft element, with an axial
distance of L3 between the two sections. Each section is equipped with two displacement sensors
to measure the horizontal/vertical displacement of the rotor at that position. Displacement sensors
D4, D5 are used to measure the axial displacement of the turbine element and the rear shaft element,
at distances L4, L5 from their respective centroid axes. Each element is equipped with two sensors to
measure its axial displacement in the horizontal and vertical planes.

5.2. Rotor Dynamic Response and Joint Angular Deformation

The measurements presented in Figure 19 illustrate the time-varying amplitude and
phase of the rotor’s rear bearing load. It is important to note that these measurements were
taken when the rotor’s operational speed had significantly exceeded both the first and
second critical speeds, and the operational speed continued to rise during the entire data
collection interval.

From Figure 19, it is evident that a sudden significant increase in the bearing load
occurs at time ts, corresponding to ω = 76%ωmax. As the operational speed continues to
increase, the amplitude of the rear bearing load also increases. Notably, despite the rotor
speed increasing at a nearly constant rate, with only occasional speed increment pauses,
the rate of the bearing load increase exhibits considerable variability. As the operational
speed approaches ω = 90%ωmax, a sudden drop in the rear bearing load is observed.

Moreover, an analysis of the rear bearing load phase reveals interesting findings. Prior
to the sudden increase in vibration response, the phase of the rear bearing load remains
relatively stable around 90◦, showing negligible variation with respect to the operational
speed. However, during the moment of the sudden increase in vibration response, the
phase of the rear bearing load undergoes a rapid shift of approximately 110◦. Throughout
the vibration-following stage, the phase of the rear bearing load continues to vary, and
regions with a higher change rate of the phase align with areas of notable change rate of
vibration amplitude.
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Figure 19. 1× RPM component of the rotor rear bearing load: the top graph shows the rotor
operational speed, the middle graph shows the amplitude of the rear bearing load, and the bottom
graph shows the phase of the rear bearing load. Here, ts, te—the starting and ending moments of the
rotor’s abnormal vibration.

Time-varying angular deformations for Joint C and Joint D are depicted in Figure 20.
It is evident that prior to time ts, the angular deformations at both joints are negligible, and
their corresponding phases remain nearly constant. However, at time ts, a small increase in
angular deformation is observed at both bolt joints, accompanied by significant changes in
the deformation phases. Specifically, the phase of the angular deformation at Joint C aligns
closely with the phase change observed in the rear bearing load in Figure 19, confirming
that the rear bearing load is attributed to the sudden angular deformation at Joint C. As
the operational speed increases, the angular deformation at Joint C continues to vary
within [0, 4]× 10−4 rad, with multiple phase changes occurring (conversely, the angular
deformation of Joint D remains relatively small and can be practically ignored). This
indicates that the angular deformation of the bolt joint exhibits non-deterministic behavior
due to the discontinuity in the mechanical behavior at the joint interface. Moreover, it is
noteworthy that when the angular deformation of Joint C reaches larger magnitudes, the
amplitude and phase change rates of the rear bearing load become significantly higher.
This is because the larger angular deformation of Joint C results in a larger additional PAI
slant of the turbine element, leading to higher rates of variation in the rotor’s dynamic
responses with respect to the operational speed.

Obtain α̃C(t) by experiment data as shown in Figure 20, and substitute α̃C(t) into
Equation (13), and the excitation characteristics of the tested rotor can be corrected. A
simulation of the rotor’s dynamic response is then performed based on this distributed
excitation. The experimental results, when compared with the theoretical results shown in
Figure 21, are in excellent agreement. This provides strong confirmation of the accuracy of
the underlying mechanism by which the distributed rotational inertia load excitation model
and the sudden angular deformation of the joints influence the rotor’s dynamic response.
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6. Conclusions

This paper provides a comprehensive investigation of the high-speed jointed rotor
system, with a primary focus on the influence of rotor motion state and joint mechanical
characteristics on rotor dynamics. To achieve this, a distributed rotational inertia load
excitation model has been developed, which considers both CM offset and PAI slant as
forms of mass asymmetry, while also accounting for their axial distribution characteristics.
Through simulations and subsequent experimental tests, the dynamic response of the rotor
and the factors that significantly influence it have been thoroughly analyzed. The key
conclusions derived from this study are as follows:

(1) At high operational speeds, bending deformation compromises the integrity of the
rotor, leading to relative angular deformations between mass elements. This results in local
mass asymmetry and distributed rotational inertia load excitation, significantly affecting
the rotor’s dynamic behavior in the high-speed range.

• In the low-speed range, rotor bending deformation can be neglected, and the rotor
can be approximated as a rigid body. The rotor’s CM offset and PAI slant dominate
the whole rotor’s dynamic response. However, as the operational speed exceeds the
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first/second critical speeds, the influence of rotational inertia forces/moments caused
by the whole rotor diminishes with increasing speed.

• In the high-speed range, local mass asymmetry, particularly in the thin-disk turbine
element, becomes more evident. The rotational inertia moment generated by the
turbine element rapidly increases with the operational speed, even in the supercritical
state, becoming the primary excitation source for rotor dynamic response. Excessive
PAI slant of the turbine element can lead to a continuous increase and potential
over-scale of the rotor’s dynamic response.

(2) Angular deformation of the joints plays a critical role in influencing the rotor
mass asymmetry state, leading to changes in rotational inertia load excitation distribu-
tion within the rotor and subsequently altering its dynamic response. Considering the
discontinuous and uncertain nature of the mechanical characteristics of the joint interfaces
under varying loads, the rotor’s dynamic response exhibits significant sudden changes and
dispersion features.

• Bending stiffness loss in the joints between mass elements weakens the rotor’s integrity,
intensifying the effect of the locally generated rotational inertia load and exacerbating
the phenomenon of vibration following and dynamic response amplitude at high
operational speeds.

• Under complex load environments, sudden angular deformation of the joints due to
interfacial slip induces a sudden increase in angular displacement of surrounding
mass elements, especially for the turbine element. The additional PAI slant of the
turbine element causes a sudden increase in rotor dynamic response and vibration
following. When the rotational inertia moment is significant enough to cause joint
interface slip again, the angular deformation of the joints abruptly decreases, and the
PAI of the turbine element returns to its original angular position, leading to a sudden
drop in rotor dynamic response.

Nevertheless, the oversimplified representation of inertial and elastic characteristics
within the rotor dynamic model may compromise the reliability of the derived rotor
dynamic outcomes. Consequently, future research should incorporate more sophisticated
mechanical models that duly consider the bending flexibility of shafts and long rotors.
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