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1. Introduction

Symmetry, a timeless and universal concept in both mathematics and the natural
sciences, serves as a foundational principle that reveals deep structures and relation-
ships. Within the realm of mathematics, symmetry has emerged as a beautiful and pow-
erful tool, leading to the development of various mathematical structures and theories.
One exciting area of math is the study of something called “symmetric n -derivations”.
This concept is the extension of the notion of derivation. Over the years, researchers have
extended the notion of derivations in various directions, such as generalized derivations,
(«, B)-derivations, bi-derivations, higher derivations, symmetric n-derivations, etc., and
have studied the structures of rings as well as additive mappings
(viz., [1-6]). In this research article, we present a comprehensive investigation of sym-
metric generalized n-derivations, seeking to establish a theoretical connection between
symmetric generalized n-derivations and other fundamental algebraic concepts. Through-
out the discussion, we will consider & to be an associative ring with Z (&) being its center,
and A will represent C*-algebra. However, A may not have unity with center Z(.7). A
ring & is said to be prime if 0&¢ = {0} implies that either ¢ = 0 or { = 0, and semiprime
if 060 = {0} implies that ¢ = 0, where 9, € &. The symbols [o,¢] and ¢ o ¢ denote
the commutator, ¢¢ — {0, and the anti-commutator, ¢¢ + o, respectively, for all ¢,¢ € &.
A ring & is said to be n-torsion-free if ng = 0 implies that o = O forall ¢ € 6. If S is
n!-torsion-free, then it is d-torsion-free for every divisor 4 of n!. Recall that an ideal % of &
is said to be prime if ) # & and for 9, ¢ € G, 0S¢ C P implies that o € Por § € P.

Amap® : & x & — & is said to be biadditive if it is additive in both arguments.
A biadditive map © : & x & — & is said to be symmetric if D(o,§) = D(¢, 0) for all
0, € 6. An additive mapping d : & — & is called a derivation if d(0¢) = d(0)¢ + 0d({)
holds for all 9,{ € &. Following [7], an additive mapping ¢ : & — & is said to
be a generalized derivation on & if there exists a derivationd : & — &, such that
g(0¢) = g(0)¢ + 0d(¢) holds for all ¢, ¢ € S. A symmetric biadditive map is said to be a
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symmetric bi-derivation if ®(o¢,z) = 09(¢,z) +D(0,2z)¢ for all ¢, &,z € &. The concept
of symmetric bi-derivation in rings was introduced by G. Maksa [8]. Suppose 7 is a fixed
positive integerand 6" = 6 x G x --- X 6. Amap D : 8" — & is said to be n-additive if
it is additive in each argument. A map © : " — & is said to be symmetric if the relation

9(01,02,---,00) =D (Qn(l), On(2)r++ -7 Qn(n)) holds for all ¢; € & and every permutation

{n(1),7(2),...,m(n)}. If ® is both n-additive and symmetric, then it is called symmetric
n-additive mapping. The concepts of derivation and symmetric bi-derivation were general-
ized by Park [9] as follows: a map ® : 6" — & is said to be a symmetric n-derivation if
© is symmetric n-additive and © (Q1/ 02, ,Qigf,- -, Qn) = 09 (Q1,Q2,~ .. ,Q§,~ .- ,Qn)—l—
D(01,02,+ ,0i, - ,0n)0} holds for all ¢;, 0} € &. A 1-derivation is a derivation and a
2-derivation is a symmetric bi-derivation while a 3-derivation is known as symmetric
tri-derivation (viz., [3,6,10-14]). Let n > 2 be a fixed integer and amap ¢ : & — & defined
by d(0) = D(0,0,...,0) forall o € &, where © : 8" — & is a symmetric map, being the
trace of ®. If ® is symmetric and n-additive, then the trace 4 of © satisfies the relation

n—1
do+8) =d(@)+d(&)+ Y. "C:D( ¢---,0 ,& .., 0)
=1 —— N —

(n—t)—times t—times

forall o, ¢ € &, where "C; = ().

Inspired by the idea of generalized derivation in the ring, Ashraf et al. [3] introduced
the concept of symmetric generalized n-derivations in rings. Let n > 1 be a fixed pos-
itive integer. A symmetric n-additive map ¢ : 6" — & is known to be the symmetric
generalized n-derivation if there exists a symmetric n-derivation © : " — &, such that
G (01,02 ---,0iQ), - 0n) = G(01,02 -, Qi -, 0n)0; + 0:D(01,02,- .-, 0}, .-, 0n) holds for
all 0;, 0 € &. In fact, in [3], the authors proved that “for a fixed positive integer n > 2, let
S be an n!-torsion-free semiprime ring admitting a symmetric generalized n-derivation
) with the associated n-derivation ©, such that the trace w of Q) is centralized on &.
Then w is commuting on &”. Additionally, in [15], Ashraf et al. characterized the traces of
symmetric generalized n-derivations. In fact, their results were motivated by the results
from Hvala [16]. Basically, they proved that “for a fixed positive integer n > 2, let & be an
n!-torsion-free prime ring. Suppose that w; and w, are the traces of symmetric generalized
n-derivations )y, ()p, respectively and d; # 0; d; are the traces of associated derivations ©;
and D,, respectively. If wi(0)wz (&) = wa(0)wi (&) holds for all ¢, ¢ € G, then there exists
v € C, the extended centroid of &, such that ¢,(0) = yd1(0).”

Numerous authors have thoroughly investigated a wide range of identities involving
traces of symmetric n-derivations, leading to the discovery of various interesting results
(see, for example [3,10,15,17-19] and the associated references). Very recently, Ali et al. [10],
explored some algebraic identities associated with the trace of symmetric n-derivations
acting on prime ideal 9 of &, but without imposing the assumption of prime on the
ring under consideration. In fact, apart from proving some other interesting results, they
extended the famous result [20] [Theorem 2] for the trace of symmetric n-derivations, which
involves prime ideals. Precisely, they proved that for any fixed integer n > 2, let S be a
ring and *B be a prime ideal of &, such that & /5B is n!-torsion-free. If there exists a non-zero
symmetric n-derivation © with trace ¢ on &, such that [¢(0), 0] € B, for all ¢ € &, then
either &/ is a commutative integral domain or ¢(&) C P.

The main focus of our current research is to analyze the structure of the quotient ring
& /B, where G is any ring and 3 is a prime ideal of &, which admits symmetric generalized
n-derivations satisfying certain algebraic identities acting on prime ideals ‘B. Moreover,
in the last section, we discuss the applications of the theory of symmetric n-derivations.
Finally, we establish corresponding results in the C*-algebra settings.

2. The Results

The following auxiliary results are essential for proving the above-mentioned results:
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Lemma 1 ([18] Lemma 2.3). For a fixed positive integer n, let R be a ring and P be a prime ideal
of R, such that & /% is n!-torsion free. Suppose that l1,0s,...,¢, € R satisfies aly + a2ly +
et aly e Pfora=1,2,...,n. Then by € P fort =1,2,...,n.

Lemma 2 ([21]). Let R be a ring and P be a prime ideal of R. If one of the following conditions is
satisfied, then R /P is a commutative integral domain.

(i) [olleP VoieR

(i) gole€®P V o c€R.

Lemma 3 ([10] Theorem 1.4). For a fixed integer n > 2, let & be a ring and B be a prime ideal of
S, such that & /B is n!-torsion-free and ® : &" — & be a nonzero symmetric n-derivation on &
with trace d : & — &. If [d(0), 0] € B forall o € &, then d(S) C P or S /P is a commutative
integral domain.

Our first main result establishes a link between the derivation and symmetric general-
ized n-derivation. In simpler terms, we demonstrate the following result:

Theorem 1. For any fixed integer n > 2, let & be a ring and P be a prime ideal of &.
Let ¢ : 6" — & be a nonzero symmetric generalized n-derivation with associated symmet-
ric n-derivation ® : 6" — S withtraces g : 6 — S of Gandd : & — & of ©. Next, let
b : 6 — G be a derivation on S. If [5(0),0] — g(o) € PV o € S, then we have one of the
following assertions:

(i) 6(6)CP

(i) &/ is a commutative integral domain.

Proof. By the assumption, we have

[6(0), 0] —g(e) € PV €G. 1)

Replacing ¢ with ¢ + m¢ for1 <m <n —1,{ € &, we obtain

[6(e+m¢), 0 +mG] —g(e+m) € PV, e6. 2
Continuing to solve, we obtain
[6(0), 0] + [6(e), mZ] + [6(mg), o] + [6(mE), mT] — g(e)—

n—1

g(mg) = Y. "CG:G( o,...,0 ,mE,...,mi) EPVo e (3)
=1 (?th)ftimes t—times ”

Application of relation (1) yields that
n—1
mlé(e), ¢l +m[5(5) e = ) "CiG( @ g mE,...,mE) EPV Q€.
—_——

t=1 \
(n—t)—times t—times

This can be written as
mA1(0,&) +m* Ay (0, &) + -+ +m" 1A, _1(0,8) €PV €S,

where A; (o, §) represents the term in which ¢ appears f-times.
On taking account of Lemma 1, we obtain

[6(0),¢] +[6(8), e] —nG(e,...,0,5) ER Vo, EG. (4)
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Substitute ¢o for ¢, we see that

[6(0),Ga] +[6(¢a), 0] —nG(a,...,0,60) €F Vo €6

which on solving, we obtain

2¢[6(0), o —ngd(e) + (¢, elo(e) + {[6(e), &l + [6(8), 0] —
nG(e,...,0,6)}e—ndd(e) € PVl c6.

By (4), we have

2¢[6(e), 0] —n&d(e) + (¢, 0l6(e) —ngd(e) €P Ve, ¢ € 6. 5)

We replace ¢ with r¢ in (5) and use (5) to obtain

[r,0]¢6(0) € BY 0, i,r €S
or
[r,0/66(0) €PVo,re 6.

Considering the primeness of the ideal ‘B, we obtain for all g € &
either [r, 0] € P or (o) € B.

Consequently, & is a union of two of its proper subgroups, H; and Hp, where

Hy={0e&|[[re €P}and H = {0 € &|d(¢) € B}

Since a group cannot be a union of two of its proper subgroups, we are forced to con-
clude that either & = H; or & = H,. Consider the first case, & = Hy, i.e., [r,0] € P.
Using Lemma 2, we conclude that & /B is a commutative integral domain. On the other
hand, if & = H,, then §(0) € P for all ¢ € S. Henceforward, we conclude that 6(&) C P.
This completes the proof of the theorem. [J

Theorem 2. For any fixed integer n > 2, let & be a ring and B be a prime ideal of &, such that
& /%R is n!-torsion-free. If & admits a nonzero symmetric generalized n-derivation ¢ : 8" — &
with trace g : & — & associated with a symmetric n-derivation ® : &" — & with trace
d : & — & satisfying the condition [g(0),0] € PV 0 € S, then one of the following holds:

(i) d(6)CP

(i) & /P is a commutative integral domain.

Proof. We have
[9(0), 0] €BVo€EEG. (6)

We replace ¢ with o +m¢ for§ € Gand 1 <m <n —1leads to

[9(e+mg), (e +ml)] € PV €GB
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As a consequence, we obtain

l9(0), e] + [g(0), m] + [g(mE), o] + [g(m), mE]+

n—1
Z”Ctg( 0,...,0 ,m& ..., mé), 0|+
=1 —

(n—t)—times  f—times

n—1
{Z"Ctg( 0,...,0 ,mé‘,...,m@),m@] P
(n—t)—times  t—times

V 0,¢ € &. Using the relation (6), we obviously find that
n—1
nlale), €1+ " lo(@el + | L MGG gerg e )]+
—_—

t=1 )
(n—t)—times  t—times

n—1
{Z”Ctg( 0,..-,0 ,mcj,...,mé‘),mé‘} €EPVoles
N—— N——

t=1 >
(n—t)—times  t—times

and, thus,
mAL(0; &) +m* Ay (g; &) + -+ +m"Ay(;8) € BV E€G,

where A;(0; ) represents the term in which § appears f-times.
The application of Lemma 1 yields

[9(0),¢l +n[G(e,..-,0,8), 0l €P Vo E€G. 7)

Replacing ¢ with g, we can see that

[9(0), G0l +n[G(e,...,0,80),0] EPB Vo, €GB

After additional computation

{l9(0).&]+n[G(e,...,0,8) el }o+¢Elg(e), o] +nild(e), o] +n[E, eld(0) € BV o, G € 6.

By using (7) and using the hypothesis, we obtain

ng(d(e), 0] +nl¢,0ld(0) EP VoG € 6.

Since & /% is n!-torsion-free, we obtain

gld(e) 0l + 1[G, 0ld(0) eP Ve, ¢ €6. ®)

Again, replacing ¢ with z¢ and using (8), we obtain

z,0]¢d(0) € P Vo, z€B. ©)

Next, we replace ¢ with ¢ + mw; for1 <m <n —1, w; € & to obtain

[z, 0 + mw1|¢d(0 + mwy) € PV o, & wy,z e 6.
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After simplification, we find that
[z, ]6d(0) + [z, mw1]§d(e) + [z, 0]Gd (mw) + [z, muw [§d (mwr )+

n—1
z, "CD( 0,...,0 ,mwy,..., mwy)+
[ Q]Ct; (0.0 1 1)

(n—t)—times f—times
n—1
[z, mwy ] Z"C{D( 0,...,0 ,mwy,..., mwy) €P
i=1 ——
(n—t)—times t—times

Vo,G,wy,z € &. Application of (9) and Lemma 1 gives

[z,un]8d(0) + 1z, 0]¢D(0, ..., 0, w1) €EPBV 0§ z,w €6. (10)

Replacing ¢ with [z, 0]¢ and using (9) and torsion restriction, we obtain

202 &D (w1, 0,...,0) €RV 0,z w € 6. (11)

Now, replacing ¢ with ¢ + mw; in above for 1 < m < n — 1, for all w, € &, we obtain
[z,0+ mwz]zlcj@(wl, 0+ mwy, ..., 0+mwy) €EPVo,E zw,w €6.
which, upon further solving, we obtain
mAL(0; & wr;wy) + m* Az (0; & wr;wy) + - - - 4+ m" Ay(0; & wy;wy) € PV o, & wy,wy €6,

where A¢(0;§;wy;wy) denotes the sum of the terms in which w, appears t-times.
Application of Lemma 1, we have

(n—1)[z, 0% ED (w1, w3, 0,..,0) + [z, w2 [z, 0D (w1, 0,...,0)+
[z, 0][z, w2]D (w1, 0,...,0)r[C, 0][C, wr] € BV 0,¢ z,w,wy €6

For ¢ = [z, 0]*¢ and using (11), we obtain

[z, Q]zzgg(wbwz, 0,.--,0) EPVo,¢z,w,w €6

Proceeding in a similar manner, after some steps we arrive at
n .
[Z,Q]Z ED(wy,wy, ..., wy) €EPVo,¢zw €6, 1<i<n.

Taking into account the prime of 3, we either obtain D (wy, wp, w3, ..., wy,) € Por [z, Q]zn €
Plorallz,o,w; € S, 1 <i<n.LetussupposeD(wy, wp,w3,...,w,) € P. In particular,
when wy = wy = - - - = w, = w, we obtain d(w) € B for all w € & and, hence, ¢(S) C P.
Ifforall o,z € &, [z,0]%" € implies [z, 0] € . Using Lemma 2, we conclude that &/ is
a commutative integral domain. [

Corollary 1. For any fixed integer n > 2, let & be a ring and B be a prime ideal of S, such that
S /B is n!-torsion-free. If S admits a nonzero symmetric generalized n-derivation ¢ : 6" — &
with trace g : & — & associated with a symmetric n-derivation ® : 8" — & with trace
d : & — G satisfying the condition g([o,&]) £ [9(0),&] € PV 0, € &, then one of the
following holds:
(i) d(6)CP

(i) & /P is a commutative integral domain.
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Theorem 3. For any fixed integer n > 2, let & be a ring and B be a prime ideal of &, such that
& /%R is n!-torsion-free. If & admits a nonzero symmetric generalized n-derivation ¢ : 8" — &
with trace g : & — & associated with a symmetric n-derivation ® : &" — & with trace
d : & = & satisfying any one of the following conditions:
() gleog)£d(@)osePBVolecs
(i) g(eog)+[d(e),]€BVecS
(i) g(le,C]) £d(@)ofe BV,

then we have one of the following assertions:
L d(6)CP
2. & /B is a commutative integral domain.

Proof. (i) Assume that
9(0og)£d(0)ofEPVo G EG.

On replacing ¢ with ¢ + mz, for 1 < m < n — 1, we obtain
g(eog+mz)+d(g)o(E+mz) RV ze6.
By simplifying and applying the provided condition, we obtain the following;:
n—1

Z”Ctg(gog,...,go@,gomz,...,gomz) EPVolzeb
=1

(n—t)—times t—times
which implies that
mAl(Q/ C/Z) + mZAZ(Q/ Crz) +- 4+ mn_lAn—l(Q/ (;rr Z) €P

Yo,z € S, where A¢(o,{, z) represents the term in which z appears t-times.
Taking into account Lemma 1 and the torsion restriction, we find that

G(eog,...,005,00z) €EP Vo, z€B.

Replacing z with &, we obtain g(0 o §) € P, then our hypothesis reduces to ¢(¢) o & € P.
Replace ¢ with ¢r to obtain [d(0),¢]r + ¢(d(0) or) € P and, hence, we obtain

[4(0),&lr € Pforall g, &, r € S,ie., [d(0), ]G CP. Since P # &, then [d(0),{] € P.
In particular, [d(0), 0] € B for all o € &. Thus, by ref. [10] (Theorem 1.4), 5/B is a
commutative integral domain or (&) C B.

(ii) Proceeding in the same way as in (i), we conclude.

(iii) Itis given that
9([e,¢]) £d(g)ef eP Vo, €6,
Replacing ¢ with { +mz for1 <m < n —1and z € & in above, we obtain

9([o,&+mz]) £d(g) o (E+mz) €PVo,zEB.

Using the given condition, we obtain

n—1

Y. "CG(eg) - lo.8] [omz],... . [o,mz]) €PV o, EzEG
t=1

(n—t)—times f—times
which implies that

mAl(Qr (:r Z) + mZAZ(Qr Crz) +---+ mn_lAn—l(Qr (—:,Z) € 5]3
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Vo,¢,z € S, where A¢(o,{, z) represents the term in which z appears f-times.
In view of Lemma 1 and torsion restriction, we have

G(le, ¢l - le¢l lo2]) € BV zEG.

Replacing z with ¢ and using the given condition, we find that ¢(¢) o € P forall o, ¢ € S.
Replace ¢ with 7 to obtain [d(0), ¢]r + ¢(d(0) or) € P and, hence, we obtain [d(0), {]r € B
for all o,&, 7 € &, ie., [d(0),¢]S C P. Since P # &, then [d(0),E] € P. In particular,
[4(0),0] € Pforall o € &. Thus, by ref. [10] (Theorem 1.4), G/ is a commutative integral
domainor d(&) CPB. O

Theorem 4. For any fixed integer n > 2, let & be a ring and P be a prime ideal of &, such that
& /B is n!-torsion-free. If & admits a nonzero symmetric generalized n-derivation ¢ : 6" — &
with trace g : & — & associated with a symmetric n-derivation ® : &" — & with trace
d : & — & satisfying the condition g(0) o g(&) £ [9(0),&] £ [0,9(E)] € B forall o,& € &, then
either (&) C B or & /P is a commutative integral domain.

Proof. Itis provided that

9(0)og(g) +[9(0).¢l £ 9(0)] € BV 6.

We substitute ¢ + mz in place of ¢ for 1 < m < n — 1 to obtain

n—1

9(0) 0g(&) +g(e) o g(mz) +g(0) t:Zl ”CtQ(( ¢ )é ’@t"tj )
n—t)—times —times

+ [9(0),¢] £ [9(0), mz] £[0,9(¢)] * [0, 9(mz)]
n—1
+ [o, Z "CG¢( E&,..., & ,mz,...,mz) EP

t=1 >
(n—t)—times  f—times

YV 0,¢,z € 6. Through the utilization of the given condition, we obtain

n-1 n—1
o e Lo, & mz,...,mz)x[o, Y "CGG( & ...,¢ ,mz,...,mz)] €
g9(0) t; iG( ¢ ¢ ' )+ o t; tG( & ... ¢ . ) €P
(n—t)—times  t—times (n—t)—times  t—times
which implies that

mAl(Qr C,Z) + m2A2(Q, ng) +eee mnilAnfl(Qr érZ) € ‘13

Vo,¢,z € S, where A;(o,(, z) represents the term in which z appears t-times.
In the context of Lemma 1 and torsion restriction, we obtain

g(Q)OQ(C""’@”Z):l:[Q/g(C""/C’Z) Emvglglz E 6'

Replacing z with ¢ and using the given condition, we find that [g(0), &] € P forall o, ¢ € G.
In particular, [g(0), 0] € B for all ¢ € &. Thus, by Theorem 2, &/ is a commutative
integral domain or ¢(&) CB. O

Corollary 2. For any fixed integer n > 2, let & be a ring and B be a prime ideal of &, such that
& /%R is n!-torsion-free. If & admits a nonzero symmetric n-derivation ® : 6" — & with trace
d : & — & satisfying the condition d(0) o d(&) £ [d(0),&] £ [0,4(E)] € BV o, € S, then
either d(&) C B or & /P is a commutative integral domain.

Theorem 5. For any fixed integer n > 2, let & be a ring and B be a prime ideal of &, such that
& /%R is n!-torsion-free. If & admits a nonzero symmetric generalized n-derivation ¢ : 8" — &
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with trace g : & — & associated with a symmetric n-derivation ® : &" — & with trace
d : & — & satisfying the condition g(0) o g(&) £ g(oo )+ d(0)ol € Pforall9,é € S, then
one of the following assertions holds:

(i) 4(6)CPp

(i)  &/*B is a commutative integral domain.

Proof. Assume that

9(0)0g(5) £g(god)£d(g)ol PVl €EC.

We replace ¢ with ¢ + mz, for 1 < m < n — 1 to obtain

9(0)og(&+mz)£g(go(¢+mz))£d(e)o(f+mz) PVl ze6.

After simplification and employing the provided condition, we obtain

n—1
e L., C ,mz,...,mz)%x
7000 TICO & o)
(n—t)—times f—times
n—1
Y "CiG(0o&,...,00¢,00mz,...,omz) € BV, (,z€S
=1

(n—t)—times t—times
which implies that
mAq (Qr érz) + m2A2(Q, 6,2) +eeet mnilAnfl (Qr 6/ Z) € ‘13

Vo,i,z € S, where A (o, ¢, z) represents the term in which z appears t-times.
In light of Lemma 1 and torsion restriction, we obtain

9(@)0G(,....5,2) £G(eog,...,e08,002) e PV i,z € 6.

Replacing z with ¢ and using the given condition, we find that ¢(¢) o ¢ € P forall o,¢ € S.
We replace ¢ with §r to obtain [d(0), {]r + ¢(d(0) or) € P and, hence, we obtain [¢(0), {|r €
P forall o,&,r € S, 1ie., [d(0), ]S C P. Since P # G, then [d(0),&] € P. In particular,
[4(0),0] € Pforall o € &. Thus, by ref. [10] (Theorem 1.4), G/ is a commutative integral
domainord(&) CPB. O

Theorem 6. For any fixed integer n > 2, let & be a ring and P be a prime ideal of &, such
that & /B is (n — 1)!-torsion-free. If & admits a nonzero symmetric generalized n-derivation
G : 6" — G with trace g : & — & associated with a symmetric n-derivation ® : 6" — & with
trace d : & — G satisfying g(0?) + 0> € PV 0 € &, then & /P is a commutative integral domain.

Proof. Upon replacing ¢ with ¢ +m¢, ¢ € & for 1 < m < n — 1 in the given condition, we
obtain

g(o+mi)? £ (0+mE)*> PV lecb.

Further solving, we have

n—1
9(0*) +g(m(eg +20)) + Y. "CiG (% ..., 0% ,m(e€ +&a),...,m(0d + £0))+
t=1 —~

(n—t)—times t—times

n—1
9((m&)*) + Y "CG(0* +m(0f + €a), ..., 0> + m(e + &o), (m&)?, ..., (mg)?)

t=1

(n—t)—times t—times

+ 0%+ (m&)? £ m(of + &0) EP Vo, ¢ €6.
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In accordance with the given condition and Lemma 1, we obtain

nG(a?, ..., 0% 08 + o) + (0f + o) € PV o, €O,

Replacing ¢ with ¢, we find that

2ng(0®) £20% € B,

or
(2n —2)0* € P.

The application of the torsion restriction gives that 0> € P. This implies that o + o € B
for all ¢,¢ € &. Replacing ¢ with ¢z, we obtain [o,{]z € PB. Replacing z with r[o, {], we
obtain [g, {]r[o, ¢] € P forall o, ¢, r € &. Using the primeness of B, we obtain [, {| € P for
all 9,¢ € 6. Hence, 6/ is a commutative integral domain by Lemma 2. O

Corollary 3. For any fixed integer n > 2, let G be any ring and P be a prime ideal of &, such
that & /B is (n — 1)!-torsion-free. If & admits a nonzero symmetric generalized n-derivation
G : 6" = G with trace g : & — & associated with a symmetric n-derivation ® : 6" — &
with trace d : & — & satisfying g(0o¢) oo € PV o,& € &, then & /P is a commutative
integral domain.

Corollary 4. For any fixed integer n > 2, let & be an n!-torsion-free semiprime ring. If &
admits a nonzero symmetric n-derivation ® : &" — & with trace d : & — & satisfying
d(pog)+ 00l =0,Vo,¢ €6, then & is a commutative.

Theorem 7. For any fixed integer n > 2, let G be a ring and P be a prime ideal of &, such that
& /B is n!-torsion-free. If & admits a nonzero symmetric generalized n-derivation ¢ : 6" — &
with trace g : & — &, associated with a symmetric n-derivation ® : &" — & with trace
d : & — G satisfying one of the following conditions:

@ [9(0),9(¢)] — [0l €PVeieS
(i) [9(0),9()] — [, 0l €P Vo, €6

then & /B is a commutative integral domain.

Proof. (i) Given that
[Q(Q)rg(g)] - [Qr C] € ‘I; v Qrg €6. (12)

Consider a positive integer m; 1 < m < n — 1. Replacing ¢ with ¢ + mz, wherez € &
in (12), we obtain

[9(0),9( +mz)] — [0, +mz] €P Vo, z€G.

Upon further solving, we obtain

n—1
[9(0),9(2)] + [9(0), g(mz)] + [9(0), t; "CG( g, 8  mz,... mz)]—

(n—t)—times  f—times

lo,¢] —lomz] e PV oGz € 6.
Taking into account the hypothesis, we see that
mA1(0,8,2) +m*Ax(0,8,2) + - +m" 1Ay 1(0,8,2) €P

where A; (o, ¢, z) represents the term in which z appears t-times.
Using Lemma 1 and torsion restriction, we have

[9(0),C(E,...,E2)] €BVYo,EzEB.
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In particular, for z = ¢, we obtain

[9(0),9(0)] € PV, 6.

Now, using the given condition, we find that

[0,¢] € PV lc6.

From Lemma 2, &/ is a commutative integral domain.

(ii) It follows from the first implication with a slight modification.
O

The following are very interesting observations derived from Theorem 7.

Corollary 5. For any fixed integer n > 2, let & be a ring and 3 be a prime ideal of &, such that
S /*B is n!-torsion-free. If & admits a nonzero symmetric generalized n-derivation G : 6" — &
with trace g : & — &, associated with a symmetric n-derivation ® : &" — & with trace
d : & — & satisfying one of the following conditions:

i) g(0)g(G) el € PV eS
(i) 9(0)9(¢) £io BV, € 6.

then & /B is a commutative integral domain.

Corollary 6. For any fixed integer n > 2, let & be an n!-torsion-free semiprime ring and G :
&" — © be a nonzero symmetric generalized n-derivation with trace g : & — & associated
with a symmetric n-derivation ©® : &" — & with trace d : & — & satisfying one of the
following conditions:

@ [9(0),9(@)]=[0,¢]Ve €6
(ii) [9(0),9(¢)] =1[¢, ] Vo ¢ €G.

then & is commutative.

Proof. (i) Let us assume that

[9(0),9(0)] +10.¢] =0V e, €6.

According to semi-primeness, there exists a family I' of prime ideals 3, such that
Nyper B = (0), thereby obtaining [g(0), 9(¢)] + [¢,¢] € P for all P € T. Invoking
the previous theorem, we conclude that &/ is a commutative integral domain.
Therefore, for all ¢, ¢ € &, we have [, {] € B and since Ny B = (0). This implies
that [0, {] = 0. Hence, & is commutative.

(i) Similarly, if [g(0),9(¢)] — [¢, 0] = 0forall g,¢ € S, then the same reasoning proves
the required result.

O

Corollary 7. For any fixed integer n > 2, let & be an n!-torsion-free semiprime ring and © :
&" — & be a n-derivation of & with trace d : & — & satisfying any one of the following
conditions:

@ [4(e),d(@)] =0 ¢lVeceS
(ii) [4(e),d(5)] = (¢ elVa,ieS

then S is commutative.

Theorem 8. For any fixed integer n > 2, let & be a ring and P be a prime ideal of &, such that
& /B is n!-torsion-free. If & admits a nonzero symmetric generalized n-derivation ¢ : 6" — &
with trace g : & — & associated with a symmetric n-derivation ® : &" — & with trace



Symmetry 2023, 15, 1874 12 of 17

d : & — & satisfying the condition g(oo &) £ [o,&] € PV o,& € &, then & /P is a commutative
integral domain.

Proof. (i) Replacing ¢ with¢ +mzforl <m <n —1,z € & in the given condition, we
obtain
gloo(E+mz)) Lo, +mz] €PVo i zeB.

Upon further solving and using the specified condition, we obtain

n—1

Z”Ctg(gog,...,QOC,Qomz,...,Qomz) EPV(zed
t=1

(n—t)—times t—times
which implies that
mAl(Qr C/ Z) + mZAZ(Qr CI Z) +---+ mn_lAnfl(Qr CI Z) S ;']3

vV o,8,z € &, where A¢(o,(,z) represents the term in which z appears f-times.
Using Lemma 1 and using the fact that & /5B is n!-torsion-free, we obtain

G(eog,...,005,00z) €EPVo, z€B. (13)

For z = ¢, we obtain g(¢ o §) € P then our hypothesis reduces to [o,¢] € B. Using
Lemma 2, we obtain that &/ is a commutative integral domain.
O

Corollary 8. For any fixed integer n > 2, let & be a ring and B be a prime ideal of &, such that
& /*B is n!-torsion-free. If & admits a nonzero symmetric n-derivation with trace d : & — 6.
If ¢ satisfies the condition d(¢ o §) £ [0,&] € PV o, € &, then & /P is a commutative inte-
gral domain.

Corollary 9 ([22] Theorem 3.1). For any fixed integer n > 2, let & be an n!-torsion-free semiprime
ring. If & admits a nonzero symmetric n-derivation ® : &" — & with trace d : & — & satisfying
d(0od) =10,¢], Vo€ S, then S is commutative.

Theorem 9. For any fixed integer n > 2, let & be a ring and B be a prime ideal of &, such that
S /B is n!-torsion-free. If S admits a nonzero symmetric generalized n-derivation ¢ : 6" — &
with trace g : & — & associated with a symmetric n-derivation ® : &" — & with trace
d : & — & satisfying one of the following conditions:

(i) g([e¢])+g(e) £l ePVelecd
i@ g([0,¢]) £9(8) £[0flePBVelecs

then & /B is a commutative integral domain.

Proof. (i) Given that
9([e,¢]) £g9(e) £ [0l €P VoS

Replacing ¢ with ¢ + mz, wherez € & and 1 < m < n — 1 in the given condition, we
obtain
g(le+mzc]) £g(o+mz) Lo +mz, ] e PVeied

which upon solving and using the hypothesis, we obtain
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n—1
Z nctg([gr é]r sy [Qr C}/ [mz, C}/ ceey [mz, g])
t=1 (n—t)—times t—times

n—1

+) "GG( o...,0 ,mz,...,mg) EPV(zed

t=1 )
(n—t)—times  f—times

which implies that
mAl(Qr C/ Z) + mZAZ(Q/ CI Z) +---+ mn_lAnfl(Qr CI Z) € ;']3

Vo,8,z € S, where A;(o,(, z) represents the term in which z appears t-times.
Making use of Lemma 1 and torsion restriction, we see that

G(le ¢l lo¢l[z¢]) Glo,...,02) €EP Ve zEG.

Replace z with ¢ to obtain

9(lo,¢]) £ 9(0) €V ze6.

Hence, by using the given condition, we find that [g,¢] € 3. Taking into account
Lemma 2, we conclude that & /B is a commutative integral domain.
(ii) It follows from the first implication with a slight modification.
O

Corollary 10. For any fixed integer n > 2, let & be a ring and °B be a prime ideal of &, such that
S /*B is nl-torsion-free. If & admits a nonzero symmetric n-derivation ® : 6" — & with trace
d : & — & satisfying one of the following conditions:

@) d([o,¢]) =d(e) [0l €PVe S
(i) d([o,¢]) £d(§) £ [0l €PVo e

then & /B is a commutative integral domain.

Theorem 10. For any fixed integer n > 2, let & be a ring and *B be a prime ideal of S, such that
S /B is n!-torsion-free. If S admits a nonzero symmetric generalized n-derivation ¢ : 6" — &
with trace g : & — & associated with a symmetric n-derivation ® : &" — & with trace
d : & — & satisfying one of the following conditions:

(i) g(0)og(G) £eol€PVe e
(i) g(0)og(¢) £[e,{l€PVe e

then & /B is a commutative integral domain.

Proof. (i) We assume that

9(@)og(G) £eol €PVe, €GB

Replacing ¢ with ¢ 4+ mz, wherez € G and 1 < m < n — 1 in the given condition, we
obtain

9(0)og(¢+mz)£oo(f+mz) PV ze6
which upon solving and using the hypothesis, we have

n—1

o "Ceo( E ..., ¢ ,mz,...,mz) €PVo,zEB
g(e)t;t(é g 1z )EPVoC
(n—t)—times  t—times



Symmetry 2023, 15, 1874

14 of 17

which implies that
mA1(0,¢,z) +m*Ax(0,8,2) +---+m" 1Ay 1(0,§,2) € P

Yo,z € S, where A¢(o,{, z) represents the term in which z appears t-times.
Making use of Lemma 1, we see that

n(g(g) OQ(CI"'/ng)) S &BVQ,J;I,Z € 6.

Since & /B is n!-torsion-free, we obtain

g(Q) og(gl"‘lélz) S va,(Z,Z € 6.

In particular, z = ¢, we obtain

9(e)og(g) €EPVeeEB.

Hence, by using the given condition, we find that ¢ o € . Taking into account
Lemma 2, we conclude that &/ is a commutative integral domain.
(i) Proceeding in the same way as in (i), we conclude.
O

Corollary 11. For any fixed integer n > 2, let & be an n!-torsion-free semiprime ring and
D : &" — & be the n-derivation of & with trace d : & — &. If d satisfies any one of the following:

(i) d(g)od(d)+goi=0Vgl€®
(i) d(0)od(¢) £[e,¢]=0Veo €S
then & is commutative.

Theorem 11. For any fixed integer n > 2, let & be a ring and *B be a prime ideal of &, such that
S /B is n!-torsion-free. If & admits a nonzero symmetric n-derivation ® : " — & with trace
d: & — & satisfying d(0)d(¢) —0ol € PV o,§ € S then either d(S) C Por &/Pisa
commutative integral domain.

Proof. Replacing ¢ with { +mz for1 <m < n —1, z € & in the hypothesis, we obtain
d(0)d(E+mz) — oo ({+mz) €PVo,EzebC.
After simplification, it becomes
n—1

d(0) Z "C( C,...,g ,mz,...,mz) €EPVo,Ezeq

t=1 >
(n—t)—times  t—times

which implies that
mA1(0,& z) +m*Ay(0,&z) + - +m" 1A, 1(0,&2) €

V o,¢,z € G where A¢(o, ¢, z) represents the term in which z appears t-times.
Using Lemma 1 and the fact that & /P is n!-torsion-free, we have

2(0)D(G,...,¢,z) €PBVo,GzeG. (14)

Replace z with zr in the above relation and using the above relation, we have

d(0)z®(E,...,E,r) €PVo,Czres. (15)
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Also,
zd(0)D(¢,..., ¢, r) €PVo,izres. (16)

Using (15) and (16), we obtain
[9(0),2]D(¢,...,¢r) €BV ¢ r€B.
By writing r¢ instead of v, we obtain
[#(0),2]rd(¢) € B.

In particular for z = o,
[4(0), 0]rd() € B

Since P is prime, it follows that either [¢(0), 0] € P or d({) € Pforall ¢,¢ € &. Using
Lemma 3, we conclude that /(&) C B or &/ is a commutative integral domain. [

Corollary 12 ([22] Theorem 2.11). For any fixed integer n > 2, let & be an n!-torsion-free
semiprime ring. If & admits a nonzero symmetric n-derivation ® : &" — S with traced : 6 — &

satisfying d(0)d () = 00 ¢,V 0, € S, then d commutes on &.

The following example shows that the “primeness of ‘" condition in Theorems 2-5

cannot be omitted.
0 a b 0 0 O
00 c]|a,bcez} Let B = {[O 0 O]}beanideal
0 0 0 0 0 O
0
0
0

0
0
0

Example 1. Consider the ring & = {

of &. Let us define G =2:6" - SwithG: (A1, Ay,..., Ay) =

}Mbcez withtmce

. One can easily see that G is a symmetric

0 a b 0 0 a"
g=d: 6—>6deﬁnebyq<0 0 c) 00 0
0 0 0 00 O

),

generalized n-derivation and [g(0),0] € B, g(0o &) £d(0)oé € B, 9(00 &) £ [d(0),&] € B,

9(lo,¢]) £d(g)og €%, g( )og(¢) £1[g(0). ¢l £ 1[0,9(¢)] € Pand g(g) 0 g(¢) £g(0o¢) +

d(0) o & € B. However, (&) € P and & /P is noncommutative. Also, we observe that B is not
0 1 0 0 01 010

aprimeideal of Sas |0 0 0(&|0 0 O C°B, but [O 0 0

0 0O 0 0O 0 0O 0 0O

0 01
¢ B and [0 0 0]%‘13.

3. Applications

A Banach algebra is a linear associate algebra which, as a vector space, is a Banach
space with norm ||.|| satisfying the multiplicative inequality; ||xy|| < ||x||||y|| for all x and
yin A. Aninvolution on an algebra .7 is a linear map x — x* of A into itself, such that the
following conditions hold: (i) (xy)* = y*x*, (ii) (x*)* = x, and (iii) (x + Ay)* = x* + Ay*
forall x,y € A and A € C, the field of complex numbers, where A is the conjugate of A. An
algebra equipped with an involution is called an *-algebra or algebra with involution. A
Banach x-algebra is a Banach algebra A together with an isometric involution ||x*|| = ||x||
forall x € A. A C*-algebra A is a Banach *-algebra with the additional norm condition
||x*x|| = ||x||? forall x € A. A subset J of A is a closed ideal if it is an ideal and it is closed
in the topology induced by the norm on A [23]. If  is a closed ideal of the C*-algebra
A, then the quotient A /J is a C*-algebra under its usual operations and the quotient
norm [24].

In this section, we explore the applications of our results proven in Section 2, in the
context of functional analysis, particularly in C*-algebras. In fact, we elucidate the struc-
tures of C*-algebras through the utilization of symmetric n-derivations and generalized
symmetric n-derivations. We begin with the following result:
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Theorem 12. For any fixed integer n > 2, let A be a C*-algebra and P be a closed prime ideal of A.
If A admits a nonzero symmetric generalized n-derivation G : A" — A with trace g : A — A
associated with a symmetric n-derivation © : A" — A with trace d : A — A satisfying the
condition [g(0), 0] € PV o0 € A, then one of the following holds:

1. J4A)C»

2. A/Pis commutative.

Proof. Let A be a C*-algebra and & be a closed prime ideal of 4. We are given that
G : A" — A is a symmetric generalized n-derivation with trace g : A — A associated
with a symmetric n-derivation © : A" — A with traced : 4 — A, such that [g(0), 0] € P
V0 € A. Itis well-known that every closed prime ideal is indeed a prime ideal and, hence,
the application of Theorem 2 yields the required result. [

Corollary 13. For any fixed integer n > 2, let A be a C*-algebra. If A admits a nonzero symmetric
n-derivation © : A" — A with trace d : A — A satisfying d(¢o ) £00¢ =0,V o, € A,
then A is commutative.

Proof. As a consequence of Corollary 4, and using the fact that every C*-algebra is a
semiprime ring, we conclude. [

Corollary 14. For any fixed integer n > 2, let A be a C*-algebra. If A admits a nonzero symmetric
n-derivation ® : A" — A with trace d : A — A satisfying d(0)d(¢) =00,V 0,& € A, then
A is commutative.

Proof. Direct application of Corollary 12, yields the required result. [

4. Conclusions

In conclusion, this paper has successfully achieved its primary objective, which was
to investigate symmetric additive mappings and explore their applications in various
mathematical contexts. This research has effectively established a significant connection
between the structural properties of quotient rings and the behavior of traces of symmetric
generalized n-derivations fulfilling certain algebraic identities involving prime ideals of an
arbitrary ring &. The bridging of concepts from rings to functional analysis, particularly to
C*-algebras, has allowed us to provide a detailed description of the structural aspects of
C*-algebras through the lens of symmetric n-derivations. Through a comprehensive analy-
sis and rigorous investigation, this study provided persuasive and substantial evidence of
the interplay between these fundamental algebraic concepts.
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