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Abstract: A solution to the trace convergence problem, which arises in proving the mean-square
convergence for the approximation of iterated Stratonovich stochastic integrals, is proposed. This
approximation is based on the representation of factorized Volterra-type functions as the orthogo-
nal series. Solving the trace convergence problem involves the theory of trace class operators for
symmetrized Volterra-type kernels. The main results are primarily focused on the approximation
of iterated Stratonovich stochastic integrals, which are used to implement numerical methods for
solving stochastic differential equations based on the Taylor-Stratonovich expansion.
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1. Introduction

For the analysis of dynamical systems whose mathematical models include stochastic
differential equations, numerical methods for their solution are often used. To obtain high
accuracy of the approximation of output processes, it is necessary to apply numerical
methods with high order of strong or mean-square convergence based on Taylor-Itd
or Taylor-Stratonovich expansions [1-4]. These methods involve modeling iterated It6
or Stratonovich stochastic integrals, respectively, which can be represented as multiple
stochastic integrals of functions

) = (t—to)" oo (e — t0) ™1k — 1) ... 1(t2 — 1)

(fl — to)nl . (tk — to)nk fort) <...<tg
0 otherwise,

k?ﬁ..‘?’lk (tl, s

)

wherek e N={1,2,...},t1,...,t, € T =[to,T]and ny,...,n, € {0,1,2,...},4 >0, 1is
the unit step function:

1 fort>0
1(t)_{ 0 fort<O.
If ny = ... = ng = 0, then the notation k is used instead of kq_ o for simplicity.

In the general theory of multiple and iterated stochastic integrals, a wider class of
functions is of interest:

ky(t, ... t) = P1(t) - Pr(t) 1t — 1) ... 1(t2 — 1)

:{ lpl(tl)--'lpk(tk) fort) < ... <t
0

otherwise, @)
where ¢y, ..., € Ly(T). The function ky is called the factorized Volterra-type function [5].
Here and further, L,(X) denotes the space of square-integrable functions f: X — R,
R = (—00,+0). Also, the space of continuous functions f: X — R is denoted by C(X).
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The multiple It6 stochastic integral introduced in [6] is defined for any function
f € Ly(T¥), and such an integral can be represented as a multiple random series [7].
The multiple Stratonovich stochastic integral [8,9] is more complicated, and when it is
represented as a multiple random series, the trace convergence problem arises [10]. The rep-
resentation of multiple stochastic integrals by multiple random series is based on the
expansion of f in the orthogonal series using a basis of L, (T).

For clarity, we can use an analogy with the theory of linear operators. In fact, the differ-
ences between functions, for which we can define multiple It6 and Stratonovich stochastic
integrals, are partly similar to the differences between Hilbert-Schmidt operators and trace
class operators [11], respectively.

If we consider multiple It6 and Stratonovich stochastic integrals for numerical methods,
which are used for solving stochastic differential equations, then it is enough to restrict
ourselves to functions (2). In fact, we can only study functions (1) for this purpose [3].
However, multiple (or iterated) stochastic integrals should be specified with respect to
all possible combinations of components of the multidimensional Wiener process [1,3,12].
In [3,13,14], the trace convergence problem in this context is studied in detail with additional
smoothness conditions on the weights ¢4, . . ., , and with a restriction on both a parameter
k and a basis of L(T).

Note that some multiple Stratonovich stochastic integrals coincide with corresponding
multiple It6 stochastic integrals, but for other Stratonovich integrals, the trace convergence
problem remains. One variant of the briefly described problem is solved in this paper for
the weights from L,(T) and without additional restrictions on both a parameter k and
a basis of L,(T).

The motivation for this study is that the solution to the trace convergence problem
provides a theoretical basis for the representation of iterated Stratonovich stochastic inte-
grals as multiple random series and for their mean-square approximation based on partial
sums of these series. This is an important component for the implementation of numerical
methods for solving stochastic differential equations with high order of strong or mean-
square convergence. Such methods can be used to simulate stochastic processes in different
fields [15-17].

2. Preliminary Discussion and Problem Statement

Letji,...,jx € {1,2,...,s} and Wy, ..., W, be independent Wiener processes defined
on a probability space (Q), S, P). Denote by IJ;FN U1-3) and SJTW (1-3t) two linear operators
that establish a correspondence between a function and multiple stochastic integrals for
that function. The operator Iquv Ga--fe)
Ji--jk)

corresponds to the multiple Itd stochastic integral,

and the operator SJTW (
T = [to, T]

corresponds to the multiple Stratonovich stochastic integral,

17 Wln-ii) f /ka(tl, o AW (1) . AW (1),
S g -i) ¢ — ) o dWy (B oo dW (1),

where k is the integral multiplicity, which is the same as the number of arguments of f,
and the symbol o is to distinguish Itd and Stratonovich stochastic integrals.
Further, we use the following notations: {g;}$* is an orthonormal basis of L(T),

and Clgj ) are independent random variables having standard normal distribution for
i =012... andj = 1,...,s. Then, according to properties of multiple stochastic
integrals [18,19], we have

Ijq‘rf‘/(h-..]'k)qil ®..0q, = Ci(lfl) . % ggk),
Sj’]?](h“.jk)qil R...0 qi, = gl(l]l) o g(]k),

Ik
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where * means the Wick product defined for this case in terms of Hermite
polynomials [20,21], i, ..., = 0,1,2,...
If f € Lp(T¥), then this function can be represented as the orthogonal series [22], i.e.,

[e0]

f= Y F 9 ®. .94,
i1 iy =0
where
Fil.“ik = (‘71‘1 ® e ® qik/f)Lz(’]I‘k)/ il/- . '/ik = 0/ 1/2/ .o (3)

Formally (without considering the convergence issues), we can write that

Ij’]{‘ (1 ]k)f _ Z F11 lk ]1 C
lk 0
SJT (1 Jk)f: Z OFll il ]1 mgl(zk)’
llr rlk

and multiple It6 and Stratonovich stochastic integrals do not generally coincide.
Consider a simple example for stochastic integrals of multiplicity k = 2 under condi-
tion j; = jo. Let f € L(T?) and

[ee]
Y. Fiindi, @iy,
il,i2=0

where
Filiz = (Qil ®qi2/f)Lz(T2)’ i],iz = 0, 1,2,. .. (4)

It is known [6,7] that
11]1 Z 1112€1]1) « gi(zjl)’
11,12 =0

where the multiple random series on the right-hand side converges in the mean-square
sense (the equivalent relation is given in [3] using different notations). But the multiple
random series on the right-hand side of the equality

]1]1 (1)
Z i 12 11 12

l] 12 0

can diverge, and the equality itself may not make sense, since

Z Flllzg Z Flllzg + ZP 11]1 12]1 = gz‘(lh) * gz‘(zh) +0isiy)s
i1,i2=0 i1,ip=0
where 6; ;, is the Kronecker delta, i.e.,

5 — 1 foriy =i
20 foriy # iy,

and the convergence of series

) F; @)
i=0

does not follow from condition f € Ly(T?). This series can diverge or it can converge
conditionally, then its sum depends on a basis {7;},.
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Thus, the operator 5.7, W) 5 deﬁned only on some linear subspace of L,(T?), al-

though the domain of the operator IJ (111) coincides with Ly(T?). In fact, the equality
qupw(jljl)f _ 1\711;\/(]'1]'1)]: + Y F
i=

makes sense if the series (5) converges absolutely, and its sum does not depend on a basis
{4i}72- It this case, we can write that

1;) F; = /T f(t, t)dt

but the integral on the right-hand side should be understood in a special way, since any
function f € Ly(T?) is defined up to a set of measure zero, while the set {(t,¢): t € T}
has measure zero (on the plane). This integral is equal to the expectation of the multiple
Stratonovich stochastic integral 5.7, /! £,

If j1 # j», then there is no such a problem, and the equality

SJVHW(]l]Z)f _ Ij%v(]l]Z)f a.s.

holds (“a.s.” means “almost surely” or “with probability 1”).
For stochastic integrals of multiplicity k = 3, the series

(o] [ee]
Z F111113' Z Fi1i2i1' Z Pi1i2iz
=0 i2=0

11—

can appear depending on values ji, j2, j3, where F ;,;, are expansion coefficients (3) of
f € Ly(T®), and the indices, over which the summation is not carried out, are parameters.

Under certain conditions, the following equalities

[e9) [0 9)

Z iiyiz — <I713// f (t,t,- dt) ’ Z iyipi; — (‘712// f e dt) ,
i] =0 L2 (T) i] =0 L2 (T)
2 iipiy — (%11/ f t t dt)
Ly(T)

i=0

hold.
The number of possible variants of such series increases with the multiplicity k. For ex-
ample, if k = 4, then it is required to consider the series

(o) o0
ZF11111314’ ZF11121114’ e ZFlllzlsls’ Z Fi1i1i3i3’ Z Flllzlllz' Z Pilizizil'

117 11 =0 137 il,i3:0 11 12 il,iZ:O

i1inisiy aTe expansion coefficients (3) of f € L, (T#), and the set of series is determined
by values j1, j2, j3, ja. Here the indices, over which the summation is not carried out, are
also parameters.

Such series appear only if some values among ji, .. ., ji are equal. In particular, for
k = 3 under condition j; = j, # j3, we need to consider only one series

Z Fllllls’

l]—

where F;

or for k = 4 under condition j; = j» # j3 = js, we need to consider only three series
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[ee] o0
2F1111l314' Y Fuiisize 3 Fuinisis:

i1=0 i3=0 i1,i3=0

Now we return to stochastic integrals of multiplicity k = 2. To establish convergence
conditions for the series (5), it is useful to apply the theory of trace class operators, but the
simplest example shows that we have to be careful. Indeed, consider the Volterra integral
operator V: Ly(T) — Ly(T) defined as

t
Ve(t) = /t ¢(7)dt = /T k(7, t)g(7)dT,
0
where k(t1,ty) = 1(t, — t1) is the kernel function.
It is known [22,23] that the operator V is not traceable, but it can be shown that the

property
T —ty

2

e

K =
=0

is satisfied for an arbitrary basis {g;}°, where

‘tz . .
Kiliz = (qil ®qisz)L2(T2) = /Tqiz(tz) /t qil(tl)dtldi’z, 11,ip =0,1,2,...
vt

Note that the specified sum of that series corresponds to the well-known relation for
It6 and Stratonovich stochastic integrals [3,24]:
T —ty

SJTVV(jljl)k _ IjT"‘f(flfl)k + —— as,

where

W(jrj1) e / HAW;, ( st(hh k = / t) o dW, (t),

and
j ]1]1 T —to ,
2
where E means the expectation operator that associates a random variable with its expected
value.
Nevertheless, it is possible to apply the theory of trace class operators by symmetriza-

tion of f € Lp(T?). Linear operators IJ (171) and SJ (171) have one useful property:
they can be considered on the set of equlvalence classes constructed by symmetrization.
In particular,

Ijq‘lf\/(]'lh)f _ ij(jljl)f* _ IjW(jlfl) (f),
sjqilf\/(jm f= st(hh)f _ (]1]1) (f),

where

Fritt) = flat), (fln ) = {220 [ 4/l h),

and expansion coefficients (4) do not change under condition i; = i, for such functions,
(-) is the symmetrization operator.
In fact, if (f) = (g), then

Iqulf\/(hjl)f _ IJTVV(fljl)g, qullf\/(hjl)f _ SJTW(jljl)g,

hence

Iijv(jljl)k _ IJ%V(]'U&)C/ SJTVV(jljl)k _ SJTVV(jljl)C,
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where ¢(t1,t2) = (k(t,t2)) = 1/2, and the linear operator with trivial kernel ¢ is traceable.
Iterated stochastic integrals can be represented by solutions to corresponding systems
of stochastic differential equations. For the integral

o ts rh
Iquv(h“‘]k)kw:/qr.../to /to 1(t)a(ta) - - Yr () dW), (01)dWj, (f2) ... AW, (K),

we have IJTW -k )]klp =X, (T), where 'X; is the component of the solution to the system
of Itd stochastic differential equations

d'X,(t) = ()X (AW, (1), 'Xi(to) =0, 1=1,...,k, (6)

and 'Xy(t) = 1.
Similarly, for the integral

o t3 rt2
SJ’JI‘W(]l.“]k)kw:./T”./tO ./to lpl(tl)lpz(tz)...lpk(tk)OdI/le(tl)Odez(tz)O...OdW]‘k(tk),

we have S.7;" (- )]k¢ = SX;(T), where 5X; is the component of the solution to the system
of Stratonovich stochastic differential equations

d5Xi(t) = ¢y (£)°Xp_1(t) 0 dW, (£), °Xi(to) =0, 1=1,...,k @)

and 5X;(t) = 1.
Note that for the system (6) we can derive the equivalent system of Stratonovich
stochastic differential equations

1
a'x(t) = =5 G (O (E) X a(B)dt + (1) ' X1 (£) 0 dW; (1), 'Xi(t0) =0,
and the system (7) can be transformed into the equivalent system of It6 stochastic differen-
tial equations

d5X(t) = %5]‘1,1]‘11/11—1(‘5)1/11(15) SX_o(t)dt + () SX;_1 (AW, (), 5Xi(to) = 0.

Here, in addition to above notations, we use the following: IX_(t) = SX_(t) = 0,
jo=0, (5]-171 i is the Kronecker delta.

The structure of obtained equations shows that the differences between It6 and Strato-
novich stochastic differential equations exist only when some values ji, . . ., jx with neigh-
boring indices are equal. And these differences form traces, which are sums of expansion

coefficients K;ﬁ ,, of the function ky given by the formula (2):

K;ﬁ_._ik =, ®... ®qik,]kxp)L2(Tk)
t3 t
:/Eqik(tk)lpk(tk)'”/t qiz(fz)ll’z(fz)/t 3i, (1) 1 (tr)dty ... dty, ®)

0 0
i,... i =0,1,2,...

Traces are formed only by summing over neighboring pairs of indices. If we assume
that possible parameters are fixed (all indices, over which the summation is not carried out,
are parameters), then it suffices to consider the following series:
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YKE (k=2), Y K. (k=4), ...,
i=0 i1,i3=0

[e9)

14 _
)3 Kiiisisin 1ip, (k=277 €N).

01,13,/ ik—1=0

The problem statement is to prove the absolute convergence of these series and
to express their sums as a functional depending on the weights 1, ..., ¢ € Lo(T).

Next sections present proofs of the absolute convergence of these series regardless
of a basis {g;}?°,. The main results are formulated separately for cases k = 2 and k = 27,
v € NN

3. Main Result for the Case k = 2

Consider the Hilbert-Schmidt operator F: Ly(T) — Ly(T) with the kernel f € L,(T?)
given by the relation (“a.e.” means “almost everywhere”)

x=Fg <= x(t) = /Tf('r,t)g(r)dr a.e.on T = [y, T].

This operator is the trace class operator [23,25] if there exist functions f, f € Ly (T?)
such that

F(t, ) = /T F(t,T) f(t,t2)dt, ff e Ly(T?). )

Conversely, if F is the trace class operator, then there exists a (nonunique) representa-
tion (9) for its kernel.
One of the simplest examples of trace class operators is the operator with the kernel

f(ti 1) = @(t)¥(t2), @9 € Lo(T). (10)

Here, it suffices to show that f can be represented by the equality (9). For this, we

assume that f(t1,t) = ¢(t1)/+/T — to and f(t1,t2) = ¥(t2)/+/T — to. Then

st = L9 [P ae — it gea).

Let S¢: L»(T?) — C(T?) be the averaging operator [23]:
1
flt ) = */ , , ,
S¢f(h, 1) v De(tl,tz)f(Tl 7)dTdt, €>0

where D;(t1,t2) = {(11, ) € T?: max{|t; — 1|, |t — |} < &}, i.e., S¢is a linear operator,
which associates a function f with a continuous function that has well-defined value at
each point (1, t,) as the average value of f on the square D¢ (t1,t;) C R? centered at this
point (f should be defined by zero outside the square T?). Then f(t1,t,) = f(t1,t2) a.e. on
T2, where
f =lmS¢f.
e—0

Theorem 1 ([23,25]). Let F: Lp(T) — Ly(T) be the trace class operator with the kernel f €
Lo(T?) and let {q;}52, be a basis of L, (T). Then

[ee]
tI']: = Z Fii = tI‘f, (11)
i=0
where F;;, are expansion coefficients (4) of f relative to the basis {q;, ® q;, }?10,1'2:0’ and

— 11 €
trf—ll_%/TS £(t, D)dt.
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Remark 1. The series in the relation (11) is called the trace of the operator F. It converges
absolutely, and its sum does not depend on a basis {q;}5.

Next, we prove two technical lemmas, after that we can formulate and prove one of
the main results.

Lemma 1. Operators with symmetric kernels

f(t1, ta) = 7" 851(ty — 1) + 151 (1 — 1), (12)
f(tr, ta) = 115t — 1) + 547"1 (1 — 1), (13)

wherem € Nandn € {0,1,2,... }, are trace class operators.

Proof of Lemma 1. Let f(t;,t2) = mt{t7 11(t; — t2) and f(t;, 1) = thl(tr — t;) with
m >1andl,n > —1/2. According to the representation (9), we have

f(t £) = mt " m—1 _ _ iyl min{f f2} m—1
1,t) = mtlty Ay 1(ty — 7)1(t, — T)dT = mtit, "t
B . tO

= #th min{#, 6} — B = £t — b))+ BTG — ) — .

The term ¢ t;lifl2 defines the trace class operator with the kernel (10). In addition, we
can restrict ourselves to conditions m € Nand ! = n € {0,1,2,...}, so the function (12)
defines the trace class operator.

Let f(t1,t2) = t11(ty — t1) and f(t1,t2) = mt" h1(t; — ), m > Land L,n > —1/2.
Using the representation (9), we obtain

T
f(ty,tp) = mtg’tlz/ T M (1 — t)1(T — b)dT = mt{’tlz/ " tdr
T

max{t,tp}
= T, — Eth max{tl', 15} = T"tth — 15 ™1 (t — 1) — £ b 1(H — o).

Similarly, the function (13) also defines the trace class operator, since the term T™ t? tl2
defines the trace class operator with the kernel (10). O

Lemma 2. Let A, y be polynomials. Then the operator F with the symmetric kernel

f(ti, t2) = A(t)pu(t2)1(tr — t1) + A(t2) u(t1)1(t — t2)

is the trace class operator.

Proof of Lemma 2. The operator G with the symmetric kernel

n

g(t, to) = t1521(ty — t1) + 5 4]21(ty — t2), m1,my =0,1,2,...,

is the trace class operator.
Indeed, for n; = ny we have the kernel g(t1, t5) = (t1t2)", which satisfies the condition
(10). For ny # ny, the required result follows from Lemma 1. For functions (12) and (13),
conditions m +n = ny > ny = nand n = n; < ny = m + n, respectively, should be satisfied.
The function f is represented as a linear combination of functions g, and it defines the
trace class operator F, since the space of trace class operators is linear [26]. [

Theorem 2. Let ¢, € Lo(T) and let {q;}°, be a basis of Ly(T). Then

E)/T @(t2)qi(t2) / ’ P(t1)q;(t)dtdty = %((Pr‘/’)LZ(T)- (14)

t
to
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Proof of Theorem 2. Define functions g, ¢* € L,(T?) as follows:

gt t2) = AMt)u(t2)1(ta — t1), g7 (t1, t2) = u(t)A(t2)1(t — t2) = g(t2, t1)-

Then their expansion coefficients G
are defined by the formula (4):

ii, and G}, relative to the basis {q;, ® g, }7;, o

t

2
Giviy, = (i, ® 4ip/ ) 1y(12) = /Tﬂ(fz)%(fz)/t A(t)qiy (t1)dhidty,
0
T
Giri, = (95, ® i, 8 )1y (12) = /T)\(fz)ﬂlil(tz)/t p(t)qi, (t1)dtrdta,
2

and for them the condition G
Let

= Gl-*2 i holds due to the symmetry, iy, i = 0,1,2,...

ipin

flti,t) = g(t, k) + 8 (1, 1) = g(t1, 1) + 8(ta, t1) = f(ta, 1), f € Lp(T?),

ie., f = (g), where (-) is the symmetrization operator. Then expansion coefficients F; ;, of

f are determined as

1i2

Filiz = Giliz + Gi*liz = Giliz + Gizil = Fizil and F; = 2G;j; for i=0,1,2,...

Moreover, we can write that

lim S°F(1,1) = A(Ou(t) and tef = [ AT = (1))

and this means that the equality (14) is equivalent to the relation (11), which holds for the
trace class operator F with some kernel f according to Theorem 1.

If A, y are polynomials, then the operator F: Ly(T) — Lp(T) with the kernel f is the
trace class operator according to Lemma 2, and an arbitrary function from L, (T) can be
approximated using polynomials (polynomials are dense in L, (T)).

Further, let ¢, € L,(T) and

¢ = nlg{}o Pn, Y= lim Py,

m—o0

where

n m
Pn = ZCDipi and ¢, = Z‘Pipi, n,me {0,1,2,...},
i=0 i=0

and ®;, ¥; are expansion coefficients of ¢, i relative to orthonormal Legendre polynomials
{Pi}fio, i.e., R N
@; = (P, @)ryr), ¥i= (P ¥)1,(1)-

Then we can establish the following equality for arbitrary n and m:
00 tZ
Y [/ Pn(t2)qi(t2) / Pm(t1)qi(tr)dtydt;
i=0 T to

T
+ [ i) [ gn(t)a(t)andts] = (gn pw)iym), (15)

where the series converges absolutely, and its sum does not depend on a basis {g;}$°,.
If we fix n in the equality (15), then it defines a bounded linear functional in L, (T),
which is given by the function ¢, (the trace of operator is also a bounded linear functional
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but in the space of trace class operators [26]). Letting m — co, we obtain a bounded linear
functional given by the function ¢:

Ii()[/T Pn(t2)qi(t2) /tzz P(t1)gq;i(t1)dtydty

+/T1lﬂ(t2)qi(fz)/t; Gﬂn(tl)qz'(fl)dfldtz] = (¢n, )1, (1)

Similarly, letting n — oo, we obtain the relation

5| [ otaata) [ pemeand + [ g [ glnd,

i=0 to
oY) t
-2} Jooteaitta) [ gt)atandt = (p,4)10m),

which proves the theorem. [

4. Main Result for the Case k = 2y fory € N
Define the Hilbert-Schmidt operator F: Ly(T?) — Lp(T7) with the kernel f €

Lo(T*), k = 27y for y € IN:
x=Fg <=

x(ty, b, ... ty) = /T7 flri ty, ... Ty, ty)8(T1, T2, .., Ty )dTy .. dTy ae.on T7 = [ty, T|7.

It is known [23,25] that if the function f is represented as
flt,. k) = /T7 ft, Tt b, T f (T b, Tty Ty )T Ty, (16)

where f, f € Ly(T¥), then F is the trace class operator.
Let S¢: Ly(T*) — C(T*) be the averaging operator [23]:

1
Sﬁf(tl,. . .,i’k) = @ /Dg(t]/m/tk) f(Tl, - ,Tk)dTl .. .di, e>0,

where De(t1,...,t) = {(7,...,%) € TF: maxi—;_x|t; — 5| < €}, ie, S is a linear
operator, which associates a function f with a continuous function that has well-defined
value at each point (t1, ..., ) as the average value of f on the hypercube D¢(ty,...,t) C
R¥ centered at this point (f should be defined by zero outside the hypercube T¥). In this
case, we have f(t1,...,ty) = f(t1,...,t) a.e. on T, where

F =lim 5°f.

e—0

Theorem 3 ([23,25]). Let F: Ly(T?) — Lp(T7) be the trace class operator with the kernel
f € Ly(T%) and let {g;}%, be a basis of Ly(T). Then

[e9)

tr F = Y. Fiiigisip iy =t S, (17)
i1,i3,0,ik—1=0
where F;, _; are expansion coefficients (3) of f relative to the basis {q;, ® ... ® Qik}?lo... =07 and

tr f = lim sz(tl, t1,t3,t3, ... b1, te1)dtdts .. dt_q.
e—=0.JTY
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i1,43,.- /lk 1=0

Remark 2.

1. The series in the relation (17) is the trace of the operator F. It converges absolutely, and its
sum does not depend on a basis {q;}5°,.

2. Obuviously, Theorem 1 is the particular case of Theorem 3.

3. There is the trace-oriented definition of the averaging operator S® [25]. However, the above
definition naturally agrees with the definition of the multiple Stratonovich stochastic integral
from [9,19], and the main results presented in this paper are directly related to such integrals.

Now we give the technical lemma and then formulate and prove a more general result
compared to Theorem 2.

Lemma 3. If the function f, € Ly(T?) defines the trace class operator F,: Lo(T) — Lo(T),
r=1,...,7, then the operator F : Ly(T7) — Ly(T7) with the kernel

i
f(tlr R tk) = Hfr(terlr t2r) (18)
r=1

is the trace class operator.

Proof of Lemma 3. Since F; is the trace class operator, for its kernel f, there exists a repre-
sentation (9), i.e.,

fr(01,02) = /Efr(@l/T)J?r(T/eZ)dTr fr/fr € LZ(TZ)/ r=1,...,7,

but then the representation (16) holds for the function f if

v v
ft,.o o) =[] Flta—1.tar), Fltr.oote) = [ fr(tarma, tor),

r=1 r=1
where f, f € Ly(T*). Hence, F is the trace class operator. []

Theorem 4. Let ; € Lo(T), I =1,...,k and let {q;}>, be a basis of Lo(T). Then

ts ty
/qlk ) e () - - /to qiz(tz)ll)z(fz)/to i, (t1)1(t)dty ... dty

11 i,.. rlk 1= lk
1
=5 (1 @Y ® . P, P2 O Ps @ DY)y (a1 (19)
where ATY = {(t1,...,t,) € TT: t; < ... <ty}.
Proof of Theorem 4. Define functions g, g; € L,(T?) as follows:
gr(01,02) = Ap(01)pr(02)1(02 — 01), g7 (61,02) = pr(01)Ar(02)1(61 — 02) = (62, 01),
and let

fi’(el/HZ) == g7(91192) +g:’<(61/92) = g7(61/92) +8r(62/61) == f7(02/6])/ r= 1/~ M

If A, i, are polynomials, then the operator F;: Lp(T) — Lp(T) with the kernel f, is the
trace class operator according to Lemma 2. Therefore, the operator F: Ly(T7) — Lp(T7)
with the kernel
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i v

flt b)) =[] frltar— tar) = [ [ (8 (far—1, tor) + &5 (t2r—1, t2r))
r=1 r=1

21
(8r(tar—1,tor) + &r(tor tor—1)) = Y, hp(tr, .. ti
-y

=

Il
-

r

is the trace class operator according to Lemma 3, where

v ¥
ho(tr, .- tk) = [ [ &r(tar—1, tar) = [ [ Ar(bor—1) pr(t2r) 1ty — tar—1), (20)
r=1 r=1

and for p = 1,...,27 — 1 the function h,, is obtained from &y by permutation of variables
in pairs (tp,_1, tp,) if the binary representation of p is (p, ... p1)2 and p, = 1. So, values
of f are not change by permutation of variables t;,_1 and tp,, r = 1,...,7, i.e, f is the
symmetrized function relatively pairs (t1,t2), (t3,t4), ..., (tk_1, t):

f=2(ho) =27(h,) Vpe{0,...,27 -1},

where (-) is the corresponding symmetrization operator.
Functions of type (20) allow to obtain an approximation to the function

Y
x(tl,..., )—y t,... Hl tr, —ty 1 yELz(Tk),
r=1
where, for example,
v—1

y(ty, - t) = pr(t) - e(ty) H (f2r41 — t2r)
=1(t) .. Pr(fe)1 (f3 —t2)1(ts —ta) ... U(tg1 — tx2),

and then x coincides with the function ky given by the formula (2), and its expansion
coefficients Kﬁ i satisfy the relation (8).
We can represent y as a product of two functions of 7y arguments:

o(t1, ta, ts,.. ) P(ta, t3,t6,...), @, € La(T7),

where the first function depends on variables t; for | = 43 — 3 and [ = 4, and the second
one depends on variables f; for | = 48 — 1 and | = 4 — 2, where § € IN under condition
I € {1,...,k}. Thus, we separate variables so that the list of arguments of each function
does not include both variables that form any pair (¢, t2), (t3,t4), ..., (tx_1, tr):

P1(t1) Pa(ta)Ps(ts)1(ts — ta) X .
ot tats,...) = X Pe—a(ti—a)Pr—3(tk—3)1 (B S_tk 4)Px(tk) foreveny
bt 1(t1)Pa(ta)Ps(ts)1(ts — tg) x .
X #’k—z(fk—z)ll’k—l(fk—l)l(tk 1— fk 2) for odd 7,
1/?2(152)1#3((1*3)1(;3—15%) ><) ( )
_ X Yo (te—2)Pr—1(te—1)1(fx—1 — tx—2 for even 7y
Yl tats...) = P2(t2)P3(ts)1(ts — £2) ¥
X P2 (tk—2) Pr—1(tk—1)1(tk—1 — tk—2) Px(tx) for odd 1.

Further, represent function ¢, ¢ € Ly(T) as

¢ = nlg'{}o Pn, Y= lim Py,

m—o0
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where
n m
=Y, P iP®. @b, pu= Y ¥y i B®..0P,
11,10y =0 i1,y =0
n,me {0,1,2,...},
and ®;,,...i,, iy, i, are expansion coefficients of ¢, ip relative to orthonormal Legendre

polynomials {P;}%, i.e.,
@i, i = (P ®... @B, 9) ), i, = (P @ @ P ) 1 1)
This implies that

y = lim lim yu, = hm 0 Yn, X = Iim lim x,;,;, = lim x,,
n—00 Mm—00 n—o00 m—o00 n—oo

where

Yam(t, .. tk) = @ulti, ta ts, .. )Pm(ta, ta te, ... ),
yn(tl,...,tk) = ¢n (tl,t4,t5,...)l[)(tz,tg,,t(,,...),

xnm(tll-nrt)—]/nm t1,... Hl oy — top— l
Y

xn(tlr--- ) Yn tl/ ot Hl toy — tor— 1
r=1

Moreover, for functions

fnm :27<xnm>/ fn :27<xn>/ f:27<x>/

we have
f=lim lim fu, = hm fn,

n—00 m—o0

since (-) is a linear bounded operator [23].

The function fy;; defines the trace class operator because x;; is the function of
type (20). Its expansion coefficients F;™; relative to the basis {9, ®...® qik}?lo,...,ikzo are
given by the formula (3):

qulmlk (‘71'1 ®...® qik’fnm)L2(’]Tk)’ i1, .. '/ik = O, 1, 2,. ..

Expansion coefficients X3, of x; can be similarly determined. According to both

the linearity and the symmetry, they are related to F;™; by

mm.o o =X,
11113130k _11k_1 iyiriziz...ig_1ik—1"

Since the convergence in the norm implies the weak convergence, expansion coeffi-
cients for limit functions can be defined as follows:

= lim lim . = lim F' ;,, X; ; = lim lim X", = lim X! |,
n—so0 m—oo - n—soo M-l Tole  pNoom—oo el pheo” Henlk”

Further, we can write that
él:gt% ngWWl(tlr f1,83, 83, tk1, tk*l) = (Pn(tl/ t3,..., tk*l)lpm(tll t3, ..., tk*l)'

tr fum = /m (T, T)Ym (T, )T ATy = (@0, P 1y (1),
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and in accordance with Theorem 3 we have the following equality for arbitrary n and m:

(e} (e}
nm _ nm _
o 2 Fiivisiy g qip s =2 2 Xihyisiyip_1ipy = (PrsPm) L, (T7)s (21)
i1,i3,...,0x_1=0 i1,i3,...,0k_1=

where the series converge absolutely, and their sums do not depend on a basis {g;}7 .
Similar relations hold for functions f, and f.

We can fix 7 in the equality (21). Then it defines a bounded linear functional in L (T7),
which is given by the function ¢, (the trace of operator is also a bounded linear functional
but in the space of trace class operators [26]). Letting m — oo, we obtain a bounded linear
functional given by the function ¢:

o (o]
n Y n —
o Z B i igigip qip g = 2 o Z X iyinizeip qip g = ((Pnrw)Lz(w)-
11,13,...,11(,]:0 11,13,...,lk,]:0

Letting n — oo, we obtain the following result:

(e} (e}
Z Fiiyigi..iy_qigy = 2 Z Xiyiyigig.niy_1ig1 = (q)'lP)Lz(TV)’
1143,/ —1=0 1143,/ —1=0
hence
[ee]
" 1

Y Kiihii, = 27/1r7 (..., t)¥(1,...,7)dn ... dg,

il,i3,.‘.,ik,1 =0

- 2% /]IW P1(m) () - - Y1 (Ty) e ()

X1 —1) (13— 1) ... 1(Ty — Ty—1)dT1 ... dTy
1
= 27(‘/“ P30 OP_1, P2 @ P4 ® .. O Yi) 1, (A1),

i.e., the theorem is proved. O

Remark 3.

1.  Atransition to symmetrized Volterra-type kernels is made in proving Theorems 2 and 4. The se-
ries in relations (14) and (19) converge regardless of a basis {q;}5 ), and as a consequence
they converge absolutely.

2 Certainly, Theorem 2 is the particular case of Theorem 4. Howeuver, it is useful to formulate
and prove Theorem 2 separately for two reasons. Firstly, for the case k = 2, the proof is more
simple, and it gives an idea of the proof in the general case. Secondly, this theorem is sufficient
for solving the trace convergence problem if we consider not multiple series but iterated ones,
for example,

KY... . . or ZZZK .
Z 2 Z 11191313 ... 1 1—1 X X 11191313 011 —1
1= 1=

il =0 i3=0 1 0 ik 0 13=0 11=0
instead of
o
KY. .. . ..
o Z 11191313 1 1—1
11,13,...,Zk_1=0

For solving the trace convergence problem with iterated series, it suffices to apply Theorem 2
iteratively. This approach seems appropriate for applications to iterated Stratonovich stochas-
tic integrals.

3. How the trace convergence problem is related to the definition of the multiple Stratonovich
stochastic integral is shown in [27].



Symmetry 2023, 15,1821 15 of 18

As an example, we can find the sum of series

()

2 Kﬂ1n2n3n4...nk71flk
e (11313 g —1lk—1 7
i1,13,...,ix_1=0

where Kzll?::snik Tjk lfk are expansion coefficients (8) of the function ky, .., given by the
formula (1) fork =2yand v € N, T = [0, 1].
Applying Theorem 4, we obtain
[ee]
Z e L
L - 111313 1 —11k—1
11,13,...,lk_1:0

1
= 27/[01]7 Tfl {1272 (. ..Tgk’lTskl(Tz—Tl)l(m—TZ)...1(T7—Tﬁ,_l)dTlde...dq

1 1 n + T3 T
— k—1TNk n3+ny ny+ny
= 2—7/0 Ty /0 T, /0 T dndt ...dT,,

and then we should integrate sequentially, i.e.,

[e0]

Z nnyngng...ng_1Mg
L. - 11111313 I —11k—1
123, k—1 =0

1

1 T T3
ny_1+n 1
T L R v
- 27(ny+np+1) 0 0
1

27(ny +np +1)(n1 +np + 13 + ng +2)

1 Ty
Ny n
x [ ettt s et 20 g g =
) ) v

12 /L -1
211(2 ”211+n21+1)> .

For the particular case 1 = ... = n; = 0 when ky, ., =k, we conclude that

ad 1
Z Riyivigiz.ciy_1ix 4 = 211

i1,i3,0nmip_1=0
where expansion coefficients K; ; ji,..i, iy, = K?{;ﬁs i 11 corresponds to the function
k = ]kO‘..Or 1.e.,

ZKZI - E :2/7: 1)/ Z Ki1i]i3i3 = 8 (k:417:2)/

11,13 =0

These values correspond to expectations of the simplest iterated Stratonovich stochas-
tic integrals of even multiplicities:

—_

ES Tk = E/ odW, (t) == (k=2),

2
ES jwmmm)k E / / / 8) 0 dW;, (8) 0 AW, (T) 0 dW;, (t) =

where ji,j3,... € {1,2,...,5} (j1 = j2,j3 = Ja, ... ), E means the expectation operator.
Next, we present some numerical results. In Table 1, partial sums of series



Symmetry 2023, 15, 1821

16 of 18

L-1 L-1
Y Ki (k=2), ) Kiipy (k=4)
i—0 i1,i3=0

are given under conditions that L = 4,8, ...,64 and the basis {g,}°, is chosen as follows:

1 fori=20
q:(t) = { 2cosimt for eveni > 0 (F)
V2sin(i+ 1)t for odd i,
1 fori=0
9i(t) = { V2cosint fori> 0, ©
gi(t) = V/2sin(i + 1)7t, (S)

i.e., we consider three cases: the Fourier basis, cosines (for expansion of even functions
in Fourier series), and sines (for expansion of odd functions in Fourier series). For k = 2
and for both bases (F) and (C), partial sums coincide with the exact value, since in this
case g is the constant function. Otherwise, partial sums approximate the corresponding
exact values.

Table 1. Partial sums of series.

Basis L=14 L=38 L=16 L =32 L=¢64 Exact
k=2
(F) 0.500000 0.500000 0.500000 0.500000 0.500000 1/2
©) 0.500000 0.500000 0.500000 0.500000 0.500000 1/2
S) 0.450316 0.474799 0.487351 0.493669 0.496834 1/2
k=4
(F) 0.101826 0.112996 0.118849 0.121881 0.123429 1/8
© 0.110621 0.118255 0.121733 0.123392 0.124202 1/8
S) 0.093084 0.107566 0.115893 0.120348 0.122650 1/8

Table 2 gives the estimates of the expectation of iterated Stratonovich stochastic
integrals SJ ]1] Yk and S(] (j 1]1]3]3)k under the same conditions. We use the following
partial sums of multiple random series for their simulation:

L-1 L
sj[w(hh ~ Y Kilizglgl]l)gi(z]l),

i1, i2:0
Sj[g\’ll(]]l]l]SB)k ~ 2 K11121314€( )éz(z )gl(s]S)gl(is)’
il,lz 13,14 0

where ¢ i(] ) are independent random variables having standard normal distribution for
i=0,1,2,... and j = j1, j3 (We assume that j; # j3). These estimates are obtained from 100
realizations of iterated Stratonovich stochastic integrals. Obviously, they correspond to
partial sums from Table 1.

Moreover, these numerical results together with data from [4,21] show that the Fourier
basis, which used for approximation of iterated Stratonovich stochastic integrals in the
Milstein method and then in the strong 1.5 order method [1,2] does not provide high
accuracy. This is noted in [3] based on a comparison the Fourier basis with Legendre
polynomials. However, the presented result indicates that trigonometric functions can be
effectively used for the approximation of iterated Stratonovich stochastic integrals, but it is
only necessary to restrict ourselves to cosines.
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Table 2. The estimates of the expectation of iterated Stratonovich stochastic integrals.

Basis L=4 L=38 L=16 L =32 L=64 Exact
k=2
(F) 0.499867 0.499904 0.499622 0.500227 0.499657 1/2
© 0.499242 0.499384 0.499971 0.499813 0.500034 1/2
S) 0.449581 0.474902 0.486190 0.494549 0.496971 1/2
k=4
(F) 0.101850 0.113372 0.118709 0.121523 0.123627 1/8
© 0.110726 0.118727 0.121476 0.123099 0.124747 1/8
S) 0.093502 0.107255 0.115730 0.120210 0.122978 1/8

5. Conclusions

In this paper, one variant of the trace convergence problem is solved. This problem
is to prove the absolute convergence of traces that are formed by summing the expansion
coefficients of factorized Volterra-type functions. Here we restrict ourselves to summing
over neighboring pairs of indices only, assuming that this is sufficient. Solving the trace
convergence problem involves the theory of trace class operators for symmetrized Volterra-
type kernels. In general, i.e., for all square-integrable functions, this problem has no
solution. Therefore, it is required to reduce the class of functions.

The main application of the presented results is related to the mean-square approxima-
tion of iterated Stratonovich stochastic integrals, which are used to implement numerical
methods for solving stochastic differential equations based on the Taylor-Stratonovich ex-
pansion. In addition, these results can be relevant to other stochastic integrals with similar
properties. For example, the obtained results can be applied to iterated Ogawa stochastic
integrals [28], since they also require the representation of factorized Volterra-type functions
as the orthogonal series.
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