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1. Introduction

As a result of Euler and Heine’s pioneering work, Frank Hilton Jackson developed
q-calculus in a systematic manner at the beginning of the previous century. In his work,
Jackson systematically developed the concepts of the q-derivative (Jackson [1]), as well
as the q-integral (Jackson [2]). Calculus without limits is called q-calculus. Due to its
applications in mathematics, mechanics, and physics, symmetric q-calculus is experiencing
rapid growth. Ismail et al. [3] were the first to apply q-calculus to geometric function
theory (GFT) by generalizing the set of starlike functions into q-analogs, called q-starlike
functions. Several authors have extensively investigated the q-difference operator in GFT
based on the same idea. Some recent works related to this operator on analytic functions
include [4–22]. Several properties of certain analytic multivalent functions are considered
in this paper using the q-analog of the Sălăgean differential operator. Let Ap(j) denote the
class of functions that have the form

f (z) = zp +
∞

∑
l=p+j

alzl , (p, j ∈ N := {1, 2, . . . }), (1)

that are analytic in the open unit disc E = {z ∈ C : |z| < 1}. Let A = A1(1). In [1,2], the
q-derivative operator ∂q of a function f was defined by Jackson as follows:

∂q f (z) =

{
f (qz)− f (z)
(q−1)z (z 6= 0),

f
′
(0) (z = 0).

(2)

For a function f (z) ∈ Ap(j), we deduce that

∂q f (z) = [p]qzp−1 +
∞

∑
l=2

[l]qalzl−1, (3)
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where

[l]q =
1− ql

1− q
.

As q→ 1−, [l]q → l. Jackson [1] introduced the q-integral

z∫
0

f (t)dqt = z(1− q)
∞

∑
l=0

ql f (zql),

as long as the series converges. For a function f (z) = zl , one can observe that

z∫
0

f (t)dqt =
z∫

0

tldqt =
1

[l + 1]q
zl+1 (l 6= −1).

For a function f (z) ∈ Ap(j), El-Qadeem and Mamon [23] defined the p-valent q-
Sălăgean operator by

D0
p,q f (z) = f (z),

D1
p,q f (z) = Dp,q f (z) =

z∂q f (z)
[p]q

= zp +
∞

∑
l=p+j

al
[l]q
[p]q

zl ,

D2
p,q f (z) = Dp,q

(
Dp,q f (z)

)
= zp +

∞

∑
l=p+j

al

(
[l]q
[p]q

)2

zl ,

therefore,

Dn
p,q f (z) = Dp,q

(
Dn−1

p,q f (z)
)
= zp +

∞

∑
l=p+j

al

(
[l]q
[p]q

)n

zl . (4)

When p = 1, the q-Sălăgean operator was introduced by Govindaraj and Sivasubra-
manian [24]. The q-shifted factorial, see [25], is defined for a ∈ C by

(a; q)n =

{
1 if n = 0,

(1− a)(1− aq)(1− aq2) . . . (1− aqn−1), if n ∈ N = {1, 2, . . .},

let (a; q)∞ =
∞
∏

n=0
(1− aqn). Recalling the q-analog definitions given by Gasper and Rah-

man [26], the q-Gamma function is given by

Γq(z) =
(q, q)∞
(qz, q)∞

(1− q)1−z (0 < q < 1),

and the q-binomial expansion is given by

(x− y)ν = xν
( y

x
, q
)

ν
= xν

∞

∏
n=0

1−
( y

x
)
qn

1−
( y

x
)
qn+ν

.

For functions f and g analytic in E, one can say that f is subordinate to g, written
as f ≺ g or f (z) ≺ g(z) (z ∈ E), if there exists a Schwarz function ω, that is analytic in
E with ω(0) = 0, |ω(z)| < 1 and f (z) = g(ω(z)) (z ∈ E). In addition, if the function g is
univalent in E, then the following equivalence will occur

f (z) ≺ g(z)⇔ f (0) ≺ g(0),
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and
f (E) ⊂ g(E).

For functions f j(z) = ∑∞
l=0 al,jzl (j = 1, 2) analytic in E, the Hadamard product (or

convolution) of f1(z) and f2(z) is defined by

( f1 ∗ f2)(z) =
∞

∑
l=0

al,1al,2zl = ( f2 ∗ f1)(z) (z ∈ E).

A function f ∈ A is convex, if and only if f (E) is a convex domain. We denote this
subclass of A by K. Analytically, a function f ∈ A belongs to the class K if and only if

<
{

1 +
z f
′′
(z)

f ′(z)

}
> 0 (z ∈ E).

The proof can be found in [27]. A similar characterization can be made for the class S∗

of functions starlike in E. A function f ∈ A belongs to the class S∗ if and only if

<
{

z f
′
(z)

f (z)

}
> 0 (z ∈ E).

More details on the classes of starlike and convex functions can be found in [28,29].
A univalent function f : E → Ĉ = C ∪ {∞} is said to be concave if the complement Ĉ\ f
is convex (functions mapping on the exterior of a convex curve). An analytic, univalent
function f ∈ A is said to be in the class Co(α), if it is concave, satisfies f (1) = ∞ with an
opening angle of f (E) at ∞ less than or equal to απ with α ∈ (1, 2]. Due to the similarity
with convex functions, sometimes the inequality

<
{

1 +
z f
′′
(z)

f ′(z)

}
< 0 (z ∈ E),

is also used as a definition for concave functions (see e.g., [30]) see also, Avkhadiev et al. [31],
Cruz and Pommerenke [32], and the references within. Recently, Nishiwaki and Owa [33]
defined and studied the subclassesM(β) and N (β) of A as follows: for some β(β > 1),
letM(β) be the subclass of A consisting of functions f (z), which satisfy

<
{

z f
′
(z)

f (z)

}
< β (z ∈ E) ,

let N (β) be the subclass of A consisting of functions f (z), which satisfy

<
{

1 +
z f
′′
(z)

f ′(z)

}
< β (z ∈ E),

(see [33–36]). With the use of the differential operator Dn
p,q, we introduce class Ap,q(n, j, β),

which generalizes the above-mentioned classesM(β) and N (β).

Definition 1. We say that a function f (z) ∈ Ap(j) belongs to the class Ap,q(n, j, β), if it satisfies
the condition

<
{

z∂q(Dn
p,q f (z))

Dn
p,q f (z)

}
< β (z ∈ E), (5)

where n ∈ N0 = N∪ {0}, p ∈ N, β > [p]q, and 0 < q < 1.



Symmetry 2023, 15, 93 4 of 13

As f (z) = zp belongs to the class Ap,q(n, j, β), it is not empty. Ap,q(n, j, β) generalizes
the classesM(β) and N (β) as follows

Remark 1. 1. lim
q→1
A1,q(0, 1, β) =M(β);

2. lim
q→1
A1,q(1, 1, β) = N (β).

In this paper, we derive some interesting subordination results, coefficient inequalities,
and various distortion theorems involving fractional q-calculus operators for functions in
the class Ap,q(n, j, β). Moreover, some special cases are also indicated.

2. Coefficient Estimates

Theorem 1. If f (z) ∈ Ap(j) satisfies the condition

∞

∑
l=p+j

(
[l]q
[p]q

)n(
[l]q − [p]q +

∣∣∣[l]q + [p]q − 2β
∣∣∣)|al | ≤ 2

(
β− [p]q

)
, (6)

for some β
(

β > [p]q
)

; n ∈ N0,then f (z) ∈ Ap,q(n, j, β).

Proof. Let condition (6) be true. Then, we have

∣∣∣∣∣∣∣
z∂q(Dn

p,q f (z))
Dn

p,q f (z) − [p]q
z∂q(Dn

p,q f (z))
Dn

p,q f (z) −
(

2β− [p]q
)
∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣∣
∞
∑

l=p+j
al

(
[l]q
[p]q

)n(
[l]q − [p]q

)
zl

−2
(

β− [p]q
)

zp +
∞
∑

l=p+j
al

(
[l]q
[p]q

)n(
[l]q + [p]q − 2β

)
zl

∣∣∣∣∣∣∣∣∣
≤

|z|p+j ∞
∑

l=p+j
|al |
(

[l]q
[p]q

)n
([l]q − [p]q)

2
(

β− [p]q
)
− |z|p+j ∞

∑
l=p+j

|al |
(

[l]q
[p]q

)n∣∣∣[l]q + [p]q − 2β
∣∣∣

≤

∞
∑

l=p+j
|al |
(

[l]q
[p]q

)n(
[l]q − [p]q

)
2
(

β− [p]q
)
−

∞
∑

l=p+j
|al |
(

[l]q
[p]q

)n∣∣∣[l]q + [p]q − 2β
∣∣∣

the last expression is bounded above by 1 if

∞

∑
l=p+j

(
[l]q
[p]q

)n(
[l]q − [p]q +

∣∣∣[l]q + [p]q − 2β
∣∣∣)|al | ≤ 2

(
β− [p]q

)
.

This completes the proof of Theorem 1.

Remark 2. Letting p = 1, q → 1, and n = 1 in Theorem 1, we obtain the result obtained by
Nishwaki and Owa [33].



Symmetry 2023, 15, 93 5 of 13

Corollary 1. If f (z) ∈ Ap(j) satisfies the condition

∞

∑
l=p+j

(
[l]q
[p]q

)n(
[l]q − β

)
|al | ≤

(
β− [p]q

)
,

for some β

(
[p]q ≤ β <

[p+j]q+[p]q
2

)
; n ∈ N0, then f (z) ∈ Ap,q(n, j, β).

Proof. Since ([l]q + [p]q − 2β) is an increasing function of l(l ≥ p + j), we have

[l]q + [p]q − 2β ≥ 0 i f [p + j]q + [p]q − 2β ≥ 0,

or

β ≤
[p + j]q + [p]q

2
.

3. Subordination Results

Definition 2 ([37]). A sequence {bl}∞
l=1 of complex numbers is said to be subordinating factor

sequence if, whenever f (z) = z + ∑∞
l=2 alzl , a1 = 1 is analytic, univalent, and convex in E,

we have
∞

∑
l=1

blalzl ≺ f (z) (z ∈ E).

Lemma 1 ([37]). The sequence {bl}∞
l=1 is subordinating factor sequence if and only if

<
(

1 + 2
∞

∑
l=1

blzl

)
> 0 (z ∈ E).

Let A∗p,q(n, j, β) denoted the class of functions f (z) ∈ Ap(j) whose coefficients satisfy
the condition (6).

Theorem 2. Let f (z) ∈ A∗p,q(n, j, β), g(z) ∈ K, and

ε =

(
[p+j]q
[p]q

)n(
qp[j]q +

∣∣∣[p + j]q + [p]q − 2β
∣∣∣)

2
{(

[p+j]q
[p]q

)n(
qp[j]q +

∣∣∣[p + j]q + [p]q − 2β
∣∣∣)+ (β− [p]q

)} ,

then (
εz1−p f (z)

)
∗ g(z) ≺ g(z) (z ∈ E), (7)

and

<
(

f (z)
zp−1

)
>
−1
2ε

. (8)

The constant (
[p+j]q
[p]q

)n(
qp[j]q +

∣∣∣[p + j]q + [p]q − 2β
∣∣∣)

2
{(

[p+j]q
[p]q

)n(
qp[j]q +

∣∣∣[p + j]q + [p]q − 2β
∣∣∣)+ (β− [p]q

)} ,

is the best estimate.
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Proof. Let f (z) ∈ A∗p,q(n, j, β), and let g(z) = z + ∑∞
l=2 clzl belong to the subclass K. Then

(
εz1−p f (z)

)
∗ g(z) =

∞

∑
l=1

blclzl (z ∈ E),

where

bl =


ε (l = 1),
0 (2 ≤ l ≤ j),

εap+l−1 (l ≥ j + 1).

Hence, by using Definition 2, the subordination result (7) will be true, if {bl}∞
l=1 is the

subordinating factor sequence. Since

Ψ(l) =

(
[l]q
[p]q

)n(
[l]q − [p]q +

∣∣∣[l]q + [p]q − 2β
∣∣∣), (9)

is an increasing function of l(l ≥ j + 1), we have

<
{

1 + 2
∞

∑
l=1

blzl

}
= <

{
1 + 2εz + 2

∞

∑
l=j+1

blzl

}

= <

1 +

(
[p+j]q
[p]q

)n(
qp[j]q +

∣∣∣[p + j]q + [p]q − 2β
∣∣∣){(

[p+j]q
[p]q

)n(
qp[j]q +

∣∣∣[p + j]q + [p]q − 2β
∣∣∣)+ (β− [p]q

)} z

+
1{(

[p+j]q
[p]q

)n(
qp[j]q +

∣∣∣[p + j]q + [p]q − 2β
∣∣∣)+ (β− [p]q

)}
×

∞

∑
l=j+p

(
[p + j]q
[p]q

)n(
qp[j]q +

∣∣∣[p + j]q + [p]q − 2β
∣∣∣)alzl+1−p

}

≥ <

1−

(
[p+j]q
[p]q

)n(
qp[j]q +

∣∣∣[p + j]q + [p]q − 2β
∣∣∣){(

[p+j]q
[p]q

)n(
qp[j]q +

∣∣∣[p + j]q + [p]q − 2β
∣∣∣)+ (β− [p]q

)} r

−
∞

∑
l=j+p

(
[l]q
[p]q

)n(
[l]q − [p]q +

∣∣∣[l]q + [p]q − 2β
∣∣∣)(

[p+j]q
[p]q

)n(
qp[j]q +

∣∣∣[p + j]q + [p]q − 2β
∣∣∣)+ (β− [p]q

) |al |rj+1


Thus, by using Theorem 1, and Lemma 1 we deduce that

<
{

1 + 2
∞

∑
l=1

blzk

}

≥ 1−

(
[p+j]q
[p]q

)n(
qp[j]q +

∣∣∣[p + j]q + [p]q − 2β
∣∣∣)r{(

[p+j]q
[p]q

)n(
qp[j]q +

∣∣∣[p + j]q + [p]q − 2β
∣∣∣)+ (β− [p]q

)}

−

(
β− [p]q

)
{(

[p+j]q
[p]q

)n(
qp[j]q +

∣∣∣[p + j]q + [p]q − 2β
∣∣∣)+ (β− [p]q

)} r

> 0.
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This proves the subordination result (7). Letting g(z) = z
1−z = ∑∞

l=1 zl (z ∈ E) in (7),
we easily get the result (8).

Theorem 3. Let f (z) be in the class A∗p,q(n, j, β), defined by (1). Then for |z| = r < 1, we have [p]q!

[p−m]q!
−

2
(

β− [p]q
)

[p+j]q !
[p+j−m]q ! r

j(
[p+j]q
[p]q

)n{
[p + j]q − [p]q +

∣∣∣[p + j]q + [p]q − 2β
∣∣∣}
rp−m

≤
∣∣∣∂m

q ( f (z))
∣∣∣ ≤ [p]q!

[p−m]q!
+

2
(

β− [p]q
)

[p+j]q !
[p+j−m]q ! r

j(
[p+j]q
[p]q

)n{
[p + j]q − [p]q +

∣∣∣[p + j]q + [p]q − 2β
∣∣∣}
rp−m.

The result is sharp for the function f (z) given by

f (z) = zp +
2
(

β− [p]q
)

[p+j]q !
[p+j−m]q !(

[p+j]q
[p]q

)n{
[p + j]q − [p]q +

∣∣∣[p + j]q + [p]q − 2β
∣∣∣} zp+j. (10)

Proof. Since Ψ(l) given by (9) is an increasing function of l(l ≥ j + 1), Theorem 1 gives(
[p + j]q
[p]q

)n(
[p + j]q − [p]q +

∣∣∣[p + j]q + [p]q − 2β
∣∣∣) ∞

∑
l=p+j

|al |

≤
∞

∑
l=p+j

(
[l]q
[p]q

)n(
[l]q − [p]q +

∣∣∣[l]q + [p]q − 2β
∣∣∣)|al | ≤ 2

(
β− [p]q

)
.

That is

∞

∑
l=p+j

|al | ≤
2
(

β− [p]q
)

(
[p+j]q
[p]q

)n(
[p + j]q − [p]q +

∣∣∣[p + j]q + [p]q − 2β
∣∣∣) . (11)

The mth q-derivative of the functions f (z) ∈ Ap(j) is given by

∂m
q ( f (z)) =

[p]q!

[p−m]q!
zp−m +

∞

∑
l=p+j

[l]q!

[l −m]q!
alzl−m,

then we have∣∣∣∂m
q ( f (z))

∣∣∣ ≥ [p]q!

[p−m]q!
|z|p−m −

∞

∑
l=p+j

[l]q!

[l −m]q!
|al ||z|l−m

≥
[p]q!

[p−m]q!
rp−m − rp+j−m

[p + j]q!

[p + j−m]q!

∞

∑
l=p+j

|al |

≥

 [p]q!

[p−m]q!
−

2
(

β− [p]q
)

[p+j]q !
[p+j−m]q ! r

j(
[p+j]q
[p]q

)n(
[p + j]q − [p]q +

∣∣∣[p + j]q + [p]q − 2β
∣∣∣)
rp−m,
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and ∣∣∣∂m
q ( f (z))

∣∣∣ ≤ [p]q!

[p−m]q!
|z|p−m +

∞

∑
l=p+j

[l]q!

[l −m]q!
|al ||z|l−m

≤
[p]q!

[p−m]q!
rp−m +

[p + j]q!

[p + j−m]q!
rp+j−m

∞

∑
l=p+j

|al |

≤

 [p]q!

[p−m]q!
+

2
(

β− [p]q
)

[p+j]q !
[p+j−m]q ! r

j(
[p+j]q
[p]q

)n(
[p + j]q − [p]q +

∣∣∣[p + j]q + [p]q − 2β
∣∣∣)
rp−m.

Putting m = 0 in Theorem 3 we have the following corollary

Corollary 2. Let f (z) defined by (1) be in the class A∗p,q(n, j, β).Then for |z| = r < 1, we have

| f (z)| ≥

1−
2
(

β− [p]q
)

rj(
[p+j]q
[p]q

)n{
[p + j]q − [p]q +

∣∣∣[p + j]q + [p]q − 2β
∣∣∣}
rp,

and

| f (z)| ≤

1 +
2
(

β− [p]q
)

rj(
[p+j]q
[p]q

)n{
[p + j]q − [p]q +

∣∣∣[p + j]q + [p]q − 2β
∣∣∣}
rp.

This result is sharp.

4. Application of q-Fractional Calculus Operators

Let the function f (z) be defined by (1). Then the q-Bernardi integral operator J q
c,p is

given by

J q
c,p f (z) =

[c + p]q
zc

∫ z

0
tc−1 f (z)dqt = zp +

∞

∑
l=p+j

[c + p]q
[c + l]q

alzl (c > −p), (12)

this operator introduced by El-Qadeem and Mamon [23] (see also [17,38]). For f (z) ∈ Ap(j),
we define the following q-fractional calculus operators given by Purohit and Raina [39,40].

Definition 3. The fractional q-integral operator of order m(m > 0) is defined, for a function f , by

Ω−m
q,z f (z) =

1
Γq(m)

∫ z

0
(z− qt)m−1 f (t)dqt,

where f is analytic in a simply-connected region of the z-plane containing the origin and the function
(z− qt)−m is single-valued when

∣∣∣arg(−−tqm

z )
∣∣∣ < π,

∣∣∣ tqm

z )
∣∣∣ < 1 and |arg z| < π.

Definition 4. The fractional q-derivative operator of order m is defined, for a function f , by

Ωm
q,z( f (z)) =

1
Γq(1−m)

∂q

∫ z

0
(z− qt)−m f (t)dqt (1 > m ≥ 0),

where f suitably constrained and removing the multiplicity of (z− qt)−m as in Definition 3 above.
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Remark 3. From Definitions 3 and 4, we see that

Ωm
q,zzγ =

Γq(γ + 1)
Γq(γ−m + 1)

zγ−m (m ≥ 0, γ > −1),

Ω−m
q,z zγ =

Γq(γ + 1)
Γq(γ + m + 1)

zγ+m (m > 0, γ > −1).

This gives that, for f (z) ∈ Ap(j),

Ω−m
q,z f (z) =

Γq(p + 1)
Γq(p + 1 + m)

zp+m +
∞

∑
l=p+j

Γq(l + 1)
Γq(l + 1 + m)

alzl+m, (13)

and

Ωm
q,z f (z)) =

Γq(p + 1)
Γq(p + 1−m)

zp−m +
∞

∑
l=p+j

Γq(l + 1)
Γq(l + 1−m)

alzl−m. (14)

Using the formulas (13), (14), and (12), we have

Ω−m
q,z (J q

c,p f (z)) =
Γq(p + 1)

Γq(p + 1 + m)
zp+m +

∞

∑
l=p+j

[c + p]q
[c + l]q

Γq(l + 1)
Γq(l + 1 + m)

alzl+m, (15)

Ωm
q,z(J

q
c,p f (z)) =

Γq(p + 1)
Γq(p + 1−m)

zp−m +
∞

∑
l=p+j

[c + p]q
[c + l]q

Γq(l + 1)
Γq(l + 1−m)

alzl−m, (16)

J q
c,p(Ω−m

q,z f (z)) =
[c + p]q

[c + p + m]q

Γq(p + 1)
Γq(p + 1 + m)

zp+m

+
∞

∑
l=p+j

[c + p]q
[c + l + m]q

Γq(l + 1)
Γq(l + 1 + m)

alzl+m, (17)

and

J q
c,p(Ωm

q,z f (z)) =
[c + p]q

[c + p−m]q

Γq(p + 1)
Γq(p + 1−m)

zp−m

+
∞

∑
l=p+j

[c + p]q
[c + l −m]q

Γq(l + 1)
Γq(l + 1−m)

alzl−m. (18)

Here, we investigate the distortion properties of functions in the class A∗p,q(n, j, β)

involving the operators J q
q,z, Ω−m

q,z , and Ωm
q,z.

Theorem 4. Let f (z) be in the class Ap,q(n, j, β), defined by (1). Then for |z| = r < 1, we have

∣∣∣Ω−m
q,z (J q

c,p f (z))
∣∣∣ ≥ { Γq(p + 1)

Γq(p + 1 + m)
− Υc,j,m

p,q (n, β)|z|j
}
|z|p+m, (19)

∣∣∣Ω−m
q,z (J q

c,p f (z))
∣∣∣ ≤ { Γq(p + 1)

Γq(p + 1 + m)
+ Υc,j,m

p,q (n, β)|z|j
}
|z|p+m, (20)

where

Υc,j,m
p,q (n, β) =

[c + p]q
[c + p + j]q

2Γq(p + j + 1)(β− [p]q)

Γq(p + j + 1 + m)

(
[p+j]q
[p]q

)n{
[p + j]q − [p]q +

∣∣∣[p + j]q + [p]q − 2β
∣∣∣} ,
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(0 ≤ m < 1, c > −p, p ∈ N). Each of the assertions are sharp for f given by (10).

Proof. By using (11) and (15), we have

∣∣∣Ω−m
q,z (J q

c,p f (z))
∣∣∣ ≥ Γq(p + 1)

Γq(p + 1 + m)
|z|p+m −

∞

∑
l=p+j

[c + p]q
[c + l]q

Γq(k + 1)
Γq(l + 1 + m)

|al ||z|l+m

≥
Γq(p + 1)

Γq(p + 1 + m)
|z|p+m −

[c + p]q
[c + p + j]q

Γq(p + j + 1)
Γq(p + j + 1 + m)

|z|p+j+m
∞

∑
l=p+j

|al |

≥
{

Γq(p + 1)
Γq(p + 1 + m)

− Υc,j,m
p,q (n, β)|z|j

}
|z|p+m,

where

Υc,j,m
p,q (n, β) =

[c + p]q
[c + p + j]q

2Γq(p + j + 1)(β− [p]q)

Γq(p + j + 1 + m)

(
[p+j]q
[p]q

)n{
[p + j]q − [p]q +

∣∣∣[p + j]q + [p]q − 2β
∣∣∣} .

Similarly, using (15) and (11) we have∣∣∣Ω−m
q,z (J q

c,p f (z))
∣∣∣ ≤ { Γq(p + 1)

Γq(p + 1 + m)
+ Υc,j,m

p,q (n, β)|z|j
}
|z|p+m.

Thus, the proof of the theorem is completed.

Theorem 5. Let f (z) be in the class Ap,q(n, j, β), defined by (1). Then for |z| = r < 1, we have

∣∣∣Ωm
q,z(J

q
c,p f (z))

∣∣∣ ≥ { Γq(p + 1)
Γq(p + 1−m)

−Θc,j,m
p,q (n, β)|z|j

}
|z|p−m, (21)

∣∣∣Ωm
q,z(J

q
c,p f (z))

∣∣∣ ≤ { Γq(p + 1)
Γq(p + 1−m)

+ Θc,j,m
p,q (n, β)|z|j

}
|z|p−m, (22)

where

Θc,j,m
p,q (n, β)

=
[c + p]q

[c + p + j]q

2Γq(p + j + 1)(β− [p]q)

Γq(p + j + 1−m)

(
[p+j]q
[p]q

)n{
[p + j]q − [p]q +

∣∣∣[p + j]q + [p]q − 2β
∣∣∣} .

According to (10), each assertion is sharp.

Proof. Using (11) and (16), the assertions (21) and (22) of Theorem 5 can now be proved
similarly to Theorem 4.

Theorem 6. Let f (z) be in the class Ap,q(n, j, β), defined by(1). Then for |z| = r < 1, we have

∣∣∣J q
c,p(Ω−m

q,z f (z))
∣∣∣ ≥ { [c + p]q

[c + p + m]q

Γq(p + 1)
Γq(p + 1 + m)

−Λc,j,m
p,q (n, β)|z|j

}
|z|p+m

∣∣∣J q
c,p(Ω−m

q,z f (z))
∣∣∣ ≤ { [c + p]q

[c + p + m]q

Γq(p + 1)
Γq(p + 1 + m)

+ Λc,j,m
p,q (n, β)|z|j

}
|z|p+m,

where



Symmetry 2023, 15, 93 11 of 13

Λc,j,m
p,q (n, β) =

[c + p]q
[c + p + j]q

2Γq(p + j + 1)(β− [p]q)

Γq(p + j + 1 + m)

(
[p+j]q
[p]q

)n{
[p + j]q − [p]q +

∣∣∣[p + j]q + [p]q − 2β
∣∣∣} ,

(m > 0, c > −p, p ∈ N). The result is sharp for the function f given by (10).

Proof. We only prove the first inequality. The argument for the second inequality is similar
and hence omitted. Using (17) and (11), we have∣∣∣J q

c,p(Ω−m
q,z f (z))

∣∣∣
≥

[c + p]q
[c + p + m]q

Γq(p + 1)
Γq(p + 1 + m)

|z|p+m −
[c + p]q

[c + p + j + m]q

Γq(p + j + 1)
Γq(p + j + 1 + m)

|z|p+j+m
∞

∑
l=p+j

|al |

≥
[c + p]q

[c + p + m]q

Γq(p + 1)
Γq(p + 1 + m)

|z|p+m

−
[c + p]q

[c + p + j + m]q

2Γq(p + j + 1)|z|p+j+m(β− [p]q)

Γq(p + j + 1 + m)

(
[p+j]q
[p]q

)n{
[p + j]q − [p]q +

∣∣∣[p + j]q + [p]q − 2β
∣∣∣}

=

{
[c + p]q

[c + p + m]q

Γq(p + 1)
Γq(p + 1 + m)

−Λc,j,m
p,q (n, β)|z|j

}
|z|p+m,

where

Λc,j,m
p,q (n, β) =

[c + p]q
[c + p + j]q

2Γq(p + j + 1)(β− [p]q)

Γq(p + j + 1 + m)

(
[p+j]q
[p]q

)n{
[p + j]q − [p]q +

∣∣∣[p + j]q + [p]q − 2β
∣∣∣} .

Theorem 7. Let f (z) be in the class Ap,q(n, j, β), defined by (1). Then for |z| = r < 1, we have

∣∣∣J q
c,p(Ωm

q,z f (z))
∣∣∣ ≥ { [c + p]q

[c + p−m]q

Γq(p + 1)
Γq(p + 1−m)

−Φc,j,m
p,q (n, β)|z|j

}
|z|p−m,

∣∣∣J q
c,p(Ωm

q,z f (z))
∣∣∣ ≤ { [c + p]q

[c + p−m]q

Γq(p + 1)
Γq(p + 1−m)

+ Φc,j,m
p,q (n, β)|z|j

}
|z|p−m,

where

Φc,j,m
p,q (n, β)

=
[c + p]q

[c + p + j]q

2Γq(p + j + 1)(β− [p]q)

Γq(p + j + 1 + m)

(
[p+j]q
[p]q

)n{
[p + j]q − [p]q +

∣∣∣[p + j]q + [p]q − 2β
∣∣∣} ,

(0 ≤ m < 1, c > −p, p ∈ N). Each of the assertions are sharp for f given by (10).

Proof. As the same manner in proving Theorem 6, we can easily deduce the proof of
this theorem.

5. Conclusions

Quantum calculus is classical calculus without limits. The field of q-calculus has
recently attracted researchers’ attention. Its application in various branches of mathematics
and physics is responsible for this extraordinary interest. Jackson [1,2] was one of the first
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to define the q-analog to derivative the integral operators and provide some applications for
them. Numerous subclasses of normalized analytic functions in the open symmetric unit
disc associated with q-derivatives have already been investigated in geometric function
theory. Using the Sălăgean q-difference operator, we introduce a new class of analytic p-
valent functions in the open symmetric unit disc. Several subordination results, coefficient
inequalities, fractional q-calculus applications, and distortion theorems are also presented.
The paper also generalizes some known results. For future work, we can study some new
classes of analytic p-valent functions in the open symmetric unit disc in the same way.
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4. Lupas, A.A. Applications of the q-Sălăgean differential operator involving multivalent functions. Axioms 2022, 11, 512. [CrossRef]
5. Aldweby, H.; Darus, M. Some subordination results on-analogue of Ruscheweyh differential operator. Abstr. Appl. Anal. 2014,

2014, 6. [CrossRef]
6. Aldweby, H.; Darus, M. A Note On q-Integral Operators, Electron. Notes Discret. Math. 2018, 67, 25–30. [CrossRef]
7. Ali, E.E.; Lashin, A.Y.; Albalahi, A.M. Coefficient estimates for some classes of biunivalent function associated with Jackson

q-difference operator. J. Funct. Spaces 2022, 8, 2365918. [CrossRef]
8. Alsoboh, A.; Darus, M. New subclass of analytic functions defined by q-differential operator with respect to k-symmetric points.

Int. J. Math. Comput. Sci. 2019, 14, 761–773.
9. Alsoboh, A.; Darus, M. On Fekete-Szego problem associated with q-derivative operator. J. Phys. Conf. Ser. 2019, 1212, 012003.

[CrossRef]
10. Amini, E.; Al-Omari, S.; Nonlaopon, K.; Baleanu, D. Estimates for coefficients of bi-univalent functions associated with a Fractional

q -Difference Operator. Symmetry 2022, 14, 879. [CrossRef]
11. Cetinkaya, A.; Cotirla, L.I. Quasi-Hadamard product and partial sums for Sakaguchi-type function classes involving q-difference

operator. Symmetry 2022, 14, 709. [CrossRef]
12. Elhaddad, S.; Aldweby, H.; Darus, M. Some properties on a class of harmonic univalent functions defined by q-analogue of

Ruscheweyh operator. J. Math. Anal. 2018, 9, 28–35.
13. Elhaddad, S.; Darus, M. On meromorphic functions defined by a new operator containing the Mittag-Leffter function. Symmetry

2019, 11, 210. [CrossRef]
14. Kanas, S.; Altinkaya, S.; Yalcin, S. Subclass of k-uniformly starlike functions defined by the symmetric q-derivative operator. Ukr.

Math. J. 2019, 70, 1727–1740. [CrossRef]
15. Kanas, S.; Raducanu, D. Some class of analytic functions related to conic domains. Math. Slovaca 2014, 64, 1183–1196. [CrossRef]
16. Lashin, A.Y.; Badghaish, A.O.; Algethami, B.M. A Study on certain subclasses of analytic functions involving the Jackson

q-Difference Operator. Symmetry 2022, 14, 1471. [CrossRef]
17. Noor, K.I. On analytic functions involving the q-Ruscheweyeh derivative. Fractal Fract. 2019, 3, 8. [CrossRef]
18. Srivastava, H.M.; Khan, B.; Khan, N.; Ahmad, Q.Z. Coefficient inequalities for q-starlike functions associated with the Janowski

functions. Hokkaido Math. J. 2019, 48, 407–425. [CrossRef]
19. Srivastava, H.M.; Tahir, M.; Khan, B.; Ahmad, Q.Z.; Khan, N. Some general families of q-starlike functions associated with the

Janowski functions. Filomat 2019, 33, 2613–2626. [CrossRef]
20. Srivastava, H.M.; Tahir, M.; Khan, B.; Darus, M.; Khan, N.; Ahmad, Q.Z. Certain subclasses of meromorphically q-starlike

functions associated with the q-derivative operators. Ukr. Math. J. 2022, 73, 1462–1477. [CrossRef]

http://doi.org/10.1017/S0080456800002751
http://dx.doi.org/10.1080/17476939008814407
http://dx.doi.org/10.3390/axioms11100512
http://dx.doi.org/10.1155/2014/958563
http://dx.doi.org/10.1016/j.endm.2018.05.005
http://dx.doi.org/10.1155/2022/2365918
http://dx.doi.org/10.1088/1742-6596/1212/1/012003
http://dx.doi.org/10.3390/sym14050879
http://dx.doi.org/10.3390/sym14040709
http://dx.doi.org/10.3390/sym11020210
http://dx.doi.org/10.1007/s11253-019-01602-1
http://dx.doi.org/10.2478/s12175-014-0268-9
http://dx.doi.org/10.3390/sym14071471
http://dx.doi.org/10.3390/fractalfract3010010
http://dx.doi.org/10.14492/hokmj/1562810517
http://dx.doi.org/10.2298/FIL1909613S
http://dx.doi.org/10.1007/s11253-022-02005-5


Symmetry 2023, 15, 93 13 of 13

21. Wang, B.; Srivastava, R.; Liu, J.L. A certain subclass of multivalent analytic functions defined by the q-difference operator related
to the Janowski functions. Mathematics 2021, 9, 1706. [CrossRef]

22. Olatunji, S.O. Fekete–Szegö inequalities on certain subclasses of analytic functions defined by λ-pseudo-q-difference operator
associated with s-sigmoid function. Bol. Soc. Mat. Mex. 2022, 28, 1–15. [CrossRef]

23. El-Qadeem, A.H.; Mamon, M.A. Comprehensive subclasses of multivalent functions with negative coefficients defined by using a
q- difference operator. Trans. Razmadze Math. Inst. 2018, 172, 510–526. [CrossRef]

24. Govindaraj, S.; Sivasubramanian, S. On a class of analytic functions related to conic domains involving q-calculus. Anal. Math.
2017, 43, 1–13. [CrossRef]

25. Annaby, M.H.; Mansour, Z.S. q-Fractional Calculus and Equations; Springer: Berlin/Heidelberg, Germany, 2012.
26. Gasper, G.; Rahman, M. Basic Hypergeometric Series, 2nd ed.; Cambridge University Press: Cambridge, UK, 2004.
27. Duren, P.L. Univalent Functions, Grundlehren Math. Wissenschaften, Band 259; Springer: New York, NY, USA; Berlin/Heidelberg,

Germany; Tokyo, Japan, 1983.
28. Caglar, M.; Deniz, E.; Orhan, H. New coefficient inequalities for certain subclasses of p-valent analytic functions. J. Adv. Appl.

Comput. Math. 2014, 1, 40–42. [CrossRef]
29. Orhan, H.; Rsducanu, D.; Caglar, M.; Bayram, M. Coefficient estimates and other properties for a class of spirallike functions

associated with a differential operator. Abstr. Appl. Anal. 2013, 2013, 415319. [CrossRef]
30. Pfaltzgraff, J.; Pinchuk, B. A variational method for classes of meromorphic functions. J. Anal. Math. 1971, 24, 101–150. [CrossRef]
31. Avkhadiev, F.G.; Pommerenke, C.; Wirths, K.J. Sharp inequalities for the coefficients of concave schlicht functions. Comment. Math.

Helv. 2006, 81, 801–807. [CrossRef]
32. Cruz, L.; Pommerenke, C. On concave univalent functions. Complex Var. Elliptic Equ. 2007, 52, 153–159. [CrossRef]
33. Nishiwaki, J.; Owa, S. Coefficient inequalities for certain analytic functions. Internat. J. Math. Math. Sci. 2002, 29, 285–290.

[CrossRef]
34. Owa, S.; Nishiwaki, J. Coefficient estimates for certain classes of analytic functions. J. Inequalities Pure Appl. Math. 2002, 3, 1–5.
35. Owa, S.; Srivastava, H.M. Some generalized convolution properties associated with certain subclasses of analytic functions. J.

Inequalities Pure Appl. Math. 2002, 3, 1–13.
36. Srivastava, H.M.; Attiya, A.A. Some subordination results associated with certain subclasses of analytic functions. J. Inequalities

Pure Appl. Math. 2004, 5, 1–14.
37. Wilf, S. Subordinating factor sequence for convex maps of the unit circle. Proc. Am. Math. Soc. 1961, 12, 689–693. [CrossRef]
38. Noor, K.I.; Riaz, S.; Noor, M.A. On q-bernardi integral operator. TWMS J. Pure Appl. Math. 2017, 8, 3–11.
39. Purohit, S.D.; Raina, R.K. Certain subclass of analytic functions associated with fractional q-calculus operators. Math. Scand. 2011,

109, 55–70. [CrossRef]
40. Purohit, S.D.; Raina, R.K. On a subclass of p-valent analytic functions involving fractional q-calculus operators. Kuwait J. Sci.

2015, 42, 1–15.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

http://dx.doi.org/10.3390/math9141706
http://dx.doi.org/10.1007/s40590-022-00445-4
http://dx.doi.org/10.1016/j.trmi.2018.04.002
http://dx.doi.org/10.1007/s10476-017-0206-5
http://dx.doi.org/10.15377/2409-5761.2014.01.02.2
http://dx.doi.org/10.1155/2013/415319
http://dx.doi.org/10.1007/BF02790372
http://dx.doi.org/10.4171/CMH/74
http://dx.doi.org/10.1080/17476930601063693
http://dx.doi.org/10.1155/S0161171202006890
http://dx.doi.org/10.1090/S0002-9939-1961-0125214-5
http://dx.doi.org/10.7146/math.scand.a-15177

	Introduction
	 Coefficient Estimates
	Subordination Results
	Application of q-Fractional Calculus Operators
	Conclusions
	References

