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Abstract: Numerical methods play an important role in modern mathematical research, especially
studying the symmetry analysis and obtaining the numerical solutions of fractional differential
equation. In the current work, we use two numerical schemes to deal with fractional differential
equations. In the first case, a combination of the group preserving scheme and fictitious time
integration method (FTIM) is considered to solve the problem. Firstly, we applied the FTIM role, and
then the GPS came to integrate the obtained new system using initial conditions. Figure and tables
containing the solutions are provided. The tabulated numerical simulations are compared with the
reproducing kernel Hilbert space method (RKHSM) as well as the exact solution. The methodology
of RKHSM mainly relies on the right choice of the reproducing kernel functions. The results confirm
that the FTIM finds the true solution. Additionally, these numerical results indicate the effectiveness
of the proposed methods.

Keywords: fictitious time integration method; time-fractional heat equation; fractional differential
equations; reproducing kernel Hilbert space method; group-preserving scheme

1. Introduction

The fractional calculus’ sense (FC) is presented after classical calculus, but after identi-
fying the limitations of the classical one, many researchers weighed the notions of fractional
calculus to comprehend the character systematically. Plenty of mathematicians promoted
the vital establishment with the aid of new attributes and corresponding outcomes for
FC [1-6]. Specifically, the particular functions are proposed to create novel non-integer
integral and differential operators. These latter are presented by many people to investigate
and symbolize different equations linked with phenomena [7-15]. The symmetric and
anti-symmetric solitons of the fractional Schrédinger equation have been studied in [16].
In [17], the authors extended the Lie symmetry analysis to the time fractional generalized
KdV equations. The Adomian decomposition technique for investigating the fractional
KdV-Burgers equation was applied in [18]. Since the Chebyshev collocation technique is
implemented for investigating the time-fractional nonlinear Klein-Gordon equation [19], a
geometric method is applied for the Korteweg—de Vries equation [20]. A combination of
FTIM and geometric method is applied for the fractional Burger-Huxley equation [21]. Ad-
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ditionally, in [22], a lie group approach is implemented for solving the fractional equation.
Some other applications can be seen in[23-31].
Consider the following equation:

chD8‘+’tu = Auxx +g(x,t), (xt) €Q, (1)

u(x,t) =H(x,t), on T, (2)

where ¢ denotes the specific heat, c is the density, A describes the thermal conductivity
coefficient, and CD8‘+ ; shows the Caputo fractional derivative. Equations of this type are
used to describe the transport processes with a long memory.The fractional heat equation
is one of the most well-known fractional partial differential equations that describe the
physical phenomenon. In recent years, solving the fractional heat equation magnetized the
attention of mathematicians because of its importance. Many methods have been worked
to solve this problem. The higher-order numerical method is used for investigating the
fractional heat equation [32]. Additionally, the Laplace homotopy technique is worked to
solve this equation [33]. In [34], authors used one-step backward-forward algorithms for
multi-dimensional backward heat conduction problems.

Motivated by the above works, in this paper, two numerical methods are worked to
solve this equation. One is a combination of a specific type of fictitious time integration
technique and the Runge-Kutta method. The other is the RKHSM. The main paper’s
contributions are as follows:

*  We present new results on the numerical simulation for the considered equation.
*  We apply two effective numerical methods to obtain these new accurate results.
¢ The convergence analysis that confirms the theoretical parts of both methods is discussed.

Variable transformation of a time integration method, namely FTIM, was suggested
by Atluri and Liu. Researchers used it for solving linear or nonlinear algebraic equations
by defining the fictitious time and using it to derive a system of nonautonomous first-order
ordinary differential equations that is equivalent to the original algebraic equations in an
n-dimensional space. Some applications of this technique can be seen in [35-39].

In another aspect of this paper, as we mentioned before, we applied the RKHSM for
solving the proposed equation.

Recently, the RKHSM has achieved great popularity and success. It became a powerful
tool in treating different types of FPDEs, such as the fractional Bloch-Torrey equations [40]
and fractional differential equations, including the ABC derivative [41], to name a few. See
also [42-47] for more research about this method. The RKHSM has many advantages, such
as its simplicity and flexibility in treating many fractional differential systems and the fact
that it is a mesh-free method. The rest of the paper consists of the following: Section 2
recalls some essential concepts about fractional calculus and reproducing kernel theories.
Sections 3 and 4 are where we see the main theory of the FTIM and RKHSM, respectively, to
build a numerical solution for the considered problem. Before finishing with the conclusion
part, we validate the proposed methods through two examples.

2. Basic Definitions

Definition 1. The left-sided Riemannian—Liouville fractional integral of order y € Ry of
feCya>—1is

11 f() B
Mf(x) = T(V)O/(xﬂ)l_”dm 0<u, x>0, I°(x) = f(x). 3)

Definition 2. We write
f(x)eCy, x>0, meNUOQ,
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provided
i e .

Definition 3. Suppose a real function f (with 0 < x) is in the space Cy, « € R. By p(> «) such
that f(x) = x? f1(x) € C[0, c0]. Obviously, Cy € Cgif B C a.

Definition 4. Suppose f € C™;,m € N, the Caputo derivative of f is

[ f(x), pe (m—1,m],

DFf(x) = @)
dm
dTmf(x)/ U =m.
MIVf=1"", 0<u, 0<v, fE€Cy, 0<a (5)
F(y+1)

Lemma 1. Assumea € (m —1,m]and f € Ly[a,b]. Then,

JiF) = g [ = DA, DA ) = £(x), )
and
e N et
Difaf (1) = f(x) = L fOO0) g, x>0 ®)
—1 :

Definition 5. The fractional derivative of f in the Caputo sense is
X

D*f(x) = I"D"f(x) = oy [ (= 0" (0t ©)

m—uo
0
Definition 6. The Caputo time-fractional derivative operator is

t a1 0m 3
T Jo (b= 2" 1858 Adz, a € (m—1,m),

CDfu(x,t) = (10)

M u(x,t
at(m )r K = ml

for m to be the smallest integer that exceeds «. The space-fractional derivative with B > 0 is
described by
_g_19Mu(s,
1“(%—5) fox(x — )P 1%(&,7}1 —-1<B<m,
Cpfu(x,t) = 1)

0™ u(x,t
at(m )/ ,B = m.

Notations

(i) We will write

AC[a,b] = {f : [a,b] — R| f is absolutely continuous on [, b]}
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to denote the collection of all absolutely continuous functions on [a, b].
(i) We write CCF to mean a completely continuous function.
Definition 7. Define the function space 203 [a, b] by
W3la,b) = {f(x)| fI) € AC[a,b], j =0,1,2, f®) € L?[a,b], and f(a) = f(b) = 0}.

Definition 8. If f, ¢ € 203[a, b], the inner product and norm of this space are described to be

2 .
(f 8y = L@@ + [ FI0)g® (), 1)
i=0 a
and

||f||mjg = <f/f>mg (13)

Theorem 1. The RK function of 203(0,1] is the function R¢ (x) described as

Re(x) = { r(x,{), x<(, (14)

with
r(x,0) = 3xg  xg® | 5xg*  5x;®  5x° + 21222 X205 | 5% 5% 527 | 7a%2 A8
/6) = 13 156 ' 156 78 26 104 624 624 312 26 104 1872
5x3g4 B 5x3§3 _ 5x3(€) B x4(€) ﬁ B 5X4C4 5X4§3 5X4CZ . XSCS & . ﬁ (15)
1872 936 78 104 T 3744 T 3744 1872 624 18720 " 3744 — 1872
U A
624 56 T 120°

For the proof, see [43].
Definition 9. Define the function space 205[c, d] by
Wi[c,d] = {f(t)] fO) € AC[c,d], j = 0,1, f" € L2[c,d], and f(c) = 0}.

Definition 10. If f, g € 203[c, d|, the inner product and norm are

1 . N
(8 = L fO @)+ [ (05 0 a6)

||f||fm§ 4/ <f/f>m§ (17)

Theorem 2. The RK function of 203[c, d] is the function X, (t) defined by

—%c3+%c217+62—;7c+(%cz—nc—c+n>t+%iyt2—%t3, t<m,

(18)
—%C3—|—%C217—%773—|—CZ—17C+(%CZ—UC+%772—C+77)t, t>y.

For the proof, see [43].

Definition 11. If f, g € 20}[a, b], the inner product and norm are

Dy = F@) (@) + [ £ 9)
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and
Fllary = /F Frany.
Theorem 3. The RK function of 203(a, b] is the function F¢ (x) defined by

B —a+1+t,  t<(
%Qj_{ C—a+1, E> 7.

For the proof, see [43].
Throughout Q) = [a,b] X [c,d].

Definition 12. Define the binary function space QU(B 2)( Q)b
3 5

(3,2) - 0 0

200,77 (Q) = {u| 5 zatuzs CCFon Q, pyETes

u(x,c) =u(a,t) = u(b,t) = 0}.

u e L*(Q),

Definition 13. Ifu, v € Qﬁ?’z) (Q)), the inner product and norm of this space are

2 0 B2 o }dtﬂ‘ (S, 1) S0 (b, )]t

<M,v>wg3,z) - EJ OI {atZ Rl 12 0
b B 32
e (x,c > _|_f I aax3 aatz )aax3 %v(x,t)dxdt,

+Xi <at1 (x, C) an?
and
el g2 = /(1) gy 52)-

Theorem 4. The RK function of QBEB’Z) (Q)) is the function
(5117) (x, t) = Rg-(x) K,](t).

Definition 14. Define the binary function space D) 1)( ) by
{u(x,t)| u(x,t)is CCFin Q, pyeril

11
w; (@) =
Definition 15. Ifu, v € Qﬁgl’l)(ﬂ), the inner product and norm of this space are
d
(u,v}wgm) = [ {gt u(a, t)g v(a, )}dt+<u(x,c),v(x,c)>m%
+f f [a@a@ aia@v(x,t)}dxdt,
and
u = J{u,u)__ay.
[[14]] gy (i, 14) g1

Theorem 5. The RK function of Qﬁgl’l) (QY) is the function

T(g,p) (%, 1) = Fz (x) Fy ().

3. The Fictitious Time Integration Method (FTIM)
Here, the FTIM is implemented. Consider the following equation

chDg‘ttu +b(x)ux +uxx +g(x,t) =0, (%,

t) € Q.

(20)

(21)

P b e LZ(Q)}.

(25)

(26)

(27)

(28)
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Using (10), 0 < @ < 1and 0 < B < 1 for Equation (28), we have

cq Fug(x, o)
(1 —zx)/o (t— o 47~ b (29)

+uxy +g(x,t) = 0.

To increase the stability of the technique, we propose a fictitious damping coefficient y
in Equation (29) by

Heq /tuo'(xlo—)d —ub
TA—a)Jo (-0 ¥ (x)us (30)
+ pizx + pg(x,t) = 0.
Imposing, in Equation (30), the transformation
w(x, t,&) = (1+0) u(x,t), 0 <A <1, (31)

yields

U cq Fwge(x,0,0)
(F( do

A 1— t— o
(1+90) a)Jo (t—0) 32)
+b(x)wx(x,t,0) + wxx(x, t,9)> +ug(x,t) =0.
We consider
dw A1
30 = A1 +60)"" u(x, t). (33)
Equation (32) will be
dw  u ( cq fwa(x,(r,e)da
Fr A\T(1 - t— o)
G+ \TT-a) b (F-0) o

+ b(x)wx(x,t,0) + wix(x, 8, 9)) +ug(x, t) +A(1+ G)A_lu.

Equation (34) can be converted to a new class of PDE for w by choosing
u=w/(1+0)"

odw _ H < cq twg(x,(f,@)do_
0 1+ M\T(1—wa)to (t—o) -
Aw(x,t,0)
+b(X)wr(x,4,0) + wre(x,4,0) | + puglx, ) + =5 75—
Using
9 w _wp Aw , 66
0\ (1+60)r)  (1+6)r (1+60)M1
Implementing 1/(1 + 9)’\ for Equation (35), one obtains
a( w ) p ( g [fwelx0,0)
0\ (1+6)")  A+0)r\T(1—a)lo (t—o) -

+ b(x)wy(x,t,0) + wyx(x, t,6)> + ug(x, t).
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By u = —“—, we obtain

(1+6)r”
B U cq tuy(x,0,0)
”“‘a+ﬂv(ru—awﬁ (- O

+b(x)ux(x,t,0) + tyx(x, t,9)> + ug(x, t).

(38)

Suppose that u{(@) := u(x;, t;,0) as the discrete values of u at a grid point (x;,t;), and
Equation (38) converts to

d B U cq tf ua(xirare)
7" ® = (1+6)" (F(l—a)/o G-or

(39)
+ b(x;)uy(x;, ti, 0) + tyx(x;, tj,@)) + ug(x;, t]‘),
where
. i—1
/t] ua(xirU'r 9) do ~ ]2 u(xir tl+116) — u<xir tl/()), (40)
0 (t] — 0’)”‘ = At(t]' — i’l)“
where tj = jAt, x; = a+iAx, and At = %
u= (u%, u%, ..., u)T, Equation (39) can be abstracted by
v =Qwd),ucR"™" cR, M=mxn, (41)

where Q € RM is a vector-valued function of u and 6 and u is an M-dimensional vector.
Now, we implement the group-preserving scheme (GPS) [48] to solve Equation (39) as

A0]|Q, . AB||Q;
cosh (28 ) 1 .+ sn (4104 )
[N

Now, we employ the GPS by taking the initial value of uf: (0) to solve Equation (39)
from the initial fictitious time 6 = 0 to a selected final fictitious time ;. Additionally, the
terminating criterion for this method is

U1 = us + Q, = us + 5;Q,. (42)

mn .
$ Y [uj(s+1) —uj(s)]2 < e (43)
ij=1
where ¢ is a picked convergence criterion. The solution of u will be obtained by
i
G 44
T e 4

where 0 (< 0y) satisfies the above criterion.

4. The Application of RKHSM
4.1. Methodology for RKHSM

In this part, the RKHSM is used to solve Problems (1) and (2), using the following way:
Step 1: Considering the following transformation

v=u-—P"P, (45)
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where P(x,t) = —(f2(0)—fa(t)F — (1(0) — fa(t))(1 — ) + uo(x) for which

u(0,t) = f1(t),u(b, t) = fo(t), and u(x,0) = up(x).

Consequently, the new form of (1) and (2) is as follows:
chD8‘+,tv —Avye =Hh(x,t), 0<x<b 0<t<d,

With
v(x,t)=0 on T,

where h(x,t) = APyy(x,t) — qCDg+ Px,t) +8(x, t).
YA . . o(32) (11)
Step 2: Defining a linear operator T : 20, (Q) — 20, " (Q)) as follows

w0 Q) - wl(Q)

v — chD"‘

0+ ¥ — AUxy-

Lemma 2. The operator ¥ is a bounded linear.

Proof. We begin by checking directly that ¥ is bounded. So, we must show that

HTUH 11 <C||UH 32 with ¢ > 0.

We have

[To(x, f)|| =(To(x,1), To(x, £)) 0
—/ { To(a, t} dt + (Tv(x,c), To(x,c) QD1+/ / {8 5 =% (x,t)rdxdt

—[To(a,c)] +/[ vac}dx—i—/[ t)}dt
//[aat%xﬂ} dxdt.

In view of reproducing the property,
v(x,t) = <v(<>, *)/Y(x,t) (o, *)>m(3,2).
2

In a similar way, we deduce

o' o L)

Applying the Schwarz inequality, we discover

ot 9

ot o ot o
‘ % ﬁ‘zY(x,t) (Qr *)

a—giv(x, t)’ = ‘ <v(<>, %), @@{ZY(W) (o, *)>w(3'2)

2

< [Jollyye2

Since Y p) (o, %) is continuous, we consequently have
j ..
?ﬁfv X, t ‘ < Ci,j‘|v|‘w£3,2), 1,) € {0,1}

Hence

ﬁgi ( ) <Z)(<>, *), @@gY(X,t)(O’ *)>QH§3’2)/ Lje {0/1}‘

(46)

(47)

(48)

(49)

(50)

(51)

(52)

(53)

(54)
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b d
2 2 2 2 2 2 2
To(x,t 1) <Cjpllv +/ Cyqllo d +/ Ci+llv dr
[Fo( )Hmjgll) 0,0|| ||;m§3,2) g 1,0” Hgnf"z) ¢ ) o,1|| ||¢m§3,2>

d rb
[0 ] Galloladrdt (55)
c a QnZ

<[Bo+ o0~ +c81(d—c) + Gi(b— ) (@~ 0|0l 00

Therefore,
2 2
[[Fo(x,t) ||gm§1,1) < C||v||m£3,2), (56)

where € = Cj,+ 7 (b—a) +Cj (d—c)+CF (b—a)(d—c). O

We apply, next, the operator ¥ in order to reformulate the problem (46) and (47) to be

{ To(x, t) = h(x,t),  (xt)€Q, (57)

v(x, t) = on T,
where fi(x, t) = APy (x, 1) — cq“D%, P(x,t) + g(x, ).
Step 3: Construct the {©;}{>; on Qﬂ§3’2)(0), providing this by using the Gram-
Schmidt process:

i
Oi(x, 1) = ) RyOy(x,t), 0< Ry, i=12,..., (58)
k=1
where
*  Oi(xt) = TW0i(x, t), in which T denotes the adjoint of T and 0i(x, t) = Ty, ) (x, t)
where T(y, 1) (x,t) is given by (27).
*  The countable set {(xj,t;)}> ; is dense in ().

e {0}, isa function system in wéa,z) (Q)) and the following shows the way that we

can construct it:
O(x 1) =T oi(x,t) = (Ta6, 1), Yon (&), oo
2
= i é/ /{Z Y g/
<Q( 1), T Y ( ’7)>m£1,1)

= <T(§a,m) (g'W)'f(C,W)Y(x,f)(5"7)>w<u> (59)

2
= e Yeen (& mMlgm=cxt)
= T Yiemn Dl n=xin)
= {eg“Db ¥ (3 8) = A1) (50) | et

® Ny is the orthogonalization coefficients which are defined by

1 FR
H1®—1H, for i=j=1,

Nij = o for i=) 75 1, (60)
— LY Cudg, for 0>,

where ¢; = /@[ — T~ G, Cuc = (01, 0), 6o
2

Theorem 6. Assume {(xi, t;) }{°, is dense; therefore, {©; } 2 is the complete system of Qﬂf”z) (Q).
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Proof. Clearly, ©;(x,t) € Qﬂf/z) (Q)). Thus, for v(x,t) € QD§3’2)(Q),
(v(x,t),0i(x, t)>w232) =0, i=1,2,.... (61)
as
(0,00 g5 = (0061, T 015,00 = (F0(0,1),04(8 1) gyon) = Tl ) =0, (62)
and due to the density of {(xi, t;)}>,in () :
To(x,t) = 0. (63)

by applying T~1,
v(x,t) =0. (64)
O

Step 4: The solution’s representation is given by

Theorem 7. Assume {(x;,t;)}2, is a dense set on Oy and (57) has a unique solution on Qﬁf’z) (Q),
then

00 i
Z Z 1kh Xk, tk (x, t) (65)
i=1k=1
is the solution of (57), and the solution of (1) and (2) is
o i
xt) = Z Z Nih(xg, te)Oi(x, 1) — P(x, t). (66)
i=1k=1

Proof. We know that the basis {©;(x, t) } is a complete orthonormal system in the space
Qﬁf’ 20 (Q)), then

o, t) = £ (000, 8),04(1,1)) 500 01 (3, )

— 53 Ko M50, O35, ) O 1)
= T2 Tieor R (0(x,£), T 0w (3, 1)) 62 O3 () )
= Zfil ZL:l z\zik <‘ZU(X, t)/ Qk(xr t)>QH2 , @ ( )
= £ Tl iS00 1), T (5, 8)) 1) @i, 1)
. _ 2
= Z(:il ZI(:l leﬁ(xk/ tk)G)i(Cr T)r
with A(xy, t) = To(xy, f)-
On the other hand, (66) follows directly from u = v — P(x,t). O
Remarks
1.  Wehave
noi
X)) =) ) Rudi(x, ) Oi(x, 1) (68)
i=1k=1
2. %&3’2) (Q) is a Hilbert space. Then, we deduce
oo i B
Yo Y R ) @i(x, 1) < oo (69)

i=1k=1
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2
0 =
on1ll5 02

4.2. Convergence Analysis

The approximate solution of (65) takes the form

n
On (xr t) = Z AiG)i (x/ t)/ (70)
i=1
where '
i
Ay = Z N2, Be)- (71)
k=1

Here, by letting (x1,t1) = (a,c¢), it is possible to know the values of v(x1, 1) from the
initial and boundary conditions. In addition, vy(x1,t1) = v(xy, t1).

Theorem 8. Suppose that ||Un||w(3,2) is bounded in (57), {(xi,t;)}52, is dense on ), and the
2

solution of (70) is unique. Then, v, converges to v and

on(x,t) = iAiG)i(x,t). (72)
i=1

Proof. (i) From (70), we know

Upt1 = Up + An+1®n+l' (73)
then,
||Un + An+1®n+1 ||2 (32)
= <Un + Ap419541, 00 + An+1®n+1>w(3r2) 74)
_ 2 _ _ _
= <Unlvn>m(3,2) + <0n, An+1®n+l>m(3/2) + <An+l®n+lzvn>m(3,2) + <An+1®n+lrAn+l®n+l>m(3,2)
5 2 B 2 _ 2 ) ~ B 2
= an ngaz) + <Unr Ap109p 41 >QU£3’2) + <An+1®ﬂ+1/ Un >QII£3’2) +, An+1 <®”+1’ Ont1 >QB§3’2) :

Now, the orthogonality of {©;(x, )} -, implies

i
2 2
ol = Vonlyn +A%1
= ||Un71||w§3,2> + A7 +A%+1

2
= ||on-2 ||m§3,2) + A2 F A+ AL

(75)
' 2
= ||vl||m£3,2) FAZF AT+ A2 A
2 1
= ||UO||QU£3,2) + Y AL
Hence,
1onll g2 < lonrillyp2)- (76)

The convergence of ||v, me) follows directly from the boundedness of ||v, ||w(3,2). So,
2 2
there exists f such that

Y AZ=, (77)
i=1
where the constant F is positive.
As a result,
{Af} € 1
i=1
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As (vm —vy—1) L -+ L (v441 —vp) and for n < m, we write

lom = onllapea = lom = On-1+ w1 =+ Onst — vallz 02
? 2 2 ? 2 (78)
= lom = om-allyypa) + 1om-1 = om—2llyye2 + -+ + l[onss = oullyea
Furthermore,
[om — vm—1 H;Hém = A (79)
Thus,
2 2
lom — vn||(m§3,2) = ; Ay =0, as n,m— . (80)
p=n+1
The completeness of Qﬂf’z) (Q) allows us to deduce that v, — Fasn — oo.
(if) To prove this, let us take the limits in (70)
(o]
a(x,t) = ) AOi(x,t). (81)
i=1
We apply the linear operator ¥ to (81)
© _
‘Zﬁ(x, t) = ZA;‘Z@i(x, t)/ (82)
i=1
Hence, B
Eﬁ(xr,, tp) = Zfi] Ai<§®i(x, t),Qp(x, t)>m£1,1)
=YLt Ai<@i(x/ t), T op(x,t) 32 (83)
= Zfo:l Ai<@i(x, t), @r,(x, t) >Qﬂ§3’2) .
Thus,
© _
RjpTo(xp, tp) = Rjp [2 Ai(Bi(x, 1), Op(x,£)) 02 | (84)
i=1
and we take the summation Zi,:l to deduce
22:1 ij‘fﬁ(xp, tp) = T Ai<®i(xr t), Z;zzl ij®p(x, t)>w£3,z)
= Z(:ozl Ai<@i(x, t),G)j(X, i’)>m§3,z) (85)
= Aj.
Observe then from (71) that
To(xp, tp) = h(xp, tp). (86)

Forall ({,77) € Q, it exists {(xg5,t45) }521 such that (x5, t45) = (,77), as j — oo
It is well-known to us that

T0(xgj, tgj) = Rlxgj, ty;)- (87)
Using the continuity of / and letting j — oo allows us to

To(Z, 1) = R(T, 7). (88)
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5. Numerical Experiments

We apply the proposed methods to solve some problems. In Example 1, we use
RKHSM to solve the considered equation, and the GPS is considered for Example 2 to deal
with the fractional convection-diffusion equation. Now, how to apply the RKHSM can be
summarized in the following procedure:

Step 1: Setting n = p x g;

Step 2: Setting O (xi, 1) = T(z,) Y1) (G )| ()= (xi i)

Step 3: Calculating the orthogonalization coefficients R;; using (60);

Step 4: Setting ©; (x;, ;) = i1 RuO®y(xi,ti), i=12,...,n

Step 5: Choosing an initial guess uo(x1,t1);

Step 6: Setting i = 1;

Step 7: Setting A; = ZL( 1 Nigh(xy, ty);

Step 8: ui(xi, ti) = Ly—q Ar®@r(xy, te); .

Step 9: If i < n,seti =i+ 1. Go to step 7. Else stop, Where x; = %, i=1,2,..., pand

t; = %, j=1, 2,..., q. nis the grid points’ number.

Example 1. Considering the following problem with the fractional order o = 0.5:
DY, ju = uee + g(x,1),  (x,t) € [0,1]%, (89)

where
u(x, t) = exp(x)x*(1 — x)%t*

and
r(x — 1)%x2 esc(ma)

g(x,t) :ex<(x(x3+6x2+x—8)+2)(—t"‘)— T(—a) >

In this example, the RKHSM is tested with the standard grid points x; = %,
i=1,..., pandt; = %, i=1, ..., gwith p x g =n = 100. The comparison of (89) with
(1) and (2) shows QO = [0,1] x [0,1], ¢g =1, A = 1,and u(0,t) = u(1,t) = u(x,0) = 0.
Therefore, as we see in Section 4, the approximate solution of (89) takes the form

Il M:

Z k& (Xk, 1) Oi (x, ). (90)

In Table 1, a numerical comparison between the obtained results via RKHSM with
the exact solution, for « = 0.9, 0.8, 0.75, is given. These results clearly show that the
approximate solution (using the RKHSM) converges to the exact solution. The results are
in good agreement with each other, and this confirms the effectiveness of the RKHSM to
solve this type of equation.

Table 1. Absolute errors of the RKHSM solution for Example 1.

RKHSM-Absolute Error

(x, t) a =09 a=0.8 a = 0.75
(0.1,0.1) 1.3016 x 103 1.3446 x 1073 1.9199 x 103
(0.3,0.3) 1.0876 x 10~4 3.8615 x 10~4 8.1880 x 10~*
(0.5, 0.5) 5.9252 x 10~° 8.7214 x 10~* 1.3792 x 103
(0.7,0.7) 5.9929 x 10~4 1.0365 x 1073 1.6629 x 10~3
(0.9,0.9) 9.5379 x 10~4 1.6982 x 1074 42782 x 10~4

Example 2. Consider the problem (28) with b(x) = x and fractional order a = 0.01 where

0 20 (0 + 1)

_ .2
W) = X 1)
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and
g(x,t) =22 4 2x% + 2.

We solve this problem by using the GPS with taking A = 1le — 10, m = n = 20,
and A = 1. Additionally, an initial guess of uf(O) = le — 1 is taken. Figure 1 shows the
numerical solution, exact solution, absolute error, and absolute error’s contour. Indeed, we
present in Table 2 the values of absolute errors between the numerical solution (using the
GPS) and the exact solution for Example 2. From this table’s results, it is clear that the error
estimate confirms the accuracy of this new method, and Figure 1 shows that both graphs
are very similar in their behavior.

Table 2. Comparison between the exact solution and FITM solution for Example 2.

(x, 1) Approximate Exact Absolute Error
(0.1,0.1) 0.0215 0.0213 1.5308 x 104
0.2,0.2) 0.0893 0.0864 2.9000 x 1073
(0.3,0.3) 0.2016 0.1960 5.6000 x 1073
(0.4,0.4) 0.3133 0.3076 5.7000 x 1073
(0.5,0.5) 0.4958 0.4958 3.9629 x 1078

Exact solution Approximate solution

Contour of absolute error %10

0.5 6
5
) 4
: . ‘ 3
2
: 1
0 0

0 0.1 0.2 0.3 0.4 0.5

X

Figure 1. Solution under applying GPS for the fractional convection-diffusion equation in Example 2.

6. Conclusions

In the current work, we successfully implemented two numerical schemes to gain
approximate solutions to the considered problems. One is the FITM, which converted the
original problem into a new one with one extra dimension. After that, we used GPS to solve
the problem. The other is the RKHSM, which was used for the mentioned problem. The
main steps for applying this method are defining an appropriate bounded linear operator
and constructing an orthonormal function system of the appropriate RKHS. Indeed, the
both methods are shown to have good convergence. Two examples were employed to show
the capacity and reliability of the FITM and RKHSM. Our obtained results are compared
with exact results and they are found to be in good agreement with each other. From the
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numerical results, it can be observed the suitability, ease, and effectiveness of the proposed
approaches for solving such types of fractional partial differential equation. This research
opens the way for the use of the two proposed methods to study the mentioned problem
for various new fractional derivatives. As part of our purpose, we plan to apply the FTIM
and RKHSM to multidimensional fractional partial differential equations, which will be
new in the literature.
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