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Abstract: Abel’s integral equation is an efficient singular integral equation that plays an important
role in diverse fields of science. This paper aims to investigate Abel’s integral equation and its
solution using G,-transform, which is a symmetric relation between Laplace and Sumudu transforms.
Gy-transform, as defined via distribution space, is employed to establish a solution to Abel’s integral
equation, interpreted in the sense of distributions. As an application to the given theory, certain
examples are given to demonstrate the efficiency and suitability of using the G,-transform method in
solving integral equations.
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1. Introduction

Integral equations are considered to be the most effective tool for modeling various en-
gineering topics and physical phenomena. Integral equations have been rapidly developed
in recent decades and have attracted various researchers in the field of mathematics due to
their enormous applications in pure and applied mathematics. Abel’s equation is an integral
equation developed from a real-world physical issue satisfying a differential equation. In
the literature, numerous physical issues, including heat transfer, scattering theory, elasticity
theory, propagation of nonlinear waves, and plasma physics are connected to Abel’s integral
equation [1-4]. Several methods for solving the generalized Abel’s integral equation have
already been built and proposed by many researchers (see, e.g., [5-12]). To solve integral
equations, integral transform methods were extensively employed in [13-16] and integral
transform methods are applied to find solutions to applications equations as well [17-19].

In mathematics, distributions are objects which make discontinuous functions more
likely to be smooth [20,21]. They are extensively applied in physics and engineering
problems. Al-Omari [22-24] extended various integral transforms—including the natural,
Mellin, and double-Sumudu transforms—to a class of distributions and proposed certain
applications involving certain initial values problems. However, in the sequence of such
integral transforms, G,-transform is defined for a function, f, by [25], as follows:

K(w) = Go{f(r)} = ut [ " */f(r)ar, o

where « € Z. The Laplace, Sumudu, and Elzaki transforms are special cases of the
Gy-transform, obtained by decreasing the G,-transform to their respective values of
«=0,—1,and 1.
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Kim [26] considered the value « = —2 to provide a straightforward tool for integral
transforms and introduced the G_,-transform to solve the Laguerre’s equation, where the
G_p-transform can be given as

Golf(O} = 5 [ e p(or.

Moreover, Sattaso et al. [27] discussed the properties of the G,-transform and presented
an example that is appropriate for using the G,-transform but inappropriate for using the
Sumudu and Elzaki transforms. Meanwhile, Kim et al. [28] discussed the n-th partial
derivative of the G,-transform of certain partial differential equations. On the other hand,
Prasertsang et al. [29] studied the range of the G,-transform that can be utilized to solve
ordinary differential equations with variable coefficients and provided an example that
corresponds to this study.

Recently, Nuruddeen et al. [30] described an essential transform coupled with Ado-
mian’s approach to studying nonlinear evolution equations endowed with non-integer
derivatives. However, it is interesting to know that the strong nonlinear problems in
nonlinear sciences, such as Schrodinger and nonlinear evolution equations, can be solved
using this method, which is highly recommended.

Our goal in this study is to extend classes of distributions in the sense of the G,-
transform. G,-transform has been used to solve the Abel integral equation, whereas the
solution of the distributional Abel’s integral equation is obtained using distributional
G,-transform.

The rest of the paper is organized as follows: Some primary definitions are briefly
retrieved in Section 1. In Section 2, several properties of the classical G,-transform and aux-
iliary results are derived in detail. In Section 3, a solution of Abel’s integral equation
is obtained by following the G,-transform technique. In Section 4, the G,4-transform of
distribution space and its application to finding a solution of Abel’s integral equation
are established in the sense of distributions. Illustrative examples and a conclusion are
provided in Section 5 and Section 6, respectively.

2. Preliminaries

In this section, we present the necessary details and properties of G,-transform and
establish several theorems related to G,-transform, which are useful in the sequel.

Given that the power series function f(7) = Y5> 4,7 is piecewise continuous on
[0, 00) and of exponential order at infinity, then the discrete analog of the G,-transform (1)
is given by

Gu{f(D)} = Ii) Klagu®H L,

The G,-transform and Laplace transform duality relationships are expressed as

K(u) = u"‘F<1>; F(s) = s”‘K<1), )

u S

where F denotes the Laplace transform and K denotes the G,-transform. The G,-transform
of the n-th order derivative of a function f is defined by

Gol ™ (0)} = L Gal f} = g O — -+ = LA (O)u — F) (0}

u

The convolution theorem of the G,-transform is given by

Gu{f # 8} (1) = —Gul F(1)}Gulg (D)} 3)

u«

If £(") is the n-th order derivative of f , then we have
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Ga{T" (1)} = uzmw - (T) [ — (m — 1)]u2m‘1dm_132£1ﬂf>(T)}
m A
TR (m_1> = (=) — (m—2)] - - - (a = 1)um 1 9GS (D) {J;u )

o= (m = D)~ (m = 2)] - " Go { f) (7).
Here, we present some useful properties of the G,-transform pertinent to the present paper.

Theorem 1 (Inversion formula of G,-transform). Let K be the Gy-transform of f and

(i) The meromorphic function s*K(1/s) contains singularities with Re(s) < a;
(i)  There is a circular region I of radius R, M and N are positive constants, such that

|s*T(1/s)| < M/RN.

Then, the function f is defined as
1 a+ico 1
-1 _ ST & -
G, {K(s)} = = /aiioo e’'s K<S>ds.
That is,

f(1) =) _residues of [eSTs"‘K (1)] . (4)

Moreover, by utilizing (2), (4) can be written as
f(t) =) _residues of [ulaeT/”K(u)]. (5)

Proof. If F(s) = L{f(7)} and K(u) = G,{f(7)} are, respectively, the Laplace transform
and the G,-transform of f(7); then, for T > 0, f(7) is the complex inversion formula of the
Laplace transform given as

F) = £ F@) = g [ SRS,

27Tl —j00

where s = x + iy is a complex variable. The branch points, fundamental singularities,
and poles are included. The residue theorem leads to the following result:

f(t) =L HF(s)} = 2% /am ¢F(s)ds = Y _res[e*"F(s)].

—ioco

The intended result of this theorem is obtained by referring to the prior relationship,
s*K(1/s), between the transforms F and K. [

Theorem 2. Let f(7) and g(T) be continuous functions and F(u) and G(u) be their respective
Gy-transforms for T > 0 and a complex number u. Then, f(7) = g(7) if F(u) = G(u) everywhere.

Proof. Let F(u) = G(u); then, we have

Ga{f (1), u} = Gu{g(7), u}.

In view of the relation between the G,-transform and the Laplace transform, we obtain

el ) =e{sm
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By the uniqueness property of the Laplace transform, we have

Therefore, the proof is completed. O
Theorem 3 ([27] The existence of the G,-transform). Let |f(7)| < MekT forM>0,T>C
and k, C are constants; f is a piecewise continuous function on [0, co) of exponential order at infinity.

If F is the Gq-transform of f, then F exists for u < 1/k.

The existence of the G,-transform for derivatives and higher derivatives is demon-
strated in the following theorems:

Theorem 4 (The G,-transform of derivatives).

(i) If f is differentiable on (0,00), f(t) = 0 for T < 0and f' € Ly, then dom(Gu{f}) C
dom(f') and

n_ 1 1x
Calf'} = Gulf} —u'f(0+) foru € dom(Ga{f});
(ii)  In a broader sense, if f is differentiable on (h,o0), f(t) = 0 for T < 0and f' € Ly, then

Gu{f'} = %Ga{f} — u“e*h/”f(h—l—) for u € dom(Gu{f}).

Proof. We begin by stating (1) as follows: The local integrability entails the existence of
f(h+), because if x > h, then

Il ht1
f(x):f(h—ﬂ—l)—/x f’(r)dT—)f(h—i—l)—/h f'(t)dt asx — h™.

Letu € dom(Gu{f}). If z € Dy (z : z differentiable and z(0) = 0), then—by integrating
by parts—we have

u“/z(};)e_””f’(r)dr
=u* ./hooz(;>e_r/”f’(r)dr

- )] o 3 (3) - o

Therefore, we have

- u"‘z(i)e_h/”f(h—}—) — —uz(0)e " f(h+) asy — oo,
— ﬁ/z’(i)e””f(r)dT—k %a /z(;)e”“f(r)dr — 0+ %Z(O)Ga{f}

as v — 0. Thus, for any z € Dy, we have

y—00

lim {u“/z(i)e””f’(r)dr] = @Ga{f} — u*z(0)e "1 f(h4).
This suggests that e~ /" f/(7) converges, i.e., u € dom(G,{f}) and

Gal '} = Gl f) — e " ().
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Next, we will consider the G,4-transform of higher derivatives and their matrix form.
First, we introduce the following notation. For P(x) = Y/_, (ax/x*) is a polynomial in 1/x,
where n > 0 and a, # 0, we define M, to be the 1 x n matrix as follows:

a a2 n

11 1 1 az a3 PR PR an 0
M = —_———— e —— a3 ce ot an 0 O 6
p(x) <xx2x3 x”) e ©

Indeed, M, establishes a linear mapping of C" into C. We write vectors y in C" as
either the row vectors or the column vectors interchangeably, depending on which is more
convenient when M, (x)y is to be computed and the matrix representation (6) of M(x) is
used. Of course, y must be written as a column vector, as follows:

Mp(x Z v Z Ai+kYk ()
i=1 =

forany y = (yo,y1,-..,Yyn—1) € C". M, is a unique linear mapping of {0} = C° into C
(empty matrix), if n = 0. Generally, if # > 0 and f is n — 1 times differentiable on an
interval (a,b), we will write

p(f;a;n) = (f(a+),f/(ﬂ—|—),...,f(nil)(ﬂ‘l—)) e C"

and
0(f;bin) = (F0=), f'(b=), ... "D (b=)) e C".
If a =0, p(f;n) is written for p(f;0;n). If n = 0, then we define

p(f;a;0) = 0(f;b;0) =0 € C°.

Theorem 5 (G,-transform for higher derivatives). If f is n times differentiable on (0, c0), f(t) =
0fort < 0and f) € Ly, then f5) € Ly, for 0 < k < n—1,dom(Gy{f}) C dom(f") and,
for any polynomial P of degree n, we have

P(u)Ga{y} (1) = Ga{ P(D)f} (1) +u " My (u)p(y; 1)
for u € dom(Gu{f}). In particular,

Gol ")) = o Gul 70 = ( gor ot )0 (i),

u

(In this case, p(f;n) is written as a column vector). For n = 2, we have

Ga{f"}(u) = %Ga{f}(u) = u'TLf(04) — utf'(0+).

Proof. We employ induction on n. If n = 0, then the conclusion is obviously true. If
n = 1, then the conclusion is equivalent to Theorem 4. Assume that the conclusion is true
for some value of n > 1. Let P(x) = Z”H (ar/x*) have degree n 4 1 and take the form
P(x) =ag+ (1/x)W(x), where W(x) = Ek:o(ﬂk+1/xk)- It follows that P(D)f = apf +
W(D)z. Hence, by using Theorem 3, we obtain
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Go (P(D)fH) = G { £} o) + W) | L Gul £} o) — 7 (0]
—utt! i — Eaﬁkﬂf(kﬂ) (0+),
i=1 % =0

using (7) and setting z(K) = f(k+1) The summation can, therefore, be expressed as follows:

n 1 n—i+1 n+1 1 n—i+1 1 1 n 1
Z 7 Z ﬂi+kf(k) (0+) = Z 7 Z ai+kf(k)(0+) ~ lmﬂn+1f(0+) + Z Fﬂif(o"')
b i—1 k=0 i—1

= Mp()p(fin) — TW()F(0+).

As a result, we obtain

Go{PD)FH() = [0+ W) | GoF} 10 = w W) (0-)
— UM (u)p((f5) + W () f(0+)
= P() Gl FH) = u My (0)p(fim).
O

The Abel integral equation is provided by [31]

f(s) = /,: (SS_(TT)),YdT, s>a,0<y<1 ®)
and its solution is ‘ ; )
sin 7y 7T T S

There are two ways to find the solution, which are illustrated in [31].

3. The G,-Transform of Abel’s Integral Equation

In this section, we use the G,-transform to prove Abel’s integral equation. Abel’s
integral equation is expressed as

_ [T_8()
£(7) _/0 gt 0<B< (10)

which is sometimes written as

fr) =g(r) = 7.7, (11)

where T_:‘B = 1 PH(7) and H(7) is a Heavside’s unit step function. By applying the G,-
transform on both sides of (11), and using the convolution theorem of the G,-transform (3)
in (11), we obtain

Gl f(1)} = 4" Ga{g(1)}Ga{T, "}, (12)
where f(7) = "1/ (n —1)! and the G,-transform is F(u) = u""**. Similarly, we prove that
the Gy-transform is F(u) = T'(1 — B)u—P+*F1,if f(1) = t~P. Putting the value of G, {t#}

in (12), we obtain
F(u) = u™%Gy{g(7)} -T(1 — B)u—FPtatl
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and

_ F(u) ubl
TTA-B) uw
F)r(p)  wf—!
rpra—-pg) w=
I'(B)sinmp F(u)uf—o-1

7T u-*
_ I'(B)sinnp ()P,
s

where I'(B)T(1 — B) = smnﬁ Hence, it yields

Gols(0)) = P [r () F(uyu ],

uG{g(0)} = PG (f(1) x 1) Ga{r" 1} = T(mpurte.

From Go{ ;" f(7)dt} = uF(u) (see [27]) and the definition of the convolution, we obtain

Gd/’ (Wixt = LG [ (e - 0 )

sin 713

= S G k().

where k(1) = [, f(x)(t — x)P~1dx, k(0) = 0. We have
K(u
Gul¥ (1)} = K,

Therefore, we obtain

sin nﬁ

uG{g(7)} = uGu{K' (1)},

@wmb@ﬂ%%M}

By the uniqueness theorem, we obtain

() = T L [ ) e ),

Todr
Thus, we have obtained the solution of the Abel’s integral equation.

4. The G,-Transform and Abel’s Integral Equation on Distribution Spaces

The Gu-transform of certain distribution spaces is discussed in this section. Moreover,
a relationship is established to solve Abel’s integral equation using the distributional
G,-transform.

Suppose that f is a locally integrable function, then we have

(£,9) = N[ (13)

is the distribution f through the convergent integral (i.e., f in D’).
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According to Theorem 5, the G,-transform of the function f generates a distribution.
In other words, f is in D’ and ¢ belongs to D, where D and D’ stand for the testing function
space and it is dual space, respectively. The linearity property, as defined in [27] is

Gafaf (1) +bg(1)} = aGu{f(T)} + bGa{g(7)}, (14)

where 4 and b are any numbers.

According to (13) and (14), we can conclude that f = g almost everywhere if the locally
integrable functions f(7) and g(7) are absolutely integrable over 0 < T < oo, and their
Gy-transforms F(u) and G(u) are equal everywhere.

The proof of the Parseval equation for the distributional G,-transform is provided
below, which will be used to analyze the problem of this paper.

Theorem 6. If the locally integrable functions f(t) and g(T) are absolutely integrable over
0< T < oo, then

/0°° F(u)G (u)du = /0oo W (0)g(—T)dr. (15)

Proof. Both sides of Equation (15) converge because, as demonstrated in Section 2, the trans-
forms F(u) and G(u) are bounded and continuous for all u. Moreover, from (5) we have

/Ooo F(u)G(u)du = /Omf(r)dr/ow u*G(u)e~ V) dy
:/Oooum (T)dT/OooufaG(u)ef(T/”)du
= [T (g

The aforementioned integral is absolutely integrable. Hence, it follows

/Om F(u)G (u)du = /0°° W22 F(T)g(—T)dr.

Furthermore, we take into account that g(7) = f*(—1), such that

/ F(u)F*(u)du = / W f(T) f*(T)dT.
0 0
Consequently,

| IF@Pdu = [ (o).

0 0
As a result, the Parseval relation of the G,-transform is

IE| = u* | £1I-

Therefore, the proof is completed. [

It is easy to see that (8) can be obtained by a convolution of a distribution, we refer
to [31]. Consider the convolution as a bilinear operation * : D'[a,00) X D'[b,00) — D'[a +
b,00). If u € D'[a,00) and v € D’[b, o) are locally integrable functions, then

(uxv)(t) = /HT_b u(w)o(t —w)dw, T>a+b.

When b = 0and v € D’'[0,00), we have u * vs. € D'[a, 00). As a result, the operator of
the space D’[a, 00), defined by the convolution with v, is given by

(uxv)(t) = /: u(w)o(t —w)dw, T>a,
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where u and v are locally integrable functions.
The convolution of (8) results in

f:g*”c;ﬁ, (16)

where T;IS =t PH(1) and T;’S is locally integrable, since 0 < § < 1.

Abel’s integral equation can be interpreted in the sense of distributions, according
to Equation (16), and the functions f and g can be thought of as components of D’[a, c0).
Similarly, (9) can also be interpreted in the sense of distributions, as shown by

g(1) = 751“f"%(f*rﬁ*1). (17)

It may be noted that the G,-transform is identified as having an affinity for the mixed
spaces since D'[a, ), as well as the previously mentioned others, is one of the mixed
distribution spaces that are identified with the space of distribution D’ (R); the support of
which is contained in [a, 00).

If (16) and (17) express the solution of Abel’s integral equation on certain distribution
spaces, the distributional G,-transform is used in a similar way (as in Section 3) to derive
the solution of Abel’s integral equation. As a result, the analysis has been explicitly justified
and explained.

5. Application

In this section, we provide two examples to illustrate our application of the G,-
transform to integral equations.

Example 1. Consider the following integral equation by the Gy-transform method:

‘ Lndx =13, (18)
0 (t—x)2

In terms of convolution, Equation (18) can be expressed in the following form:

Nig

fT)xT72 =13, (19)

By applying the Gy-transform on both sides of (19), we have

!

using the convolution of the Gy-transform from (3) given in the tables of the Gy-transform [27],
the previous equation reveals that

Gl (3wt = (5) e,

NIg

Gulf(T) *T*%] = Gt
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By allowing the inverse Gy-transform to act on the preceding equation, we write

- (I
- HOEE)

15 ,
RT.

Example 2. Consider the following integral equation by the Gy-transform method

1 )
W_/o N 20)

In view of the concept of convolution, we write (20) into the form

\}?:f(*r)*r_%. (21)
Applying the Gy-transform on both sides of (21) reveals

Ga[%} = Gulf(r)+ T 1].

using the convolution of the Gy-transform from (3) presented in the tables of the Gy-transform [27],
the previous equation becomes

(-3)wt = ksl (-3 )uet,
Galf() = u.

Therefore, applying the inverse Gy-transform to both sides implies

6. Conclusions

Even though our paper investigates a solution to Abel’s integral equation by following
a G,-transform method and further expressing Abel’s integral equation on certain distri-
bution space through the distributional G,-transform, it has believed that the rest of the
integral equations may be defined on different distribution spaces by employing the said
distributional transform to obtain a solution of Abel’s integral equation, as noted, a solution
to the Abel integral equation has been received by applying Gu-transform. Moreover,
a solution of certain integral equations is given in distributions by applying G,-transform.
Some examples to illustrate the solution of integral equations using the G,-transform is
provided in the distributions space.
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