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Abstract: A Lie bialgebra is a vector space endowed simultaneously with the structure of a Lie algebra
and the structure of a Lie coalgebra, and some compatibility condition. Moreover, Lie brackets have
skew symmetry. Because of the close relation between Lie bialgebras and quantum groups, it is
interesting to consider the Lie bialgebra structures on the Lie algebra £ related to the Virasoro algebra.
In this paper, the Lie bialgebras on £ are investigated by computing Der(£, £® £). It is proved
that all such Lie bialgebras are triangular coboundary, and the first cohomology group H'(£, £ ® £)

is trivial.
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1. Introduction

It is well known that the Virasoro algebra plays an important role in string theory,
conformal field theory, the representation theory of Kac-Moody algebras and the theory
of vertex operator algebras, as well as extended affine Lie algebras (see, e.g., [1-3]). It
is interesting to study various generalizations of the Virasoro algebra and other closely
related algebras. The Lie algebra £ is an infinite-dimensional Lie algebra with a C-basis
{Ly, Em,c1,c2| m € Z} and the following Lie brackets:

3
m- —m
[LmrL”} = (m - n)LM+n + 5m+n,0 12 -C1,
Eo Bl = " Lo G o
ms En| = 2 m+n m—+n,0 24 1,

[Lm/ En] = (m —n)Epyn + Om+n0 (ﬂ’l3 —m)cy,

for any m,n € Z. Itis clear that £ contains the Virasoro algebra as its subalgebra.

Generally, a Lie algebra has a one-dimensional center, but the interesting thing about
this Lie algebra is that it has a two-dimensional center. Derivations and universal central
extensions of the centerless Lie algebra £ were studied in [4]. The automorphism group of
the centerless Lie algebra £ was characterized in [5]. However, Lie bialgebra structures on
£ are unknown.

In this paper, we investigate Lie bialgebra structures on £. The notion of Lie bialgebras
was originally introduced by Drinfeld (see [6,7]) in order to search for the solutions of the
Yang-Baxter quantum equation. Since then, Lie bialgebras have attracted wide attention
(see, e.g., [8-19]). For instance, Lie bialgebra structures on the one-sided Witt algebra, the
Witt algebra and the Virasoro algebra were proved in [8,10] to be triangular coboundary,
while the generalized case was considered in [11]. Furthermore, Lie bialgebra structures in
generalized Virasoro-like types were determined in [12]. Motivated by the works mentioned
above, we study Lie bialgebra structures on £. The main result presented in the paper is
Theorem 3.1, which states that every Lie bialgebra structure on £ is triangular coboundary.
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This result makes sense since dualizing a triangular coboundary Lie bialgebra may produce
new Lie algebras (see, e.g., [20]). This will be studied in a sequel.

Throughout the paper, the sets of the complex numbers, the integers, the nonzero
integers, and the nonnegative integers are denoted by C, Z, Z*, and N, respectively.

2. Preliminaries

In this section, we recall the definitions of Lie algebras, Lie coalgebras, Lie bialgebras,
and related results which will be used in Section 3.

Let g be a vector space over the complex field C. Denote by ¢ the twist map of g ® g and
P the cyclic map of g ® g ® g, namely, 0(x1 ® x2) = X3 @ x1, P(x1 ® X2 ® X3) = X2 @ X3 @ X1,
for x1,x3,x3 € g.

Then the definitions of a Lie algebra and Lie coalgebra can be reformulated as follows.
A Lie algebra is a pair (g, 0) of a vector space g and a linear map 6 : g ® g — g (called the
bracket of g) satisfying the following conditions:

Ker(1®1—0) C Kerf. (skewsymmetry),

0(120)(1®1®1+ ¢+ ¢h*) = 0 (Jacobiidentity),

where 1 denotes the identity map on g. A Lie coalgebra is a pair (g, ®) of a vector space g and
a linear map ¢ : g — g ® g (called the cobracket of g) satisfying the following conditions:

Im?® C Im(1 ® 1 — 0). (anti-commutativity),

(121®1+ 9+ 9¥?)(1®8)8 = 0. (Jacobiidentity), (1)

For a Lie algebra g, we shall use [x,y] = 6(x, y) to denote its Lie bracket and use the
symbol “-” to denote the diagonal adjoint action:

X (Z]ﬁ@Zi) = Z([%%’@Zi +y; ® [x,z;]), for x,y;,z; € g
i i

Definition 2.1. A Lie bialgebra is a triple(g,0,9), where (g,0)is a Lie algebra, (g,9)is a Lie
coalgebra and

0(x@y)=x-0y)—y-0(x),foranyx,y € g ()

Denote by U(g) the universal enveloping algebra of g and 1 the identity element of
U(g). Forany r = Y x;®y; € g®g, define r'/, c(r), i,j = 1,2,3 to be the elements of

1
U(g) ® U(g) ® U(g) by
M =Y xeyel M=) wley, =Y 1oxey;
i i i
and
C(T) — [712, 7,13] + [712, 7,23] + [7’13, 1,23]

=Y XX QuiRyi+ ) 50 y,x] Oy + Y %@ x @ [yi,y;] ©)
ij ij ij

Definition 2.2. (1) A coboundary Lie bialgebra is a 4-tuple (g,0,9,r), where (g,0,8)is a Lie
bialgebra and r € Im(1® 1 — o) C g® g, such that & = 0,is a coboundary ofr, where 9, is
defined by

O (x) =x-7, foranyx € g
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(2) A coboundary Lie bialgebra (g,0,9,r) is called triangular if r satisfies the following
classical Yang—Baxter Equation (CYBE):

c(r) =0 4)

(3) An element r € Im(1® 1 — o) C g® g is said to satisfy the modified Yang—Baxter
Equation (MYBE) if
x-c(r)=0, forallx € g (5)

The following results come from [6,7,10].
Lemma 2.3. Let g be a Lie algebraandr e Im(1®1—0) C g® g.

(1) The triple (g, [,-], ) is a Lie bialgebra if, and only if, r satisfies M'YBE.
(2) We have

10121+ + )1 8)%(x) = x-c(r) forallx € g

3. Lie Bialgebra Structures on the Lie Algebra £ Related to the Virasoro Algebra

In this section, the main result of this paper (Theorem 3.1) is first presented, then
several lemmas and propositions are given to prove Theorem 3.1, finally Theorem 3.1
is proved.

Theorem 3.1. Every Lie bialgebra structure on £ is triangular coboundary.

We introduce the grading on £ which will be used later. It is obvious that £ = & £,
nez
is Z-graded with

Ly, = SpanC{Ln, E,|neZ} @5n,0(((3c1 ® Ccy)

Lemma 3.2. Regard £ ® £ ® £ (the tensor product of three copies of £) as an £-module under
the adjoint diagonal action of £. Supposer € £® £ ® L satisfyinga-r = 0 forall a € £. Then,
re€Z(L)RZ(L)RZ(L), where Z(L) is the center of L.

Proof. Write r = ) r; as a finite sum with 7, € (£® £® £),. From 0 = Lo -r =— ) try,
teZ teZ
we obtainr =7p € (£® £® £),. Now we may assume that

r= L aﬂA;:E'DAm ®Bu ® D—(m+n) + )y ﬁﬁ’iBAk ®B r®c¢;
m,nez keZ, ie{1,2}
A, B, De{L, E} A, Be{L, E}
+ > G A @B+ T pePei® Ay @ By + D MA@ e ® ¢
kez,ie{l,2} kez,ie{1,2} i,je{1,2}
A,Bec{L, E} A,Bec{L, E} Ac{L, E}
+ ) i ® Ag @ cj+ ) e ® ;@ Ag (mod(Z(L) ® Z(£) ® Z(L)))
i,je{1,2} i,je{1,2}
Ae{L, E} Ae{L, E}

where all the coefficients of the tensor products are complex numbers and the sums are all
finite. Fix the normal total order on Z compatible with its additive group structure. Define
the total order on Z x Z by

(my1, n1) > (mp, np) < my > my, or my =my, ng > Ny
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If aﬁjE'D # 0forsomem, n € Z, A, B, D € {L, E}, let
(mg, ng) = max{(m, n) €EZXZ ‘a,;‘;;ﬁ"? + 0}.
Choose any p > 0 such that p — mg # 0. Then,
0 # (p = m0)ap s Ap-smg @ By © D_ (g ny)

is linearly independent with other terms of L, - 7, a contradiction to the fact that L, - r = 0.
Thus, uc,ﬁj BD — 0forany m,n € Z, A,B,D € {L, E}. We can similarly prove that
,B?’l.B = C?}B = pkA’iB =0foranyk € Z, i € {1,2}, A, B € {L,E}. Moreover, by

AfjAl ®ci®cj+ 2 ijci ®A1®cj+ 2 Ti‘j‘jci ®c;j® Ay,
i,je{1,2} i,je{1,2} i,je{1,2}
Aed{L, E} Aed{L E} Ae{L, E}

it follows that /\l‘f}j = %A]’ = TiAj = 0foranyij € {1,2}, A € {L,E}. This completes
the proof. OJ

Corollary 3.3. An element r € Im(1® 1 — o) C £® £ satisfies CYBE in (4) if, and only if, it
satisfies MYBE in (5).

Proof. It follows immediately from Lemma 3.2 and (3). O

The tensor product V = £ ® £ is a Z-graded £-module under the adjoint diagonal
action of £. The gradation is givenby V = @ V,;,, where V;, = ) £y ® Ly
nez
pqeL
ptqg=n

We shall discuss the derivation algebra Der(£, V). First, let us recall some
basic definitions.
Denote by Der (£, V) the set of derivations D : £ — V which are linear maps satisfying

D([a, b]) =a-D(b) —b-D(a) fora, b e L, (6)
and Inn(&, V) the set of inner derivations uin,, u € V, defined by
Uipn : A+ a-u fora € L.

A derivation D € Der(£, V) is homogeneous of degree ¢ € Z if D(£,) € Viqy for
all n € Z. Denote by Der(£, V), = {D € Der(&, V) | degD = ¢} for e € Z. It is well
known that

HY(L, V) = Der(&, V)/Inn(g, V)

where H!(£, V) is the first cohomology group of the Lie algebra £ with coefficients in the
£-module V.

Proposition 3.4. Every derivation from £ to V is inner, i.e., H' (£, V) = 0.
Proof. We shall divide the proof of the proposition into several claims.

Claim 1. For every D € Der(£, V), we have

D = Y D¢, whereD; € Der(g, V), )
e€Z
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which holds in the sense that for every a € £, only finitely many D¢(a) # 0, and
D(a) = Y. D¢(a)(we say that (7) is summable).
e€Z

For any ¢ € Z, we define a homogeneous linear map D, : £ — V of degree ¢ as
follows: for any p € Z and a € £, we can write D(a) = Y. uy, where uy, € Vi, Then, we
meZ
define D¢(a) = ue1p. Obviously De € Der(£, V), and (7) hold.
Claim 2. If ¢ € Z*, then D, € Inn(&, V).

Denote v = —e 1D (Lg) € V. Then for any a, € £, applying D; to [£y, a,] = —nay,
since D¢ (a,) € Vy1. and the action of Ly on V. is the scalar —(n + ¢), we have

- (n +€)D€(an) —an - DE(LO) = _nDs(ﬂn)r

i.e., De(ay) = vinn(ay). Then, Dy = iy is inner.
For convenience, we shall use “=" to denote equal modulo Z(£) ®Z(£) in the following.

Claim 3. Do(Lo) = DO(Cl) = Do(Cz) =0.

Forany n € Z and a, € £,, considering the action of Dy on [Lg, a,] = —na, and
[an, ci] = 0 (i = 1,2), respectively, we can deduce that a, - Dy(Ly) = 0 and
an - Do(c;) = 0 (i = 1,2). By Lemma 3.2, we have Dy(Ly), Do(c;) € Z(£) ®Z(L) for
i = 1,2. Thus Claim 3 is proved.

Claim 4. By replacing Dy by Dy — viny, for some v € Vj, we can suppose Do (L) = 0.

For any s € Z*, t € Z, under modulo Z(£) ®Z(£), we can write Dy(Ls) and Dy (E;)
as follows.

2 . 2 .
Do(Ls) = Z asiLi ® Ls i+ Z Bs,iLi ® Es_; + Z WiLs @ cj + Z Bic; ® Ls

(8)
+ZZCSIE®LS 1+2951E®Es z+2'§sEs®C]+ZPsC]®Es
IS ]_
D( ) Z)\“L ®Ltl+zi’ltll‘ ®Et1+2ALt®C+ZHt]®Lt
i€Z 7= (9)
+2Tt1E®Ltz+Zﬂt1E®Et1+ZTtEt®C]+Z77tC]®Ei
i€Z i€Z j=1

where Xs,iy ,Bs,i/ Cs,i/ Os,is /\t,i/ Mt,ir Th,ir Ntir “]s/ ﬁJS/ Cé/ Pé/ /\1/ ,u]t/ Tg’ﬂ €CseZ,tick,
j € {1/2}/ {i€Z|D‘s,i 750} ’ {i€Z|IBs,i 750} r{iGZ |€s,i7é0} , {iEZ ‘ps,i 7&0} ’
{ieZ|M;#0},{icZ]|m;#0},{icZ|n; #0} and{i € Z |n;; # 0} are all finite
sets. Note that forany i € Z and j € {1,2}, we have

(Li®L7i)inn(Ll) = (1 —l)L1+1®L i+ (1+Z) i®Ly_, <LO®C7)inn(L1) =1 ® cj,
(LI®E_i)ipn(L1) =(1—i)L1 i QE_;j+ (1+i)L;® Ey1_, (C'®L0)inn(L1) = C]'®L1,
(Ei®L j)inn(L1) = (1 =)E1 i@ L+ (1+1)E;® L1, (Ey®cj), (L1) =E1®c),
(Ei®E_i)inn(L1) = (1= 1)E14i ® Ei + (1 +)E; @ E1j, (¢ @ Ep), (L) = ¢; ® Ey

Denote . .
Ny = max{ |i| |a; #0}, No = max{|i| |B1; #0}
N3 = max{ [i| |&,; #0}, Ny = max{|i| |p1; #0}

4
Applying the induction on }_ N; in the above equations, by replacing Do by Dy — vinn,
j=1
where v is a combination of some L; ® L ;, L; ® E_;, E;® L_;, E;® E_j, Ly ® ¢}, ¢; @ Lo,
Ep ® cj, cj ® Eo, we can suppose

zx]1 = [3]1 = le = p]1 =0, forje{1,2}, a1; =P1i=0C1i =p1i =0, fori # —1,2
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Thus we have
Do(L1) = a1, 1 L1 ®Ly+a1ply @ L g+ B1, 1L 1 @Ex+ B1pLa ®E 4

+381,1E.1 ® Ly +C12E2 ® L1 +p1,1E_.1 ® Ey +p120E2 ® E_¢

Considering the action of Dy on [L_1, L] = —2Lj, under modulo Z(£) ®Z(L), we
deduce that
T 1@ egin+ @+ De gl Lo +3m, L1 @ L+ 30l @ Loy
4'116622 [(2—1)B-1i-1+(2+1)B-1]Li ®E_; +3B1,-1L 1 ® E1 +3B12L1 ® E4
+i§z [(2—1)p-1i-1+ 2+1)p-1]Ei®E_; +3p1,1E_1 ® E1 +3p1,E1 ® E_4

2 . 2 . 2 ; 2 .
+]§12a7_1L0 ® ¢ +j§12ﬁf_1cj ® Lo +j§12§f_1150 ®¢j +j§1 20" ;@ Ey=0

Comparing the coefficients of Ly ® Cj,¢j® Lo, Eg ® Cj, ¢; @ Ey, we obtain
’X]fl = /3]71 = 57]71 = P£1 =0,j€{1,2}
Comparing the coefficients of L; ® L_; for i € Z, we have

301, p+a_q1+3x,1=0, a_10+3x_17+3a12 =0,
2—i)a_q;1+Q2+i)a_q;=0, fori€Z, i# £1

Since {i € Z |a_1, # 0} is a finite set, we obtain
a_q,-1+a_10= 0, n_q;= 0, foricZ,i 7& -2,—1,0,1,

and we have the following relations:

X_1,-1= —&_10 &1,-1 = 50671,0 —&_1,-2, X2 = —(50671,0 +a_11).
Comparing the coefficients of L; ® E_; for i € Z, we obtain

3_1,—2+B-1,-1+3B1,-1 =0, B_10+3B_11+3B12 =0,
(2= )Brir+ (2 +i)pr; =0, fori € Z, i #+1

Since {i € Z | B_1,; # 0} is afinite set, we have

1371/71 = —,B,L(), ,3_1,1‘ =0, forieZ,i#-2,-1,0,1,
B1,-1=3B-10—PB-1,-2, P1o=—(3B-10+ P-11)

Comparing the coefficients of E; ® L_; for i € Z, we deduce that

3¢ 1,—2+C8-1,-1+381,-1=0,_10+3C_11+3812 =0,
(2 - i)‘:—l,i—l + (2 + i)g—l,i =0, fori € Z,.i # £1.

Since {i € Z |¢_1; # 0} is a finite set, we have the following identities:

g—l,—l = _g—l,O/ gfl,i = O/ fOI'i S Z/ 1 # _2/ _1/ 0/ 1/
&1,-1 =38 10—C1,-2 C12=—(3C10+811)

Comparing the coefficients of E; ® E_; for i € Z, we obtain

30-1,—2+p-1,-1+301,-1 =0, p_10 +30-1,1 +3012 =0,
(2—1)p_1i1+(2+1i)p_1; =0, fori € Z, i # +1
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Since {i € Z |p_1; # 0} is a finite set, we have

P-1,-1= —P-10, P-1,i = 0, forieZ, i 75 -2,-1,0,1,
P1,-1 = %PA,O —0-1,-2, P12 = —(%Pfl,o +p-1,1)

Consequently, we can rewrite

Do(L1) = (3a—10 — a—1,—2)L_ 1®L2—( a10+a11)la®L 4
+(%,3—1,o —Bo1,2)L 1 ®Ep — (3B_10+ P-11) L2 ®E_4
+(3¢ 10— 81, 2)E1 ® Ly — (%5—1,0 +¢-11)E2a®L 4
+(30-1,0 — p-1,-2)E-1 ® B — (3p-10+ p-11)E2 ® E_4
Do(Lq)=a_1, 2L o®Li—a 19L 1 ®Lo+a 190Lo®L 1 +a 11L1 ®L
+B-1,2L 2 ®E —p10L1 @ Ey+ f-10Lo®E_1+p-11L1 ®E_
+¢ 1, 2E 0®L1 =8 10E 1 ®@Lo+ ¢ 10E0®L 1 +8 11E1®L >
+p-1,2E2®E; —p_10E 1 ®Ey+p-10E0®E_1+p-11E1 ®E_»

Considering the action of Dy on [Lp,L_;] = 3Lj, under modulo Z(£)®Z(£),
we obtain

a_1,2(4Lo+ 301) ® Ly + a1, L ® Ly —3w_19L1 ® Lo — 2a_19L_1 ® Ly

+2010Ly ® L1 +30_190Lo ® Ly +a_11L3 ® Ly + &_11L1 ® (4L + 5c1)
+B-1,-2(4Lo + 3¢1) ® E1 + B_1,2L_2 ® E3 = 3B_19L1 ® Eg —2B_19L_1 ® E;

+2B_10La ®E_1 +3B_10Lo®E1 +B_11L3R®E >+ p_11L1 ® (4Eg + 6¢32)
+G-1,2(4Eg +6c2) @ L1 +¢ 1, 2E 2 ® L3 —3¢ 19E1 ® Lo — 2§ 10E 1 ® Lo

+28_10E2 ® L1 4+38_10E0 ® L1 +&_11E3 ® Ly + ¢_1,1E1 ® (4Lo + 5¢1)
+p-1,2(4Eg +6c2) ® Ey +p_1, 2E 2 ® E3 —3p_19E1 ® Eg —20_190E_1 ® E»

+20 10E2 @ E_1 +30_10E0 ® E1 +p-11E3 ® E_2 + p_1,1E1 @ (4Eg + 6¢2)
+Y (M +i)ag;li 1®Ly i+ Z( —i)ay;L;i®Ly ;i + Z (1+1)BoiLi-1 ®Ex

€7
+ ¥ (B—1)B2iLi®E1_; + Z (1+z>§zz i-1® Ly 1+ Z( — )62, Ei ® Ly
i€Z i€Z €7 )
+ZZ(1+1)P21 i1 ®Ey i+ Z (3 —1)p2,iEi ® E1—; + }213“2L1®Cj+ 4213/3]2Cj®L1
1S j= j=

+ Z 3§2E1 ®cj+ Z 3p2C] ® Eq — (06_1,0 — 3D£_1,_2)L_1 QLy+ (IX_L(] + 306_1,1)[,2 ®L_1
]_
—(B-10— 3,3—1,—2)L—1 ®@E+ (B-1,0+3B-1,1)La®E_1 — ({10 —3¢-1,2)E_1 ® Ly
+(8 10 +3¢11)E2®L 1 —(p-10—30-1,2)E 1 ®@E+ (010 +30-1,1)E2@E_1 =0

For j € {1,2}, comparing the coefficients of L1 ® cj, ¢; ® L1, E1 ® ¢j, ¢; ® Eq in the
above equation, we have
a0 = é"‘ 11/ "‘2 =21 ﬁz g0-1,-2, ﬁz =—20_1,2,
& =—4611, 3 =—2011, py = /371,—2, p3 =201,

For any i € Z, comparing the coefficientsof L; ® L1_;, L; ® E1_;, E;® L1_; and E; ®
Eq_;, respectively, and noting that {i € Z |ap; #0} {i € Z |Bp; #0} ,{i € Z |E2; #0}
and {i € Z | py; # 0} are finite sets, we deduce that

a1, 2+500 2=0,301 230 _19+arot4ay 1 =040 1 5 +30u 19+ 2a1+ 3020 =0,
411 —3a_109+ 320 +2001 =0, 30_10+3x_171 +4ar3+a20 =0, &a_171+5024 =0, ap; =0
B-1,—2+5B2,2=0,3B_1,2—3B_10+B20+4B2,—1 =0, 4B_1,—2 +3B_10 +2B21 +3B20 =0,
46 110 —3B-10+3P22+2P21 =0, 3B 10 +3B 11 +4P23+P22=0, p11+5B24=0, Bo; =0
§-1,2+582,2=0,301,2—3C 10+ G0 +4C2,1=0,40 1, 2+3 10+281+3520=0,
4¢ 11 —3¢ 10+ 3822 +2501=0,35 10+3¢ 11 +4823+C¢22=0,¢ 11 +5024=0,8,;=0
P-1,—2+502,2=0,30_1,2—30_10+p20+402,-1=0,40-1,2+30-10+2021+30p20=0,
40 11 —3p-1,0+3022+2021 =0, 30_10+30-11 +4023+022=0, p—11 +5024 =0, p2;, =0
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fori # —1,0,1,2,3. Then, we have the following identities:

3 1

a_q1,_2 = —5ay 2 =0, 0 11=-"5a24=0, a5 1=3a 10— 40620,
3 5

A1 = —50— 10—20620, Qpp =20 10+ a0, A3 = — 4“ 10—40620,

Bo1,2=—5B22=0, B11=-5P4=0, Bo1=32B-10— 1B20

Ba1 = —3B_10— 3B20, P22 =2B-10+ P20, P23 = —2B-10— 3B20,
E1,0=-580=0,&11=-504=0 8 1=3C 10— 1520
Ea1 = —3C_10— 3820, €20 = 2810+ 820, €23 = —3C_1,0 — 1C20
P12 =—5p2-2=0, p_11=—5p24 =0, o1 = 3p_1,0 — P20/
P21 = —%Pfl,o - %Pz,ol 022 =20_10+ 020, P23 = —%Pq, - }192,0

ay=oaf=ph=p5=33= = py=p3=0

Thus we can rewrite

D(L1) 0( 10L 1®L D( 10L2®L 1+3ﬁ 10L 1®E ﬁ_1,oL2®E_1
+3C—1,0E—1 ® Ly — *5—1,052 ®L_1+3p_10E.1 ®Ey— 3p_190E2 ® E_4,
Do(L-1) =—a 1oL 1®Lo+a 10lo®L 1 =B 1oL 1@ Eo+ B 10Lo®E 1
—G- 10E 1®Lo+ 8 10E0®L 1 —p_10E- 1®Eo+P 1,0E0 ® E_4,
Dy(Lp) = ( n_10— 40(20)L 1 ®L3+D¢20L0®L2 — ( a_10+ 20(20)[4 ® Ly
+(20¢ 10 +a2,0)La ® Lo — (Fa_19 + 4D¢20)L3®L 1
+(3B-10 — §B20)L—1® E3 + B2oLo ® Ex — (3B_1,0 + 3B20)L1 ® Eq
+(2B-10 + B20)La ® Eg — (3B-10 + iﬁz,o)h% ®E_4
+(3810— 3820)E_1 ® L+ E20E0 ® Ly — (53810 + 3820)E1 ® Ly
+(28_10+820)E2 ® Lo — (38-1,0 + 1820)E3 ® L3
+(30-1,0 — §020)E—1 ® E3 4 p2,0E0 ® E> — (30-1,0 + 302,0)E1 ® E
+(20-1,0 + p20)E2 ® Eg — (30-1,0 + 1020)Es ® E_3

Considering the action of Dy on [L1,L_p] = 3L_1, under modulo Z(£)®Z(£),

we have
):Z (1—i)ail1i®L oy i+ ZZ (B+i)ap;Li®L 1 ;+ ,ZZ (1—i)B2il14i ®E 5 ;
i€ ic 1€
+Y B+i)Boili®E 1 i+ Y (1—i)§ 2iE1i®L o i+ ¥ B3+i)§ 2Ei®@L 1
i€Z i€Z i€Z

+ZZ(171)P 21E1+1®E 2—i + ZZ(3+Z)P 2ZE ®E_ 1-i + 23“ L_ 1®C]
1€ ie ]

+ Z 3/3],2C]' ®L_1+ Z 3§£2E,1 ®cj+ Z 3p]726]' ®E_1+ %a,l,OL_g, ® Ly

+3a 10l 1 ® Lo+ ta_19L1®c1 — Fa_190Lo®L_q — ta_1001 ® L — 3a_19Ly ® L_3
+3B-10L-3®Er+ 3B_10L_1 ® Eg+ Zﬁ—l,oL—l ®cy — *ﬁ—l,oLo ®E_1— tB_1000 ®E_q
—3B-10La ®E_3+ 38 10E_3®@ Ly + 3¢_10E_1 ® Lo + %C—l,OE—1 ®c1— 3¢ 10E0®L_q
28 1000 ®@L_1 — & 10Er ® L g+ 3p_10E_3® Ex + 3p_1,0E_1 ® Eg + 2p_10E_1 ® ¢
—%p_LQEo ®E_1—20_1000®E_1— %p_LQEQ ®E_3+3x_10L_1®Lo—3a_190Lo®L_1
+3B_10L_1 ®Ey —3B_10Lo ®E_1+3¢_10E_1 ® Lo —3¢_10E0 ® L_1 +3p_10E_1 ® Ep
—3p,1,0E0 & E,1 =0
Foranyi € Z and j € {1,2}, comparing the coefficientsof L, ® L_1_;, L; ® E_1_;,E; ®
L1 iEi®E 14 L 1®cj,¢;®L_1,E_1®cjand c;® E_; in the above equation, and not-
ingthat{i € Z [a_»; #0} ,{i € Z [P 2; #0} ,{i€Z | p; #0}and{i€ Z |p_5; #0}
are finite sets, we obtain
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0_10=0, 0 _p 3=—%0 20, Ap 2= 00, X 1 =—3K 20, K_p1 = —5X_20, ¥_p; =0,
B_10=0, Bo-3=—%B-20 B-2-2=P-20, B-2-1=—3B-20 B-21=—%1B-20, B-2i =0,
E10=0,¢0-3=—3C20, C2-2=0C20, C2-1=—3C 20, E21=—4C20, €2;=0, p_19=0,
P-2,-3= —%sz,o, P—2,2=0-20 P-2,-1= —%sz,ol P-—21= —zlipfz,o/ p—2i=0
aly= —fga10=00a2y= —3610=0 B, = fga 190=0, 2, = 5 10=0
ely= —k€10=08,=—2p 19=0,pl, = £p_10=0,
P2_2 = %Pfl,o =0

fori # —3,—-2,—1,0,1. Consequently, we can rewrite

DO(Ll) = DO(L—l) =0,

Do(Ly) = —4az0L_1 ® Ly + az0Lo ® Ly — 3a20L1 ® L1 + anLy ® Ly
—tapoLs ® L1 — 1BooLl_1 ® E3 + BooLo ® Ex — 3BaoL1 ® Eq
+B20L2 ® Eg — §B2,0Ls ® E_1 — §E20E—1 ® L3 + E20E0 @ Ly
—380E1 ® L1 + &20E2 ® Ly — $&20E3 ® L1 — }p20E_1 ® E3
+02,0E0 ® Ez — 302,0E1 ® E1 + p2,0E2 ® Eg — 02,0E3 ® E_1,
D()(L,Q) = —%06,2,()[473 & L1 + 0672/0]_,72 & L() - %aleoL_1 & L_1 + a,2,0L0 QL5
— 3020l ®L_3— B-20L-3®E1+B_20L_2®Eg— 3p_20L_1 ®E_4
+B-20Lo ®E_2 — 1B_20L1 ® E_3 — 1€ 20E_3® L1+ _20E_2® Lo
—38 20E 1 ® L1+ & 20E0®L_p— §& 20E1 ®L_3— $p20E_3®E;
+0-20E—2 ®Eg— 3p-20E_1 ® E_1 +p_20E0 ® E_p — }p_»0E1 ® E_3

Applying Dy to [Ly, L_5] = 4Lg + 1c1, we have
X_p0=—&20, P20 = —P20, C-20= —C20, P—20 = —02,0

Denote

1
v=—700(L1®L1 2L ® Lo+ L1 ® Ly)

_%IBZ,O(Lfl ®E —2LgQEy+ L1 ® E*l)
—1820(E.1® Ly —2Eg @ Lo+ E1 © Ly)

1
— 1020(E1 @ E1 —2E0 @ Eg+ E1 ® E_4)
Replacing Do by Dg — vjn,, we obtain
Do(L+1) = Do(L+2) =0

Since £ has a Virasoro subalgebra £’ := Span:{L,, | m € Z}, which can be generated
by the set {L_»,L_1,L1, Ly}, then we have

Dy(Ly) =0, foranym € Z (10)

Considering the action of Dy on [L1, E;] = 0 and [L_1, E_1] = 0, respectively, under
modulo Z(£) ®Z(£), we obtain

Mi=p,i=7,=m,;=0, fori #0,1
Ao+ A1 =10+ M1 =T,0+T1="1m,0+t1mm1=0,
Ai=p_1;=T1,;=1n-1,=0, fori #0,-1,
Apo+A gy, 1=pa0+tp1,1=T10+t7T1,1=17-10+t7-1,-1=0
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Then, we can write
Do(Eq1) = MoLo® Ly — A oLy ® Lo + p1,0Lo ® E1 — p1,0L1 @ Eg
+T1 0Eo® L1 — Tl 0E1 ® Lo + 771 0Eo ® E1 — 111, OEl ® Eg

+Z/\]L1®C + ZFH ]®Ll+ 271E1®C + 2771 ]®E1,
j=
Do(E_1) = _Afl,OLfl ® Lo +A10Lo® Lfl —p-10L—1 ® Eo +p-1,0Lo ® E_4
—T1,0E.1® Lo+ T10E0®L_1 —-10E-1 @ Eg +17-10E0 ® E_4

2 . 2 . 2 . 2 X
+Y M L@+ L gola+ LT Ea@c+ Ll g ®E,
= mH J = A ]

Applying Dy to [Lp, E_1] = 3E;, under modulo Z(£) ®Z(£), we obtain
Mo = A 10—#10—# 10—T10—T 10 =11,0 =17-10 =0,
AL _/\] Wo=m, Ty =1, 0 =m, forje {1,2}
Thus, we can rewrite
Do(Ey) = ZA]L1®C]+ Zyl ¢j® L+ ET1E1®C + 2171 ¢j ® Ey,
]_

Do(E_1) = ‘21 )\1L71 ®cj+ 421 Vlcj ®L 1+ ):l TlEfl ®cj+ '):1 7710]‘ ®E_q
j= j= j= j=

Applying Dy to [Ej, E_1] = Lo, under modulo Z(£) ®Z(£), we have

)\]i = y{ = T{ 17{ =0, forje {1,2}.

Then,
Do(E1) = Do(E-1) =0 (11)

Since the Lie algebra £ is generated by the set {L_p,L_1,L1,Lp,E1}, using (10) and
(11), we obtain Dy(£) = 0. Then, Claim 4 is proved.

Claim 5. £ is perfect, i.e., [£, £] = £.
By Lie brackets of £, we have

= %[Lm,Lo] €[g Llform#0, Ly=1[L,L 4] € [, &],
c1 [ 9] —8Lg € [£,£], Em = L[Em, Lo| € [, £] form #£0,
Eo = [Ll, 1 €1L8], co=1L[Ly Ep) — 3Ey € [£,£]

Note that {Ly, Ex, c1,c2| m € Z} is a C-basis of the Lie algebra £. Thus £ is perfect.
Claim 5 is proved.

Claim 6. Dy = 0.

It is proved that Dy (£) C Z(£) ®Z(£) in Claim 4. Because £ = [£, £] by Claim 5, we
have Dy(£) C £-Dy(£) = 0. Then, Claim 6 is proved.

Claim 7. For every D € Der(£, V),D = Y. Dg is a finite sum, where D, € Der(&, V)..

€€
According to the above claims, for any ¢ € Z, we can suppose D, € (ug);,, for some
ug € Ve If {e € Z* | ue # 0} is an infinite set, then we have D(Lg) = — ) e, is an

ecZ*
infinite sum, a contradiction with the fact that D € Der(£, V). This proves Claim 7 and

Proposition 3.4. [

Lemma 3.5. Suppose w € V such that a-w € Im(1®1—0) foralla € £ Thenw €
Im(1®1-o0).
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Proof. It is easy to see that £ - Im(1® 1 —0) C Im(1® 1 — o). After a few of steps in each
of which w is replaced by w — 7 for some ¢y € Im(1 ® 1 — o), we shall prove that w = 0

and thus w € Im(1 ® 1 — ). We can write w = Y wy, where wy € Vj. Clearly,
keZ

weIm(l®l—-0) e welm(l®l—o0) forallk € Z

Then, without loss of generality, we may assume that w = wj, is homogeneous. For
any k # 0, wy = — Lo - wy € Im(1® 1 — ¢). Thus, we can suppose w = wy € V. Now w
can be written as

w=Y ;L®L ;+ ¥ BLi®E_; + Zé‘zE ®L_l+ ZPZE QE_;
ZEZ 1€Z

j= =1

where a;, B, &, pi, &, By, &b oh € C fori € Z,j € {1,2};{i € Z |a; £0} ,{i € Z |B; #0},
{ieZ|¢ #0}and {i € Z | p; # 0} are finite sets. Forany i € Z, since 7y ; := L; ® L_; —
L ;®Lj, 7 =L®E_;—E_;®L;,73; =E®E_;—E_®E;,y1 :=Li®c; —c1 ® Ly,
Yo = Lo®cr —ca® Ly, 13 := Eg®c1 —c1 ®Ey, 74 := Eg ®cp — ¢» ® Eg are all in
Im(1® 1 — o), by replacing w by w — v, where v is a combination of some 1, V2,
Y3,i» Y1, Y2, v3 and 74, one can suppose

& =p)=ph=0, foranyi € Z, j e {1,2} (12)

ai, pi #0=1>0 (13)

Thus w has the following form

w=Y aLi®L i+ Y BL®E i+ ) pE®E_ +Za{)L0®c]+Z§0EO®c]
ieN i€Z ieN j=1 j=

Suppose that there exists i > 0 such that «; # 0. Let j > 0 be such that j # i. Itis
easy to see that the term L;; ® L_; appears in L; - w. However the term L_; ® L;; cannot
appear in L; - w by (13), a contradiction with the fact that L; - w € Im(1® 1 — 7). Thus, we
can further suppose that &; = 0 for any i € Z*. Similarly, we also can suppose that p; =0
for any i € Z*. Then, w can be written as

w =wagLo® Lo+ )_ BiL; ®E—1+POEO®50+ZOCOLo@C]JrZ@oEo@C]
i€Z j=1 j=1

Noting that Im(1® 1 —0¢) C Ker(1®1+0) and using that £- w € Im(1® 1 —0),
we have

0=1®1+0)L, - w
22060([4 ®L0+L0®L1) +2P0(E1 ®EO+EO®E1)

2 2 .
+ Y af(Li®cj+cj®Ly)+ ¥ E)(E1 @ cj+¢; @ Eq)
j=1 j=1

+ L (=) + I+ )AL ®Er—i+ ¥ [(2—1)Bi1 + (1 +1)Bi]E1i @ L;
i€Z i€Z

Since {i € Z | B; # 0} is a finite set, comparing the coefficient of the tensor products
in the above equation, it follows that

ng = po—zxo Q'O—ﬁl—Ofor]e{l?.}leZ
i#-1,0,1
Bo=—2p-1=—-2p
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Thus w has the following form
w=PB1(Lo1®E —2Lg®Ey+ L1 ®E_q)
Considering the computation
0=(1®1+0)L w.

=B1(1®1+0)[6L1 ®E; +L_1®E3—4Ly, ® Eg —4Lg ® Ep + L3 ® E_4]
it follows immediately that §; = 0. Thus w = 0. This completes the proof. [

We are now in a position to prove Theorem 3.1.

Proof of Theorem 3.1. Let (£, [, -], ¥) be a Lie bialgebra structure on £. By (2) and (6),
¢ € Der(£, V). By Proposition 3.4, Der(£, V) = Inn(&, V). Thus, there exists ¥ € V such
that ¢ = ¢,, where 9, is defined by (1) of Definition 2.2. Namely, ¢(a) = a-r forany a € £.
By (1), Im¢ C Im(1®1 — 7). Hence, by Lemma 3.5, 7 € Im(1® 1 — ). By Lemma 2.3,
a-c(r) =0, foralla € £ By Corollary 3.3, c(r) = 0. Therefore, (1) and (2) of Definition 2.2
imply that (£, [-, ], ®) is a triangular coboundary Lie bialgebra. [J
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