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Abstract: In this work, we analyzed the hybrid nanofluid (Ag+CuO+kerosene oil) flow past a
bidirectionally extendable surface in the presence of a variable magnetic field. The hybrid nanofluid
flow considered is electrically conductive and steady. For the simulation of the problem, the Cattaneo–
Christov double-diffusion (CCDD) model was considered, which generalizes Fourier’s and Fick’s
laws. The impact of the Hall current produced was taken into account. The physical problem
was transformed into a mathematical form with the help of suitable transformations to reduce the
complexity of the problem. The transformed system of coupled ordinary differential equations
(ODEs) was solved with the semi-analytical method. The results are plotted in comparison with the
ordinary nanofluid (CuO+kerosene oil) and hybrid nanofluid (Ag+CuO+kerosene oil). The impact of
various parameters (Pr, Sc, γ0, m, M, Nb, Nt, ε1, ε2) on the state variables is described. The velocity
gradient under the impact of the mass flux and magnetic parameter shows a decreasing behavior,
while the Hall parameter and the stretching ratio show an increasing behavior. Moreover, the skin
friction, rate of heat, and mass transfer are numerically displayed through tables. In this work, we
found that the thermal and concentration relaxation coefficients showed a decreasing behavior for
their increasing trends. For the validation of the implemented technique, the squared residuals are
computed in Table 2, which shows that the increasing number of iterations decreases the squared
residual error. The results show that Ag+CuO+kerosene oil has good performance in the reduction of
the heat transfer rate.

Keywords: symmetric flow; hybrid nanofluid; energy loss; heat and mass transfer; Cattaneo–Christov
model; stretching surface; homotopy analysis method

1. Introduction

In the last few years, the applications of heat transfer in different fields (engineering
and technology) have attracted many researchers. One such important application is the
nature of the electronic devices used, where the thermal conductivity is very low, due to the
ordinary mixtures (ethylene glycol, water, oil, etc.). However, now, almost every researcher
has access to increase the thermal conductivity of these fluids (materials). This is thanks to
Choi and Eastman [1,2], who introduced the idea by the mixing of small-sized particles
(having a size below 100 nm) with the available fluid. This available fluid is known as the
base fluid, while the mixture formed by a single-type mixing procedure is known as the
nanofluid. This new mixture formed has many physical advantages over the ordinary fluid.
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This procedure opened the door to a new era in the field of fluid mechanics. Initially, this
work looked to be not very interesting, but as time passed, this work has put the interest
of the researchers on a single track. Currently, two different techniques are used for the
preparation of these nanofluids. These fluids can be prepared at the laboratory, as well as
at the industry level. Maiga et al. [3] conducted a numerical simulation of the nanofluid’s
behavior. They estimated the heat transfer increase of the nanofluid in an evenly heated
tube under turbulent and laminar flow conditions and employed approximated correlations
for the experimental data. They reported that the increasing value of the Reynolds number
in the turbulent case increases the transfer of heat. This rapid increase was found to be
due to the dimension of the nanoparticles used in the formation of the nanofluid. A new
theoretical model for nanoliquids’ behavior through an expanding surface was analyzed by
Khan and Pop [4]. In this work, they reported the stabilization of the stream and thermal
behavior. The magnetohydrodynamics (MHD) mixed convective stagnation point flow
of a micro-polar nanoliquid was performed by Seth et al. [5]. They used a new empirical
relation for this study and implemented the successive linearization method for solution
purposes. The study of nanofluids subject to different conditions and geometries can be
found in [6–8].

Researchers are always trying to investigate problems and find a feasible and suitable
solution. In light of the above literature, researchers have taken keen interest in advancing
the existing work to a next level. In the preparation of nanofluids instead of single-
element nanoparticles, two or more than two nanoparticles of different elements are used.
Therefore, a single-type nanoparticle is replaced with a hybrid one. These nanofluids have
various applications in agriculture production, applied and biological sciences, and material
sciences. These are accessible with a very low cost and have many applications in the
transfer of heat and other coolant projects. On the other hand, the advantages of these
fluids include increased thermal conductivity, good transfer of heat, and other physical
significance. Due to these properties, they are used for coolant purposes to increase
efficiency and reduce energy loss. In 2007, for the first time, Jana et al. [9] investigated the
thermal conductivity of hybrid nanofluids. They performed a comparative survey with a
single-phase common nanofluid, where they found a remarkable increase in the transfer of
heat for computing the thermal conductivity of the hybrid nanofluid. Madhesh et al. [10]
studied a copper-titanium hybrid nanofluid to analyze the rheological characteristic, as
well as the transfer of heat. In this work, in the preparation of the hybrid nanofluid,
55nm particles with concentrations varying from 0.1 vol.% to 2.0 vol.% were used. In
the experiment, a 52% increase in the coefficient of the convective heat, a 49% increase in
the Nusselt number, an average increase of 68% in the coefficient of heat transfer, and a
1.0% increase in the volume concentration were observed. Later on, in 2010, Ho et al. [11]
performed an investigation of the increase of the thermal conductivity by utilizing a water-
based hybrid nanofluid having a microencapsulated phase change material (MEPCM)
and Al2O3 nanoparticles. In this work, higher thermal conductivity and concentration
as compared to the phase change materials (PCMs) were reported. Suresh et al. [12]
studied the nanoparticles’ concentration effect over the thermal conductivity for the hybrid
nanofluid Al2O3-Cu/water. In this study, for synthesis purposes, the two-step method was
implemented. Labib et al. [13] considered the Al2O3–CNT/water nanofluid and studied
the impact of the Reynolds number and the nanoparticles’ concentration for the transfer
of heat. They reported that the increase of Al2O3 and carbon nanotubes (CNTs) inside
the medium increased the thermal conductivity. In this work, the concentration of the
nanoparticles increased the transfer of heat coefficient and work, in addition to the friction
factor. The Al2O3-Cu/water hybrid nanofluid flow by considering the forced convection
was utilized by Moghadassi et al. [14]. Both single- and two-phase analysis were performed
for synthesis purposes, and both phases were analyzed. They reported a 4.73% increase
in the single-phase model, while 13.46% in the two-phase model for the hybrid nanofluid
in comparison with water. Furthermore, a 4% increase in the Nusselt number for the
two-phase model was observed.
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In recent years, various uses for electrically conducting fluid and MHD boundary flow
have been reported in engineering and industry [15]. Similar applications of the MoS2
nanoparticles for the MHD slip flow were reported by Khan [16]. His results showed
the heat transfer increase for the MoS2 nanoparticles. Chamkaa et al. [17] analyzed the
Cu-water nanofluid filled square cavity and studied the mixed convection with the impact
of the magnetic field. The mathematical problem was tackled with the finite-difference
method. The results were presented for the inclination angle, the Hartmann and Richardson
parameters, and the nanofluid volume fraction under the impact of the applied magnetic
field. Alsabery et al. [18] considered the two-phase Buongiorno model for the square
enclosure in the mixed convection of Al2O3-water nanofluid flow with the impact of the
magnetic field. Various obstacles (circular, triangular, and square) were assumed inside
the cavity. The Galerkin method was employed for the solution of the problem, and
the results were presented in the form isotherms and streamlines. They found that the
heat produced inside the cavity was higher for the triangular obstacles compared to the
others. Ellahi [19] showed that the velocity profile decreased with the variation in the
MHD parameter for the non-Newtonian MHD fluid flow inside a pipe. The pipe was
considered at a higher temperature compared to the fluid flowing through it. Explicit
expressions for the state variables were derived with the semi-analytical method, the HAM.
Sheikholeslami et al. [20] reported the MHD fluid flow inside a permeable channel. They
found that, with the increasing values of the Hartmann number, the velocity boundary
layer declined, while on the other hand, the boundary layer thickness decreased with
the increasing values of the Reynolds number and volume fraction. Seyyedi et al. [21]
used the ANSYS Fluent software and the control volume finite-element method for the
natural convection MHD fluid flow through a semi-annulus enclosure. In their study, they
reported the entropy generation due to the MHD flow. In this work, they showed that the
entropy generation decreased for various pertinent parameters. Rashidi et al. [22] studied
the entropy generation and the second law of thermodynamics for the MHD nanofluid
flow inside a porous rotating disk. In this study, the applications of the rotating disk with
entropy generation were presented. In the investigation of the MHD (three-dimensional)
3D flow for the Lorentz force impact over the temperature profile, Sheikholeslami and Ellahi
used the lattice Boltzmann method (LBM) [23]. The viscosity and thermal conductivity
were calculated with the correlation model, Koo–Kleinstreuer–Li (KKL). The generation
of the entropy and heat transfer both were reported to decline with the increasing values
of the Rayleigh parameter, while the opposite behavior was reported for the Hartmann
parameter. Recently, Biswas et al. [24] studied the application of Cu-water nanofluid inside
a square cavity, where the left wall was considered hot. The problem was solved with the
finite-volume method, and various parameters’ impacts were studied. The wavy wall and
convection impacts were studied in detail. The bio-convection impacts over the heat and
mass transfer were reported for cleaner energy and bio-cell production. Manna et al. [25]
reported the entropy generation and Lorentz forces’ impact inside a quarterly squared
cavity. The work was carried out for various dimensionless parameters, where the results
described with the practical applications of energy storage, the cooling of electronic devices,
and other food and technological purposes. Biswas et al. [26] also reported partial magnetic
impacts on the nanoliquid flow past a porous medium numerically. The magnetic field
impact showed a 17.15% or 9.71% decline in the heat transfer rate. More recent studies of
the flow inside a square cavity can be found in [27–30].

The boundary layer flow over different geometries and, especially, in the case of
a stretching sheet has been analyzed by various researchers. The role of this type of
flow is encountered in wire drawing, copper wire tinning, metallurgy, glass fiber, rubber
and plastic sheets, glass blowing, etc. The basic idea of the boundary layer flow was
presented by Sakiadis [31–33] in the case of a solid surface motion at a fixed speed. This
idea was further utilized by Crane [34] for a two-dimensional (2D) flow past a stretching
sheet. The scientist continued their work on this new idea and extended the work further
to other physical constraints [35,36]. The boundary layer flow past an exponentially
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stretchable sheet by considering the suction and injection of the sheet for the heat and
mass transfer analysis was utilized by Magyari et al. [37]. In the boundary layer flow
analysis, the shrinking and stretching sheet caused the flow to move back and forth
towards the origin. This unusual behavior was reported by Wang [38] for the first time by
analyzing the liquid film’s unsteady flow past a stretching sheet. The exact solution of the
Navier–Stokes equations for a stretching sheet was presented by Miklavcic and Wang [39].
They also reported that the stability of the flow over the sheet requires the suction of
mass. Bhattacharyya [40] investigated fluid flow and heat transfer across an exponentially
shrinking sheet. Their findings showed that the feasibility of the steady flow depends
on the mass suction parameter when exceeding a specific critical value. In another study,
Bhattacharyya et al. [41] examined the stagnation point flow and heat transfer across a sheet
subject to exponential shrinkage. Bachok et al. [42] examined the steady two-dimensional
stagnation point flow of an aqueous nanofluid over an exponentially stretching/shrinkage
surface. A substantial amount of research has been dedicated to the analysis of fluid flow
across the exponentially stretching/shrinking plate. Some recent examples are mentioned
here [43–46].

The Buongiorno nanoliquid model is modified with the help of the Oldroyd convection
time derivative to obtain the Cattaneo–Christov model [47]. This modification is mainly
concerned with the Fourier–Fick laws [48]. Zheng and Zhang [49] investigated the Maxwell
nanofluid flow past a stretching sheet by considering the heat and mass transfer together
with the slip effects. They used the Cattaneo–Christov double-diffusion (CCDD) model in
their analysis. Hayat et al. [50] studied the steady, 3D, and bidirectional Newtonian fluid
flow by considering the CCDD model. In the very next year, Hayat et al. [51] analyzed
analytically the viscoelastic nanofluid flow by considering the CCDD model. Recently,
Hayat et al. [52,53] investigated the CCDD model for the Prandtl and Walters-B fluids by
considering the heat source/sink and chemical reaction effects past an expanding surface.
The Eyring–Powell nanomaterial was analyzed by Ibrahim [54] considering the CCDD
model for the flow over a bidirectionally expanding sheet. More recent surveys of the
Cattaneo–Christov model can be found in [55–58]. From the literature, it is clear that the
impact of the Hall current on the CCDD model with a variable magnetic field has not been
reported for the hybrid nanofluid Ag+CuO+kerosene oil.

This work aimed to analytically investigate the hybrid nanofluid flow based on
kerosene oil past a bidirectionally expanding surface in the presence of a variable magnetic
field. The nanofluid flow considered is electrically conductive and steady. For the explo-
ration and modeling of the physical problem, the CCDD model was used for the optimal
solution. Moreover, the current produced due to the magnetic parameter was also counted
in the physical problem. In this article, Section 2 is devoted to the problem description and
physical geometry with a detailed mathematical description. In Section 3, the analytical
method used is described in detail with residual error analysis, and in Section 4, the results
obtained are described and discussed in detail. Finally, the discussion of the tables and
conclusions are presented in Sections 5 and 6, respectively.

2. Mathematical Model of the Problem

Consider a steady, bidirectional and incompressible flow of a hybrid nanofluid
(Ag+CuO+kerosene oil) over an extendable surface. The geometry of the problem was
chosen in the Cartesian coordinate system, centered at (x, y, z) = (0, 0, 0), as can be
seen in Figure 1 [50]. The geometry of the problem was chosen in such away that the

uw = c exp
(

x + y
L

)
and vw = d exp

(
x + y

L

)
velocities act along the x- and y-axis, respec-

tively. The wall temperature and concentration of the hybrid nanoparticles were assumed

in the exponential forms Tw − T∞ = T0 exp
(

a(x + y)
2L

)
and Cw − C∞ = C0 exp

(
a(x + y)

2L

)
,

respectively. A variable magnetic field B(x, y) = B0 exp
(

x + y
2L

)
was applied perpendicular

to the surface, where B0 shows the strength of the applied magnetic field. The fluid is
electrically conductive, in which the induced current produced was considered in the
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nanofluid fluid flow. Moreover, the heat and mass transfer were investigated through the
double-diffusion Cattaneo–Christov theory, which acts as a generalization of the famous
Fourier and Fick laws [47,50]:

q̃ + Λe

(
q̃t + Ṽ · ∇q̃− q̃ · ∇Ṽ + (∇ · Ṽ)q̃

)
+ k∇T = 0, (1)

J̃ + Λc

(
J̃t + Ṽ · ∇ J̃ − J̃ · ∇Ṽ + (∇ · Ṽ) J̃

)
+ DB∇C = 0. (2)

In Equations (1) and (2), q̃ and J̃ show the heat and mass fluxes, T and C denote the
temperature and concentration, respectively, k is the thermal conductivity, Ṽ is the velocity
field, DB is the Brownian motion parameter, and Λe and Λc describe the energy and
concentration relaxation factors, respectively. By letting Λe = 0 = Λc, the famous Fourier
and Fick laws can be obtained. Considering the steadiness condition of the nanofluid flow,
we have from Equations (1) and (2) the theory, which acts as a generalization of the famous
Fourier and Fick laws [47,50].

q̃ + Λe

(
Ṽ · ∇q̃− q̃ · ∇Ṽ + (∇ · Ṽ)q̃

)
+ k∇T = 0, (3)

J̃ + Λc

(
Ṽ · ∇ J̃ − J̃ · ∇Ṽ + (∇ · Ṽ) J̃

)
+ DB∇C = 0. (4)

Figure 1. Geometrical description of the study.

Since we considered the nanofluid flow as electrically conductive under the impact
of the applied variable magnetic parameter, after some time, the magnetic field produces
a current known as the Hall current. This whole process is governed by the generalized
Ohm’s law given below [59–61]:

j̃ +
ωe

B0te
× ( j̃× B̃) +

σPe

ene
= σ(Ẽ + Ṽ × B̃), (5)

where ne, e, σ, j̃, Ṽ, and B0 describe the number density, charge of electrons, electrical
conductivity and electrical current density, velocity of the fluid, and strength of the magnetic
field, respectively. In light of the above assumptions, the modified Buongiorno nanofluid
model for the boundary layer nanofluid flow takes the following form [52,55,62]:

ux + vy + wz = 0, (6)

uux + vuy + wuz = νhn f uzz −
σhn f

ρhn f

B2

1 + m2 (u−mv), (7)
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uvx + vvy + wvz = νhn f vzz −
σhn f

ρhn f

B2

1 + m2 (v + mu), (8)

uTx + vTy + wTz = αmTzz −ΦeΛe + τ
(

TzCz +
DT
T∞

T2
z

)
, (9)

uCx + vCy + wCz = DBCzz −ΦcΛc +
DT
T∞

Czz. (10)

Here, in Equations (9) and (10), the terms Φe and Φc are the steady Cattaneo–Christov
expressions defined as [59]:

Φe = u2Txx + v2Tyy + w2Tzz + 2(uvTxy + vwTyz + uwTxz) + Tx(uux + vuy + wuz)

+Ty(uvx + vvy + wvz) + Tz(uwx + vwy + wwz),
(11)

Φc = u2Cxx + v2Cyy + w2Czz + 2(uvCxy + vwCyz + uwCxz) + Cx(uux + vuy + wuz)

+Cy(uvx + vvy + wvz) + Cz(uwx + vwy + wwz).
(12)

Here, u, v, and w are the velocity components along the x, y, and z directions, respectively,
ρ is the density, ν is the kinematic viscosity, Λe and Λc represent the relaxation time of the
energy and concentration fluxes, τ is the adiabatic index, DT represents the thermophoretic
parameter, and DB indicates the diffusion parameter of the nanoparticles. The boundary
restrictions from the physical problem take the following form.

u = uw(x, y), v = vw(x, y), w = ww(x, y) = w0 exp
( x + y

2L

)
, T = Tw, C = Cw, as z→ 0,

u→ 0, v→ 0, C → C∞, T → T∞ as z→ ∞.
(13)

where uw = c exp
(

x + y
L

)
and vw = d exp

(
x + y

L

)
are the bidirectional velocities along the

x- and y− axis, respectively. Here, c and d are the references of the velocities and L is the
length (characteristic) of the sheet. Introduce the following similarity variable [62]:

u = c exp
( x + y

2L

)
f ′, v = c exp

( x + y
2L

)
g′, w = −

( cν f

2L

)0.5
exp

( x + y
2L

)
( f + g + ζ f ′ + ζg′),

T = T∞ + T0 exp
( a(x + y)

2L

)
, C = C∞ + C0 exp

( a(x + y)
2L

)
, ζ =

( c
2ν f L

)0.5
exp

( x + y
2L

)
,

T − T∞ = (Tf − T∞)θ(ζ).

(14)

Here, the prime shows the derivative with respect to ζ and w0 = −
( cν f

2L

)0.5
S0, where S0

represents the dimensionless flux of the mass, which further explains the suction/injection.
Equations (6)–(10) together with the boundary conditions (13), by implementing the

conditions presented in Equation (14), can be written in the following form [50,62]:

µhn f
µ f

ρhn f
ρ f

f ′′′ + f ′′(g + f )− 2 f ′2 − 2 f ′g′ −
σhn f
σf

ρhn f
ρ f

M
1 + m2 ( f ′ −mg′) = 0, (15)

µhn f
µ f

ρhn f
ρ f

g′′′ + g′′(g + f )− 2g′2 − 2 f ′g′ −
σhn f
σf

σhn f
σf

M
1 + m2 (g′ + m f ′) = 0, (16)

khn f
k f

(ρCp)hn f
(ρCp) f

θ′′

Pr
+ θ′( f + g)− a( f ′ + g′)θ + ε1[(ζ( f ′ + g′) + (2a + 1)( f + g))( f ′ + g′)θ′

−a((a + 2)( f ′ + g′)2 − ( f ′′ + g′′)( f + g))θ − ( f + g)2θ′′] + Nbθ′φ′ + Ntθ′2 = 0,

(17)
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φ′′

Sc
+

Nt
Nb

θ′′

Sc
+ φ′( f + g)− a( f ′ + g′)φ + ε2[(ζ( f ′ + g′) + (2a + 1)( f + g))( f ′ + g′)φ′

−a((a + 2)( f ′ + g′)2 − ( f ′′ + g′′)( f + g))φ− ( f + g)2φ′′] = 0,
(18)

With the B.Cs.:

f = 0 = g, f ′ = 1, g′ = γ0, θ = 1, φ = 1 at ζ = 0,

f ′ → 0, g′ →, θ → 0, φ→ 0 as ζ → ∞.
(19)

Here, Pr =
ν f
α f

is the Prandtl number, Nt = τDT(Tw−T∞)
νT∞

and Nb = τDB(Cw−C∞)
ν are the

thermophoretic and Brownian motion parameters, γ0 = d
c is the stretching ratio, Sc = ν

DB
is the Schmidt number, ε1 = Λea and ε2 = Λea are the thermal relaxation parameters for

the energy and mass fluxes, respectively, M =
2Lσf B2

0
ρCp

is the magnetic parameter, m is the
Hall parameter, and µhn f , ρhn f , and (ρCp)hn f show the hybrid nanofluid dynamic viscosity,
density, and specific heat, respectively. The hybrid nanofluid models for the thermal and
electrical conductivity, specific heat, density, and dynamic viscosity are defined as [63,64]:

khn f

kb f
= (1− ϕ2) + 2ϕ2

( km2

km2 − kb f

)
ln
( km2 + kb f

2kb f

)
,

kb f

k f
= (1− ϕ1) + 2ϕ1

( km1

km1 − k f

)
ln
( km1 + k f

2k f

)
,

(20)

σhn f

σb f
=
[
1 +

3
(

σm2
σb f
− 1
)

ϕ2(
σm2
σb f

+ 2
)
−
(

σm2
σb f
− 1
)

ϕ2

]
,

σb f

σf
=
[
1 +

3
(

σm1
σf
− 1
)

ϕ1(
σm1
σf

+ 2
)
−
(

σm1
σf
− 1
)

ϕ1

]
,

(21)

(ρCp)hn f

(ρCp) f
=
[
(1− ϕ2)

(
1−

(
1−

(ρCp)m1

(ρCp) f

)
ϕ1

)
+ ϕ2

(ρCp)m2

(ρCp) f

]
, (22)

µhn f

µ f
=

1
(1− ϕ1)2.5(1− ϕ2)2.5 , (23)

ρhn f

ρ f
=
[
(1− ϕ2)

(
1−

(
1− ρm1

ρ f

)
ϕ1

)
+ ϕ2

ρm2

ρ f

]
. (24)

The basic engineering quantities of interest take the following forms:

Shx(Rex)
−1/2 = −φ′(0), (25)

Nux(Rex)
−1/2 = −

khn f

k f
θ′(0), (26)

C f x(2Rex)
1/2 =

µhn f

µ f
f ′′(0), (27)

C f y(2Rey)
1/2 =

µhn f

µ f

(d
c

)−1.5
g′′(0). (28)

Here, Rex = uwx
ν and Rey = Vwy

ν demonstrate the local Reynolds numbers. Table 1 was
used in simulation of this work, where the basic physical and dynamical properties of the
hybrid nanofluid used are presented.



Symmetry 2023, 15, 166 8 of 21

Table 1. Some basic physical and dynamical properties of the nanofluid used in this work [65,66].

Properties Ag CuO Kerosene Oil

k
(

W
mK

)
429 18 0.145

Cp

(
J

kgK

)
235 540 2090

ρ
(

kg
m3

)
10,500 6500 783

3. Problem Solution by Homotopy Analysis Method

In this section, we solve the reduced system of ODEs together with the boundary
conditions defined in Equations (15)–(19). These problems are normally very highly nonlin-
ear, and that is one of the reasons that researchers use the semi-analytical techniques for
solution purposes. One of the techniques we use here is the homotopy analysis method
(HAM) introduced by Liao [67]. Liao used the concept of topology by constructing a contin-
uous mapping between two functions ξ1(x̄) and ξ2(x̄), which are themselves continuous,
defined over the two topological spaces X̄ and Ȳ, on which this mapping is constructed.
This mapping is mathematically defined as [68]:

Φ̃ : X̄× [0, 1]→ Ȳ, (29)

where Φ̃[X̄, 0] = ξ1(X̄) and Φ̃[X̄, 1] = ξ2(X̄) hold ∀x̄ ∈ X̄.
Now, to solve Equations (15)–(18) together with the boundary conditions (19), we

chose f0 = − exp(−ζ) + 1, g0 = γ0(− exp(−ζ) + 1), θ0 = exp(−ζ), and φ0 = exp(−ζ) as
the initial guesses with the corresponding operators, defined as:

L f̄ ( f̄ ) = f̄ ′′′ − f̄ ′, Lḡ(ḡ) = ḡ′′′ − ḡ′, Lθ̄(θ̄) = θ̄′′ − θ̄, and Lφ̄(φ̄) = φ̄′′ − φ̄, (30)

which agree with

L f̄ (a1 + a2 exp(ζ) + a3 exp(−ζ)) = 0, Lḡ(a4 + a5 exp(ζ) + a6 exp(−ζ)) = 0,

Lθ̄(a7 exp(ζ) + a8 exp(−ζ)) = 0, Lφ̄(a9 exp(ζ) + a10 exp(−ζ)) = 0,
(31)

where ai, i = 1→ 10 are arbitrary constants.

3.1. Convergence Analysis

In this section, we briefly explain the convergence of the method used in Section 3.
For this purpose, we present the residual errors computed for the state variables in the
form of Table 2. The residuals were computed subject to variations in the convergence
control parameters used in the homotopy. These parameters are h̄ f , h̄g, h̄θ , and h̄φ and were
chosen in such away that the square residual is minimized. Using the concept of Liao [69],
the mathematical relations for the square residuals take the following forms:

ε f =
1

p + 1

p

∑
l=0

[
N f

( n

∑
r=0

f̄ (ζ)
n

∑
r=0

ḡ(ζ)
)

l∆ζ

]2
, (32)

εg =
1

p + 1

p

∑
l=0

[
Ng

( n

∑
r=0

f̄ (ζ)
n

∑
r=0

ḡ(ζ)
)

l∆ζ

]2
, (33)

εθ =
1

p + 1

p

∑
l=0

[
Nθ

( n

∑
r=0

f̄ (ζ)
n

∑
r=0

ḡ(ζ)
n

∑
r=0

θ̄(ζ)
)

l∆ζ

]2
, (34)

εφ =
1

p + 1

p

∑
l=0

[
Nφ

( n

∑
r=0

f̄ (ζ)
n

∑
r=0

ḡ(ζ)
n

∑
r=0

θ̄(ζ)
n

∑
r=0

φ̄(ζ)
)

l∆ζ

]2
. (35)
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The total residual can be obtained from the following empirical relation by combining
Equations (32)–(35), and we have [69]:

εs = ε f + εg + εθ + εφ. (36)

In Equation (36), εs shows the sum of the residuals obtained. For the second-order
deformation, we chose ∆ζ = 0.45 and p = 20 for the convergence control parameters
h̄ f = −2.21453, h̄g = −2.56672, h̄θ = −1.56345, and h̄φ = −1.56345. In Table 2, the various
residuals computed are presented for the corresponding state variables. From the table, it
is clear that, when the number of iterations increases, the residual error decreases.

Table 2. Squared residual error values subject to the auxiliary variables’ values.

n ε f εg εθ εφ

2 5.26× 10−4 4.34× 10−5 5.78× 10−4 5.78× 10−4

5 6.31× 10−5 2.49× 10−6 4.87× 10−5 4.87× 10−5

10 5.47× 10−5 6.91× 10−6 3.14× 10−5 3.14× 10−5

15 6.69× 10−6 8.76× 10−7 5.43× 10−6 5.43× 10−6

20 7.98× 10−6 4.28× 10−7 4.90× 10−6 4.90× 10−6

25 6.27× 10−7 3.76× 10−8 5.67× 10−7 5.67× 10−7

30 4.14× 10−7 2.93× 10−8 3.49× 10−7 3.49× 10−7

4. Results and Discussion

The results obtained by implementing the HAM in the above equations are presented
in the form of graphs and tables in this section. The graphical description in Figures 2–17
expressed here shows the impact of various parameters on the state variables. Furthermore,
the engineering quantities of interest are expressed in Tables 3 and 4.

The impact of the mass flux S0 in the velocity f
′
(ζ) of the considered nanofluid

(CuO+kerosene oil) and the hybrid nanofluid (Ag+CuO+kerosene oil) is depicted in
Figure 2. The values of S0 were taken to be 0.2, 0.4, 0.6. The graph displays a decreas-
ing dependence of the fluid velocity with increasing S0. Both fluids exhibit almost the same
dependence. Thus, the increasing S0 causes a lower distribution in f

′
(ζ).

0 1 2 3 4

0.0

0.2

0.4

0.6

0.8

1.0

Ζ

f'
HΖ

L

Ag+CuO+KeroseneOil

Ag+CuO+KeroseneOil

Ag+CuO+KeroseneOil

CuO+KeroseneOil

CuO+KeroseneOil

CuO+KeroseneOilS0 = 0.2

S0 = 0.4

S0 = 0.6

Figure 2. Influence of S0 on f
′
(ζ).

The dependence of both nanofluids’ dynamics on the varying magnetic field strength
M is displayed in Figure 3. The graph shows that the increasing magnetic field strength
M results in a reduction in the f

′
(ζ) profile. The values of M were taken to be 0.2, 0.4, 0.6.

The drop in f
′
(ζ) is more prominent at the intermediate values of ζ. The spacing between

different curves decreases with the increasing values of M. The increasing M values
causes f

′
(ζ) to reduce at a greater rate in the hybrid nanofluid compared to the ordinary
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nanofluid. This shows that the increasing M values result in a reduction of the fluid velocity
distribution.

0 1 2 3 4

0.0

0.2

0.4

0.6

0.8

1.0

Ζ

f'
HΖL Ag+CuO+KeroseneOil
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CuO+KeroseneOil

CuO+KeroseneOil

CuO+KeroseneOilM = 0.2

M = 0.6

M = 1.0

Figure 3. Influence of M on f
′
(ζ).

The dependence of f
′
(ζ) on the Hall effect parameter m is depicted in Figure 4.

The chosen values of m were 0.2, 0.6, 0.9. The graph shows that the increasing values of m
increase the profile of f

′
(ζ) for both types of nanofluid. The increase is more prominent

at the middle values of ζ. The increase in the hybrid nanofluid is the largest one for the
highest of m, that is at m = 0.9. This shows that the increasing Hall effect strength results
an increase in the velocity distribution of both types of nanofluid.

0 1 2 3 4

0.0

0.2

0.4

0.6

0.8

1.0

Ζ

f'
HΖL Ag+CuO+KeroseneOil

Ag+CuO+KeroseneOil

Ag+CuO+KeroseneOil

CuO+KeroseneOil

CuO+KeroseneOil

CuO+KeroseneOilm = 0.2

m = 0.6

m = 0.9

Figure 4. Dependence of f
′
(η) on m.

The impact of the stretching ratio γ0 on the velocity distribution f
′
(ζ) is plotted in

Figure 5. The chosen values of γ0 were 0.2, 0.6, 0.8. It is apparent that the changing of the γ0

strength results in an increase in f
′
(ζ). The increasing γ increases the velocity distribution of

the simple nanofluid at a higher rate compared to the chosen hybrid nanofluid. The increase
is more obvious at the intermediate values of γ0.
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Figure 5. Variation of f
′
(η) with γ0.

The impacts of the mass flux parameter S0 and stretching ratio γ0 on the other compo-
nent of the velocity g

′
(ζ) are respectively exhibited in Figures 6 and 7. The chosen values

of S0 were 0.1, 0.3, 0.5, and those of γ0 were 0.2, 0.6, 0.8. It is clear from Figure 6 that the
increasing mass flux causes the velocity distribution to reduce along the vertical direc-
tion. The drop is more drastic for the hybrid nanofluid compared to the simple nanofluid.
The increasing stretching ratio strength γ0 causes the velocity distribution to increase along
the vertical direction, as displayed in Figure 7. The increase in the velocity distribution is
more prominent for the hybrid nanofluid compared to the ordinary nanofluid. The spacing
between different curves changes with the higher values of γ0 at the intermediate values
of ζ.

0 1 2 3 4

0.0

0.2

0.4

0.6

0.8

Ζ

g
'

HΖL Ag+CuO+KeroseneOil
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CuO+KeroseneOil

CuO+KeroseneOil

CuO+KeroseneOil

S0 = 0.1

S0 = 0.3

S0 = 0.5

Figure 6. Impact of S0 on g
′
(ζ).
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Figure 7. Dependence of g
′
(ζ) on γ0.
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Pr = 0.9
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Figure 8. Variations in θ(ζ) with Pr.

The dependence of the chosen simple and hybrid nanofluids temperature θ(ζ) on
Prandtl number Pr and thermophoresis parameter Nt is respectively plotted in Figures 8 and 9.
The values of both parameters were chosen to be 0.5, 0.9, 1.3. The temperature of both fluids
drops with the increasing values of Pr. This is due to the thermal diffusion, because it has
an inverse relation with Pr. On the other hand, when the viscous diffusion increases, the
Prandtl number jumps up. As a result, the temperature profile decreases. The temperature
drop shows a complex dependence on the increasing Pr. At a smaller value of Pr, the simple
nanofluid temperature drops at a higher rate compared to the hybrid nanofluid temperature
drop. At higher values, the temperature drop decreases compared to the smaller separation
between the different curves. Thus, the smaller thermal diffusivity associated with a higher
Pr results in a decrease in the temperature distribution of both types of fluid. Figure 9
shows that the changing thermophoresiscauses the temperature of the fluids to increase.
The increasing nature of the fluids’ temperature with the increasing Nt is higher for the
hybrid nanofluid compared to the single-component nanofluid.
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Figure 9. Impact of Nt on θ(ζ).
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Figure 10. θ(ζ) versus Nb.

The variation of the fluids’ temperature with the changing Brownian motion param-
eter Nb, stretching ratio γ0, and thermal energy relaxation parameter ε1 is displayed in
Figures 10–12, respectively. Figure 10 shows that the increasing randomness associated
with the higher values of Nb causes the fluids’ temperature to change. The rate of in-
crease of the hybrid nanofluid is higher with the increasing Nb compared to the ordinary
nanofluid. The increasing stretching ratio strength associated with the higher γ0 decreases
the fluid temperature, as exhibited in Figure 11. The dropping rate for both fluids almost
shows the same trend. The reduction in the fluid temperature is more drastic at the inter-
mediate values of ζ. The thermal energy relaxation exhibited by the increasing values of ε1
also results in the reduction of the fluid temperature distribution θ(ζ). The temperature
dropping rate is higher for the hybrid nanofluid compared to the ordinary nanofluid. This
is more obvious at the middle values of ζ. Thus, the increasing thermal energy relaxation
causes the temperature distribution to reduce.
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Figure 11. Dependence of θ(ζ) on γ0.
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Figure 12. Influence of ε1 on θ(ζ).
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Figure 13. Influence of ε2 on φ(ζ).

The variation of the fluid concentration with the changing values of the mass flux re-
laxation parameter ε2 and stretching ratio γ0 are plotted respectively in Figures 13 and 14.
The values of ε2 were chosen to be 0.0, 0.3, 0.6, whereas those of γ0 were taken to be
0.2, 0.4, 0.6. The changing mass flux relaxation drops the fluids’ temperature. Initially,
the dropping rate for the ordinary nanofluid is higher. As the values of ε2 increase, the drop-
ping rate decreases, as is clear from the reducing separation between the different curves.
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At the highest ε2, the concentration profiles for both fluids almost coincide. The drop in the
fluids’ concentration is more visible at the middle values of ζ. The increasing stretching ratio
γ0 also results in a reduction in the fluids’ concentration, as shown in Figure 14. The drop
in the hybrid nanofluid concentration is more obvious compared to the ordinary nanofluid.
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Figure 14. Influence of γ0 on φ(ζ).
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Figure 15. Influence of Nb on φ(ζ).

The dependence of the fluid concentration φ on the increasing strength of Nb, Nt,
and the Schmidt number Sc is respectively plotted in Figures 15–17. Figure 15 displays
a strange dependence of the fluid concentration on Nb. The chosen values of Nb were
0.2, 0.6, 1.2. At smaller ζ, the fluid concentration first drops, then rises with increasing
ζ and reaches a maximum, then drops again with higher values of ζ. The rate of the
concentration drop decreases with the increasing strength of the randomness associated
with the higher Nb values, as exhibited by the decreasing separation between the different
curves. The changing thermophoresis associated with the higher values of Nt causes
the fluid concentration to change. The increasing rate of the fluid concentration is more
prominent up to about ζ = 3.0. Thus, the increasing thermophoresis affects the hybrid
nanofluid concentration more drastically compared to the ordinary fluid. The impact of the
increasing Schmidt number Sc on the fluid concentration φ(ζ) is displayed in Figure 17.
The chosen values of Sc were 0.6, 1.2, 1.8. The graph exhibits a drop in the concentration
profiles of both fluids. The rate of decrease of the ordinary nanofluid is more drastic
with the increasing Sc compared to the hybrid nanofluid. Thus, the increasing kinematic
viscosity associated with higher values of Sc affects the concentration profile of the ordinary
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nanofluid more drastically compared to the hybrid nanofluid. The variation is more
prominent at the intermediate values of ζ.
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Figure 16. Influence of Nt on φ(ζ).

0 1 2 3 4

0.0

0.2

0.4

0.6

0.8

1.0

Ζ

Φ
HΖL Ag+CuO+KeroseneOil

Ag+CuO+KeroseneOil

Ag+CuO+KeroseneOil

CuO+KeroseneOil

CuO+KeroseneOil

CuO+KeroseneOilSc = 0.6

Sc = 1.2

Sc = 1.8

Figure 17. Influence of Sc on φ(ζ).

Table 3. Computed values of C f x and C f y, under the variation of the ratio parameter (γ0).

γ0 0.2 0.4 0.6 0.8 1.0

C f x −1.04025 −1.07483 −1.09753 −1.11643 −1.16989
C f y −2.35546 −1.99025 −1.50623 −1.31678 −1.17889

Table 4. Computed values of the heat and mass transfer rate for various values of ε1 and ε2.

ε1, ε2 0.0 0.2 0.4 0.6 0.8

θ′(0) −0.52003 −0.52098 −0.52941 −0.53452 −0.53742
φ′(0) −0.51341 −0.51661 −0.51946 −0.52367 −0.53854

5. Tables’ Discussion

In this section, various coefficients of engineering interest are displayed in Tables 3 and 4
numerically. The variations of these coefficients were analyzed under the variations of the
ratio parameter γ, thermal relaxation parameter ε1, and concentration relaxation parameter
ε2. Table 3 shows the opposite behavior with the increasing values of the ratio parameter.
In Table 4, the relaxation parameter of heat with increasing values shows that the heat
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transfer is increasing. A quite similar trend for the mass transfer rate is observed in Table 4
for the mass relaxation parameter.

6. Conclusions

This section is concerned with the results obtained in this work. In this work,
the CCDD model was used to simulate the Ag+CuO+kerosene oil hybrid nanofluid passing
a bidirectionally stretching sheet, under the influence of the variable magnetic parame-
ter. The fluid was chosen to be electrically conductive, where the current produced (Hall
current) was taken into account. The results obtained through graphs and tables are
summarized below:

• When the Hall current increases, the velocity gradient increases, while the dimension-
less mass flux and the magnetic parameter decrease this profile.

• Both the velocity and temperature profiles fall with the increasing values of the
ratio parameter.

• The higher values of the Prandtl number decrease the layer thickness of the ther-
mal boundary.

• Both the temperature and concentration boundary layer show an opposite trend for
the larger values of the Brownian motion parameter.

• The thermal and concentration parameters decrease the temperature and concentration
boundary layers with their increasing values.

• At the surface, both the temperature and concentration profiles show an increasing
trend for various values of the thermal and concentration boundary layers.

• The skin friction shows the opposite trend for the larger values of the ratio parame-
ter γ0.

• The graphs show that the hybrid nanofluid shows a fast increasing/decreasing trend,
which implies further applications in cooling.

• The efficiency of the implemented technique is proven in Section 3.1 through the
squared residual errors presented in Table 2.
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Abbreviations
σ Electrical conductivity
C Concentration
B Uniform magnetic parameter strength T
Nux Local Nusselt number
Rex Local Reynolds number
C f x,C f y Local skin frictions
Shx Sherwood number along the x-axis
Pr Prandtl number
uw Stretching velocity along the x-axis
vw Stretching velocity along the y-axis
T Fluid temperature (K)
θ Dimensionless temperature
f Dimensionless velocity along the x-axis
g Dimensionless velocity along the y-axis
θ Dimensionless temperature
φ Dimensionless concentration
ρ Density
µ Dynamic viscosity
Cp Specific heat
(Cp)hn f Hybrid nanofluid specific heat
µhn f Hybrid nanofluid dynamic viscosity
ρhn f Hybrid nanofluid density
Jw Mass flux
∞ Condition at infinity
0 Reference condition
w Condition at the wall
x, y, and z Coordinates
ζ Similarity variable
γ0 Stretching ratio parameter
Sc Schmidt number
t Time (s)
khn f Hybrid nanofluid thermal conductivity
kb f Base fluid thermal conductivity
σb f Base fluid electrical conductivity
σhn f Hybrid nanofluid electrical conductivity
M Magnetic parameter
m Hall parameter
Ṽ Velocity field
q̃ Heat flux
j̃ Mass flux
Λe Energy relaxation parameter
c, d References of velocity
L Characteristic length
B(x, y) Variable magnetic field
B0 Strength of the magnetic field
Λc Concentration relaxation parameter
DB Brownian motion parameter
τ Adiabatic index
S0 Suction/injection parameter
Nt Thermo-migration parameter
ε1 Thermal relaxation parameter
ε2 Mass relaxation parameter
DT Thermophoretic parameter
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