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Abstract: The idea of symmetry is a built-in feature of the metric function. In this paper, we investigate
the existence and uniqueness of a fixed point of certain contraction via orthogonal triangular a-orbital
admissible mapping in the context of orthogonal complete Branciari metric spaces endowed with a
transitive binary relation. Our results generalize and extend some pioneering results in the literature.
Furthermore, the existence criteria of the solutions to fractional integro-differential equations are
established to demonstrate the applicability of our results.

Keywords: orthogonal set; orthogonal sequence; orthogonal continuous; orthogonal Branicari metric
space; orthogonal triangular a-orbital admissible

1. Introduction

In 1922, Banach [1] initiated the Banach contraction theorem that every contraction
has a unique fixed point in complete metric space. In 2000, Branciari [2] first defined
the notion of Branciari metric spaces, where the triangle inequality is replaced by the
quadrilateral inequality for all distinct pairwise points. Turinici [3] proved fixed-point
results using functional contractions, and Karpinar [4] proved some fixed-point theorems
using implicit functions in the Branciari metric space. Samet et al. (2012) [5], who introduced
admissible mapping in a-i contraction and is frequently used to generalize the results
across different contractions. Popescu [6] proposed in 2014 triangular a-orbital admissible
mapping, and many authors extended the results in these spaces; see [7-12].

Recently, Gordji et al. (reference [13]) introduced the attractive concept of orthogonal
sets, followed by orthogonal metric spaces. Subsequently, they extended the fixed-point
theorem by Banach to this newly constructed structure. In addition, they utilized their find-
ings to establish the existence of a solution to an ordinary differential equation. Moreover,
in [13,14], the authors improved and established a fixed-point result for F-contraction in
this context. Many researchers have contributed to the theory from a variety of perspectives
since Gordji created the notions of an orthogonal in [15-21] and references therein.

Fixed point theory is one of the outstanding fields of fractional differential equations;
see [22-26] and references therein for more information. Baitiche, Derbazi, Benchohra,
and Cabada [23] constructed a class of nonlinear differential equations using the y-Caputo
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fractional derivative in Banach spaces with Dirichlet boundary conditions in 2022. Impor-
tantly, Machado et al. [27] introduced a new history of fractional calculus. The majority
of articles and publications on fractional calculus concentrate on the solvability of initial
linear fractional differential equations in special function types.

The main benefit of fractional nonlinear differential equations is the possibility of
explaining the dynamics of complex nonlocal systems with memory. Specifically, fractional
nonlinear differential equations are a new field in which improved fixed-point methods
may be utilized. Using the Banach contraction, Lakshmikantham and Rao [28] demon-
strated the solution to the integro-differential equation. Ahmad et al. [29] established some
existence results for fractional integro-differential equations with nonlinear conditions,
and Sudsutad, Alzabut, Nontasawatsri, and Thaiprayoon [30] established some fixed-point
results with mixed integro-differential boundary conditions as well as a stability analysis
for a generalized proportional fractional Langevin equation with a variable coefficient.
Sharma and Chandok [31] investigated Ulam's stability of the fixed-point problem via
Caputo-type nonlinear fractional integro-differential equation in the setting of orthogonal
metric spaces. Acar and Ozkapu [32] established an order for multivalued rational type
F-contraction on orthogonal metric spaces.

In this paper, we initiate a new type of contraction map and develop fixed-point
theorems in the context of an orthogonal concept of the Branciari metric spaces and tri-
angular a-orbital admissible mappings, while Arshad et al. [12] proved this in the setting
of Branciari metric spaces with a triangular a-orbital admissible. In contrast, we proved
our solution to the Cauchy problem involving a fractional integro-differential equation
employing a more general contraction operator.

This work consists of the following: The purpose of Section 2 is to offer some notations,
basic definitions, and related results in orthogonal Branciari metric space. The main results
are presented of this study in Section 3, while the application of the main statements is
discussed in Section 4. Section 5 concludes with a discussion of the conclusion and proposal.

2. Preliminaries

Throughout this paper, the set of all natural numbers and the set of all real numbers
are denoted by N and R, respectively.
The Branciari metric space concept has been introduced by Branciari [2].

Definition 1 ([2]). Let £ # @ and let 7w : L X L — R such that, forall { # & € L, and all
p # q € L, each of them distinct from { and ¢,
(i) 7)) =0=0=¢
(ll) n(é/ C) = 7'[(@, é)/
(iii) 70(g,¢) < 7(Z,p) + 7(p,a) + 7(a,&).
Then, the pair (L, 7t) is said to be a Branciari metric space (BMS).

Branciari [2] introduced the following family of function as follows.

Definition 2 ([2]). Let © denote the family of all functions ¢ : (0,00) — (1,00) satisfying the
following conditions:

(©1) 0 is non-decreasing;
(©2) for each sequence {t,;} C (0, w),;}igxgo d(t;) = 1ifand only zfﬂlgr;o t, =07;

(©3) there exists v € (0,1) and £ € (0, 00| such that

lim o) —1

t—0+ tr

=/

Gordji et al. [13] introduced the concept of an orthogonal set (or O-set); some of their
illustrations and properties are as follows:
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Definition 3 ([13]). Let £ be a non-void set and a binary relation L C L x L satisfying the
condition:

3@0 eLl: (\VZ € E,ngo) or (Vg eL, EOLC).
Then, (L, L) is called an orthogonal set (O-set for short).
Example 1. A wheel graph W, is a graph with n > 3, vertex vy connecting to all vertices, forming

(n — 1)-cycles; see Figure 1. Let L = {W),, : n > 3}. Define vi_L v, if there is a connection from
vy to vy. Then, (L, L) is an O-set.

Figure 1. Example of an orthogonal set in a wheel graph.

Definition 4 ([13]). A sequence {{,} defined on the O-set (L, L) is called an orthogonal sequence
(briefly, O-sequence) if

(Vn €N, gy Lly41) or (V7 €N, Zy1LEy).

Definition 5 ([13]). Let (£, L) be an O-set. Then, a self-map H on L is called L-preserving if
HZ LH¢ whenever { L.

Aiman et al. [21] introduced the concepts of orthogonal Branciari metric spaces and its
related properties.

Definition 6 ([21]). The triplet (L, L, ) is said to be an orthogonal Branciari metric space
(OBMS) if (L, L) is an O-set and (L, 1) is a BMS.

Definition 7 ([21]). Let (£, L, 7r) be an OBMS. Then, the self-map H on L is called orthogonal
continuous (or L-continuous) in { € L if for each O-sequence {{; } in L with ’]lgn Gy — ¢, we
obtain ;711_{20 H(Z,) — H(Q).

Furthermore, H is said to be L-continuous on L if H is | -continuous for every { € L.

Definition 8 ([21]). Let (£, L, 7r) be an OBMS; then, the O-sequence {{,} € L converges to
gelif ILI’H 7(Cy,¢) — 0. Hence, we get {;; — C.
]7 (o]

Definition 9 ([21]). Let (£, L, ) be an OBMS. We say that the O-sequence {{,} € Lisa
Cauchy O-sequence iﬁ‘;7 }})13 7(y, Cw) — 0.

Definition 10 ([21]). Let (£, L, 7t) be an OBMS. We say that the OBMS is orthogonal-complete
(briefly, O-complete) if every Cauchy O-sequence is convergent.
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Arul Joseph, Gunaseelan, Lee, and Park [19] introduced the orthogonal x-admissible
concepts as follows.

Definition 11 ([19]). Let H be a self-map on L and a function o : L x L — [0,00). Then, H is
said to be orthogonal w-admissible whenever { L& and «({,&) > 1 = a(H{, HE) > 1.

The following example shows that each a-admissible is an orthogonal a-admissible,
but the converse is not true.

Example 2. Let £ = [0, 1] with usual metric 7t and let H: £ — L be defined by

H@:{g, ver

1, otherwise.

Now, define { L& if (& < min{{,{}. Note that 0L forall { € L. Hence, (L, L) is an O-set

First, we shall show that H is orthogonal a-admissible. Indeed, if { L& and (T, &) > 1, then
(¢ < fand {& < . Suppose {& > 1; this shows that { = 1 and { = 1. Thus, «(H({),H(E)) =
a(1,1) = 1. On the other hand, H is not a-admissible. Because a(3,1) = 3 and a (H(3),H(1)) =
x(31) =1

Definition 12 ([19]). A self-map H on L is called an orthogonal triangular a-admissible if

(Hy) H is orthogonal a-admissible;
(Hy) whenever { Lp,p L&, a(Z,p) > 1and a(p, &) > 1implies that «(, &) > 1forall {,p, ¢ € L.

Definition 13 ([19]). Let H be a self-map on L and a function a : L X L — [0, c0). We say that
H is orthogonal a-orbital admissible

Hj) whenever { LH{ and «(Z,HZ) > 1 implies that «(HZ, H2() > 1
P

Kirk and Shahzad [10] introduced the following lemma assertion that a Branciari
metric space is a Hausdorff topological space with a neighborhood basis.

Lemma 1 ([10]). Let {{;} be a Cauchy sequence in (L, L, 7t) such that ’ilgn 7(Cy,C) — 0, for all

¢ € L. Then, lgn n(Cy,¢) — m(L,¢), V& € L. In particular, {T;} does not converge to ¢ if
]7 o

¢+

Popescu [8] initialized the following lemma needed below.

Lemma 2 ([8]). Let there exists a triangular a-orbital admissible self-map H on L and there
exists {1 € L such that «({y,HE1) > 1. Let {{, } be a sequence defined as ;1 = Hy. Then,
a(gq,gw) >1Vw,neN

Very recently, Arshad et al. [12] established the following main results in the setting
of the Branciari metric space with triangular a-orbital admissible mapping. In this article,
inspired by Muhammad’s work, we introduce an orthogonal triangular a-orbital admissible
mapping and an orthogonal triangular a-orbital attractive mapping via orthogonal general-
ized contraction. We present an application of our orthogonal generalized contraction to
the solution of integro-differential equations.

3. Main Results

First, we define an orthogonal triangular x-orbital admissible mapping and with
an example.
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Definition 14. Let H be a self-map on L and a function « : £ x L — [0, 00). We say that H is
orthogonal triangular a-orbital admissible if it is satisfied (H3) and

(Hy) whenever { 1.&,ELHE, a(L, &) > 1and a(&, HE) > 1 implies that a({,HE) > 1.

Example 3. Let £ = {0,1,2,3}, 7 : L x L — R with the usual metric 1({,{) = |{ — |,
H: L — L such that
¢, {03}

H(Q) =41 ifle{2)
2, ifge{1}.
Let w : L x L — [0, 00) be defined by

L if(5¢) €1{(0,1),(0,2),(1,1),(22),(1,2),(2,1),(1,3),(2,3) };

0, otherwise.

’X(gf ér) = {

Clearly, H is orthogonal triangular a-orbital admissible and H is orthogonal a-orbital admissi-
ble, but H is not orthogonal triangular a-admissible.

Arshad et al. [12] proved fixed-point results in Branrciari metric spaces via triangular a-
orbital admissible mappings. Inspired by [12], we prove fixed-point results via orthogonal
triangular a-orbital admissible map using a continuity hypothesis.

Theorem 1. Let H be a self-map on orthogonal complete Branciari metric space (L, L, ) and
a: L x L —[0,00)such that

(i) 39 € oandx € (0,1) such that
¢ e Lwith L& [n(HEHE) >0 — «(Z,¢) - 9(n(HE, HE)) < [0(R(Z,6))"],

where

7

N(C,HC)N(Q‘,H(?)}

R(E,§) = max{ (€, 0), (@ 10), (e, i), ML,

(i) 371 € L such that a(T1,Hy) > 1and a(Z1, H2Z,) > 1;
(i) H is an orthogonal triangular a-orbital admissible;

(iv) His L-preserving;

(v) His L- continuous.

Then H has a fixed point (. € L.
Proof. Since (£, 1) is an O-set,
Ao € L: (forallT € L, L go)or (forallT € L,y L Q).

It follows that g L HZy or HZy L Cp.

By condition (ii), there exists {; € £ such that a({;,HZ;) > 1 and «(g;, H2Z;) > 1,
which implies {o L H{p or HZp L {p and o L H2, or H2Zy L .

Let {y = H*(p = H{1, 0o = H?(1,{3 = HO = H3(y,..., {y = H{, 1 = HIE, for all
7 > 1. Then {H"{; } is an O-sequence in £, since H is _L-preserving.

Condition (iii) implies that a(H7g;, H7*1;) > 1 forallyy > 1.

If H0Z; = HN0F17; for any 579 > 1, then H°Z; has a fixed point of H. Assume that
H1Z; # H1*Z; for all 3 > 1; we obtain a(Hg;,H?¢;) > 1, since H is an orthogonal
a-admissible mapping and « ({1, H{1) > 1. By continuing in this way,

a(H1g, HITg) > 1, v > 1 (1)
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Furthermore, since H is orthogonal a-admissible mapping and a(lq, Hzg 1) > 1, we
deduce that «(HZ7, H3€1) > 1. By continuing this process,

w(HTZ, HTT2g) > 1, V> 1. ?)

From condition (i) and (1), we write that for every > 1,

o(m (B0, HI1G ) ) < w(HT g, HYG ) - (e (HY 120, HYG ) )
< {ﬂ(max {n(Hﬂlgl,Hﬂgl), (R, HHT1Ey ),

(HY~16, HH1¢, ) - m(H¢y, HH'G,) }ﬂ K

n(H"¢1, HH'(y), 1+ (H171¢y, HIEy)

= [19<max {N(quglquQ)’ n(H'iél,HUHQ),

m(H7-12q, H1Zy) - m(H1g, HIT ) 8
14 (H7-1g;, HIZy) })]

_ [ﬁ(max{n(HHgl,Hﬂgl),n(H’igl,H'l“gl) })r 3)

If 3% > 1 such that

max{ﬂ(H”_la, H”gl), N(H”Q,HWHQ) } = N(Hngl/HMlCl)r

then inequality (3) turns into

(100104 = [o(e{i, 7))

This implies

1n[19(7t(H’7§1,H’7+1§1)>} < kln{ﬁ(n(Hﬂgl,HW“gl))]
This is a reductio absurdum with x € (0,1). Then
max{(H'~1¢;, H1Zy), m(H1, HI) ) = m(HT1g, HIZY), Vi > 1.

Thus, from (3), we have

ﬁ(n(Hﬂgl,HW“gl)) < [ﬁ(n(H”_lgl,H”Q))r, v > 1.
This implies
O((H1gy, HITZy)) < [8(r(HT1gy, HTEy)))"

2

o(m () )|

Thus, we have

1< o (HIgy, HIT1g ) ) < [8(m(1, HE))), vy > 1. @
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Letting 7 — oo, we obtain

lim ﬁ(n(H’lél,H“lél)) —1,

l’/—)OO

which together with (©2) gives lim mt(H1gy, HIT1g) = 0.
7] [0 9)
From O3, there exists v € (0,1) and ¢ € (0, c0] such that

8(m(H1g, HIT)) —1

lim =/
e r(HIG, HIHG)
In this case, assume that £ < oo and let B = é > 0.
From the definition of limit, 3 779 > 1, such that
O(mr(H1Z,, HIH —1
(e (H1Z, 51))t i< v
m(H1g, HIH1Zy)

This implies

8(m(H7g1, HTM ) — 1
(1, HIt )

>0—B =3B, VYn>rno.

Then
[ (H70, 1718, < 2o (m (W70, 1716 ) ) — 1], vy = o,

where 2 = %. Now, let / = oo and let B > 0.
From the limit definition, there exists 9 > 1 such that
8(m(H1g, HITy)) — 1

m(H1g, HI1g)"

>%B, Vi > .

This implies
p[e(Hig, 1) | < agfo(x (WG, 170 ) ) — 1], v >,

where 2 = %.
Then 32 > 0 and 779 > 1 such that

p[n (B0 B ) | <o (n (B0 HG ) —1], vy 2

By using (4), we obtain

(16, 11| < ano(m(eu, HE )Y 1),y =

Taking # — oo in Equation (6), we have

lim [0 (H7gy, 11, | ‘oo

n—00
Thus, 3 1 € N such that
1
1

N(H”CLH”HQ) < .y

Vi > .

©)

(6)

@)
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Now, we show that (. is a periodic point in H.
Conversely, we assume that H70; # HY{q, Vy,w > 1, such that 7 # w.
By (i) and Equation (2), we obtain

o(m(HIgy, HI72gy ) ) < (Y100, HIF1 gy ) - 0 (HI g0, HIF Gy ) )
< [l?(max{H(H”_lgl,H”HQ),H(H”_lgl,HHn_lgl),

e (H1~1gy, HH1g,) - e (HT+1gy, HHTHgy) })]

1 1
(s, o), O )

= [ﬁ(max {N(Hﬂ_lglf HWHQ)’ n(HW_lgl,H”Q),

H171¢,, H1Zq) - m(HTH g, HIT2E,) 8
) ))

= [8(max{ e (H11g, 1HG ), o (W1 W0 ), (WG 2 ) D) 9)

H(Hryﬂgerngl), m(

Since ¢ is non-decreasing and from (8), we obtain

(095 < oo o 5096)) o105
o(r{om 00 ) g

LetI = {n},cn, satisfying

by = max{z9<n(H'7*1g1,H'7+lg1) ) 19(n(H”’lgl,H’lél)),ﬁ(ﬂ(H”H@l/H”H@l)) }
_ 19(7'((H'7’1§1,H’7+1§1>).
If I| < oo, then 37 > 1,such thatVy > N,
max{ o (7 (H171gy, HI1gy ) ), 0 (e (01 g0, 1Yy ) ), 0 (e (H0 12, 12, ) ) |
= max{ 9 (7 (H1~'¢1, 111 ) ), o (H01g0, HT#204 ) ) .
In this case, from (9), we obtain

1< ﬂ(n(H"@l,H’”zgl)) < [max{ﬂ(n(m—lgl,mgl)),ﬂ(n(H’?“@l,H'i“gl)) HK Vi > N.

If, in the above inequality, taking 7 — oo and using (5), we obtain

lim 19(n(H’7§1,H’7+251)) —1.

nN—00

Find a subsequence of {p, }. If |I| = oo, then

py = 0 (0170, HIF 1y ) ).
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In this case, from (9), we obtain
1< ﬂ(n(Hﬂgl,Hﬂ“gl))
< [p(e(m 0 i)
K2

< [p(r(H0 1)) )|

< o(nfeuree)]"

for large 7.
Setting 7 — oo in the above inequality, we obtain
; Ul n+2 —
1711_r>1;oz9(7r<H o, H gl)) 1. (10)

In all cases, (10) holds. Then, using (10) and (©;), we have

lim n(H’?gl,H'7+2§1) = 0.

H—0

Similarly, from (©3), there exists 77, > 1 such that
1
1

, Yy > (11)
17t

n(H’?gl,HW“gl) <

Let h = max{#o, 71 }. Now we raise the following cases.

Case 1: If w > 2 is odd, then w = 2£ + 1 for some £ > 1; by Equation (7) V 7 > b, we

obtain
n(H1g, Ht9g) < H(H”Q,H"HQ) + N(H”HQIH”HQ) +-F 7T<H'7+22§1,H'7+22+1C1>

1 1 1

< St ——— o ————
ne  (n+1): (n+28)-
1

<)Y T
n=n N

Case 2: If w > 2 is even, then w = 2£ for some £ > 2; by Equations (7) and (11) V7 > b,

we obtain

m(HIGy, B0 < (G HIV2 )+ e (H9200, HIOG ) o e (HF28 71, 28, )

1 1 1
© (n+2)r (7+28—-1)r

IN
=
| —

IA
agh

=

nt

Combining all cases, we thus have

1

17
T

m(H1;, H179z) < Y Vi >hw > 1.

n=nNn
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We conclude that {H"{; } is a Cauchy O-sequence, since the series } 37, % converges,

since % > 1.
From O-completeness of L, there is {. € L such that H’(; — (. as 7 — oo. Since H is
orthogonal continuous, we have

=1 ntlrs — i n7,) = i U =
[ ,}gr;oH &1 ,}gr;OH(H 1) H(}}gr;OHQ) HZ..

We obtain {. = H(., a contradiction by our assumptions. Therefore, H has a peri-
odic point.
Suppose fix(H) = ¢. Thens > 1 and 7({«, HZ«) > 0. Now,

(r(srz.07c.)
(Hs 1C*leC*) ~l9(7I(HSC*,HS+1€*))
[9((8, HE.)))

3(7(2+ HE)),

which is a contradiction with k € (0,1). Therefore, we have a non-empty set of fixed points
of H; that is, H has at least one fixed point. O

8(m(Z+, HEx)) =0

IA
2

VANVAN

Arshad et al. [12] proved fixed-point results in Branrciari metric spaces via triangular
a-orbital admissible mappings. Inspired by [12], we prove the fixed point theorem on an
orthogonal triangular a-orbital admissible mapping using without a continuity hypothesis.

Theorem 2. Let H be a self-map on orthogonal complete Branciari metric space (L, L, ) and a
map & : L x L — [0,00) such that

(i)  Wecan find & € © and x € (0,1) satisfying

g, € Lwith L &n(HLHE) >0,7(HZ,HE) # 0
— «({,8).8(m(HE, HY)) < [8(R(Z,6))]"],

where

R(C, é’) = max{n'(g, é), n(gl Hg), n(gl HC), 7-[(@1/ I:Ii_i):('[g(,éé)l{g) }}

(i) 3y € L such that a(31,HEy) > 1and a (g1, H?G1) > 1;
(iii) H is an orthogonal triangular a-orbital admissible mapping;
(iv) if {H"Z1} is an O-sequence in L such that «(H10y, H1™1) > 1 for all 1y and {, —

¢ € Lasn — oo; then, there exists a sub-sequence {H”(K)él} of {H"{1} such that
“(H”(K)§1,C> > 1,V

(v) Ois L-continuous.
Then, H has a fixed point {, € L.

Proof. Since (£, 1) is an O-set,
Ao e L: (VL e L, Ly or (VL e Ly L).

It follows that {g L HZy or HZy L p.
Since there exists {1 € £ such that «({y,HZ1) > 1and a(gy, H?¢1) > 1,

Zo L HZg or Hy L o and o L H2Z or H*¢y L g.

Let §y = H2o =H{1, 0o = H203,03 = H, = H3Cy,...,§y = HE, 1 = H1Z;, Vi > 1.
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If H0g, = H0t1z, for any 7o > 1, then it is clear that H?(; has a fixed point of H.

From condition (iv), which implies a sub-sequence {(H”(K)gl)} of {(H"1)} such that
a(H”(K)gl g*) >1, V.

Suppose that H1(®)+17, £ HE,; then, from condition (i), we have

S(r(H1®Hg) HE,)) = 19(7I(H(H’7(K)§1) Hg))
<a(m0g,g.) - o(n(H(H0) 1))
[ (max{n H”(K)Cl,C*), ( gy, HHY gl) 7(Cs, Hx),

r(Hg, H(H19,) ) - 7 (g*’Hg*)}ﬂK

1+ m(H109gy, )
= [o(max { e (00, €., (B0, OO HIG, ) (. HE,

7 (H109g, BI04, ) - 7(Z, HE) 1\ 18
1+ m(H1) gy, ) }ﬂ

(12)

Suppose that 7({s, HZ«) > 0. Now, taking the limit as x — co in (12) and by the
continuity of ¢ and Lemma 1, we obtain

3(7(8w, HEx)) < [0(7(8s, HE))]® < 9(7(Cs, HEL)),

We obtain {. = H(., a contradiction by our assumptions. Therefore, H has a peri-
odic point.

Suppose fix {H} = ¢. Thens > 1 and 7t({«, H{«) > 0. Now,
8(n(Z,, HE,)) = ﬁ(n(HSg*,Hng*))
< lX(Hs_lg*,Hsg*) . 19(7T(HSC*,H5+1€*))

< 19( (é*,HC*))

which is a reductio absurdum. Thus, the set of fixed points of H is non-empty; that is, H
has at least one fixed point. [J

Next, we provide an example that shows that Theorem 2 can be used to prove the
existence of fixed-point results when such mapping is applicable.

Example 4. Let £ = [—2,—1]U{0} U [1,2]. Define rt : L x L — [0, 00) as follows:

0, ife=2¢;
_1l3 ifg, ¢ e[1,2];
COTNL e 2 qung
| —¢|, otherwise.

Define the binary relation L on L by {L¢ if (& > 0. Clearly, (L, L, 1) is an orthogonal
complete BMS. Define the mappingH : L — L by

=t iftel-2,-1)uU(1,2];
H(J) = {O, ifC € {-1,0,1}.
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Let w : L x L — [0, 00) be given by

1, ifi¢>0;

0, if otherwise.

a(Z,¢) = {

Furthermore, define ¢ : (0,00) — (1,00) by 8(t) = Ve, Obviously, H is an orthogonal
triangular a-orbital admissible mapping.
Let{,d € Lwith 1 ¢

Casel:Let{ =0, € [-2,—1)or{ € [-2,-1),{ = 0.

a(0, —2)8(t(Ho,H_p)) < [19 (R(O, -2) = max{n(O, —2), 71(0, Hp), t(—2,H_5), N(O,ITLTE)IE,ZI;Iz) })} K'

8(2(0,2) [19 (max{rc(O, _2),7(0,0), 7(~2,2), ”(ff)n' (7;,(:;2) })}

0,2)) <
8(2) < [9(max{2,0,4,0})]" = [8(4)]".
< o]

e

Case2: Let { =0, € (1,2]or € (1,2],¢ =0.

4(0.2)-0(r(t, 1)) < [8(R(0,2) = max{ (0, 2), 7(0, 0, 1), ZOFRL A |

8((0,2)) < :l9<max{7r(0,2),n(O,O),n(z, _2),7%})}'(‘
8(2) < [B(max{2,0,4,0})]" = [8(4)]".
e‘/Z? < _e\/@]x.

IN

Furthermore, the hypotheses of Theorem 2 are satisfied and hence, H has a fixed point.

Example 5. Let £ = [0,1) and let the metric on L be the Euclidean metric. Define { L& if
gce{¢,¢tforallg,é € L. Let H: L — L bea mapping defined by

H@:{g, yecens
0, if{eQnL

Then, it is easy to show that H is an O-contraction on L, but it is not a contraction.
Now, we define an orthogonal a-orbital attractive map.

Definition 15. Let H be a self-map on L and a function a : £ x L — [0,00). Then, H is
said to be an orthogonal w-orbital attractive map if { € L,{1H{ and «({,HY) > 1 =

a(C, &) ora(E,HL) > 1 forevery & € L.

Arshad et al. [12] proved fixed-point results in Branrciari metric spaces via triangular
a-orbital admissible mappings. Inspired by [12], we prove the fixed-point theorem an
orthogonal triangular a-orbital attractive mapping.

Theorem 3. Let (L, L, 1) be an orthogonal complete Branciari metric space H : L — L be a
given map and let o« : L x L — [0, c0) be a mapping such that
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(i)  Wecanfind 9 € © and x € (0,1) satisfying

&€ Lwith{ L &7(HZ,HE) > 0, 7(HZ, HE) # 0
= «({,¢) - 9(n(HE,HE)) < [9(R(E, )],

where

N(C/HC)N(C,H(?)}
1+n(Z¢) J

(ii)  There exists {1 € L such that «({y,HZ1) > 1and a (g, H?¢q) > 1;
(i) H is an orthogonal a-orbital admissible mapping;

(iv) His an orthogonal a-orbital attractive mapping;

(v) His L-preserving;

(vi) His L-continuous.

Then, H has a unique fixed point (. € L.

R(Z,E) = max{ (2, ), n(, HE), 7(& HE),

Proof. Since (£, 1) is an O-set,
AoeL: (Ve L, Ly or (Ve L,ToLD).

It follows that {y L HZy or HZy L Zp.
Since there exists {; € £ such that «(Z;, HZ;) > 1 and «(gy,H?¢1) > 1,50

Zo L HZg or HZy L o and o L H2Z or H*Co L g.
Let §y = H?(p = H{1, 8o = H?(1, {3 = HZp = H3(y,..., ¢y = HZ, 1 = H'{; for all
n>1.
If H0gy = H0t1z, for any 7o > 1, then it is clear that H70(; has a fixed point of H.

Assume that H7{; # H7*1¢; for all > 1. Thus, we have 7(H"Z;, HT1¢;) > 0 for
all 7 > 1, which implies

Hgy LHT g or HITIGy LHTZ, V> 1

Therefore, {H"(; } is an O-sequence.
Since H is a-orbital admissible, we obtain

a(1,HZ1) > 1 implies a(gl,Hzgl) >1

and
zx(gl,Hzgl) > 1 implies tx(Hgl,H3Cl) > 1.

By continuing this process, we obtain
a(HIg, WG ) > 1 (13)

and
a(HIG, HIT2) =1, Wy > 1. (14)

From condition (i) and (13), then for every 7 > 1, we write
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(5, 16 < 15,805 6,80
(max{ (H1¢y, HIgy), m(H1 1y, HHT1gy),

mt(H7=1gy, HHT71y) - m(Hg,, HHY ) })T
1+ N(Hﬂ_lgl,Hngl)

<
n(H"¢;, HHZy),
-

max{ H1- 1z, H”gl) (H’7§1,H7+1C1),

m(H1-17, HIZy ) - (H’7€1,H’7“§1)})]K
T+ (H 1, HI)

= [8(max{ (177101, 11g1 ), (W7, HI I, ) })r (15)

If 3 > 1 such that

max{ 7 (H1~¢1, HYgy ), e (g0, B4 ) b = 7o (HUgy, HY1Gy ),
then inequality (15) turns into
(i 1076)) = [o(n s 115) )
This implies
1n[19(n(H'lgl,H’7+1gl))} < kln[ﬁ(n(H’?gl,HW“gl))],

which is a contradiction.
Therefore,

max{n(Hﬂflgl,H'?gl),n(H’?zgl,HW“gl)} - n(H’l*lgl,Hﬂgl), v > 1.
Thus, from (15), we have
ﬁ(n(Hﬂgl,Hﬂ“gl)) < [ﬂ(n(H”’lgl,H”Q))r, Vi > 1.
This implies
o(r(wa i) < [o(x(m )|
o(n(m02mm,))]”

o(x( ) )]

IN

3

IN

< [8(m (g1, HE1))™

Thus, we have

U

1< ﬁ(n(H’?gl,H’?“gl)) < [0(n(g, HO )Y, ¥ > 1. (16)
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Setting 7 — oo, we obtain

lim ﬂ(n(Hﬂgl,HﬂHgl)) —1, (17)

—00
which together with (©2) gives lim mt(H1gy, HIT1g) = 0.
7] [0 9)
From condition ©3, we can find v € (0,1) and I € (0, oo] satisfying

im 8(m(H1g, HITgy)) — 1

=1
n—er(HIg, HITE,)"

Suppose that | < co. In this case, let B = é > 0. From the definition of the limit, there
exists g > 1 such that

8(m(H1g, HIT)) — 1
m(H1Z,, HI+1,) "

-1 <8, Vy2>no.

Since [x — 1| <e <= l—e<x<Il+eand! < co, we obtain | — e < x; this implies

8(r(H1g,, HITp)) — 1

-9 < o Y=o
= (HIgy, HITIg) e
i n+1 _
2 7t (H1g, HIT1g)
HYz, H1t1 —1
O (m(H"Zy, él))t >1-B =B, Vy>n.
7T<H'7§1/H’7+1€1)

Then

g [ (W00, 1) | < ag[o(x (WG, 1) ) — 1], vy >,

where A = %.
Now, suppose that | = . Let B > 0 be an arbitrary positive number. From the

definition of the limit, there exists 9 > 1 such that

8(m(H1gy, HIMy)) —1
mt(H1gy, HIH )

Z %, VU 2 1o-
This implies
g7 (W, 1) | < an[o(x (B, 1T ) ) — 1], vy =,

where 2 = %.
Thus, in all cases, there exist 2 > 0 and 779 > 1 such that

p[r (W06, 18| < wyfo(x (W0, 0 ) ) <1, v =

By using (4), we obtain
" [”(HUCLH”HCOY < mq([ﬁ(ﬂ(Hqgl,H”HCl))rW _ 1), Vi >0 (18)

Letting 7 — oo in the inequality (6), we obtain ;711_r>ro10 7 [ (H1Z, HITE) ] = 0.
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Thus, there exists #7; € N such that

1
1
17 T

(WG, MM ) < =5, Vi > (19)

Now, we show that {, is a periodic point in H.
Conversely, we assume that H7(; # H“{1, V 5,w > 1 such that  # w. By (i) and
Equation (14), we have

o (F701, 142, ) ) < (710 171G, ) o (e (Y10, BTG, ) )
< [ﬂ(max{n(H”_lgl,H’”lgl),n(H”_léhHH”_lCl),

(H1~1gy, HHY 1) - m(H71 gy, HHT 1) 1\ 1"
1+ 7 (H771gy, HI 1) }>]

7 (H11g, HEHG ),

= [ﬂ(max {N(H”_lglz H”Hgl)’ N(Hﬂ_lgl’Hﬂgl)’

mt(H7=1gy, H1gy) - m(HT1Z,, HTT2g,) 8
) )]

= [8(max{ w(H11gy, W), n(H1g, W), 2 (WG, 120 ) )] 20)

”(HWHCLHHZQ),

Since ¢ is non-decreasing, from (20), we obtain

19<7T<H’7§1,H’7+2§1>) < [max{&(n(Hﬂ—lgl,Hﬂ“gl)),ﬁ(n(Hﬂ—lgl,Hﬂgl)),
ﬁ(n(H’?Hgl,H’?”gl)) HK 1)

LetI = {#},cn, satisfying
by = max{ﬂ(n(H”_lgl,H”Hgl) ) 19(7'((H’7‘1§1,H’7§1)), ﬂ(n(H’?“gl, H’?“Q)) }
- ﬁ(n(HW—lgl,HW“gl)).
If |I| < oo, then 37 > 1,such that, V# > N,
(Y1020 o 5,5) ) o5, 505,
= max{ 8 (7 (FI~1g, 11, ) ), 8((HTH g0, HT*2g)) |
In this case, from Equation (21), we obtain
1< ﬁ(n(H”Cl,H’7+2gl)) < [max{ﬂ(n(m—lgl,mgl)),19(n(H'7+1g1,H'7+2g1)) HK vy > N.
Taking # — oo in the above equation and by (17), we have
(e 102)) -
Find a subsequence of {p, }. If |[I| = oo, then

py = 0(r(HI 10, HIV G ),

for large 7.
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In this case, from (21), we obtain
1< ﬂ(n(Hﬂgl,Hﬂ“gl))
< [p(e(m 0 i)
K2

< [p(r(H0 1)) )|

< o(nfeuree)]"

for large 7.
Setting 7 — oo in the above inequality, we obtain
; Ul n+2 —
1711_r>1;1019(7r<H (1, H @1)) 1. (22)

Then in all cases, (22) holds. Using (22) and (©,), we have

lim 19(71(H’7§1,H’7+2§1)) = 0.

1—00

Similarly, from (©3), there exists 77, > 1 such that
1
1

, Yy > (23)
17 T

n(H’?gl,HW“gl) <

Let h = max{#o, 71 }; we consider the following cases:

Case 1: If w > 2 is odd, then we write w = 22+ 1,£ > 1; by Equation (19) Vy > b,

we have
7 (HIG HIT9G ) < m(HIG BTG ) + (HIFIG HIP2G ) o e (HIF25, H25H )
1 1 1
<S5+—++——
ne o (n+1)x (n+22)x
> 1
<)Y =
n=n nr
Case 2: If w > 2 is even, then we write w = 2£, £ > 2; by Equations (19) and (23) V7 > b,
y Eq n
we obtain
n(H1g, H1g) < N(H"Q,H”H@l) + N(H”+2§1/H”+3€1) +-- 4 N(H“ZS*lCl,H"HSCl)
1 1 1
< 1 + 1 1
ne (n+2)¢ (n+22-1)x
> 1
<)Y T
n=n nr

Then combining all cases, we have

m(H1Z,, HIT9E) < i

forally > bh,w > 1.
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Since the series };°, L is convergent (since 1 > 1), we conclude that {H"(;} is a
nrc
Cauchy O-sequence. By completeness, there exists {x € £ such that 1311 H7Cy — (..
17 (0]

Now, we show that ., = H{.. Since H is orthogonal a-orbital-attractive, V 7 > 1,
we have
“(HWCI/ C*) >1lor W(C*, H”+1€1) > 1.

Thus, there exists a subsequence {H”(K)C 1} of {H"{; } such that
w(H1092,8.) = Tora(, HIME) 21, ¥r>1.

In case (1), without loss of the generality, suppose that H7()7; + ¢, ¥ . By condition
(i), we obtain

ﬁ(n(H”(")Hgl,HC*)) - ﬂ(n(H(H'ﬂK)gl),Hg*))
(5005, o(<{t(07c) )
9

(max {n(H”(K)él, C*), n(H”(K)gl,HH”(K)gl), (Cx, HTx),

(H109¢1, H(H109¢1) ) - (8o, HE) Y\ 77
1+ m(H10Zy, ) }ﬂ

= [o((max {m(10095,,2.), (000, HIO41,) (),

7 (HI9gy, HIOHE ) - (8 HE) 1\ 1°
1+7I(H’7(")CL€*) }ﬂ '

(24)

Putting x — oo,

O(7t(Z, HEw)) < [0((Ze, HE)))® < (7 (Z4, HE)),

and we obtain {+ = H{,, a contradiction by our assumptions. Therefore, H has a periodic
point. Then, s > 1 and 71(g«, H«) > 0. Now,

8(m(¢., HZ.)) = o(m (H°g., 11, ))
S o (Hsflg*, Hs§*) . 19(7T(HS€*, Hs+1g*))

< [0(7(g+, HZ:))®
< 8(n(¢, HEL)),

a contradiction. Thus, fix {H} # @; that is, H has at least one fixed point.
If ¢ is another fixed point of H such that {. # ¢, since H is orthogonal a-orbital
attractive, we deduce that

(H"31,¢.) > Tor (@ HTH ) > 1.
Hence, there exists a sub sequence {H"(¥)Z;} of {H"{;} such that
w(H'l(")gl,(j*) >1or a(g*,H”(")Cl) >1, Vx>1.

In the first case,
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) ()
- oo )
S“(H”( ey C*)' ( (H(HW(K)Q)/HC*))
<[19<max{ C1,§*>, ( )y, HHT(* gl) (&, HEx),
m(H10g, H(HI9g ) ) - (@, HE) 1317
e )]
[ﬂ(max{ 10, 2.), (100, 1041 ), (2., HE),
7 (H100g, HI01g, ) - (@, HE) 1\ 78
1+ m(H10gy, &) }ﬂ 2

Setting x — oo in the above equality, we obtain ¢(7({+,¢x)) < H((C+,(+)). Thisisa
contradiction. The second case is similar. [

4. Application

In this section, we present an application of Theorem 1 to the solution of a Cauchy
problem involving a fractional integro-differential equation.

We consider a Cauchy problem involving a fractional integro-differential equation
with a non-local condition given by

{CDqC()—f(fC )+ [ Ktpe)de, e[0T, T>00<q<1, 0

2(0) = 2o —9(2),

where ‘DY denotes the Caputo fractional derivative of order q, f : [0,7] x L — L, K :
[0,7] % [0,7T] x L — L are jointly continuous, g : C([0, 7], L) — L is continuous. Here,
(L,] - |) is a Banach space and C([0, 7], £) denotes the Banach space of all continuous
functions from [0, 7] — £ endowed with a topology of uniform convergence with the
norm ||C|| = maxc(,77 [{(t)]; see [29].

Let £L = C([0, 7], £) endowed with the metricd : £ x £ — [0,c0) be defined as
t(h, p) = maxyco1) [h(t) — p(t)| forall h, p € L. Define the orthogonality relation L on
L by

[LE — (WE®) =0, Vte[o,T]

Then, (£, L,d) is an orthogonal complete Branciari metric space. Clearly, a solution o
Equation (26) is a fixed point of the integral Equation [28]:

() = G000+ 1y [, (=97 e L) + [ K05, 20l 22

where I' is the Gamma function.

A solution to the problem mentioned in Equation (26) is, evidently, a fixed point of
H. The existence uniqueness theorem for the solution of Equation (26) is presented in the
following theorem.
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Theorem 4. Suppose that (L, L,d) is an orthogonal complete Branciari metric space equipped
with metric 7t(h, §) = maxe(o 7] |h(t) — g(t)| forall b, g € Land H : L — L is an orthogonal
continuous operator on L defined by

HE() = G0 0(0) + gy [ (=90 a2 + [ K(o,5,2le)delds. (29

Forall {,¢ € Lwith { # {and s, t € [0, T, satisfying the following inequality

(A1)
[K(t,s,HE(s)) = K(t,5,HE(s))| <rymax {IC(S) —&(s)l,1¢(s) —HE(s)],
[0(s) = HE(s)]€ —HE(s)] ] .
i - e S e
(A2)
[§(s,0(s)) — (s, &(s))| <rpmax { 16(s) = ()], 18(s) —HE(s)],
[0(s) = HE(s)[|¢ — HE(s)] ] .
-l SO e
(A3)
9(5) — 9(§)| <r3 max { 10(s) = &(s)I,18(s) —HE(s)],
[0(s) —HE(s)|]¢ — HE(s)]|
-l SO
Then, the Cauchy problem (26) has a unique solution provided r3 < %,rl < FE;"T?) and
rn < 1;(71121)

Proof. We define a : £ x L — [0,00) such that «({,{) = 1 forall {,¢ € L. Therefore,
H is an orthogonal triangular a-orbital admissible mapping. Now, we show that H is
L -preserving. For each {,¢ € L with {L{and t € [0, 7], we have

HE() = G0 - 00) + 1y (=90 (16,2 + [ K(0,5,2(6))delds > 0

Then, H is | -preserving. Clearly, H is orthogonal continuous. Let ¢, € £ with {L¢.
Suppose that H(Z) # H({). Then, we have

HE) ~ HE()] < 0(0) = 0(0) + ey [ (4= 97" I(e,£06)) = (s, £

¥ /: K(8,5,(s)) — K(z?,s,é(s))|dz9} ds

r T rp Tt
(73 * F(Cll 1) riq n 2)) e { €)=l — et

12(s) —HC(S)IIC—Hé(S)I}
141¢(s) = ¢(s)] '

<

¢ —HE(s)l,
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Fqu 727q+1
@) T ey <1

Since r3 < 2,r1 < (T 1) and r; < 4(7.”1), therefore, i := r3 + T

[HZ(t) — HE ()] < imax { 18(s) = ¢(s)|,12(s) = H(s)], IS —HE(s)],

0(s) = HZ(s)[I¢ —HE(s)| }
141¢(s) = ¢(s)] '

Taking the maximum on both sides for all t € [0, 7], we obtain

m(HE(t), HE(t)) = max [HE(t) — HE(1)]

te[0,7]
S max {imaX{IC(S) — &)1, 12(s) —HZ(s), 1 —HS(s)],
|2(s) —HZ(s)[|¢ —HE(s )I}
1412(s) = &(s)] I

,1¢(s) =HZ(s)l, 1§ —HE(s)],

8(s) — S\é Hé‘()l}
1+IC() ¢(s)l ]

= imax{ (g, &), (L, HY), (& HE),

) —
< imax { max 1 |{(s) —
)

7T(€/HC)7T(§/H€)}
1+n7(5¢) )

which implies that

GHEHE) o imax{ w(Z8),m(EHE) m(E He), MG |

IN

e
(max &), (¢ HY), (g,Hg)W}>z

).

Consider ¢ : (0,00) — (1,00) such that 9(p) = ¢f for all p > 0. Thus,

«(Z,8)9(m(HZ, HE)) < (8(R(Z,8)))'.
Therefore, all the conditions of Theorem 1 are satisfied, and so H has a unique solution. [J

5. Conclusions and Open Problem

In this paper, we investigated the existence and uniqueness of a fixed point of or-
thogonal generalized contraction via orthogonal triangular x-orbital admissible mapping
in an orthogonal complete Branciari metric space. Khalehoghli, Rahimi, and Eshaghi
Gordji [33,34] presented a real generalization of the mentioned Banach’s contraction princi-
ple by introducing R-metric spaces, where R is an arbitrary relation on £. We note thatin a
special case, R can be considered as R :==[partially ordered relation], R := L [orthogonal
relation], etc. If one can find a suitable replacement for a Banach theorem that may deter-
mine the value of fixed point, then many problems can be solved in this R-relation. This
will provide a structural method for finding a value of a fixed point. It is an interesting
open problem to study the fixed-point results on R-complete R-Branciari metric spaces.

Author Contributions: Conceptualization, A.].G.; Formal analysis, A.].G., G.N., A UH. GM., LAB.
and K.N.; Funding acquisition, K.N.; Investigation, A.J].G., G.N., AUH., GM., LAB. and K.N;
Methodology, A.U.H.; Software, K.N.; Validation, A.J.G., G.N., A UH., GM,, .LAB. and K.N.; Visual-
ization, A.J.G., GN., GM., LA.B. and K.N.; Writing—original draft, A.J.G. and K.N.; Writing—review
& editing, K.N. All authors have read and agreed to the published version of the manuscript. authors
contributed equally to the writing of this paper. All authors read and approved the final manuscript.



Symmetry 2022, 14, 1859 22 of 23

Funding: This research received no external funding.
Data Availability Statement: No data were used to support this study.

Acknowledgments: The authors would like to thank the anonymous referees for their valuable
comments and suggestions, which led to considerable improvement of the article. The work was
partially supported by the Higher Education Commission of Pakistan, and the author Imran Abbas
Baloch would like to thanks HEC for this support. Further, this research was supported by the
Fundamental Fund of Khon Kaen University, Thailand.

Conflicts of Interest: The authors declare that they have no competing interest.

References

1. Banach, S. Sur les operations dans les ensembles abstraits et leur application aux equations integrales. Fund. Math. 1922, 3,
133-181. [CrossRef]

2. Branciari, A. A fixed point theorem of Banach-Caccioppoli type on a class of generalized metric spaces. Publ. Math. 2000, 57,
31-37.

3. Turinici, M. Functional contractions in local Branciari metric spaces. arXiv 2012, arXiv:1208.46101.

4. Karapinar, E. Some fixed points results on Branciari metric spaces via implicit functions. Carpathian ]. Math. 2015, 31, 339-348.
[CrossRef]

5. Samet, B.; Vetro, C.; Vetro, P. Fixed point theorems for a-ip-contractive type mappings. Nonlinear Anal. Theor. 2012, 75, 2154-2165.
[CrossRef]

6.  Popescu, O. Some new fixed point theorems for a-Geraghty contraction type maps in metric spaces. Fixed Point Theory Appl. 2014,
2014, 190. [CrossRef]

7. Jleli, M.; Samet, B. A new generalization of the Banach contraction principle. J. Inequal. Appl. 2014, 2014, 38. [CrossRef]

8. Jleli, M.; Karapinar, E.; Samet, B. Further generalizations of the Banach contraction principle. J. Inequal. Appl. 2014, 2014, 439.
[CrossRef]

9. Karapinar, E.; Kumam, P; Salimi, P. An (a-¢)-Meir-Keeler contractive mappings. Fixed Point Theory Appl. 2013, 2013, 94.

10. Kirk, W.A,; Shahzad, N. Generalized metrics and Caristi’s theorem. Fixed Point Theory Appl. 2013, 2013, 129. [CrossRef]

11. Karapinar, E. Fixed points results for a-admissible mapping of integral type on generalized metric spaces. Abstr. Appl. Anal. 2015,
2015, 141409. [CrossRef]

12.  Arshad, M.; Ameer, E.; Karapinar, E. Generalized contractions with triangular x-orbital admissible mapping on Branciari metric
spaces. J. Inequal. Appl. 2016, 2016, 63. [CrossRef]

13.  Gordji, M.; Eshaghi, M.; Ramezani, M.; Sen, D.L.; Cho, Y.J. On orthogonal sets and Banach fixed point theorem. Fixed Point Theory
2017, 18, 569-578. [CrossRef]

14. Baghani, H.; Gordji, M.E.; Ramezani, M. Orthogonal sets: The axiom of choice and proof of a fixed point theorem. |. Fixed Point
Theory Appl. 2016, 18, 465-477. [CrossRef]

15.  Eshaghi Gordji, M.; Habibi, H. Fixed point theory in generalized orthogonal metric space. J. Linear Topol. Algeb. 2017, 6, 251-260.

16. Senapatt, T.; Dey, L.K.; Damjanovic, B.; Chanda, A. New fixed point results in orthogonal metric spaces with an application.
Kragujev. . Math. 2018, 42, 505-516. [CrossRef]

17.  Sawangsup, K; Sintunavarat, W.; Cho, Y.J. Fixed point theorems for orthogonal F-contraction mappings on O-complete metric
spaces. J. Fixed Point Theory Appl. 2020, 21, 10. [CrossRef]

18. Beg, I.; Gunaseelan, M.; Arul Joseph, G. Fixed point of orthogonal F-Suzuki contraction mapping on O-complete b-metric spaces
with applications. J. Funct. Spaces 2021, 2021, 6692112. [CrossRef]

19. Arul Joseph, G.; Gunaseelan, M.; Lee, ].R.; Park, C. Solving a nonlinear integral equation via orthogonal metric space. AIMS Math.
2022, 7,1198-1210.

20. Gungor, N.B. Some fixed point theorems on orthogonal metric spaces via extensions of orthogonal contractions. Commun. Fac.
Sci. Univ. Ank. Ser. A1 Math. Stat. 2022, 71, 481-489. [CrossRef]

21. Aiman, M.; Arul Joseph, G.; Absar, U.H.; Senthil Kumar, P.; Gunaseelan, M.; Imran Abbas, B. Solving an Integral Equation via
Orthogonal Branciari Metric Spaces. |. Funct. Spaces 2022, 2022, 7251823.

22. Agarwal, R.P; Lakshmikantham, V.; Nieto, ]J.]. On the concept of solution for fractional differential equations with uncertainty.
Nonlinear Anal. Thoer. 2010, 72, 2859-2862. [CrossRef]

23. Baitiche, Z.; Derbazi, C.; Benchohra, M.; Cabada, A. The application of meir-keeler condensing operators to a new class of
fractional differential equations involving y-Caputo fractional derivative. J. Nonlinear Var. Anal. 2021, 5, 561-572.

24. Baleanu, D.; Rezapour, S.; Mohammadi, H. Some existence results on nonlinear fractional differential equations. Philos. Trans. A
2013, 371, 20120144. [CrossRef]

25.  Zhang, S. The existence of a positive solution for nonlinear fractional differential equation. J. Math. Anal. Appl. 2000, 252, 804-812.
[CrossRef]

26. Zhang, S. Existence of positive solutions for some class of nonlinear fractional equation. J. Math. Anal. Appl. 2003, 278, 136-148.

[CrossRef]


http://doi.org/10.4064/fm-3-1-133-181
http://dx.doi.org/10.37193/CJM.2015.03.10
http://dx.doi.org/10.1016/j.na.2011.10.014
http://dx.doi.org/10.1186/1687-1812-2014-190
http://dx.doi.org/10.1186/1029-242X-2014-38
http://dx.doi.org/10.1186/1029-242X-2014-439
http://dx.doi.org/10.1186/1687-1812-2013-129
http://dx.doi.org/10.1155/2015/141409
http://dx.doi.org/10.1186/s13660-016-1010-7
http://dx.doi.org/10.24193/fpt-ro.2017.2.45
http://dx.doi.org/10.1007/s11784-016-0297-9
http://dx.doi.org/10.5937/KgJMath1804505S
http://dx.doi.org/10.1007/s11784-019-0737-4
http://dx.doi.org/10.1155/2021/6692112
http://dx.doi.org/10.31801/cfsuasmas.970219
http://dx.doi.org/10.1016/j.na.2009.11.029
http://dx.doi.org/10.1098/rsta.2012.0144
http://dx.doi.org/10.1006/jmaa.2000.7123
http://dx.doi.org/10.1016/S0022-247X(02)00583-8

Symmetry 2022, 14, 1859 23 of 23

27.

28.
29.

30.

31.

32.

33.

34.

Machado, J.; Kiryakova, V.; Mainardi, F. Recent history of fractional calculus. Commun. Nonlinear Sci. 2011, 16, 1140-1153.
[CrossRef]

Lakshmikantham, V.; Rao, M.R.M. Theory of Integro-Differential Equations; CRC Press: Boca Raton, FL, USA, 1995; Volume 1.
Ahmad, B.; Sivasundaram, S. Some existence results for fractional integro-differential equations with nonlinear conditions.
Commun. Appl. Anal. 2008, 12, 107.

Sudsutad, W.; Alzabut, J.; Nontasawatsri, S.; Thaiprayoon, C. Stability analysis for a generalized proportional fractional Langevin
equation with variable coefficient and mixed integro-differential boundary conditions. J. Nonlinear Funct. Anal. 2020, 2020, 23.
Sharma, R K.; Chandok, S. Multivalued problems, orthogonal mappings, and fractional integro-differential equation. J. Math.
2020, 2020, 6615478. [CrossRef]

Acar, O.; Ozkapu, A.S. Multivalued rational type F-contraction on orthogonal metric space. Math. Found. Comput. 2022.
[CrossRef]

Khalehoghli, S.; Rahimi, H.; Eshaghi Gordji, M. Fixed point theorems in R-metric spaces with applications. AIMS Math. 2020, 5,
3125-3137. [CrossRef]

Khalehoghli, S.; Rahimi, H.; Eshaghi Gordji, M. R-topological spaces and SR-topological spaces with their applications. Math. Sci.
2020, 14, 249-255. [CrossRef]


http://dx.doi.org/10.1016/j.cnsns.2010.05.027
http://dx.doi.org/10.1155/2020/6615478
http://dx.doi.org/10.3934/mfc.2022026
http://dx.doi.org/10.3934/math.2020201
http://dx.doi.org/10.1007/s40096-020-00338-5

	Introduction
	Preliminaries
	Main Results
	Application
	Conclusions and Open Problem
	References

