
����������
�������

Citation: Alharbi, A.A.; Alghazzawi,

D. Some Characterizations of Certain

Complex Fuzzy Subgroups.

Symmetry 2022, 14, 1812.

https://doi.org/10.3390/sym14091812

Academic Editors: Juan Luis García

Guirao and Sergei D. Odintsov

Received: 10 July 2022

Accepted: 19 August 2022

Published: 1 September 2022

Publisher’s Note: MDPI stays neutral

with regard to jurisdictional claims in

published maps and institutional affil-

iations.

Copyright: © 2022 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

symmetryS S

Article

Some Characterizations of Certain Complex Fuzzy Subgroups
Abeer Ali Alharbi and Dilshad Alghazzawi *

Department of Mathematics, King Abdulaziz University, Rabigh 25732, Saudi Arabia
* Correspondence: dalghazzawi@kau.edu.sa

Abstract: The complex fuzzy environment is an innovative tool to handle ambiguous situations in
different mathematical problems. In this article, we commence the abstraction of (ρ, η)-complex fuzzy
sets, (ρ, η)-complex fuzzy subgroupoid, (ρ, η)-complex fuzzy subgroups and describe important
examples of the symmetric group under (ρ, η)-complex fuzzy sets. Additionally, we discuss the
conjugacy class of the group with respect to (ρ, η)-complex fuzzy normal subgroups. We define
(ρ, η)-complex fuzzy cosets and elaborate upon the certain operation of this analog to group theoretic
operation. We prove that factors regarding the (ρ, η)-complex fuzzy normal subgroup form a group
and establish an ordinary homomorphism. Moreover, we create the (ρ, η)-complex fuzzy subgroup
of the factor group.

Keywords: complex fuzzy set; (ρ, η)-complex fuzzy set; (ρ, η)-complex fuzzy subgroup; (ρ, η)-
complex fuzzy normal subgroup

1. Introduction

Fuzzy logic theory is based on the idea of concerned graded membership influenced
by human cognition and perception. Lotfi Zadeh [1] launched his well-known maiden
paper on fuzzy logic in 1965. Fuzzy logic can cope with data resulting from computational
perceptions that are obscure, imprecise, uncertain and partially accurate. Fuzzy logic deals
with unclear human assessments in computing difficulties. It comes with proper tools
for contrasting the resolution of various protocols. Fuzzy logic-based new computing
procedures can be employed for the designing of intelligence for decision making, pattern
recognition, optimizations and time series forecasting. Fuzzy logic is highly fruitful for the
people connected with research in areas such as engineers, agricultural, chemical, aerospace,
civil, mechanical, geological, industrial and computer software developers. Doubtlessly,
the fuzzy logic-based applications were considered vague at a time but are now in use in
scientific works. Fuzzy logic-based applications are beneficial in many fields, such as air
conditioners, facial identification modes, vacuum cleaners, washing machine mechanisms,
transmission systems and weather prediction systems. Several investigators are actively
engaged in the development of fuzzy sets and their applications [2–5].

Many differential equations display unreliability and variability in their interpreta-
tion [6]. Fuzzy set theory grows more significant in dealing with this type of information.
Imai et al. [7] invented the study of BCK/BCI algebras in 1966 as an extrapolated convic-
tion of set-theoretic difference. Rosenfeld [8] built up the erection of fuzzy subgroups on
fuzzy sets in 1971. In 1979, fuzzy groups were redefined by Anthony and Sherwood [9].
The concepts of intersection, inclusion, convexity, union, relation, etc., are extended to
such sets, and different properties of these convictions in the context of fuzzy sets are
demonstrated in [10]. The author of [11] deliberated the abstraction of normal subgroups
of fuzzy subgroups in 1984. Liu [12] introduced the concept of invariant fuzzy subgroups.
In 1988, Choudhury [13] commenced the notion of fuzzy homomorphisms between two
groups and studied its effectiveness on fuzzy subgroups. Mashour et al. pictured many
different key properties of fuzzy subgroups in [14]. Filep [15] expanded the structure
and construction of fuzzy subgroups in 1992. Many scientists are busily engaged in the
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development of fuzzy sets in group theory [16]. Gupta and Qi [17] presented some typical
T-operators and reviewed T-norm, T-conorm and negation function under T-operators.
Malik and Mordeson [18] explored the concept of fuzzy subgroups of Abelian Groups and
analyzed their various algebraic characterization. Mishref [19] described the fuzzy normal
series of finite groups. Kim [20] introduced the opinion of fuzzy orders of the elements
of groups and explored many other algebraic aspects of the fuzzy order of a group. Ray
[21] launched the concept of a direct product of fuzzy subgroups in 1999. The idea of a
complex fuzzy set was acquainted by Ramot [22,23] et al. in 2002. In 2009, Zhang et al. [24]
developed the various algebraic setup of complex fuzzy sets. In 2009, a new structure
and construction of Q-fuzzy groups were described by Solairaju [25]. Al-Husban and
Salleh [26] defined the notion of complex fuzzy hypergroups based on complex fuzzy
spaces. The new applications of complex fuzzy sets in ring theory, metric spaces, graph
theory and group theory were introduced in [27–30]. Ma [31] et al. presented some new
mathematical operations and laws of complex fuzzy sets, such as absorption law, involution
law, symmetrical difference formula, simple difference and disjunctive sum. Moreover,
they developed a new algorithm using complex fuzzy sets for application signals. Trevi-
jano and Elorza [32] determined the new opinion of annihilators of fuzzy subgroups and
examined their various algebraic properties. Ilieva [33] commenced a novel technique for
fuzzy forecasting of time series with supervised learning and k-order fuzzy relationships.
The recent applications of complex fuzzy sets in ring theory and BCk/BCI algebras may
be viewed in [34,35]. Imtiaz [36] et al. explored the new structure of ξ-complex fuzzy
sets and ξ-complex fuzzy subgroups. Many authors [37–43] initiated several interesting
techniques and approaches to solve complicated systems in fuzzy group theory, fuzzy ring
theory and fuzzy fractional calculus, whereas the computational effects are very vague and
straightforward. Gulzar [44] et al. presented the novel concept of complex fuzzy subfields.
Verma [45] et al. discussed a systematic review on the development in the inquiry of fuzzy
variational problems. Masmali [46] et al. introduced the concept of µ-fuzzy subgroups and
discussed many algebraic properties of fact. Recently, Razzaque and Razaq [47] initiated
the concept of q-rung orthopair fuzzy subgroups and level subgroups of q-rung orthopair
fuzzy subgroups.

Considering the above literature and importance of complex fuzzy set and group
theory, this paper discloses the concept of (ρ, η)-complex fuzzy subgroups. Additionally,
(ρ, η)-complex fuzzy sets have the ability to play an effective role in solving symmetric
groups. This article describes element structures of symmetric groups under the environ-
ment of (ρ, η)-complex fuzzy subgroups. The basic objective and fundamental contribution
of this paper are to;

1. Define different algebraic properties of (ρ, η)-complex fuzzy subgroups.
2. Describe the abstraction (ρ, η)-complex fuzzy normal subgroups and (ρ, η)-complex

fuzzy cosets along with the related fundamental theorems.
3. Discuss the factor group regarding (ρ, η)-complex fuzzy normal subgroup forming a

group and establishing an ordinary homomorphism.

2. Preliminaries

In this section, we specify essential definitions and algebraic features of complex fuzzy
sets and complex fuzzy subgroups that play important roles in our next exploration.

Definition 1 ([1]). A fuzzy subset is just like a function from the universe, set to a unit interval
[0, 1].

Definition 2 ([22]). A complex fuzzy set λ of universe of discourse X is mapping from a non-empty
set to a unit disk and is described by the rule αλ : X → {x ∈ Ç : |x| ≤ 1}, where is a set of
complex numbers. The αλ(x) = ξλ(x)eiϕλ(x) is a complex membership function of complex fuzzy
set λ, where i =

√
−1.
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Definition 3 ([29]). Let R be a universe of discourse and λ = {(x, λ(x)) : x ∈ R} be a fuzzy
subset. Then, π-fuzzy subset of R is defined as

λπ = {(x, λπ(x)) : λπ(x) = 2πλx), x ∈ R}.

Definition 4 ([29]). Let Z be a group. A π-fuzzy set λπ of Z is a π-fuzzy subgroup of Z if

1. λπ(xy) ≥ min{λπ(x), λπ(y)}, for all x, y ∈ Z,
2. λπ(x−1) ≥ λπ(x), for all x ∈ Z.

Definition 5 ([29]). Let λ and γ be two complex fuzzy subsets of Z. Then,

1. A complex fuzzy set λ is a homogeneous complex fuzzy subset if, for all x, y ∈ Z we have
ξλ(x) ≤ ξλ(y) if and only if ϕλ(x) ≤ ϕλ(y).

2. A complex fuzzy set λ is a homogeneous complex fuzzy set with γ if, for all x, y ∈ Z we have
ξλ(x) ≤ ξγ(y) if and only if ϕλ(x) ≤ ϕγ(y).

Note: All complex fuzzy sets used in this paper are homogeneous complex fuzzy sets.

Definition 6 ([24]). Let λ = {(x, ξλ(x)eiϕλ(x)) : x ∈ M} and γ = {(x, ξγ(x)eiϕγ(x)) : x ∈ Z}
be a complex fuzzy set of set M. Then, the set theoretic operations are defined as:

1. (λ ∩ γ)(x) = ξ(λ∩γ)(x)eiϕ(λ∩γ)(x) = min{ξλ(x)eiϕλ(x), ξγ(x)eiϕγ(x)}, ∀ x ∈ M,

2. (λ ∪ γ)(x) = ξ(λ∩γ)(x)eiϕ(λ∪γ)(x) = max{ξλ(x)eiϕλ(x), ξγ(x)eiϕγ(x)}, ∀ x ∈ M.

Definition 7 ([29]). Let Z be a group and λ = {(x, ξλ(x)eiϕλ(x)) : x ∈ Z} be a complex fuzzy
set of Z. Then, λ is said to be a complex fuzzy subgroup of Z if the below axioms are satisfied.

1. ξλ(xy)eiϕλ(xy) ≥ min{ξλ(x)eiϕλ(x), ξλ(y)eiϕλ(y)},
2. ξλ(x−1)eiϕλ(x−1) ≥ ξλ(x)eiϕλ(x), for all x, y ∈ Z.

Example 1. Let Z4 = {0, 1, 2, 3} be a group of order four. We define a complex fuzzy set λ =
{(0, 0.5ei π

2 ), (1, 0.4ei π
3 ), (2, 0.3ei π

4 ), (3, 0.4ei π
3 )} as complex fuzzy subgroup of Z. We can see that

both axioms of complex fuzzy subgroup are satisfied on λ. Hence, λ is a complex fuzzy subgroup.

Definition 8. Let Z be a group. A complex fuzzy set λ = {(x, ξλ(x)eiϕλ(x)) : x ∈ Z} of Z is
called a complex fuzzy normal subgroup of Z if : ξλ(xy)eiϕλ(xy) = ξλ(yx)eiϕλ(yx), for all x, y ∈ Z.

3. Algebraic Properties of (ρ,η)-Complex Fuzzy Subgroups

In this section, we commence the abstraction of the (ρ, η)-complex fuzzy set. Moreover,
we initiate the new algebraic structure of (ρ, η)-complex fuzzy subgroups and explore their
fundamental algebraic properties.

Definition 9. Let λ = {(x, ξλx)eiϕλ(x)); x ∈ Z} be a complex fuzzy set of group Z. For any
ρ ∈ [0, 1] and η ∈ [0, 2π], then the complex fuzzy set λ(ρ,η) is a (ρ, η)-complex fuzzy set of

Z in regards to a complex fuzzy set λ and is defined as: ξλρ
(x)eiϕλη (x)

= ξλx)eiϕλ(x) • ρeiη =

max{0, ξλ(x) + ρ− 1}eimax{0,φλ(x)+η−2π}.

Definition 10. Let λ(ρ,η) and γ(ρ,η) be two (ρ, η)-complex fuzzy subsets of Z. Then,

1. A (ρ, η)-complex fuzzy set λ(ρ,η) is a homogeneous (ρ, η)-complex fuzzy subset if, for all
x, y ∈ Z we have ξλρ

(x) ≤ ξλρ
(y) if and only if ϕλη

(x) ≤ ϕλη
(y).

2. A (ρ, η)-complex fuzzy set λ(ρ,η) is homogeneous (ρ, η)−CFS with γ(ρ,η) if, for all x, y ∈ Z
we have ξλρ

(x) ≤ ξγρ(y) if and only if ϕλη
(x) ≤ ϕγη (y).

Note: All (ρ, η)-complex fuzzy sets used in this paper are homogeneous.



Symmetry 2022, 14, 1812 4 of 14

Remark 1. If ρ = 1 and η = 2π in the above definition, it becomes a classical complex fuzzy set.

Remark 2. Let λ(ρ,η) and γ(ρ,η) be two (ρ, η)-complex fuzzy subsets of Z. Then, (λ ∩ γ)(ρ,η) =
λ(ρ,η) ∩ γ(ρ,η).

Definition 11. Let λ(ρ,η) be a (ρ, η)-complex fuzzy subset of group Z, for ρ ∈ [0, 1] and η ∈
[0, 2π]. A (ρ, η)-complex fuzzy subgroupoid of Z is a fuzzy algebraic structure that satisfies the
following condition: ξλρ

(xy)eiϕλη (xy) ≥ min{ξλρ
(x)eiϕλη (x), ξλρ

(y)eiϕλη (y)}.

Definition 12. Let λ(ρ,η) be a (ρ, η)-complex fuzzy subset of group Z for ρ ∈ [0, 1] and η ∈ [0, 2π].
A (ρ, η)-complex fuzzy subgroup of group Z is a fuzzy algebraic structure that satisfies the following
axioms:

1. ξλρ
(xy)eiϕλη (xy) ≥ min{ξλρ

(x)eiϕλη (x), ξλρ
(y)eiϕλη (y)},

2. ξλρ
(x−1)eiϕλη (x−1) ≥ ξλρ

(x)eiϕλη (x), for all x, y ∈ Z.

In the following example, we explain a (ρ, η)-complex fuzzy subset and a (ρ, η)-
complex fuzzy subgroup.

Example 2. Consider a group Z = {(1), (1234), (1432), (13)(24), (14)(23), (12)(34), (24), (13)}
as a group of order 8. We describe a complex fuzzy subset of Z as follows:

ξλ(x) =


0.6e

π
2 i f x ∈ {(1), (13)(24)}

0.5e
π
4 i f x ∈ {(14)(23), (12)(34)}

0.3e
π
6 otherwise

In view of Definition 9, we have
ξλρ

(x)eiϕλη (x)
= ξλx)eiϕλ(x) • ρeiη = max{0, ξλ(x) + ρ− 1}eimax{0,φλ(x)+η−2π}.

Describe (ρ, η)-complex fuzzy subgroup of Z, for ρ = 0.9 and η = 5π/2, then

ξλ
(0.9, 5π

2 )
(x) =


0.5eπ i f x ∈ {(1), (13)(24)}
0.4e

3π
4 i f x ∈ {(14)(23), (12)(34)}

0.2e
2π
3 otherwise

Now we take x = (14)(23), y = (24), and xy = (1234), we have
ξλ

(0.9, 5π
2 )
(xy) = 0.2e

2π
3 ,

min{ξλ
(0.9, 5π

2 )
(x), ξλ

(0.9, 5π
2 )
(y)} = min{0.4e

3π
4 , 0.2e

2π
3 } = 0.2e

2π
3 ,

Moreover, ξλ
(0.9, 5π

2 )
(x−1) = ξλ

(0.9, 5π
2 )
(x).

Similarly, both conditions of Definition 12 are satisfied for all elements of group Z. Hence λ is
a (0.9, 5π

2 )-complex fuzzy subgroup of Z.

Remark 3. If λ(ρ,η) is a (ρ, η)-complex fuzzy set of group Z for ρ ∈ [0, 1]. Then,

ξλρ
(x−1y)eiϕλη (x−1y) ≥ min{ξλρ

(x)eiϕλη (x), ξλρ
(y)eiϕλη (y)}.

Theorem 1. Let λ(ρ,η) be a (ρ, η)-complex fuzzy subgroup of group Z, ∀ x, y ∈ Z. Then,

1. ξλρ
(y)eiϕλη (y) ≤ ξλρ

(e)eiϕλη (e)

2. ξλρ
(xy−1)eiϕλη (xy−1)

= ξλρ
(e)eiϕλη (e)

This means that ξλρ
(x)eiϕλη (x)

= ξλρ
(y)eiϕλη (y)

Proof. Obviously.
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Theorem 2. Let Z be a finite group. If λ(ρ,η) is a (ρ, η)-complex fuzzy subgroupoid of Z, then
λ(ρ,η) is a (ρ, η)-complex fuzzy subgroup of Z.

Proof. Assume that x ∈ Z is a member of Z; thus, |x| = n. Here, n is a finite number such
that xn = e, where e is the identity element of group Z, we know that x−1 = xn−1 . We use
the application of Definition 12. Then, we have

ξλρ
(x−1)eiϕλη (x−1)

= ξλρ
(xn−1)

iϕλη (xn−1)

= ξλρ
(xn−2x)iϕλη (xn−2x)

≥ ξλρ
(x)eiϕλη (x)

Theorem 3. Let Z be a group. If λ(ρ,η) is a (ρ, η)-complex fuzzy subgroup of Z, for some x ∈ Z,

ξλρ
(x)eiϕλη (x)

= ξλρ
(e)eiϕλη (e) and then ξλρ

(xy)eiϕλη (xy)
= ξλρ

(y)eiϕλη (y) for all y ∈ Z.

Proof. Given that ξλρ
(x)eiϕλη (x)

= ξλρ
(e)eiϕλη (e). Then, from Theorem 1, we have

ξλρ
(y)eiϕλη (y) ≤ ξλρ

(x)eiϕλη (x), ∀ y ∈ Z

Consider

ξλρ
(xy)eiϕλη (xy) ≥ min{ξλρ

(x)eiϕλη (x), ξλρ
(y)eiϕλη (y)}

ξλρ
(xy)eiϕλη (xy) ≥ ξλρ

(y)eiϕλη (y) from Theorem 1. (1)

Now, assume that

ξλρ
(y)eiϕλη (y) = ξλ(x−1xy)iϕλ(x−1xy)

≥ min{ξλρ
(x)eiϕλη (x), ξλρ

(xy)eiϕλη (xy)}

Again, from Theorem 1, we have

min{ξλρ
(x)eiϕλη (x), ξλρ

(xy)eiϕλη (xy)} = ξλρ
(xy)eiϕλη (xy)

Therefore, we obtain

ξλρ
(y)eiϕλη (y) ≥ ξλρ

(xy)eiϕλη (xy), ∀ y ∈ Z (2)

From Equations (1) and (2), we have

ξλρ
(y)eiϕλη (y) = ξλρ

(xy)eiϕλη (xy), ∀ y ∈ Z.

Theorem 4. Let Z be a group. If λ is a complex fuzzy subgroup of Z, then λ(ρ,η) is a (ρ, η)-complex
fuzzy subgroup of Z.

Proof. Assume that λ is a complex fuzzy subgroup of Z, for all x, y ∈ Z.
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Consider

ξλρ
(xy)eiϕλη (xy)

= ξλxy)eiϕλ(xy) • ρeiη

≥ min{ξλx)eiϕλ(x), ξλy)eiϕλ(y)} • ρeiη

= min{ξλx)eiϕλ(x) • ρeiη , ξλy)eiϕλ(y) • ρeiη}

= min{ξλρ
(x)eiϕλη (x), ξλρ

(y)eiϕλη (y)}.

Further,

ξλρ
(x−1)eiϕλη (x−1)

= ξλx−1)iϕλ(x−1) • ρeiη

≥ ξλx)eiϕλ(x) • ρeiη

= ξλρ
(x)eiϕλη (x).

Remark 4. The below example proves that the converse of Theorem 4 is generally false.

Example 3. Let Z = {e, a, b, ab} be a Klein four group. We can see that λ = {< e, 0.2ei π
12 >,

< b, 0.4ei π
4 >,< a, 0.4ei π

4 >,< ab, 0.3ei π
7 >} is not a complex fuzzy subgroup of Z. Take ρ = 0

and η = 0 then we have ξλρ
(x)eiϕλη (x) ≥ 0ei0, for all x ∈ Z. Then we get ξλρ

(x)eiϕλη (x)
=

ρeiη , ∀ x ∈ Z. Therefore, ξλρ
(xy)eiϕλη (xy) ≥ min{ξλρ

(x)eiϕλη (x), ξλρ
(y)eiϕλη (y)} for all x, y ∈

Z. Moreover, λ−1 = a, b−1 = b, (aγ)−1 = ab. Thus, ξλρ
(x−1)eiϕλη (x−1) ≥ ξλρ

(x)eiϕλη (x).
Hence, λ(ρ,η) is a (ρ, η)-complex fuzzy subgroup.

Theorem 5. Let λ(ρ,η) and γ(ρ,η) be a two (ρ, η)-complex fuzzy subgroups of group Z, then,
λ(ρ,η) ∩ γ(ρ,η) is also (ρ, η)-complex fuzzy subgroup of Z.

Proof. Given that λ(ρ,η) and γ(ρ,η) be two (ρ, η)-complex fuzzy subgroups of Z, for any
x, y ∈ Z.

Consider,

ξ(λ∩γ)ρ
(xy)eϕ((λ∩γ))η(xy) = ξλρ∩γρ

(xy)eiϕλη∩γη (xy)

= min{ξλρ
(xy)eiϕλxη (xy), ξγρ(xy)eiϕγη (xy)}

≥ min

{
min{ ξλρ

(x)eiϕλη (x), ξλρ
(y)eiϕλη (y)},

min{ξγρ(x)eiϕγη (x), ξγρ(y)e
iϕγη (y)}.

= min

{
min{ξλρ

(x)eiϕλη (x), ξγρ(x)eiϕγη (x)},
min{ξλρ

(y)eiϕλη (y), ξγρ(y)e
iϕγη (y)}.

= min{ξλρ∩γρ
(x)eiϕγη∩λη (x), ξγρ∩λρ

(y)eiϕλη∩γη (y)}

= min{ξ(λ∩γ)ρ
(x)eϕ(λ∩γ)η (x), ξ(λ∩γ)ρ

(y)eϕ(λ∩γ)η (y)}
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Further,

ξ(λ∩γ)ρ
(x−1)eϕ(λ∩γ)η (x−1)

= ξλρ∩γρ
(x−1)eiϕγη∩λη (x−1)

= min{ξλρ
(x−1)eiϕλη (x−1), ξγρ(x−1)eiϕγη (x−1)}

≥ min{ξλρ
(x)eiϕλη (x), ξγρ(x)eiϕγη (x)}

= ξ(λ∩γ)ρ
(x)eϕ(λ∩γ)η (x)

Hence, λ(ρ,η) ∩ γ(ρ,η) is (ρ, η) of Z.

Remark 5. The converse of Theorem 5 may not be true.

Example 4. Consider a permutation group S4. Considering two (ρ, η)-complex fuzzy subgroups
λ(0.7,2π) and γ(0.7,2π) of S4, we take ρeiη = 0.7e2π , described as:

λ(0.7,2π)(x) =

{
0.6e

π
3 i f x ∈< (13) >

0.5e
π
5 otherwise

and

γ(0.7,2π)(x) =

{
0.7e2π i f x ∈< (1324) >
0.4e

π
6 otherwise

This implies that

(λ(0.7,2π) ∪ γ(0.7,2π))(x) =


0.7e2π i f x ∈< (1234) >
0.6e

π
3 i f x ∈< (13) > − < (1324) >

0.5e
π
5 otherwise

Take x = (12)(34), y = (13) and xy = (1324). Therefore, (λ(0.7,2π) ∪ γ(0.7,2π))(x) =

0.7e2π . (λ(0.7,2π) ∪ γ(0.7,2π))(y) = 0.6e
π
3 and (λ(0.7,2π) ∪ γ(0.7,2π))(xy) = 0.5e

π
5 . (λ(0.7,2π) ∪

γ(0.7,2π))(xy) � min{(λ(0.7,2π) ∪ γ(0.7,2π))(x), (λ(0.7,2π) ∪ γ(0.7,2π))(y)}. Hence, this proves
the claim.

Definition 13. Let λ(ρ,η) be a (ρ, η)-complex fuzzy subgroup of group Z. Then (ρ, η)-complex

fuzzy subgroup xλ(ρ,η)(p) = (p, ξxλρ
(p)eiϕxλη (p)

), of Z is said to be a (ρ, η)-complex fuzzy left
coset of Z established by λ(ρ,η) and x is defined as:

ξxλρ
(p)eiϕxλη (p)

= ξλρ
(x−1(p))eiϕλη (x−1(p))

= ξλx−1(p))eiϕλ(x−1(p)) • ρeiη ∀ p, x ∈ Z.

In the same way, we describe the (ρ, η)-complex fuzzy right coset
λ(ρ,η)x(p) = (p, ξλρx(p)eiϕλη x(p), x ∈ Z and x is described as:

ξλρx(p)eiϕλη x(p)
= ξλρ

(p−1(x))eiϕλη (p−1(x))
= ξλ p−1(x))eiϕλ(p−1(x)) • ρeiη ∀ p, x ∈ Z.

Example 5. Take G = {(1), (1234), (1432), (13)(24), (14)(23), (12)(34), (24), (13)} as a group
of order 8. Describe (ρ, η)-complex fuzzy subgroup of Z, ρ = 1 and η = π/2, then

λ(1, π
2 )
(p) ==


0.6e

π
2 i f x ∈ {(1), (13)(24)}

0.5e
π
4 i f x ∈ {(14)(23), (12)(34)}

0.4e
π
6 otherwise
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From Definition 13, we have ξxλ(1, π
2 )
(p)e

iϕxλ
(1, π

2 )
(p)

= ξλ(1, π
2 )
(x−1(p))e

iϕλ
(1, π

2 ) (x−1(p)).

Hence, the (1, π/2)-complex fuzzy left coset of λ(1, π
2 )
(p) in G for x = (24) is defined as:

xλ(1, π
2 )
(p)


0.6e

π
2 i f x ∈ {(13)(24)}

0.5e
π
4 x ∈ {(1432), (1234)}

0.4e
π
6 otherwise

In the same way, we can define the (1, π/2)-complex fuzzy right coset of λ(1, π
2 )
(p), for all

x ∈ Z.

Definition 14. Let Z be a group and λ(ρ,η) be a (ρ, η)-complex fuzzy subgroup of Z. Then, λ(ρ,η) is
said to be a (ρ, η)-complex fuzzy normal subgroup if λ(ρ,η)(xy) = λ(ρ,η)(yx). Equivalently, (ρ, η)-
complex fuzzy subgroup λ(ρ,η) is a (ρ, η)-complex fuzzy normal subgroup of Z if λ(ρ,η)x(y) =
xλ(ρ,η)(y), for all x, y ∈ Z.

Remark 6. Let λ(ρ,η) be a (ρ, η)-complex fuzzy subgroup of group Z. Then λ(ρ,η)(y−1xy) =
λ(ρ,η)(x) for all x, y ∈ G.

Theorem 6. Every complex fuzzy normal subgroup of group Z is a (ρ, η)-complex fuzzy normal
subgroup of Z.

Proof. Suppose that z, x are elements of Z. Then

ξλx−1z)iϕλ(x−1z) = ξλz−1x)iϕλ(z−1x)

This implies that

ξλx−1z)iϕλ(x−1z) • ρeiη = minξλz−1x)iϕλ(z−1x) • ρeiη

which implies that
ξxλρ

(z)eiϕxλη (z) = ξλρx(z)e
iϕxλη (z).

This implies that xλ(ρ,η)(z) = λ(ρ,η)x(z). Consequently, λ(ρ,η) is a (ρ, η)-complex
fuzzy normal subgroup of Z.

Theorem 7. Let λ(ρ,η) be a (ρ, η)-complex fuzzy subgroup of group Z. Then, λ(ρ,η) remains the
same in the conjugacy class of Z if and only if λ(ρ,η) is a (ρ, η)-complex fuzzy normal subgroup.

Proof. Suppose that λ(ρ,η) is a (ρ, η)-complex fuzzy normal subgroup of group Z. Then,

ξλρ
(y−1xy)eiϕλη (y

−1xy)
= ξλρ

(xyy−1)
iϕλη (xyy−1)

= ξλρ
(x)iϕλη (x), ∀ x, y ∈ Z

Conversely, assume that λ(ρ,η) is remains same in every conjugate class of Z. Then,

ξλρ
(xy)eiϕλη (xy)

= ξλρ
(xyxx−1)

iϕλη (xyxx−1)

= ξλρ
(x(yx)x−1)

iϕλη (x(yx)x−1)

= ξλρ
(yx)iϕλtheta(yx), ∀ x, y ∈ Z.
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Theorem 8. Let Z be a group and λ(ρ,η) be a (ρ, η)-complex fuzzy subgroup of Z, Then λ(ρ,η)

is a (ρ, η)-complex fuzzy normal subgroup if and only if ξλρ
([x, y])eiϕλη ([x,y]) ≥ ξλρ

(x)eiϕλη (x) ,
∀ x, y ∈ Z.

Proof. Take λ(ρ,η) as a (ρ, η)-complex fuzzy normal subgroup of Z. Let x, y ∈ Z be a
member of the group. Assume that

ξλρ
(x−1y−1xy)eiϕλη (x−1y−1xy) ≥ min{ξλρ

(y−1xy)eiϕλη (y
−1xy), ξλρ

(x−1)eiϕλη (x−1)}

= min{ξλρ
(x)eiϕλη (x), ξλρ

(x)eiϕλη (x)}

ξλρ
([x, y])eiϕλη ([x,y]) ≥ ξλx)iϕλη (x)

Conversely, suppose that ξλρ
([x, y])eiϕλη ([x,y]) ≥ ξλ(x)eiϕλη (x). Let x, r ∈ Z be an

element

Consider ξλρ
(x−1rx)eiϕλη (x−1rx)

= ξλρ
(rr−1x−1rx)eiϕλη (rr−1x−1rx)

≥ min{ξλρ
(r)eiϕλη (r), ξλρ

([r, p])eiϕλη ([r,x)}

= ξλρ
(r)eiϕλη (r) (3)

Thus, ξλρ
(x−1rx)eiϕλη (x−1rx) ≥ ξλρ

(r)eiϕλη (r)∀r, x ∈ Z. (4)

Now, ξλρ
(r)eiϕλη (r) = ξλρ

(xx−1rxx−1)eiϕλη (xx−1rxx−1)

≥ min{ξλρ
(x)eiϕλη (x), ξλρ

(x−1rx)eiϕλη (x−1rx)}. (5)

We describe two cases.
Case 1
If min{ξλρ

(x)eiϕλη (x), ξλρ
(x−1rx)eiϕλη (x−1rx)} = ξλρ

(x)eiϕλη (x)

Then, we obtain ξλρ
(r)eiϕλη (r) ≥ ξλρ

(x)eiϕλη (x), ∀ r, x ∈ Z.

λ(ρ,η) is a constant portray and the result is satisfied trivially.
Case 2
If min{ξλρ

(x)eiϕλη (x), ξλρ
(x−1rx)eiϕλη (x−1rx)} = ξλρ

(x−1rx)eiϕλη (x−1rx).
Then, from Equation (5), we have

ξλρ
(r)eiϕλη (r) ≥ ξλρ

(x−1rx)eiϕλη (x−1rx) (6)

From Equations (4) and (6), we get

ξλρ
(r)eiϕλη (r) = ξλρ

(x−1rx)eiϕλη (x−1rx).

Hence λ(ρ,η) is a constant.

Theorem 9. If λ(ρ,η) is a (ρ, η)-complex fuzzy normal subgroup of Z, Then, the set λ
′
(ρ,η) = {p ∈

Z : λ(ρ,η)(p−1) = λ(ρ,η)(e)} is a normal subgroup of Z.

Proof. We have λ
′
(ρ,η) 6= ϕ because e ∈ Z. Let p, q ∈ λ

′
(ρ,η) be any members. Consider

ξλρ
(pq)eiϕλη (pq) ≥ min{ξλρ

(p)eiϕλη (p), ξλρ
(q)eiϕλη (q)} = min{ξλρ

(e)eiϕλη (e), ξλρ
(e)eiϕλη (e)}.

Which means that ξλρ(pq)e
iϕλη (pq) ≥ ξλρ

(e)eiϕλη (e). However, ξλρ
(pq)eiϕλη (pq) ≤ ξλρ

(e)eiϕλη (e).

Therefore, ξλρ
(pq)eiϕλη (pq)

= ξλρ
(e)eiϕλη (e). It means that λ(ρ,η)(p−1) = λ(ρ,η)(e), it means

that pq ∈ λ
′
(ρ,η). Further, ξλρ

(q−1)eiϕλη (q
−1) ≥ ξλρ

(q)eiϕλη (q) = ξλρ
(e)eiϕλη (e). However,
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ξλρ
(q)eiϕλη (q) ≤ ξλρ

(e)eiϕλη (e). Thus, λ
′
(ρ,η) is a subgroup of Z. Let p ∈ λ

′
(ρ,η) and q ∈ Z. We

know, ξλρ
(q−1 pq)eiϕλη (q

−1 pq)
= ξλρ

(e)eiϕλη (e). This implies that q−1 pq ∈ λ
′
(ρ,η). Therefore,

λ
′
(ρ,η) is a normal subgroup.

Example 6. Consider G = {(1), (123), (132), (12), (13), (23)} as a symmetric group. Let the
λ(ρ, η)-complex fuzzy normal subgroup of G be defined as

λ(0.8, 5π
3 )(x) =

{
0.4e

2π
3 i f x ∈ {(1), (123), (132)}

0.2e
π
6 otherwise

From Theorem 3.24, we have λ
′
(ρ,η) = {(1), (123), (132)}

We can see that λ
′

is a normal subgroup of index 2.

Theorem 10. Let λ(ρ,η) be a (ρ, η)-complex fuzzy normal subgroup of Z. Then,

(i) xλ(ρ,η) = yλ(ρ,η) if and only if x−1y ∈ λ
′
(ρ,η)

(ii) λ(ρ,η)x = λ(ρ,η)y if and only if xy−1 ∈ λ
′
(ρ,η)

Proof. (i) For any x, y ∈ G we have xλ(ρ,η) = yλ(ρ,η). Consider,

ξλρ
(x−1y)eiϕλη (x−1y)

= ξλx−1y)eiϕλ(x−1y) ∗ ρeiη

= ξxλρ
(y)eiϕxλρ (y)

= ξyλρ
(y)eiϕyλρ (y)

= ξλρ
(y−1y)eiϕλη (y

−1y)

= ξλρ
(e)eiϕλη (e).

Therefore, x−1y ∈ λ
′
(ρ,η). Conversely, let x−1y ∈ λ

′
(ρ,η) imply that ξλρ

(x−1y)eiϕλη (x−1y)
=

ξλe)eiϕλ(e) ∗ ρeiη . Consider,

ξxλρ
(a)eiϕxλρ (a)

= ξλx−1a)eiϕλ(x−1a) • ρeiη

= ξλρ
(x−1a)eiϕλη (x−1a)

= ξλρ
(x−1y)(y−1a)eiϕλη (x−1a)

≥ min{ξλρ
(x−1y)eiϕλη (x−1y), ξλρ

(y−1a)eiϕλη (y
−1a)}

= min{ξλρ
(e)eiϕλη (e), ξλρ

(y−1a)eiϕλη (y
−1a)}

= ξλρ
(y−1a)eiϕλη (y

−1a)}

= ξyλρ
(a)eiϕyλρ (a).

Exchange the function of x and y, and we get ξyλρ
(a)eiϕyλη (a) ≥ ξxλρ

(a)eiϕxλη (a). There-

fore, ξxλρ
(a)eiϕxλη (a)

= ξyλρ
(a)eiϕyλη (a).

(ii) In the same way, we can show that as part (i).

Theorem 11. Let Z be a group and λ(ρ,η) be a (ρ, η)-complex fuzzy normal subgroup of Z and c, d, u,
and v be any members in Z. If cλ(ρ,η) = uλ(ρ,η) and dλ(ρ,η) = vλ(ρ,η). Then, cdλ(ρ,η) = uvλ(ρ,η).
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Proof. We have cλ(ρ,η) = uλ(ρ,η) and dλ(ρ,η) = vλ(ρ,η). This means that c−1u, d−1v ∈ λe
(ρ,η)

Consider, (cd)−1(uv) = y−1(c−1u)v = d−1(c−1u)(dd−1)v = [d−1(c−1u)(d)](d−1v). As
λ
′
(ρ,η) is a normal subgroup of Z. Thus, (cd)−1(uv) ∈ λe

(ρ,η). As result, cdλ(ρ,η) = uvλ(ρ,η).

Theorem 12. Assume that Z/λ(ρ,η) = {xλ(ρ,η); x ∈ Z} is the assemblage of all (ρ, η)-complex
fuzzy co-sets of λ(ρ,η) and is a (ρ, η)-complex fuzzy normal subgroup of group Z. Therefore, a
well-defined binary operation ? of Z/λ(ρ,η) is described as xλ(ρ,η) ? yλ(ρ,η) = xyλ(ρ,η)∀ x, y ∈ Z.

Proof. We have xλ(ρ,η) = yλ(ρ,η) and f λ(ρ,η) = gλ(ρ,η) for any f , g, x, y ∈ Z. Let c ∈ Z be

any element. Then, [xλ(ρ,η) ? f λ(ρ,η)](c)=(x f λ(ρ,η)(c))= (c, ξx f λρ
(c)eiϕyλρ (c)). Consider,

ξx f λρ
(c)eiϕxλρ (c) = ξx f λρ

(c)eiϕxλρ (c) • ρeiη

= ξλρ
((x f )−1c)eiϕλη (x f )−1c)

= ξλρ
( f−1x−1)c)eiϕλη ( f−1x−1c)

= ξλρ
( f−1(x−1c)eiϕλη ( f−1(x−1c)

= ξ f λρ
(x1 c)eiϕxλρ (x−1c)

= ξgλρ
(x1 c)eiϕxλρ (x−1c)

= ξλg−1(x−1c)eiϕλ(g−1(x−1c)

= ξλx−1(cg−1))eiϕλ(x−1(cg−1)

= ξxλρ
(cg−1)eiϕxλρ (cg−1)

= ξyλρ
(cg−1)eiϕyλρ (cg−1)

= ξλρ
(y−1(cg−1))eiϕλη (y

−1(cg−1)

= ξλρ
((y−1c)g−1)eiϕλη (y

−1c)g−1)

= ξλρ
((y−1g−1)c)eiϕλη ((y

−1g−1)c)

= ξλρ
((yg)−1c)eiϕλη ((yg)−1c)

= ξygλρ
(c)eiϕygλρ (c)

Therefore, ? is a well-defined operation and satisfies the associative property on
Z/λ(ρ,η). Further, ξλρ

eiϕλη ? ξxλρ
eiϕxλη = ξeλρ

eiϕeλη ? ξxλρ
eiϕxλη = ξxλρ

eiϕxλη = ξxλρ
eiϕxλη −→

ξλρ
eiϕλ is an identity element of Z/λ(ρ,η). Obviously, the inverse of each member of Z/λ(ρ,η)

exists if ξxλρ
eiϕxλη ∈ Z/λ(ρ,η), and then there exists a member, ξx−1λρ

e
iϕx−1λη ∈ Z/λ(ρ,η)

such that ξx−1xλρ
e

iϕx−1xλη = ξλρ
eiϕλη . Consequently Z/λ(ρ,η) is a group.

Lemma 1. Let Z be a group and L : Z → Z/λ(ρ,η) be a classical homomorphism from Z onto
Z/λ(ρ,η) and is described by L(x) = xλ(ρ,η) with the kernel L = λe

(ρ,η).

Proof. Let x, y be arbitrary members of Z, and L(xy) = xyλ(ρ,η) = ξxyλρ
ei ϕxyλη

=

ξxλρ
ei ϕxλη

? ξyλρ
ei ϕyλη

= xλ(ρ,η) ? yλ(ρ,η) = h(x) ? h(y). Therefore, L is a homomorphism.
Moreover, L is as follows



Symmetry 2022, 14, 1812 12 of 14

Now, KernelL = {x ∈ Z : L(x) = eλ(ρ,η)}
= {x ∈ Z : xλ(ρ,η) = eλ(ρ,η)}

= {x ∈ Z : xe−1 ∈ λ
′
(ρ,η)}

= {x ∈ Z : x ∈ λe
(ρ,η)}

= λe
(ρ,η).

Theorem 13. Let λe
(ρ,η) be a normal subgroup of Z. If λ(ρ,η) = {(x, ξλρ

(x)eiϕλη (x)
) : x ∈ Z} is a

(ρ, η)-complex fuzzy subgroup, then the (ρ, η)-complex fuzzy set

λ̄(ρ,η) = {(xλe
(ρ,η), ξ̄λρ

(xλe
(ρ,η))e

iϕ̄λη (xλe
(ρ,η))) : x ∈ Z} of Z/λe

(ρ,η) is a (ρ, η)-complex fuzzy

subgroup of Z/λe
(ρ,η), where ξ̄λρ

(xλe
(ρ,η)e

iϕ̄λη (xλe
(ρ,η))) = max{ξλρ

(xa)eiϕλη (xa) : a ∈ λe
(ρ,η)}.

Remark 7. If λ(ρ,η) is a (ρ, η)-complex fuzzy subgroup of Z, and x ∈ Z and ξλρ
(xy)eiϕλη (xy)

=

ξλρ
(y)eiϕλη (x) for all y ∈ Z then ξλρ

(x)eiϕλη (x)
= ξλρ

(e)eiϕλη (e).

Remark 8. If λ(ρ,η) is a (ρ, η)-complex fuzzy subgroup of Z, and x ∈ Z and ξλρ
(xy)eiϕλη (xy)

=

ξλρ
(y)eiϕλη (x) for all y ∈ Z then ξλρ

(x)eiϕλη (x)
= ξλρ

(e)eiϕλη (e).

4. Conclusions

We have commenced the abstraction of a (ρ, η)-complex fuzzy subset and a (ρ, η)-
complex fuzzy subgroup. We have proved that every (ρ, η)-complex fuzzy subgroup is
a complex fuzzy subgroup, but the converse is not true. We have proved that the factor
group regarding a (ρ, η)-complex fuzzy normal subgroup forms a group and establishes an
ordinary homomorphism from the group to its factor group regard. In the future, we will
extend this approach to the advanced structure of group theory, such as Sylow theorems
and fundamental theorems of isomorphism. The Sylow theorems form a fundamental
part of finite group theory and play an important role in the classification of finite simple
groups.
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