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1. Introduction

We consider the nonlinear ordinary fractional differential equation with sequential
derivatives

Df,(a(t)DJ, u(t)) = Af(t,u(t)), e (0,1), (1)

subject to the nonlocal boundary conditions
ul)(0) =0, j=0,...,n—2, DJ u(0)=0,

p
a)D3,u(1) = [ a()D3,u(t) doo(6), DYu(t) = Y- [ Dy uas(s),
i=1

where g € (1,2, vy € m—1n,,n e Nyn >3, pe N e€R,i=0,..p0<
v <@y <...<ap<a <y—-1a >1,A>0,q:[0,1 — (0,00) is a continuous
function, f : (0,1) x [0,00) — R is a continuous function which may be singular at t = 0
and/or t = 1, Df , denotes the Riemann-Liouville fractional derivative of order x, for
kK = B,7,ao,&1,-..,4p, and the integrals from the boundary conditions (2) are Riemann—
Stieltjes integrals with §;, i = 0,...,p functions of bounded variation. The last two
conditions from (2) contain symmetric cases for the fractional derivatives of u. For example,
ifp=190) =10, t=0;1, t € (0,1]} and a; = ap, then the last condition from (2)
becomes a symmetric one, namely Dy u(1) = Dy} u(0). If in addition &g = 1, we obtain
the periodic condition for the first derivative of u, that is, u’(1) = u/(0).

We present some assumptions for the function f and give intervals for the parameter A
such that there exists at least one positive solution of problem (1) and (2). A positive solution
of (1) and (2) is a function u € C[0, 1] satisfying (1) and (2) with u(¢t) > 0 for all t € (0, 1].
In the proofs of our main results, we apply the Guo-Krasnosel’skii fixed point theorem
(see [1]). We present now some recent results connected to our problem (1) and (2). In [2],
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the authors investigated the existence of positive solutions for the fractional differential
equation with sequential derivatives

D (a(t)DJ, u(t)) = Ax(t)g(t,u(t)), t€ (0,1), 3)
with the nonlocal boundary conditions
ull(0)=0, j=0,...,n—2, DJ u(0) =0,

0% 0% g P 1 o; (4)
a(1D],u(1) = aal@)DF,u(§), Dfu(1) = 1 [ DRt ani(o),

wherep€ (1,2, ye n—1n],neNn>3,peN, g R, i=0,...,p,0<a; <ay <
o<ap<ag<y—1,a>1,A>0a>0,5€(0,1),q:[0,1] — (0,00) is a continuous
function, the function g : [0,1] x (0,00) — [0, o0) is continuous and may have a singularity
at the second variable in the point 0, the function t : (0,1) — [0, c0) is continuous and may
be singularatt = 0and/ort =1,and $;,i = 1,..., p are bounded variation functions. In
the proof of the main results, they used some theorems from the fixed point index theory.
In comparison with our problem (1) and (2) in which the nonlinearity f has arbitrary values,
the nonlinearity g in (3) is nonnegative; in addition, the first condition from the second line
of (4) is a particular case of the condition from (2), with () = {0, t € [0,¢); a, t € [{,1]}.
Besides this, in this paper, we use for the function § from (1) different assumptions than
those used for the function g in [2]. In [3], the authors studied the existence of at least one
or two positive solutions for the fractional differential equation

Dy, u(t) +§(t,u(t)) =0, t€(0,1), ()

supplemented with the boundary conditions

w(0) =u'(0) = ... =ul"2(0) =0, Du(1) = f /0 1 DB u(t) dsy;(t), (6)
i=1

wherea € R,n,m e N,n >3, a € (n—1,n],B; € Rforalli =0,...,m,0< B < B <
oo < Bm < Bo < a—1, By > 1, and the nonlinearity f(t, #) may change sign and may
be singular at the points t = 0, t = 1 and/or u = 0. The authors used in [3] various
height functions of § defined on special bounded sets and the Leggett—Williams and the
Krasnosel’skii fixed point index theorems. For other recent results related to the existence,
nonexistence and multiplicity of positive solutions for fractional differential equations
and systems with or without p-Laplacian operators, subject to varied nonlocal boundary
conditions and their applications, we mention the books [4-15] and their references. Some
fixed point results for a pair of fuzzy dominated mappings are presented in [11,12].

The organization of our paper is as follows. In Section 2, we investigate a linear
fractional boundary value problem that is associated to problem (1) and (2) and present
the associated Green functions with their properties. Section 3 is concerned with the main
existence theorems for (1) and (2), and in Section 4, we give two examples that illustrate
our results. Finally, Section 5 contains the conclusions for this paper.

2. Auxiliary Results

We consider the fractional differential equation

Df.(a(t)DJ, u(b)) =b(t), t € (0,1), @)

with the boundary conditions (2), where h € C(0,1) N L!(0,1). We denote by

p
o= 1= [ e o), 02 - r(rl;(—7 2340) L r(i(z)m [etanm. ®
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Lemma 1. If 01 # 0and 0, # 0, then, the unique solution u € C|0, 1] of problem (2) and (7) is

1 1
u(t) :/O &, (L s) <q(15)/o &1 (s, 7)h(7) dT)ds, teo,1], )
where
$B-1 1
G1(t) = m(ts) + - /O 01(7,8) d550(7), (4s) € [0,1] x [0,1], (10)
with ) b1 1 =
tPTH1—s)P = (t—s)P7, 0<s<t <1,
g1(t,s) :1"([%){ PB11—s)f 1l 0<t<s<1, (11)
and 1P 1
-
&a(t,s) = ga(t,s) + tai Z(/o 93i(T,s) dﬁi(ﬂ)r (ts)€[0,1]x[0,1],  (12)
i=1
with

(t S) _ L t')’*l(l _5)7*“0*1 _ (t _ 5)771’ 0 S S S ¢ S 1’
2E T pia sl 0<r<s <1,
1 { t'Y*ocifl (1 _ S)’Y*ocofl _ (t _ S)'yfuc,-fll 0<s<t<1, (13)

g3i(t15) = r( t'y—ai—l (1 _ S)’Y_ao_l, 0<t<s<l1.

Y — ;)
i=1,...,p.

Proof. We denote by q(t)DJ, u(t) = v(t). Then, problem (2) and (7) is equivalent to the
following two boundary value problems:

DS o(t) = h(t), te (0,1),
) { 0(0) = 0, v(1) :/10(1’)(15’)0(1’),
0
and
Dy, u(t) = v(t)/q(t), te(0,1),
(D) uld(0) =0, j=0,...,n—2, Dou(l) = f/ol Dy’ u(t) d$;(t).
i=1

By Lemma 4.1.5 from [7], the unique solution v € C[0, 1] of problem (I) is

1
o(t) = —/ &1(t,5)b(s)ds, t € [0,1], (14)
0
where & is given by (10). By Lemma 2.2 from [3], the unique solution u € C[0,1] of
problem (II) is
1
u(t) = —/O Ga(ts)0(s)/q(s)ds, t € [0,1], (15)

where &; is given by (12). By using now (14) and (15) we obtain the solution u of problem
(2) and (7) given by relation (9). O

We present now some properties of functions g1, g2, g3;, i = 1,...,p from [7,16].
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Lemma 2. The functions g1, 92, g3i, i = 1,..., p given by (11) and (13) have the properties

(@) 91, 92, 93 :[0,1] x [0,1] = [0,00),7i=1,..., p are continuous functions, and g1 (t,s) > 0,
g2(t,s) > 0and g3;(t,s) > 0 forall (t,s) € (0,1) x (0,1);

(b) gl(t,S) < hl(s)/ v(trs) € [0/ 1] X [0/ 1]/ where bl(s) = I*(l‘B) (1 - S)ﬁ_lls € [0/ 1]/

(c) gZ(t/S) < bZ(S)/ V(tls) € [O/ 1] X [0/ 1]/ where bZ(S) = ﬁ(l - S)’y—ﬂtg—l(l - (1 -
s)*), s € [0,1];

(d) gZ(t/S) > t7_1[’)2(8), V(t,S) € [0/ ” X [0/1]/

© (0) < kgt anlts) < k(1T V(s < D)X 01 i -

PR B

() gailt,s) > 1774 h3(s), ¥ (t,5) € [0,1] x [0,1], where b;(s) = r(yl,a.)(l — )70
(1-(1-s)0 %), se0,1],i=1,...,p

By using the properties of the functions g1, g2, g3, i =1,..., p presented in Lemma 2,
we obtain the following result.

Lemma 3. Ifo; > 0,0, >0, %;, i =0,..., p are nondecreasing functions, then the functions &,
and &, given by (10) and (12) have the properties:

(a) &1, &,:10,1] x [0,1] — [0, 00) are continuous functions;
(b)  &1(t,s) <J1(s), V(t,s) €[0,1] x [0,1], where

1 1
Ji(s) = bi(s) + a/o 01(7,8) d$Ho(T), Vs € [0,1];

(c)  ®&y(t,s) <Ja(s), V(ts) €[0,1] x [0,1], where
1 F 1
J2(s) = ha(s) + 022/0 93i(7,8) dH;(1), Vs € [0,1];

d)  ®y(t,s) >t 13,(s), V(t,5) € [0,1] x [0,1];
(e) ®y(t,s) <ot’™ 1, V(t,s) €0,1] x [0,1], where

1 1
02 i=1 r(’)/_“i)

1
/ %1 dg.(1).
0
Lemmad4. Ifo; > 0,0, > 0,9, i =0,...,p are nondecreasing functions, and h € C(0,1) N
LY(0,1) with h(t) > 0 forall t € (0,1), then, the solution u of problem (2) and (7) given by (9)
satisfies the properties u(t) > 0 for all t € [0,1] and u(t) > t"~u({) forall t,{ € [0,1].

Proof. By using the properties from Lemma 3, we have u(t) > 0 forall t € [0,1]. In
addition, we obtain

u(t) > /01 713, (s) <1) ' &1(s, 7)b(7) dT> ds

0

> f1-1 /01 ®(2,5) (1 /01 &1 (s, 7)b(7) df)ds = 171((), V4 € [01].

3. Existence of Positive Solutions

In this section, we study the existence of positive solutions for our problem (1) and (2).
We present the assumptions that we use in this section.
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(N pe (L2, neN,n>3,vye n-1n,peNweRi=0...p0<a <
<y <ap<y—1,4>1,09>000>0%:[01 =R, i=0,...,pare
nondecreasing functions, A > 0, g € C([0,1], (0, 0)), (91,0, are given by (8)).
(I2) The function f € C((0,1) x [0,00), R) may have a singularity at t = 0 and/or t = 1,
and there exist the functions &, ¢ € C((0,1),[0,00)), ¥ € C([0,1] x [0,0),[0,00)) such
that

—¢(t) <f(t,x) < @(t)y(t,x), Vte (0,1), x € [0,00),
w1th0<f0 cls<ooO<fO s)ds < 0.

= 0Q.

t
(I3) There exist 61, 6, € (0,1), 61 < 6, such that fo = lim min it x)
X—r00 t€[91 92] X

(I4) There exist 61, 6, € (0,1), 61 < 6, such that liminf min §(t,x) > Eo, and o =

X—=00 telfy, 0]
t,
lim max M

Y—ooelo1] X

= 0, where

1

5y = Zl;mi(/o'l q(ls)ds> (/(;1 é(7) dT) (./9.5232(5)<q(15)./:2 &1(s,T) d’r)ds)_ ,

W = MaXye[p 1] J1(s), and 0, &1 J1, Jp are given in Lemmas 1 and 3.

We consider the fractional differential equation

D, (a())DF,o(1) = At (1) ~ AL +E(0) =0, r€©1),  (6)
with the nonlocal boundary conditions
v)(0) =0, j=0,...,n—2, DJ,v(0) =0,
(D301 = [ a0, 0(0 a0, DR2u(r) = - [ Dfiu( a7

where w(t)* = w(t) if w(t) > 0, and w(t)* = 0if w(t) < 0. Here

1 1 1
¢(t) :/0 (‘52(t,s)<q(s)/0 ®1(s,1)G(7) d'r)ds, t € [0,1]
is the solution of problem

DY (a(t)D. (1)) = €t £ (01),
¢W(©)=0, j=0,...,n—2, D], Z(0) =

1 P (18
a()DF, (1) = [ a()DY.£(1)dn), Dml):; || DL ami(o).

Under assumptions (I1), (12), we obtain {(t) > 0 for all t € [0, 1]. We show that there
exists a solution v of problem (16) and (17) with v(t) > A{(t) on [0,1] and v(t) > A{(t) on
(0,1]. In this case, u = v — A represents a positive solution of problem (1) and (2). Hence,
in what follows, we study problem (16) and (17). By using Lemma 1, v is a solution of
problem (16) and (17) if and only if v is a solution of equation

D= [ 0at5) (i [ @166, (i(m o(r) - ALE]) + (e ), 1 € 0.1

We introduce the Banach space X = C[0, 1] with the supremum norm || - ||, and the
cone
Q={veX, o(t)>t" |, Vtc[0,1]}.



Symmetry 2022, 14,1779

6 of 12

For A > 0 we also define the operator A : X — X given by

1
0

Av(t) = [ a(t,9) (5 [ @105 [or) — AZ(D]) + £ s,
fort € [0,1] and v € X.

Lemma 5. We suppose that assumptions (I11) and (12) hold. Then, A : Q — Q is a completely
continuous operatot.

Proof. Let v € Q be fixed. By using (I1) and (12), we find that Av(t) < co forall t € [0,1].
In addition, by Lemma 3, we obtain for all ¢, ' € [0,1]

o) <A [ 2209 (q(l) [ 81660 (6(x [o(0) ~ 22(0))) + ¢<T>>dr) ds,
and
1

1
7)/0 &1(s, 7) (F(7, [o(7) = AL(T)]) +§(T))dT) ds

Av(t) > /\./(;1 13, (s) (q(s

> 1771 Ao (t).
Hence, Av(t) > 71| Av|| for all t € [0,1]. We conclude that Av € Q, and hence
A(Q) C Q. With a standard approach, we deduce that A : Q@ — Q is a completely

continuous operator. [J

Theorem 1. We suppose that assumptions (I11), (I12) and (13) hold. Then, there exists Ay > 0
such that for any A € (0, A1], the problem (1) and (2) has at least one positive solution.

Proof. We consider a positive number r; > cw ( fol ﬁds) ( f01 é(t) dT), and we define
theset Y1 = {v € X, ||v|| < r1}. We also define

Ay = min{l, " </01 q(ls):;z(s) ds) o <A1 /01 31(T)(@(1) + &(1)) dT) 1},

with Ay = max{maxc(o 1], xe[o,] ¥ (¢ ), 1}-
Let A € (0, A1]. Because

(< | g1 <q<15> / L 1(s, 1)) d7> s
< gt771 /01 q(ls) 131(T)§(T) dT) ds
< gwtr1 (/01 (13)015 </01 C(T)d'r), Yielo,1],

o

we find for any v € QN dY; and t € [0,1]

[0(t) = AZ(O)]" < o(t) < |lo]| <7y,
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and

o(t) = AZ(t) > 111 o]| — Acwrr! < [ s ds> ( [ e df>

=1 ;?1 — Aocw (/ollq(ls) ds> (/Ollg(r) dr)} 1)
> 1 —A10w</0 q(ls)ds ( &(7) d'r)}

> -1 jrl—aw</01q(1$)ds> </Ol§(r)drﬂ > 0.

Therefore, for any v € QN JY; and ¢ € [0,1], we deduce

S—

)< [ 0a66) (5 [ 0@ (r 7) = AL + 6(0)) )

Al(/o () )(Al/l 1(©)g(r) + &) dT) <11 = ol

Hence, we conclude
Ao < [Jo]l, Yo e QNaY;. (20)

Next, for 6, 6, € (0,1), 61 < 6, given in (I3), we choose a constant &1 > 0 such that

= gl o [ oo

By (I3), we deduce that there exists a constant Ay > 0 such that

-1

[1]

v

f(t,x) > Eqx, Vt € [61,62], x > Ao. (21)

We define now r, = max{Zrl,ZAO/GIY*l} andletY, = {v € X, |v|| < r2}. Then, for
any v € Q N JYy, we obtain as in (19)

o(t) —AZ(t) > 771 [1’2 - (Tw('/(;l q(lsds> (/01 &(T) drﬂ
) 1

zml[rl_m(/olq(ls)ds (/O )g(r)dr)] >0, Vie [01].

Hence, we find

o(0) = AZ))* = o) =286 = 7 2 — oo [ ) ([ ewyar )|

v—1
> ol

(22)

"2 5 Ao, Vi [81,6].

Then, for any v € QNdY, and t € [0y, 6], by (21) and (22), we deduce

Ao >A/ @2f5)<q(1)/9192(’51(5 (1, o(7) = ALD]") + £() e ) s

> /\/ By(t, s)( € )/9 &1(s, 7)(Eq1[o(T) —Ag(T)]*+C(T))dT>ds

5, 5,
> 2 ®2f5)(q(1)/ 1 (5, 7)ole) - AG(r)] e ) ds

Gﬁﬂ ‘g (/912 q(lsJ (/ &1(s,7) dr) ds> > 12 = |[o]].

[ Av] = [[o]l, Yo € QnaY,. (23)

So,
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By (20) and (23) and the Guo-Krasnosel’skii fixed point theorem, we conclude that .4
has a fixed point v; € QN (Y2 \ Y1), thatis, r; < |lv1]| < 5. Since |v1]| > 71, we obtain

v1(t) = AZ(t) > 77 o1 ]| — Acwtr ! (/01 q(ls)ds) (/01 (1) dr)
> 71 [rl aw(/ol q(ls)ds> (/: é(t) dT>:| =571, Yt e [0,1],

where 5, = 1] — cw (fl q(ls ds ) (fo dT), and so vy (t) > AZ(t) + Ext7 ! forall t €
[0,1]. Let uy () = v1(t) — AL(t) for all t € [0,1]. Then u; is a positive solution of problem

(1) and (2) with uy (t) > Ept7 1 forallt € [0,1]. O

Theorem 2. We suppose that assumptions (I11), (I12) and (I14) hold. Then, there exists Ay > 0
such that for any A € [\, 00), the problem (1) and (2) has at least one positive solution.

Proof. By (I4) there exists Ay > 0 such that f(¢, x) > By, forall t € [6,6;] and x > A,.

We define Ay = (fo 6] s) (fo d‘L’) . We suppose now A > A,. Letry =
Z)taw(fo 6] )(fo ) and Yz = {v € X, ||v|| < r3}. Then for any v € QN JY3,
we obtain

o(t) — AZ(H) > O o] — Aowtr! ( [ = ds) ( [ e df)
=71 |:1’3 — Aow (./O.l q(ls)ds) (/01 é(r) dT)]

=" \ow (/01 q(ls) ds) (/0 (1) dr) 24)

B 11 1 Azt%l
> 17 1A20w</0 q(s)ds> (/0 §(T)d‘t> = 6?71 >0, Vte[0,1].

Then, for any v € QN JY3 and t € [0y, 62], we find

v—1
At > Ao
-1 =2
07

[o(t) = AZ(O)]" = o(t) — AL(t) >

Hence, for any v € Q NdY3 and t € [0, 6;], we deduce

Av(t) > A / " 6 (Ls) (1 /9 ® 8105, 7) (%, [o(t) — AL(T)]*) + £(1)) dr) ds
> A gzﬂ‘lsz(S)(q(s) B1(5,7)(F(x, [o() — AL (v >1>+¢<r>>dr)ds

9192
%/91 B1(s,7)(Ep + &(T ))dr)ds

— 1 02 1 ) t’)/ 1
> AEot7 / Ja(s) —/ &1(s,T)dt |ds = =— > 3.
. 2] GY

Therefore, we conclude

[ Av] > [[o]l, Yo € QnaYs. (25)

-1
Next, we consider the positive number € = (2}\ f01 Ja(s )q(ls) ds) (fol I (t)e(T)dt
Then by (I4) we obtain that there exists A3 > 0 such that ¢(t,x) < ex for all t € [0,1]
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and x > Ajz. Then, we find ¥(t,x) < Ag+ex forallt € [0,1], x > 0, where Ay =
maxte[orl],xe[O,A?’] lp(t, x). We define

Ty > max{rg,ZAmaX{A4,1} (/01 Jz(s)q(ls) ds) (/01 J1(T)(e(T) +6(7)) dT) },

and Yy ={v € Q, |v| <r4}.
Hence, for any v € Q N dY4, we deduce as in (24)

o(t) — AZ(t) > 1771 [r4 —Aow (fol ﬁ ds) (fol &(1) dT)}

A2f7_1

> 171 rs = dow( [y S ds) (fy é(n)dr)] > i >0, vieo1. 20

So, for any v € Q N 9dYy, we obtain

Av(t) <2 [ 0266) (5 [ (0@ o(0) AL +£(0) ) s
1 3P fo(r) = AL + (1)) e s

<B+F=r=|

Hence,
Aol < ||v]|, Vo € QNaYy. (27)

By (25) and (27) and the Guo-Krasnosel’skii fixed point theorem, we conclude that
A has a fixed point v; € QN (Yq\ Y3), 50 r3 < ||b2|| < r4. Besides this, similar to (26), we
find forall t € [0,1]

02(f) — AZ() > va(t) — Acwitr™) ( / ' q(ls) ds> ( / ) d7>
> 17 g || — Aowt?! </01 q(ls) ds> (/o ¢(1) d'z_')

11 1 A 771
>l — A t"r—l(/ d)(/ d>> 2
> 3 — Aow ) s Iy &(nydr | > 91771

Let up(t) = vp(t) — AZ(t) for all t € [0,1]. Then, up(t) > Eat7"! for all t € [0,1],
where &3 = A,/ 9?71. Therefore, we deduce that u; is a positive solution of problem (1)
and (2). O

With a similar proof to that of Theorem 2, we obtain the next result.

Theorem 3. We suppose that assumptions (I1), (12) and

(I4) There exist 01, 6, € (0,1), 6y < 6, such that foo = lim min f§(t,x) = oo, and Peo =
X—00 t01,05]
y(tx)

lim max -——= =0,
x—ootel01] X
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hold. Then, there exists Ay > 0 such that for any A € [A,,0), the boundary value problem (1) and
(2) has at least one positive solution.

4. Examples
Letp=3/2,7y=8/3(n=3),p=2,a0="7/6,01 =6/5 0, =5/4,q(t) = g for
allt € [0,1], $0(t) = {1, t €[0,1/5); 7/3, t € [1/5,1]}, H:1(t) = t/4 forall t € [0,1], and
M(t)=1{2, t€[0,1/3);28/9, t € [1/3,1]}.
We consider the fractional differential equation
1
1)”/2(138/3 ()> = Af(tu(t)), t€(0,1), (28)
t+2
with the boundary conditions
(0 — 8/3. () 8/3,(1) — 20 p8/3,,( 1
u(0) =u/(0) =0, Dy, u(0) =0, D0+u(1)—11D0+ z )
29)
10 1 (
7/6y, 6/5 5/4
DY/ 4/ DE/Pu(t) dt + 9D0+u(3>.

We obtain for this problem 97 ~ 0.40371521 > 0 and 0, ~ 0.214979 > 0, so assumption
(I1) is satisfied. In addition, we find

1 $1/2(1 —5)1/2 V2, 0<s<t <1,
g1(t,s) = F(3/2){ 11/2(1 —5)1/2, () < t < s < 1,
1 P31 —s)V/2—(t—5)5/3, 0<s<t<1,

g2(t,s) = 1"(8/3){ 31 -2, 0<t<s<1,

1 7/15(1 — )12 — (1 —s)7/15, 0 <s<t<1,
g31(t,8) = F(22/15){ t7/15(1 - )12, 0<t<s<1,

1 5/12(1 — )12 _ (1 —5)5/12, 0 <s<t<1,
g32(t,s) = (17/12){ t5/12(1 )2, 0<t<s<1,

1

G1(t,s) = mts) + oo (45)

1/2 172 42 1\1/2 172 (1 172 1
et (=92 + 5item [(5) (1—s5)"% = (5 - 5) , E<s <5,
17201 _ 1/2 (4 a\1/2 412 \2 . 12 (1 )\ P
o7 |11 9" = (=92 + sty [( ) == (3-5) "),
= 5 < %, s<t,
1/2(1 _ \1/2 44172 172 172 1
(3/ )t (1 S) =+ W( ) (1 S) , t/S S, 5 S S,
12 1/2
r(31/2) [tuz(l )2 (- 5)1/2} + 3014;(3/2) (%> (1-s)/2, L<s<t,
Ba(t,5) = aa(t,5) + 1/1 sy dr+ Do (25|, tseo]
2\L _92 7 02 4 0 931 7 9 932 3/ 7 7 7 7

~

hl(s) = r(gl/z) (1 _5)1/2’ hZ(S) = %((1 - 5)1/2 - (1 - S>5/3 ;S E [0/1

(
~ +m[<;>w<l—s>w—<é—s>
Ja(s) = [ 1

h2(s) + 5; | 77715 (1 — 5)1/2 — 4r(37/15)(

5/12
10 _\/2) 1
+ orar/) ( ) (1—s) }' 3<s=<1

w = m[ax] J1(s) &~ 2.49991328, o ~ 5.24878784.
s€l0,1
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Example 1. We consider the function

2—x+1
t,x) = ———+1Int, te(0,1), x>0. 30
i) = S (0,1) (30)

We have {(t) = —Int and ¢(t) for allt € (0,1), p(t,x) = xz’fxﬂfor all

— 1
N \/t2(1
t € [0,1] and x > 0, and fo t)dt =1, fo dt = B(},2) ~ 3.303266. Then, assumption
(12) is satisfied. Besides this, for 61, 02 fixed, 0 < 01 < 0, <1, wefind foo = o0, so assumption

(I3) is also satisfied. We also obtain Uw( fo G ds) ( fo dr) ~ 32.80378616, and then
we choose r1 = 33. We also have A = @, = fo w\jz(s) ds ~ 5.14534034, b :=

fo Ji(t ) + &(7)) dt ~ 5.93232294, and then Ay = min{1,r1(abA;)~'} ~ 0.00306847.
By Theorem 1 we deduce that problem (28) and (29) with the nonlinearity (30) has at least one
positive solution for any A € (0, A1].

Example 2. We consider the function

_ Vx+1 1 ;
2y/21—t) Vt
_ 1 _ 1 — Vx+l
Here we have {(t) = 7 and ¢(t) mfor all't € (0,1), ¥(t,x) >— forall t € [0,1]
and x > 0. For 61, 6, ﬁxed 0 < 01 < 6 < 1, the assumptions (12) and (I4) are satisfied,

([Let)ydt = 4/3, [} o(t)dt = B( 1, 3) X 3.62759873, limyco minyc (g, g, F(t, x) = oo and
oo = 0).

f(t, x) €(0,1), x > 0. (31)

For 0, =1/4,0, = 3/4, we obtain

A= 3/432(s)<1) /13/4 ®1(s, 7) dT)ds

s als) Ji/4 )
_ §1/2 172 (o N1/2
= [ )(SH)M“{ G- = =0
4s1/2 1 012
t30.T3/2) ( az

3/4 1 45172 1\ 172
+/s {1‘(3/2) 1/2(1_T)1/2+301r(3/2)(> (1—1)2 Vdr bds
3/4 3/2 2
~ha P (SH[ 51 Sm() 5/2)( i)
451/2 1\ 172 73\ 3/2 1 1\ 372
s 2) - g2l
301I(5/2) \ 5 1 T(5/2) 1
451/2 1 1/2 1 3/2
- 3010(5/2) <5) (4) ds ~ 2.09114717.

In addition, we find Zy = 2 45/ 30wA~! & 421.63963163. From the proof of Theorem 2,
we deduce A ~ 200146.6802 and Ay = 46123.1544. Then, by Theorem 2, we conclude that
for any A > A,, the problem (28) and (29) with the nonlinearity (31) has at least one positive
solution.

5. Conclusions

In this paper, we investigated the existence of positive solutions for the Riemann-
Liouville fractional differential Equation (1) with sequential derivatives and a positive
parameter, subject to the general nonlocal boundary conditions (2) containing diverse
fractional order derivatives and Riemann-Stieltjes integrals. The nonlinearity f from (1) can
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change sign, and it can be singular at t = 0 and ¢ = 1. In the proof of the main results, we
used the Guo—Krasnosel'skii fixed point theorem. We also presented the associated Green
functions and their properties, and we gave two examples for the illustration of our results.
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