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Abstract: Fractional integrals and inequalities have recently become quite popular and have been the
prime consideration for many studies. The results of many different types of inequalities have been
studied by launching innovative analytical techniques and applications. These Hermite-Hadamard
inequalities are discovered in this study using Atangana—-Baleanu integral operators, which provide
both practical and powerful results. In this paper, a symmetric study of integral inequalities of
Hermite-Hadamard type is provided based on an identity proved for Atangana—Baleanu integral
operators and using functions whose absolute value of the second derivative is harmonic convex.
The proven Hermite-Hadamard-type inequalities have been observed to be valid for a choice of any
harmonic convex function with the help of examples. Moreover, fractional inequalities and their
solutions are applied in many symmetrical domains.

Keywords: harmonic convex functions; Hermite-Hadamard-type inequalities; Atangana—Baleanu
fractional integral operator; power-mean inequality; Holder inequality

1. Introduction

Integral inequalities are fundamental to our comprehension of the cosmos, and there
are a great deal of straightforward methods available for determining the uniqueness and
existence of linear and nonlinear differential equations in which symmetry is a significant
factor. Convex functions are of great interest to researchers in many applied fields, such as
convex programming, because they are extremely important for the theory of inequality in
a wide range of applications. Convex functions are also of great interest to researchers in
many theoretical fields, such as probability theory. It is good to start by recognizing this
class of function.

Definition 1. A function f : I C R — R is convex if for all @1, @y € I, the inequality

ftor + (1 —t)@r) < tf(@1) + (1 —t)f(@2) 1

holds. A function f : I — R is concave in which the inequality (1) holds in the opposite direction.

In this case, convex functions play an important role in many areas of mathematics.
They are especially important in the study of optimization problems where they are dis-
tinguished by a number of convenient properties. Moreover, convex functions are used
to create a historical inequality, which is a kind of beautiful inequality in which one has
the ability to express the lower and higher limits as arithmetic means. It is critical in
numerical integration to understand the inequality described here because it is used in
error estimation formulas such as the trapezoidal and midpoint formulas (for more details,
see [1-7]):
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where the function f : I — R is convex on I and f € L! (@1, @]).
One of the generalizations of the convex functions is the harmonic convex functions,
which are defined as follows:

Definition 2 ([7]). A function f : I C R\{0} — R is harmonic convex if for all @1, @, € I, the
inequality

1@
f(tcoz+(11it)col> < tf(@1) + (1= 1)f(@2) ®)

holds. A function f : I C R\{0} — R is harmonic concave in which the inequality (3) holds in the
opposite direction. For more details about harmonic convex functions, please see [§—11].

A variant of the Hermite-Hadamard inequality (2) for harmonic convex functions was
proved by Iscan [7].

Theorem 1 ([7]). Let f : I C R\{0} — R be a harmonically convex function and @,,@, € I
with @1 < @y. If f € L1, @,]; then, the following inequalities hold:

f< 201 @ > < 01y  [©2 f( ) f(@1)+f("‘72)‘

@1+ @ @y — @1 x2 2

Convexity and integral inequality are topics that are explored in several works. This
type of research is oriented on examining the properties of Hadamard, Bullen, Ostrowski,
and Simpson-type inequalities, which can be discovered in the results of Static Neural Net-
works, as well as the properties of other types of inequalities. Every study introduced a new
strategy and opened new application opportunities for the literature. The articles [12-18]
offer additional information on convexity and integral inequalities in various directions:

Fractional integral inequalities benefit from the properties and definition of convexity,
and it has recently become an immensely important topic of research. A newly emerged
field in applied mathematics, called fractional analysis, is concerned with finding answers
to open problems involving fractional-order derivatives. After discovering this solution,
mathematicians have found themselves embarking on brand-new lines of inquiry due
to how much research interest there has been in the field for decades. In addition to the
Riemann-Liouville fractional integrals, fractional integral operators and fractional deriva-
tives have become major parts of applied mathematics and applied sciences. Solutions to
real-world problems are proposed by fractional integral and derivative operators, which
also improve the relationship between mathematics and other disciplines when it comes to
applications. Those interested in learning more about fractional integral and derivative
operators should begin with the articles [19-46]. An important concept, not long ago, that
has emerged is the Caputo-Fabrizio integral operator, which was established in the last
few years. This is how it is defined:

Definition 3 ([47]). Let f € Hl(O, @), @ < @y, « € [0,1]; then, the definition of the new
Caputo fractional derivative is:
a(x —t)
1—04/ f [ 1—w at, @

such that M(«) is a normalization function.

CFDLXf

The Caputo—Fabrizio fractional integral formula is:



Symmetry 2022, 14, 1774

30f29

Definition 4 ([21]). Let f € H'(0,@,), @1 < @, & € [0,1] So, the left and right sides of the
Caputo-Fabrizio fractional integral are:

(SE) £0) = ey £ + 50y L Ao ©)
and
(F 1)) = g f 0+ gy [ F0 ®)

where B(w) is normalization function.

Atangana—-Baleanu [5] has found a solution to the problem of the Caputo-Fabrizio
operator not being reduced to the original function in a special case, despite the fact that
the operator is an effective tool in the solution of many systems of differential equations.
The features of the Caputo-Fabrizio operator are present in the normalization function.

The power law is included in the kernel of some fractional order derivative and integral
operators as well as some integral operators. Nature does not usually exhibit power law
behavior. This novel derivative and integral operator incorporates the Mittag—Leffler
function [48]. The Mittag—Leffler function is required to model nature. This improved
the Atangana—Baleanu operator and piqued researchers” interest. That the work uses
the Atangana-Baleanu operator for Hermite-Hadamard inequalities is unusual. When
the parameter is set to zero, the Atangana—Baleanu original function can be derived and
compared to the Caputo-Fabrizio results.

Definition 5 ([5]). Let f € Hl(O, @), @1 < @, & € [0,1]; then, the definition of the new
fractional derivative is given below

Aot = 2L [ f e[ -0 7)

_1*06 @1 1—w

Definition 6 ([5]). Let f € Hl(O, @), @1 < @y, & € [0,1]; then, the definition of the new
fractional derivative is given below:

oot = 24 L [ s, -0 ar ®

T 1—adx @ 1-—a

Equations (7) and (8) have a non-local kernel. In addition, in (8), as a result, the
constant function returns to zero. The following is the definition of the associated integral
operator for the Atangana—Baleanu fractional derivative:

Definition 7 ([5]). The new fractional derivative with a non-local kernel of a function is associated
with the fractional integral f € H'(0,;) as defined:

® o x

(411 ) 170} = Fr £+ gy o SO — 0" at ©)
where @1 < @, & € [0,1].

The authors of [22] described the integral operator’s right-hand side as follows:

1—a o

A0} = Fapf O+ g [ SO0, (10)

where @1 < @, & € [0,1].
Mathematical concepts can be thought of as having practical and theoretical signifi-
cance. Furthermore, among the qualities that make the concepts strong are that they solve
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a deficiency, provide a new workplace orientation and are more functional than existing
concepts. The significance and power of fractional analysis investigations can be better
understood when seen from this perspective. The literature acknowledges an operator
whose definition and properties are expressed because it is popular in the domain of usage
and invention. The Atangana—Baleanu derivative and related integral operator have proven
particularly useful. Although many investigations on this unusual operator have been
completed in a short time, the results demonstrate that the operator is efficient and valuable.
We advise academics to undertake their own independent research to learn more about
new directions and trends in fractional calculus.

In [37], Set et al. proved new Hermite-Hadamard-type inequalities, which are for
functions whose absolute value of the second derivatives are convex, using Atangana—
Baleanu integral operators. Set et al. [37] used Atangana—Baleanu operators to generate
new and general Hermite-Hadamard-type inequalities and to make discoveries that better
explain physical phenomena in terms of the kernel structure and characteristics of the
operator. Selecting « equal to 1 will give a different classical Hermite-Hadamard inequality.
In the first place, an identity using Atangana—Baleanu was obtained by various integration
techniques, and on the other hand, a modification is made in this identity, and hence, a new
set of integral inequalities was proved.

During the course of the last three decades, the study of mathematical inequalities that
make use of convex functions has been recognized as a prominent field of research. The
researchers are looking for new generalizations of convex functions, and as a consequence,
new findings are being added to the theory of inequality as a result of their efforts. Within
the scope of the present investigation, we have made use of harmonic convex functions
in order to generalize a number of findings that are valid for convex functions. The study
initiated by Set et al. [37] provided a sound motivation for us to conduct similar research
toward harmonic convex functions. We first set up an identity using an Atangana-Baleanu
integral operator as well as the properties of harmonic convexity and the use of several
integration techniques to obtain new results of Hermite-Hadamard type. We also try to
make amendments in the main identity and applications of a number of known famous
integral inequalities to prove a new variety of integral inequalities of Hermite-Hadamard
type in the next section, with the property that the derivative of the function in absolute
value having certain powers is harmonic convex. The proven Hermite-Hadamard-type
inequalities have been observed to be valid for a choice of any harmonic convex function
with the help of examples. Moreover, the Figure 1 shows the validity of Theorem 7 and
Figure 2 shows the validity of Theorem 3.

Figure 1. The graph shows the validity of Theorem 2.
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Figure 2. The graph shows the validity of Theorem 3.

2. Main Results

The following lemma will be used to show the Hermite-Hadamard-type integral
inequalities for the first time in the literature of inequalities theory. The following result
is actually a consequence of the sum of two symmetric integrals and is useful to obtain
our results.

Lemma 1. Let f : I C (0,00) — R be differentiable mapping on I° (the interior of 1) and
@1, @y € I° with @, < @,. Then, the Atangana—Baleanu identity holds for fractional integral operators

Do (AlBI"‘ is I‘i‘) = — <xx_‘”‘?>a+l l(“ ~ Dxflon) +@i(x - @) (2f(@) _f/(‘ol))]

Vo B(DC)F(DC) colxz(x—col)

(%) [@‘ ~ 1)xf(@2) +@2(@2 — x) (2f (@) - f’(wz))]

(J02X2 ((’02 — x)

(a—1) N 1—a 20B(x+1)
e B on @) - g f oh><x>]—w%x3(a+l)3(“)
| BB BF om0) }+ g (P )|
(x—1) . 20B(x+1)
R @) - FrTUen |+ s )
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<[ {0 om0} + gt () o)
%[qu )@»—;jmmqud
z[fq% >wn—§jmmqud

(sz (Dz —X

pat1 p DX
> 0 (tx+(1—t)co2)4f (tX+(1t)<Dz>dt

o (e
wmx—w1< ) (1— )~ ﬁ( @1x )>ﬂ_

0 (tw1+(1—t)x)4 tor + (1 —t)x

where h(w) = 1, w e [(D%, w%]' x € [@1,@;] and « € [0,1].

Proof. We observe by integration by parts that

1 L (1-1) , orx 1
B(a)T(a) /o (tog + (1 — t>x)2f <tc01 +(1- t)x)dt ~ B(a)T(a)

1 f(@) 1A= ox(x—a@) @1x
a+1 x2 +/0 a+1 (t@1+(1ft)x)4 (tw1+(1—t)x>dt (12)

LA—)"" 2(x—@) @1%
+/0 a+1 (tw1+(1_t)x)3f(tw1+(1—t)x)dt]'

From (12), we obtain

a—1 1 (1—1) @1
B(a)T(a) /o (tog + (1 — t)x)zf (tcol +(1- t)x)dt

201 1 (1—1) 1x 1
+M@HMA(mm+u—wﬁf(w+ﬂ—ﬂ®>m_3wﬁw) 13)

fl (“91> 1 (1 - t)lprl /" w1x
X lxz +cD1x(x—C01)/0 (tcol+(1—t)x)4f (tw1+(1—t)x)dt]'

By using the definition of Atangana—Baleanu fractional derivative, we observe that the
following equalities hold

fO tw1+ (1- t)x)Zf,(fwlf(llx t)x )dt
= Wfl(l [ (twfﬁ)}

1
1 @1 a=l
= _B(vc)g"a(oc)a)?{i(x)fwl wlx x— (Dl) (xwl(gl) B(a) F 1 ' (w o %) f(%)dw (14)
__ (a=Df(@1) (lX 1 ( @1x )
B(a)T(a)@1x(x—cD1) (Dlxx @) \ x—@1
<[P (o} - g8 (o]
(271 X

and
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201 1 (1 — i’) ' 01X
B(a)I'(«) /0 (tog + (1 — t)x)° (fwl +(1- t)x)dt
B 2 T (1—p)" @1x
= —osar@ b wora o et
_ 2f(c01) _ 2 1 (1 — t)a w1Xx
 x2(x—@1)B(a)T(a)  axB(a)T(a) /0 (tor + (1 — t)x)2f<ta)1 +(1- t)x)dt

20 1 (1—p)" 1 ox
+x2(x —@1)B(a)T () /o tor + (1 — t)xf<t(@1 Y- t)x>dt (15)

Zf((Dl) z(x(ilﬁgl)a+lB(Dé+1)

xZ(x — @1)B(a)T (a) @2x3(a + 1)B(a)

[14

| BB BFo0} + 5 o)

@ X

2(25) |

wlxz(x — 601)

AP () o))}~ o (o h) ).

@] X

By applying (14) and (15) in (13), we obtain

- a+1 ,
() T Dxf(@) £ 201(x— @) f(@1) — @n(x — @) (@)
B(a)T(a) @1x2(x — @)

(o — 1)[ABI“{ )}71 o )()] 2B(a+1)

@2x2 B(a) @2x3(a + 1)B(a)

% A]BI%Hrl{
@] X
11—«

2 (14
7 [“‘Pn{h(@(foh)(x)} - B(a)h(xxfoh)(x)}

@] X
_ @x(x — @) (x - w1>"‘+1 /1 (1— )~ / ( @1x )dt
B(a)T'(a) X1 0 (toq + (1—t)x)* tog+(1—t)x )

Now, we consider the integral

1 1 I / @rx
sr@ Jo mrasne) (s )

f (@) 1 (1t opx(@y—x 0y
P BT B Jo ar1 <txi1 iw24f iC==rL (17)

1 1 41l 2(p—x) X
T B(@)(a) JO ttx+1 (tx+(12 t w2)3f (ter?z t)(Dz)dt

+

P(f oh)(x )] 16)

+

which gives

a—1 1 o 0
B(“)F(“)/o (tx+(1-t)@ )2f (tx+(1—t) )dt
20y 1 [ @y
"B (@) /o (tx + (1— t)w2)3f (tx +(1- t)@)dt (18)

_ fl@) @x(@—x) ! gt " @x
~ x?B(a)l(w)  B(a)T(a) /0 (tx+ (1 - t)wz)4f (tx+ (1- t)“’z)dt'




Symmetry 2022, 14, 1774 8 of 29

It is easy to see that

a—1 1 t ' Do X
B(a)I'(w) /0 (bx+ (1 — t)wz)zf <fx +(1- f)@z)dt

_ -fe)  @-D() 1)
@x(@y — x)B(a)T () @x(@y — x)
< BB ) - Gy o)

and

2w 1 ¢ X
B(’X)rz(“) /0 (tx+(1— t)a)z)3f (fx +(1- f)wz)dt
Zfi 2) 2(%) {A]Bl‘i‘{h( ) St ] (20)

T 2B(W)(x) @@y —x) a2 (foh)(x)}*wh(x)(foh)(x)
a+l
(‘D(ZZXX aB(a+1) . .
T @20+ 1)Ba) [gl}c{(h(x))z(foh)(x)}Jr B(er)(h(x))z(foh)(x)}

A combination of (18)—(20) gives us

@r—x a+1 ,
() (e )xf(@2) + 20002 — x)f(@2) — @22 — 1) (02)
B((X)F(Oé) wzxz(wz — X)

+(Z)2 ;) [ABI“{( oh)(x)} — 1B(_a(f0h)(x)] +

X @ X “)

20B(a+1)
@3x3(a + 1)B(a)

44

| BB {02 om0} + gt 2o n) ) @

12 [ABI“{M ><foh><x>}—%‘h(x)(foh)(x)}

(’0% @ x
_ @236((272 — x) 0y — X atl 01 ot " @DrX
- Setw (m) ) i (e

The addition of (16) and (21) gives the required result. O

We also recall some special functions which we use to give our estimates.
The Beta or the Euler integral of the first kind and hypergeometric functions are
defined as

B, B) = /1 11— 1) 1dt, > 0.

2Fi(a, B;7,2) = / P11 =) P11 —zt)%dt, v >B>0, |zl <1,

(/37 B)

respectively, (see [35]). The regularized hypergeometric function is defined as

2F1(a, B;7,2)

2Fi(a, Biy,2) = T(7)

where I'(y) is the gamma function.
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We will now be able to generalize the Hermite-Hadamard-type inequalities using the
harmonic convexity. One can easily observe that there is symmetry even in the estimates

o (0101

@ x @ «x

of

Theorem 2. Let f : I C (0,00) — R be differentiable mapping on 1° (the interior of I) and
@1,@ € I° with @, < @. If f € Li|@1, @] and ’f”‘ is a harmonic convex mapping on
[@1, @], then the following inequality for Atangana—Baleanu fractional integral operators holds
‘q)foh (A Iq(/AlB Ia)
@ x @ x

< ) (@) o (01, @0,00)|f (1) + pa(@r @@ )|f (@)]] @

)]

@1x(x—@1)

a+1 I 7
+ G () g (@1, @, 00)| £ (@1)| + pa(@1, @2, 050) | (x

where
@ (@ — 2ax) w(a? 430 +2) 5 (1,zx +3a+41— w%)
P1 (@1, @, ;%) =
63 x2 605 (a +3)
a(a? 1) 2R (La+2a+31- )
- 65 (a +2) ’

@ (203 — ayx + oo + 1)x?)

a) ’(D 4 ; -
¢2(@1, @2, ; x) e
a(+1)(0+2)0(a+3) o (La+ G+ 41— 2)
605 ’
207 + (a4 1)x% — ayx
@1,@),8;X) =
$3(@1, @2, ; X) e
a(a+1)(a +2)T(a+3)oF (1L, La+4;1- %)

7

3
605 x

(@2 — 2001x) (0 +2) — a(a? — 1) x>
6(x + 2)@7x2
a(w+1)T(a+3)(3y + (a — 1)x) o F (1, a + 41— 1)
6(@%3{

Pa(@1, @, ;%) =

7

x € [@,@],a € [0,1], g > 1, B(a) and I'(«) are the normalization and gamma function,
respectively.

Proof. According to (11) of Lemma 1, we obtain

‘q’foh (ABI“f/‘lB 1"‘)

@ x @ x

@2x(@2—2) (@ —x) " s

= "B@)I(a) (<ng) . Jo (be+(1-t)@p)*
@x(r—ay) (r-a; \** a-p*

+ ot ) o G

| () ]dt (23)

tx+(1-f@
1 01X
7| f (t(ﬂlJrllt )‘dt
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. mnl . . . .
Since |f | is a harmonic convex mapping on [@1, @], we obtain

f <tx + ng f)wz) ‘dt

tzx+2
(Dz ’ / dt
tx + 1 — t )

1 ta-i—l
/0 (tx+(1—t)a>2)4
ttx+1 1— t)
‘/ (tx+ (1 -t )

@ (@ — 20x) "‘("‘ + 30 +2) 1F (1,Dc+3,‘tx+4;1 — w—z)

_ n 24
65x2 605 (a + 3) @)
“(“2_1)2F1(1I“+2;“+3;1_wiz) £ )‘+ @ (203 — a@px + (o + 1)x?)
— x
65 ( +2) 65x3
uc(oc+1)(0{+2)F(w+3)2151(1,0c+3;0¢+4;1—(Diz) ,
— @
605 A 2)’

and

/1 (1 _ t)DH-l
0 (t@; + (1—t)x)*

f (ta)l +(D(11x— t)x) ’dt

" 202 + a(a + 1)x% — a1 x
<|f (@ ‘ !
> f ( 1) 6w3x3
Ca(w+1)(e+2)2°T(e +3) R (1L, a+41- %)
3 (25)
607 x3
e )‘ (0% — 2001 x) (a +2) — (2 — 1) 2
x
6(x + 2)@fx?
+oc(oc +1)xT (a4 3) (301 + (« — 1)x) 25 (1, ;0 + 4,1 — <L)
607 x2 '
Applying (24) and (25) together in (23), we obtain the desired result. [J
Corollary 1. The substitution of x = é‘f_}r‘gzz in Theorem 2 produces the following result
2(1’.716’02 ((Dz — 601) <Ci72 — @1 ) a+1
D/, 1% Lo, A8 Y )’ <
‘ Jeh (51 e o thos /| T (@1 + @) B(a)l(a) \ 20102
201 @ n( 2001@ 201 @ "
2 102 102 102
@ ; ——— —_— ©1, @), K ———— 2

"

f (@) ’ + ¢4 (601, @, ;

20107 )

201@>
@01 + @

w1 + @7

el

2
+@7 [4)3 (wlr(DZr ;

where

2010 ) a(a? +3¢x+2)2F1(1 & +3; a+4,w]+wz)

1,02, &
¢( VY o+ @ 60 (a +3)

a(o? —1)2F (1 0+ 2043300 +w2) (@1 + @) (@1 (40— 1) — @)
605 (a +2) 240303

7
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. 2010 (@1 + @) (D& (@1 — @3 + 2@01a) + (@1 + @2))
4) 01,07, & - 3 4
" @1 + @ 2407 @5
a(a+1)(a+2)T(a+3)2F (1 a+3;0+4; w1+w2)
605 ’
2010, (@1 + @) (a2 (@02 — @1) + (@1 + @)% + 20°®3)
P3| @01,02,4; = 3
1 + @; 247 @;
a(a+1)( +2)(@ + @) +3)2F (1,1; bt )
120} @, ’
201 @) (@2 +2(1 —2a)@10;) (a +2) — (a(4a(w + 1) + 3) — 2)@3
P4\ 01,02, 4; = r)
@1 + @2 240 @5 (a +2)

a(a+1)T (a+3)(3w1+2m2+w2)25(1 Lo+ 4 9 )

2(02

+

7

1207 @,
€ [0,1], B(x) and I'(«) are the normalization and gamma function, respectively.

Theorem 3. Let f : I C (0,00) — R be differentiable mapping on 1° (the interior of I) and
@1,@, € I° with @ < @. If f € Ly|@1, @] and ’f”’q is a harmonic convex mapping on
(@1, @3]; then, the following inequality for Atangana—Baleanu fractional integral operators holds

1 o o a+1
‘q>foh<AlBI‘f,AlBI'f)‘ < ( 1 )P @x (@3 x)(a)z x)
B x @ ap+p+1 B(a)T'(w) @rx
i, @1x(x — @)

><[?1(@11@2/q2x)‘fﬂ(x)‘q+4’2(‘01"92"1"96)’](”(@2)"]] + B(a)T ()

x (x - (Dl)kﬂ [G"a(col,coz,q;x)’f”(wl)‘q + ‘P4(‘Dl’w2’q"x)‘fu(x)‘q} % }

(27)

X1

here 2-4 1-4q 2-4 1-4
q - q 2-4 —4q
@, ' —2w@, —4w;, g+ x-"+ 40, Tqx

w1,@2,q; X
¢1(@1,@2,4;x) = 2((D27x)2( 847 — 60+ 1)

7

@, Hx *4q(xa) (@2(4g —2) — 4gx + x) + @3 4‘7)

¢2(@1,@2,q;x) = 2(8¢% —6q +1)(; — x)? ,
—4q —4q(xw (@1(49 — 2) — 4gx + x) +@%x4‘7)
@3(@1,@2,q;x) = 2(842 —6q +1)(@ — x)? ,
@7 x4 (20l — @134 (@1 (49— 1) + (2 40)x)
(p4(6'01/ 2, q, X) = 2(8q2 — 6q + 1)(601 - X)Z ’

pl+gl=1x¢€[@,@],a€[0,1],q > 1, B(a) and T'(«) are the normalization and gamma
function, respectively.
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Proof. Taking the absolute value on both sides of Lemma 1, applying Holder’s inequality

q
and using the fact that ‘ f ! ‘ is a harmonic convex mapping on [®@1, @;], we obtain
1
ABJa AB @2x(@y—x) (@~ Dap)?
’%h ( 1 Ia) ’ < s ()" (S e dt)

‘Dl X @y x
1 1 /" @WrX
X
(fo (tx+(1—t)@)" f (tx+ 1- th t)

. (28)
(Dlx(x—wl) X—@1 atl 1 IXJrl dt r
TR ( @ ) (fo )
1 1 7 (D]X
x (fo (tor+(1—t)x)* (f@1+(1 t)x ) dt) ’
It is easy to observe that
1 1 1 1
/ Pt gp — / (I Ll T —— (29)
0 0 ap+p+1
Since ’ 1 ’q is harmonic convex on [®@1, @], we obtain
1 1 " o Xx ) q
dt
/o (tx+ (1= t)y)™ / <tx + (1 —t)@
! q
plozorelref],
~Jo (tx 4+ (1 — £)on) ™
_ @M 20, Mx — 40) Mg+ x> + 40 Mg (%) "7 (30)
2@~ PO e 1)
) @, x4 (xw§q<w2 (49 —2) — 4gx + x) + @3x 4‘7) o )‘q
2(842 — 6q + 1) (@, — x)? ?
and similarly, we obtain
/1 1 f//< w1Xx > th
0 (tor + (1—f)x)™ tog + (1 —t)x
g (D;4qx*4q (xwfq(w1(4q —2) —4gx +x) + (D%x‘*q) , © )’q a1
- 2(8¢2 = 69 +1) (@1 — x)2 1
. ch*4‘1xf4q (x%o‘ll" —@1xM(01(49 —1) + (2 — 4q)x)) ”( )’q
x)| .
2(8q> = 6q +1)(@1 — x)?
Applying (29)—(31) in (28), we obtain (27). O
Corollary 2. In Theorem 3, especially when we take x = ‘%‘D}fﬂz , we obtain
1
’q) h< [ AB )‘< 20105 (@ — @1) ( 1 )p(@z—ch)““
S\ G e’ s ez )| T (@ + @) B(a)T(a) \ap+p+1 2010,
1
201@ w2010, \ | 201 " q]4
2 A L) 102 , 2010
- {wz {4)1 ((Dl'wz' Vot 692) <(D1 + 602) IRE (a)l,wz, Vot (02) f ((DZ)‘ } 32

I

q 2@1(02)
@ + @1, @2,4q;
f(l)‘ (P4(1 qul+w2

+c02[ <a> @ -2@1@)
1 (P3 1, qu/ cD1+(sz

//< 2@1 @7 )
@1 + @02

q;}/
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where
—4q 4
(‘D o g 2012 ) B 4‘”%(;‘&%) + (@1 + @)@, (@1 (4q — 3) — 4024 + @)
P1| @1,02,9; o tan) 2(84% — 64+ 1) (@1 — @7)? ’
_ 2 —4q
(@ o 201 ) _ (@1 + @)@, - 26@1((9?1222) (2019 — 2029 + @)
$2 1, @2, @1 + @2 2(8q2 — 6q + 1)(6’01 — (02)2 (8(]2 — 6q —+ 1)(6@1 — (02)2
_ 2 —4q
(‘D o g 20102 ) _ (@1 + @2)2@; M - wz(dfi%z) (@1(2 — 4q) + 4@29)
P\ o 0,) T 282 69+ 1) (@1 — @2)? B —67+1)(@ —@)?2
2 ( 2010, \ —* _
(o000 22092 ) - 203 (3%%) (@1 + @)@ (49 = D@1 —@2) +2@2)
P\ T o v @) T B —6q+ 1)(@1 — @2)? 2(842 — 67+ 1) (@1 — @2)? '

p g l=1x¢€[o,@],a€0,1],q>1,B(a)and T(a) are the normalization and gamma
function, respectively.

Theorem 4. Let f : I C (0,00) — R be differentiable mapping on 1° (the interior of I) and
. " m|q . . .

@1,@ € I° with @ < @p. If f € Lq[@1,@,] and ’f ’ is a harmonic convex mapping on

[@1, @], then the following inequality for Atangana—Baleanu fractional integral operators holds

a+1 1
ABja AB o || o @2x(@2 —x) (@2 —x —4p 7
’q>f°h<1 3 Il)’ <t o) (@)

@ x @ x

/!

F@)|" + @g+ g+ 1| (@) @1x(x — @) [ x — @ \* !
(ag+q+1)(ag+q+2) B(a)I'(«) ( X1 )

‘ q

(33)

(wq+q+D)|f @) +|f @[]
(ag+g+1)(aq+q+2)

x {ijg(x, @ )} v

7

where p~ ' +g7 1 =1,x € [0y, @], a €[0,1], 9 > 1, B(a) and T'(a) are the normalization and
gamma function, respectively.

Proof. Taking the absolute value on both sides of Lemma 1, applying Holder’s inequality

. 7. . . .
and using the fact that ‘ f ! ‘ is a harmonic convex mapping on [@1, @;], we obtain

AByx AB ja @yx(@y —x) [(@r — x a+1 1 1 %
‘(Dfoh (wll I%’m% Ii) ‘ < B(a)T'(w) ( X ) (/o (tx + (1 _ t)w2)4p dt)
x (/01 {1 ) !
(Dlx(x—col) X — @1 a+1 1 1 %
+ B(a)T'(a) ( XD ) (/0 (tor + (1 —t)x)4pdt> (34)

1

<(fa=ore o=l @l + o | Jar)

It is easy to observe that

£ @[+ @]

1-4p
2

1 1 . x174p @
/0 (tx + (1 —t)@p)* = (4p —1)(@2 — x)
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and -
1 @, 7

1
/0 (t@1+(1—f)X)4”d S @p-D(x—a@)

It is not difficult to notice that

— x1-4p

1 1 1
gt (1 — ¢ dt:/ (1 — 1)1+ g =
/0 =9 o (=0 (aq+q+1)(ag+q+2)
and
1 1 1
/ tq(lx+1)+ldt — / (1 _ t)q(“+1)+1dt _
0 0 aq+q+2

Hence, (34) leads to the proof of the inequality (33). O

201 @y

D1 tag W obtain

Corollary 3. In Theorem 4, especially when we take x =

AB AB
(Dfoh ( I%l‘F(DZ/ 1 1w1+w2>

@1 zwlwz @ 201wy

Zwlwz(wz @) (@-o \*TH[ o[, —4p 2010 %
()" et Yo 22

1

7

‘D1+CD2 ) ( ) 201> —4p [ %)
Zwlwz ‘ﬂ

(35)

(
leer +(qu+q+1 ’f (@2)
(ag+q+1) (ag+q+2)

safiy(ase)]

—4p \ @1+@y”

q

1

11 [ 2w @ a7 5

| o] @o '+ (G )]
(aq+q+1)(ag+q+2) !

where p~t+q71 =1, x € [@1,@3], « € [0,1], g > 1, B(«) and T'(«) are the normalization and
gamma function, respectively.

Theorem 5. Let f : I C (0,00) — R be differentiable mapping on 1° (the interior of 1) and
. 1 g . . .

@1,@ € I° with @ < @p. If f € Lq[@1,@,] and ’f ‘ is a harmonic convex mapping on

[@1, @2]; then, the following inequality for Atangana—Baleanu fractional integral operators holds

_ o\ atl
o (07| < { e ()
o o1(@1.@29:)|f ()] +p2(@1.@2.0%) 1 (@)
plap+p+1) q 36)

@1x(x—@1) {(x—@y o+l 1

+ e () {pwp+p+n

| @) @) s @) 0]

q

where ¢1(@1, @, 4; x ) ¢1(@1,@2,4;x), ¢1(@1,®2,4;x), and 1(601,c02,q, ) are defined in

Theorem 3, p~1 +q~1 =1, x € [@1, @], « € [0,1], 9 > 1, B(a) and T () are normalization and
gamma function, respectively.

Proof. Taking the absolute value on both sides of Lemma 1, applying Young inequality

q . . . 1 .
xy < % + y? and using the harmonic convexity of ’ f ”’ on [@1,®;], we obtain
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F (e

f <ta)1 +w(11x— t)x) “’”

| o @2x ((Dz —x) (@ —x\"T 1 gt
choh Il/ 1 I / 4
@1 X @ x )T(a) o x 0 (tx + (1 — t)(i)g)

(Dlx x—(@l <X—(U1) 1 (1—t)a+l

()T (a) X@1 o (tor + (1 —t)x)*
(sz((ﬂ2—x) a+l @
< St () [ e @
1 /1 1 " DX q @1x(x — @) [ x — @\
2l (et (1— )| (fx+(1—f)@2)‘ M B ( X )

11 1 /1 1
x|= [ (=@ Dar 4 =
[p/o =1 q/o (tog + (1 — t)x)™

1" 1x 1
f (ta)l +(1- t)x) dt] '
The integrals involved in (37) have already been evaluated in the proof of Theorem 3. This

proves the proof of the result. []

201 @y
@01+@y”

Corollary 4. In Theorem 3, especially when we take x = we obtain

IN

201 @ - \"( 1
’ fh<m1 S wlz iéf;”j (@1 + @)*B(a)[(a) \ 2010, 2| plap+p+1)

FEs)lnmardg)liel]
(

2(@1(02
n 901 ((Dlr w3, q/ @1+, )

— (38)
q plap+p+1)
2 1 q 2 (9, q
93 (1,02, 3 2232 )| (@) + @4 (@1, 02,3 222 )| £ (222 )|
q 7
where P1 (@1, @, 4; @‘ffvzz) 1 (@1, @, 4; w‘f_ﬁ%) 1 (@1, @,4; ﬁiﬂi)
and ¢q (wl,a)z, q; wl}rfg)z ) are defined in Theorem 3, p~L + ¢~ =1, x € [@1,@,] , a € [0,1],

q > 1, B(a) is the normalization function and I («) is the gamma function.

Theorem 6. Let f : I C (0,00) — R be differentiable mapping on 1° (the interior of I) and
. 1 g . . .

@1,@ € I° with @y < @p. If f € Lq[@1,@,] and ’f ‘ is a harmonic convex mapping on

[@1, @], then the following inequality for Atangana—Baleanu fractional integral operators holds

1
1 P [ @x(@y —x) (@ — x\* 1!
ABya AB jua < 2 2 2
’q’f‘)h(slli'sz Ii)‘(wwﬂ) { B(a)T (a) (wzx )
1 q 1 q
Aol @ @+ @) | oxx— )
qaq+q+1)(ag+q+2) B(a)I'(w)

X +

p(dp — 1)@, —x) 39

”1

X(x@)w o i (qg+g+ 1| @) + [ )
xX@q pdp—1)(x—@1) qlag+g+1)(aqg+q+2)

where p~1 +q71 =1,x € [@1,@], « € [0,1], 9 > 1, B(w) and T («) are the normalization and
gamma function, respectively.
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Proof. Taking the absolute value on both sides of Lemma 1, applying Young inequality

q . . . q .
xy < % + y? and using the harmonic convexity of ‘ f N‘ on [@1,@;], we obtain

Do, (AlBI‘ffAlB ﬁ)’

@ x @ x
< C’OzX((Dz —x) (6’02 — x)"‘“ /'1 patl
T B(a)I(a) \ @ox 0 (tx+ (1—t)@,)*

+a71x(x—a71) (x_@1>a+1 /01 ( (1— e

F (e s )

f (twl +@(11x— t)x) ‘dt

B(a)I(ax) \ x@ to; + (1—t)x)*
wzx(wz—x) @) — X atl 1 1 1
vt () o (et (1= Dan) 40)
N @ 1
/tq oy <tx+(12t)wz> dt}

1 1

@1x(x — @) [(x — @ a+1 1
i B(a)T' (a) ( X, ) P/o (tor + (1 —)x)*

e a0 () )

After solving the integrals involved in (40), we obtain (39). O
we obtain

201 @y
w1+w@y”

v x(w@y — x —x\*"!

(1) < (errsrt) { S (%55
f @ +@+a+ 0| @[ | o e
gaq+q+ Dag+q+2) | B()l(a)

Corollary 5. In Theorem 3, especially when we take x =

yl=4p _ wé%p
X +

p(4p —1)(@2 — x) “h

’q

X(x—w1>“+l @ x4 (wq+q+1)}f”(wl)\q+ F(x)
x@q pdp—1)(x—w1) qlag+g+1)(ag+g+2)

where p~! + g7 =1,x € [0, @], a €[0,1], 9 > 1, B(a) and T'(«) are the normalization and
gamma function, respectively.

Theorem 7. Let f : I C (0,00) — R be differentiable mapping on 1° (the interior of I) and
@1,@> € I° with @1 < @,. Iff” € Ly[wy,@;] and ’fﬁ‘q is a harmonic convex mapping on
[@1, @], then the following inequality for Atangana—Baleanu fractional integral operators holds

@rx(@y — x) [(@y — x\*! 1
g (401 )| < I (D223 s (@, g0

@ x @ X B(DC)F(D() WX

<[]y @[ weesmnlr @l |+ GG ()T @

7 [1/25(601,(02, q;x)‘f“(wl)‘q + e (@1, @2, q;x)‘fu (x)m

=

x [pa(@1, @2, ;%))
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where
@ (—ax(@; + x) + @227 + x) + a?x?)
1,02,4;X) =
1(@1,@2,4; x) 60ix3
0((0(2—1)r(0&+2)2pl(1/“+2;“+3;1_wiz)
B 605 ’

(o2 + 30 +2) zFl(l,w+3,‘1x+4;1 - w%)
6(a + 3)@5

a(a? —1),F (1,oc +2;0+3;1— w%) @ (@ — 2ax)
6(x +2)@5 605x2

Po(@1, @, 4;x) =

@ (203 — a@px + a(a + 1)x?)
65x3

,x(,x+1)(zx+2)r(a+3)zﬁl(1,vc+3;vc+4;1 - @%)

1
605

P3(@1, @, 4;x) =

7

@1(201 + x) + a?x? — ax (@1 + x)
603 x3
a(a® —1)x°T(a+2)F (1L, e +3;1— <)
63 x3

Pa(@1, @, 4;x) =

7

202 — a@1x + a(a + 1)x2
6@3x3
a(w+1)(a+2)xT(a+3)2F (1, a+41—2)
63 x3

1105((01/ (DZI q/ x) -

7

(@? — 2001 x) (0 +2) — a(a® — 1)x>
x+2
a(a+1)xT(a+3) (301 + (& — 1)x) 255 (1, a + 4,1 — <L)
607 x?

P5(@1,@2,q;x) =

7

g>1x € [@1,@], a € [0,1], B(a) and T(a) are the normalization and gamma function,
respectively.

Proof. Taking the absolute value on both sides of Lemma 1, applying power-mean inequal-

. . 1. . . .
ity and using the fact that ‘ f ! ‘ is a harmonic convex mapping on [®@1, @;], we obtain

1

o) A i ABI wzx(wz—x) (@rx)"‘“ fl Jres! gt =3
foh o vy 1) B@l) \ @ 0 (tx+(1—t)@n)*
1
« z q 1" q 7
y (f(} e ool @) ]dt> g
(tx+(1—t)(02)
1—
@1x(x—@1) ((x—@ 1 (a-p" 1,‘“+1
TR ( mll) (fo (tor+(1—t)x)* dt)
1
1 =0 a=nl" @+ @[] |\
X<f0 (toy+(1—t)x)* dt | .

Evaluating the integrals involved in (43), we obtain (42). [

(43)

==
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Corollary 6. In Theorem 7, especially when we take x = é‘ff;zz, we obtain

>|< 201 (@0 —@1) <(D2*¢01)'X+1

= (@14@2)*B(a)T(a) \ 2@102
f// 20, q
@1+7

1-1
2 . 2001 @ q
+ (Dl |:l)b4 ((D1/CD2/ q/ 6’0141»6’022)}

AB AB T
(Dfoh L1w1+wzri I@ﬁ@z
@] 2010y @2 2010

{aln(ovenzeg)] r(ovenn 22%)
2092 )| 1" (@,)|']

+3 (CDL ©2,4; 5+,
201y 201 @y

+ [l[)5 ((271,(272, q; (%?—}-62722) ’fﬁ(@l) ‘q + IP(, ((Dl’w2’ 1 CDH-wz) ’f,/ (@14—(@2) ’q] % }’

(44)

=

where

2010 ) _ (@1 + @) ((a(2x —3) +2)@% — (& — 3) @1 @7 + ©3)

1| @01, @2,49;
4 < 1 @1 + @y 240303

4a(a? = ) +2) oF (La+ 20+ 31 - 220
a 240}

7

201® @1 + @) (@1 (4x —1) — @
1,02(601,602,q; 102 ) _ (@1 +@)( 1(2044 ) — @2)
@1 + @ 24020}

a(a? 1) 2P (La+ 20 +3 255 )

+
6(x +2)05
a(a?+3a+2)Fy (1,0c+3;0¢ +4; gi%)
- 6(x + 30t '

¥ (w O - 201> ) B ((Dl + (Dz) (26’0%&2 + @10&((@1 - 602) + (601 + 6'02)2)
N\ o T o 2403w}

da(a+1)(a+2)T(a+3)2F (1,04 +3a+41— wff}w)

7

2405
2010y (6’01 + (Dz) ((’0% + (0((206 — 3) + 2)6’0% - (DC — 3)(’01(@2)
Py @1,@2,9; = 13
@1 + @7 247 @;
2a(a? — 1) (@1 + @2)@3T (& +2) o Fy (1, La+3; % )
_ . )
240}@3
20010 w@y (@ — @) + (@1 + @2)% + 20203
P5| @1,@2,4; = 13
01 + @7 247 @;
2a(a+1)(a +2) (@1 + @2)@3T (a +3) 2 F (1, La+4; ‘”5;;”1)
_ . )
24@0}@3
201D (a+2) (@2 +2(1 — 20)@107) — (a(4a(a + 1) +3) — 2)@3
Ps | D1, D2, 9; =
1 + @3 a+2
20(a + 1)(@2r(06 + 3)(36’01 + 200y + @2) 2151 (1, La+4; wé;fl)
+ ,
240} @3

g>1x¢€[w,@],a€l0,1],qg>1, B(x) and I'(x) are the normalization and gamma function,

respectively.
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We mention here an important result to prove our next results for concave functions.

Theorem 8. Let i : I C (0,00) — R be an HA convex function and [@1, @, C I° (the interior
of I). Assume also that w(t) > 0 a.e. on [@1, @;] with fgf w(t)dt > 0, then

h(f w(t)d ) S n(tyw(t)dt
@2 wlt) g Cw(t)dt

@ @7

Theorem 9. Let f : I C (0,00) — R be differentiable mapping on I° (the interior of I) and
@1,@, € I° with @ < @,. If f € Ly[@1,@,] and ‘fﬁ’q is a harmonic-concave mapping on
[@1, @3]; then, the following inequality for Atangana—Baleanu fractional integral operators holds

’CDfoh <AlBI'¥rAlB H‘)‘

@ x @ «x

(D2X(C’02 — X) <(Dz — X

a+1 "
B(a)I () w2x> |/ (k1(@1, @2,0:))| (45)

@1x(x — @) [ x — @ atl .
B(UC)F(O() ( X1 ) ’f (K2<wll 7, q; x)) ,
where
a(w+ )T (@ +2) o (La+2a+31— L) + @@ - ax)
K1(@1,@2,4; %) = ,

2.2
205

a(w+1)xl(a+2)F (L a+31— L) + @ —ax
201x

Ky (@1, @2, q;x) =

x € [@1,@3], « € [0,1], B(w) and T () are the normalization and gamma function, respectively.

Proof. Taking the absolute value on both sides of Lemma 1, applying Jensen’s inequality for

harmonic convex mappings and using the fact that if ‘ f ! ‘ is a harmonic-concave mapping

/. . . .
on [@1,@;] then ‘ f ‘ is a also a harmonic-concave mapping on |1, @;], we obtain

Do, (API‘ffAlB ﬁ)’

@ x @ «x

@x(@ — x) (@ —x\*T 1 pat1
< B(a)T'(w) ( @rx ) /0 (tx + (1 — t)w2)4
(,01X(X — (,01) X — (1 at+l g (1 _ t)lx+1
+ B(a)T'(a) ( X1 ) /0 (tor + (1— t)x)*

(i)zx(wz—x) @y — X atl 1" @rXx
= “B@I(@) <w2x) U G |
)@2)°

fO (tx+(1—t

+c01x(x — @) (x — @ atl f// @1 i,
B(a)T'(a) X1 L))

fO (t@y+(1—t

F (e s )

" @1Xx
ot @

Evaluating the integrals involved in (46), we obtain (45). O
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Corollary 7. In Theorem 7, especially when we take x = éwfg} , we obtain
a+1
@ | ABI . AB 201 @ (@~ @) (wszl)
foh & u;ggzz % ﬂ;lairgzz = (@1+@,)?B(a)[(a) \ 2@1@2 (47)

" 201 @ " 201 @
X {@%‘f (Kl (@1,@2,11, w#@i)) ‘ + (Dﬂf (Kz (@1,@2, q; @1-1‘!-&722>>

}

where

o @ 201>
X .
1\ v @24 @1 + @3

(@1 +@2) (@1 + @2 — 2001) + 4dra(a+ DI (w +2)oF (1L a4+ 20+ 31 — 220 )

7

41 (@1 + @7)

Wy —@W
%wzl> + @1 — 200y + @y

7

I R T _2"‘(0‘+1)@2T(0¢+2)2ﬁ1( 1
2 1, 2/‘1, (Dl+(,@2 - 4(@1(@2

x € [@,@],a € [0,1], g > 1, B(a) and T'(x) are the normalization and gamma function,
respectively.

Theorem 10. Let f : I C (0,00) — R be differentiable mapping on I° (the interior of 1) and
@1,@; € I° with @] < @,. If f € Ly[@y1,@,] and ‘fﬁ'q is a harmonic-concave mapping on
[@1, @3], then the following inequality for Atangana—Baleanu fractional integral operators holds

’q>foh<AlBI%rAlB Iﬁ‘)’
@ x @ *x
1 2,2

@yx(@ — x) (@ —x\*" 23x
< ©1,@2,4q; 48
< ( ) [v1(@1, @2, 4; x)] D7 L% (48)
2(02 2
X + @1

‘tﬂH

B(a)I'(w) @y

colx(x — 601) (x — @1

+1 1

where A
@, p2F1<4p,ap+p+1;ap+p+2;1—w%)
Ul(wl/(DZ/q;x) - lXp+p+1 ’
xR (L4pap+p+2;1— <L
267 ;
UZ(wl/COZ/q;x) ( lpr +pp +p1 )/

x € [@1,@3],a € [0,1], B(w) and T'(a) are the normalization and gamma function, respectively.

Proof. Taking the absolute value on both sides of Lemma 1, applying Holder’s inequality,
using Jensen’s inequality for harmonic convex mappings and using the fact that if ‘ f ! ‘q isa

harmonic-concave mapping on [@1, @;], we obtain

@yx(@y — x) (@ — x\*
;, ABIa,AB L < 2
‘ fh(wﬂ Vay 1)1 T TB@I(e) \ @nx

(a+1) , ., 1
(i) (L) (i) )

@1 x(x —@1) [ x — @ -+l 1 (1— t)P("“"]) %
+ B(a)T'(a) ( XD ) (/0 (t@1+(1—t)x)4pdt (49)
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o) <5 ()

1, @rXx
><(/o f (ta)1+(21—t)x)
o« 1 gp(at1) % " @y x 7 @1x(x — @1)
(/0 (tx+(1—t)w2)4pdt> / <f01 tx—l—(l—t)cozdt)’ T TB@T(@)

c— @\ (1= et >}1a ,,< - )q
X( X@q ) </0 (ta)1+(17t)x)4’”dt f fol ty + (1 —t)xdt

Evaluating the integrals involved in (49), we obtain (48). O

Corollary 8. In Theorem 7, especially when we take x = éwi‘gf , we obtain
’cp h( [ AB )‘ 201 @) (@2 — @1) (602—@1
o 1 @ +w 71 LD +@: =
I\ o S m e )| = (@1 + @2)?B(@)T(a) \ 201

1 2
f <( 50 ‘DZ ) ‘ (50)

2 21> P
X (DZ U1 | W1, @2, q/
@01 + @) 31 + @7) (@1 + @)

1
201@ Pl o 803 @3
2 102 2
@ @1, D9, J; ———— ,
" 1[1]1( v ﬂ f ((@1+@2 )(@1 +3@2) )’}

01 + @y
201 @3 ) B 2F1(4p,1xp+p+1 "‘P+P+2ra)1+w2)
@1 +@) ap+p+1

where

7

U1 (wlr 7, q/

7

2@@2)_2—4;7(@(?%) 25(1 dp;ap+p+2; 2@2)
0 +@ ) ap+p+1

x € [@1,@],a € [0,1], g > 1, B(a) and I'(x) are the normalization and gamma function,
respectively.

U2 <<01, @2, 4;

Theorem 11. Let f : I C (0,00) — R be differentiable mapping on I° (the interior of I) and
@1,@, € I° with @] < @,. If f € Ly[@y1,@,] and ‘f”'q is a harmonic-concave mapping on
[©@1, @3], then the following inequality for Atangana—Baleanu fractional integral operators holds

1
1 P
o . ABIa’ABIa>’ < < >
‘ fh(& Yay i) T \ap+p+1

@x(@y — x) (@2 — X atll (2w x(1—2q)(@, — x) 1
X{ %(“)1%(“) (Czozx) f( zwgm_xziq )‘ (51)

(Dlx(x—(i?l) X — 1 atl
BT (W) ( x@; )

£ (201601 =20)(@ ) !

wf%q 24 ’
where x € [@1,@;] , « € [0,1], B(a) and T () are the normalization and gamma function,
respectively.

Proof. Taking the absolute value on both sides of Lemma 1, applying Holder’s inequality,
using Jensen’s inequality for harmonic convex mappings and using the fact that if ’ 1 ’q isa

harmonic-concave mapping on @1, @;], we obtain
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ABpx AB o || o @2X(@2 —X) (@) —x atl
)17 B(a)I(a) @ X

1 1 1 @y X
</o (tx 4 (1 —t)@y)" f (fx+ (1—t)@2)

S () ([
)

1
qa \4
dt>

1 1 /" w1Xx L] q (sz(@z—x) @y — X atl
X</o (toy + (1 — t)x)™ / (tw1+ 1—t)x ) B(a)I(a) ( @2% ) 2
Lparg)’ ( D2 ) ' o)
X(/o 4 dt) / Jo(tx 4 (1 = t)eon) Mt B(a)I'(w)

q

Y a1 X A X
X< xw(f)l) (/()1(1_”,7( H)dt> d (fol(tww(?—t)x)”th)

Evaluating the integrals involved in (52), we obtain (51). O

201Dy
@1+wy”

o - B - 2(@16’02(@2—@1) @ — @\
fon | 3 Teyso 3 Loy 0)T () (@ + @) \ @122

@ Zwoye, @ 2wjw,
( 2q @103 (@1 + @) (@, — w1)> |
)@
)2

Corollary 9. In Theorem 7, especially when we take x = we obtain

(53)

1
X
(“P+P+1 { 2TH (@1 + @) — (2010,)%7H
1-2
+@}|f" 41-2 ,
(2(@1(@2
where x € [@1,@;], « € [0,1], ¢ > 1, B(a) and T'(a) are the normalization and gamma
function, respectively.

i _ 24 24
1— @] (@1 +@p)* M

%a)z(wl + @) (@, — col))

Theorem 12. Let f : I C (0,00) — R be differentiable mapping on 1° (the interior of 1) and
. % n|q . . .

@1,@ € I°with @ < @y. If f € Ly[wy, @3] and ‘f ’ is a harmonic-concave mapping on

[@1, @3], then the following inequality for Atangana—Baleanu fractional integral operators holds

1
1 iz
q) o ABIGC/AB IDC)’ < < )
‘ fh(wll %w% £ ap+p+1

@2x(@2 — x) (@ — 2\ v [ 20,x(1 — 29) (@2 — x) \ |
X{ i3(0<)§(06) (;7295) f< 2@§—4q_xz_iq >| (54)

@1x(x — @1) [ x — @ \*T
(st (x-on)

B(a)T'(a) X1

(2@ = 29) (@1 —x) !

w%—% 24 !
where x € [@1,@3] , « € [0,1], B(a) and T () are the normalization and gamma function,
respectively.

Proof. Taking the absolute value on both sides of Lemma 1, applying Holder’s inequality,
using Jensen’s inequality for harmonic concave mappings and using the fact that if ’ f ’q is

a harmonic-concave mapping on [@1, @,], we obtain
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) ABsz AB G (sz(wz —x) (@) —x atl
foh\ a2 B(a)T(x) \ @ox

1

q q
dt

== 8

x( tP(szrl)dt) (o P 11—t)c02) f,l(tx+ngt>w2)
e () (fa-orema)’

("
i)

1 1 L] q (sz((Dz—x) @y — X atl
><</0 (tor + (1 — H)x)* |7 \t@r + (1 —t)x ) B(a)I(a) ( @2% ) )
Lparg)’ ( D2 )q @1x(x — @)
<[ renar) s Tt (1= t)a) de B(&)T(a)

q

Y a1 X A X
X< xw(f)l) (/ol(l_t)p( H)dt> d (fol(tww(?—t)x)”th)

Evaluating the integrals involved in (52), we obtain (51). O

20107
@1+’

Corollary 10. In Theorem 12, especially when we take x = we obtain

) ‘ < 2(@16’02((@2 — (Dl) ((Dz — @1>“+1
F( )((01 + 6’02)2 0107

( 1—2q @@} (@7 + @7)* (wz—w1)>| 56
)@}
)2

‘q>foh( 1 Iw1+wz/ 1 Itcxﬂl-%—wz

@] 2@y ® 207@)

1
X
(w+p+1 { 2TH (@1 + @) — (2010,)%7H
1-2
+@}|f" 41-2 ,
(2017
where x € [@1,@3] , & € [0,1], ¢ > 1, B(a) and T'(«) are the normalization and gamma
function, respectively.

a)z(wl + @) (@ — @)
2—4q

T
1— @7 (@1 + @)

Theorem 13. Let f : I C (0,00) — R be differentiable mapping on 1° (the interior of 1) and
. % n|q . . .

@1,@ € I°with @ < @y. If f € Ly[wy, @3] and ‘f ’ is a harmonic-concave mapping on

[@1, @3], then the following inequality for Atangana—Baleanu fractional integral operators holds

1
’q) < I* AB Iuc)‘ ‘D; W1 ’ngx(@z—x)(wz—x)’Hl
S\ ar Vay % (1—4p)(@ —x) ] B@I(x) \ @x

1
,,<a)2x(q—|—q¢x—|—1)(q+th+2)) ”7+ ci)} 4 _ 1-4p P &)
@ + x +qx + gxa (1—4p—1)(@1 —x)
q}

where x € [@1,@;] , « € [0,1], B(a) and I'(x) are the normalization and gamma function,
respectively.

@1x(x — @) [(x — @1 \*
e (o)

fu<w1x(q+th+1)(q+qa+2)>
@1+ x +qx +gxa
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Proof. Taking the absolute value on both sides of Lemma 1, applying Holder’s inequality,
using Jensen'’s inequality for harmonic concave mappings and using the fact that if ’ f ! ‘q is
a harmonic-concave mapping on [@1, @3], we obtain

@yx(@y — x) (@ — x\*
o, ABIaIAB L < 2
‘ fh(fl Yo )17 BT(@) \ @ax

(U rme) (L) ()
_ e 3
+a%$3130(xm£n> (Ale+w1—Q@“ )
<(fa=omle (o) #)

(sz(c’i)z*x) @) — X atl 1 1 p
: B(a)I'(a) ( W2X ) (/0 (tx + 1_t)w2)4pdt>

9 N7
dt)

dt (58)

(
1 a+1
4 Wy X @1x(x — @) ((x — @1
Xf(ﬁ%ﬁ%m+ao@wJ + o (o)

! _ p\pla+1) % ! 01X
</0 (=5 dt) ! <fo )70 (ko) + (1 - )x )dt)

Evaluating the integrals involved in (52), we obtain (51). O

201 o

oty We obtain

Corollary 11. In Theorem 7, especially when we take x =

| AN

AB AB
'cpfoh( 1w1+wz/1 w1+¢02>‘

@ 2010y @ 201@)

20010 (@) — @) (@2 — col)’”l
()T () (@ + @7)* \ @102

( 1—2q @103 (@1 + @)* (@-@))‘
29)@;
)2

(59)

1
X
(“P+P+1 { 2T (@1 4 @2)7 M — (2010,)> 4

f ( = }
(2017

where x € [@1,@;], « € [0,1], ¢ > 1, B(a) and T'(a) are the normalization and gamma
function, respectively.

2
Ty 2—4yg

coZ(col + @) (@, — w1)>

4 2 4
1— @ (w01 + @)

Now, we provide some examples to show the validity of the results that have been
proved so far.

Example 1. By using the all conditions of Theorem 2 and f : [@1, @3] C (0,00) — R be defined
as f(t) = t2. Then, f is a harmonically convex on [@1, @,]. Suppose that « = 1, B(x) = B(1) = 1

_ 2m@ .
and x = IETY then

‘q)th (AlBI“ AB I‘i‘) ‘ _ (u- 0)?(u?(24v 4 1) + uv(24v + 29) + 180 ) (60)

171
oy x @y 481374
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And
1
(sz(o’)z—x) @y — X ot 1" "
B()T(@) < oo > {¢1(@1,6’02,06;x)’f (X)‘-F(Pz(wl/@z,oé;x)’f (wz)H
wlx(x—col) X — 7 a+l I I
+ B()T(@) ( oy ) [gbg(wl,cvz,w;X)‘f (wl)‘+¢4(wl,wz,a;x)‘f (x)H
_ 4@01@3 (@, — @) (@2 —601>2
(@1 4 @2)* 201
201 201
2 102 102
X | @ @1, 0,1, ———=— | + @1, 05,1, ———= 61
{ 2{4’1( 1, @2 (,01+a)2> <P2< 1, @2 CUH-@z)} (61)
201® 201®
2 102 102
+‘D (’DI(O /1/7 + CD/(O 1117 7
Ho(ovan 255 ) +in(eveni 222 ) ]
where
5. @02—@
p (a) 0,1, 2010 ) _ (@ — 301) 62F1<1,4,5, wﬁwi)
"\ 0 + @, 240503 245 ’
5 B D) —@
’ (w o 1. 20122 ) _ 2040} @10 +@3)  62h (11415/ wfm;)
2 1,2, ’(D1+(D2 48(@%6’0% (DAZL ’
P . 0—@
(20002 ) 2080 o) 62 (11555
3 1, V2, ,(Ol+(02 6@?(@% (D% 7
o (01 0, 1; 201 @2 ) _ (01 — 3@y) (@1 + @7)
T @14 @ 720} @3
N 3(@1 + @) »F (1, 1;5; % )
207 @, '
Thus
40103 (@7 — @1) [ @y — @1 \ > 201@ 201@
= 1%, (@ 21)< 2 1) {4’1((@1,@2,1;1 2 )4—4’2((1)1,@2,1;1 2 )}
((;01 + (DZ) 2@01@7 @01 + @7 @01 + @
40,@3 (09 — @ 201® 2001®
27 (2 5 1 [493(0’31,602,1;12) +¢4<@1,602,1;12)]
(@1 + @3) @1 + @2 @1 + @2
1 [ 9 8 7 2
= —@7 + @7 (60 — 3) + @@ (—264@ + 55w +6) 62
720805 (01 — @) (@1 + ;)2 1+ @1 (602 = 3) + @122 2 z (62)

+@f@} (7203 + 52, — 21) + 3]} (2403 — 95 +20)
+otol (120a>§ — 58w, — 141) — 507028 + 3601 @] — 9608

—90]@3 (3, — 38) + 36073 (@1 + @) (@1 (4@, — 1) — @) m(Wﬂ '
2

Ifwe choose 1 < @1 < 8and 9 < @, < 18, then the graph below validates the result of Theorem 2.
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Example 2. By using all the conditions of Theorem 3 and f : [@1, @3] C (0,00) — R be defined as

f(t) = t2. Then, f is a harmonically convex on [@1, @,). Suppose that « = 1, B(a) = B(1) =1,

201y 4

X = Gita, and q = 3, then

20,2 2
u—ov)-(u(24v+ 1) + uv(24v + 29) + 18v
‘d>foh(/%31%‘,ﬁ31%)‘:—( aCat 4)8u3v4( ) ). (63)

@ x @ X
And ( 1 )é @x (@7 — x) (wzx)““
ap+p+1 B(a)T'(a) @X
1
" q 1" a1 g @01xX(x — @
><[¢1(a71,wz,q;x)'f (x)‘ +qoz(w1,wz,q;x)(f (@2)‘ ]q +W
X — @ a+l 1" q Z q 7
><( 1) [¢3(‘D1rw2rq}x)‘f ((Dl)‘ + @a(@1, @2, ;%) | f (X)‘ },, ,
X1
L 3 2
_2( 1 )P 2(@1(,02 ((Dz—(ﬂl)<(ﬂz—c@1)
ap+p+1 1 + @y \ 01 + @7 201 @7
1
| 201@; 201@p \]1 | 2@03@; (@) — @
X{qvl ((Dbfﬂz,ﬂ], w1+w2) +¢2<(91,(Dz,q, w1+w2>} +w1+c02 @1+ @)
2 41
@y — W1 20107 20107 q
X @ /CD q; w ,(D ,q, ——— .
(2601(02> [(P3< ! 2q@1+@2>+¢4< ! 2q@1+@2)_ }

1/q
2 ( ot (24724 (315) 1 +-2) )
)

8
+2567(29 — 1) (3155)™

4
+24q+1(2q _ 1)uv4‘7+1(#) q

ﬂ v
2(42) 7 (0w —2567(2g — 1) (;22)™
uo(u+v)? (842 —6g+1)(u—0)?

28104z

(64)

+

-1
R 3 Cag 14 _ol—aq ( w41\ 1/4
”(3,471) (v—u) ou" 4yt -2 qv(ﬂ)

uo(u+0v)? —4qu+4qutu—o ’

where

(¢91+6@2)2
01,@02,4;X) =
7@ @) 203 (@2 — @1)* (842 — 69 + 1)

1 + 7 1
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o4 [ 20@ \ M
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21>
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20107 (

—=(1-4
@1 + @2
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2—-4 24
2-4g 46@1(@2 1 201> 1
+ @>

@1 + @2

201@
2 102

+ @5 ———
Q)) 2(01 o

8g@105 M )
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—4
o4 ( 201 @) ) 1

0 ((D 02,9 2(2)1(272) 1 ©1+@,
3 1, W2, 4, - —
@1+ @/ 28 — g + 1) ()2
201> 4q 2(1 *4q)d)1£’02 2( 201> >4q
x [ =252 00 (g (49 — 2) + D ——PEIR2y 4 o2 ( 12 ) )
<w1+c@2 1 (@14 = 2) @1 + @, )+ @i @1 + @

@1+@7

8172 _ 6q + 1)(@1(@2—@1) )2

@1+@2
2 2 2 47 4(1-2

" ( 10y > wﬁllq_(m( 012 ) <(D1(4q_1)+ ( Q)wlwz) .
w1 + @7 w1 + @7 w1 + @7

If we choose 1 < @ < 8and9 < wy < 18, then the graph below validates the result of Theorem 3.

@M ( 2010, ) 4

20107
Q4| 01,@2,4; @1 + @ = 2
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