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Abstract: In the paper, shunting inhibitory cellular neural networks with impulses and the gener-
alized piecewise constant argument are under discussion. The main modeling novelty is that the
impulsive part of the systems is symmetrical to the differential part. Moreover, the model depends
not only on the continuous time, but also the generalized piecewise constant argument. The process
is subdued to Poisson stable inputs, which cause the new type of recurrent signals. The method of
included intervals, recently introduced approach of recurrent motions checking, is effectively utilized.
The existence and asymptotic properties of the unique Poisson stable motion are investigated. Simu-
lation examples for results are provided. Finally, comparing impulsive shunting inhibitory cellular
neural networks with former neural network models, we discuss the significance of the components
of our model.

Keywords: impulsive shunting inhibitory cellular neural networks; symmetry of impulsive and
differential parts; continuous and impact activations; generalized piecewise constant argument;
method of included intervals; continuous and discontinuous Poisson stable inputs and outputs

1. Introduction

This article discusses locally connected systems, which are called cellular neural
networks (CNNs). The model was introduced in 1988 by L.O. Chua and L. Yang [1,2]
as a new type of information processing systems that has key characteristics of neural
networks and admits important applications in parallel image and signal processing, as
well as pattern recognition [3-5].

A class of CNNs based on shunting inhibition was introduced in paper [6] by A.
Bouzerdoum and R.B. Pinter. The shunting inhibitory cellular neural networks (SICNNs)
have been effectively applied in vision and image processing adaptive pattern recogni-
tion [7-10]. The layers in SICNNSs are considered arrays of neurons with two dimensions.
The interactions of the cells inside a single layer are subdued to the biophysical mechanism
of the recurrent shunting inhibition, where the conductance is modulated by voltages of
neighboring elements [6].

The impulses in neural networks are used to model the impact inputs. That is, in
implementation, the state of a network can be subject to instantaneous perturbations
and changes at certain moments, which may be reasoned by abrupt noise or the impact
phenomenon. All this leads to a need for studies of impulsive neural networks. There
are several results which explore anti-periodic, almost periodic and periodic solutions of
impulse models of SICNN [11-13].

If one considers the impact actions as limits of continuous ones, then the jump equa-
tion of the impulsive neural network must have a functional structure identical to the
differential equation. Hence, it is of great interest to consider neural networks with the
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structure of the impulses symmetrical to the original model. That is, the components of the
impulsive equation must be analogues of components of the differential equation. Due to
the similarity, the model is named the symmetrical impulsive shunting inhibitory cellular
neural network (SISICNN). Previously, in the literature, non-symmetrical impulsive models
were considered [11-16].

The research of recurrence types, such as periodicity, quasi periodicity and others,
started within the theory of celestial dynamics and was widely spread over all areas of
applied mathematics. The next position occupies the class of complex types of dynamic
behavior, such as Poisson stable motions. The stability was considered by H. Poincaré as the
main property in describing the complexity of celestial dynamics [17,18]. Accordingly, it is
logical to suppose that Poisson stable dynamics in neural networks should be investigated
based on arguments which were provided for the discussion of other types of oscillation
in neuroscience. The concepts of recurrent motions and Poisson stability are conservative
notions, which are focused on the theory of differential equations and dynamical systems. If
H. Poincaré is the founder of the Poisson stability theory [17,18], G. Birkhoff, by introducing
recurrent motions [19], established the important interrelationship of recurrent motions
and the most sophisticated type of recurrence, Poisson stability.

The theoretical as well as application merits of periodicity, quasi-periodicity and
almost periodicity for SICNNSs have already been approved by many researchers [7-13].
Similarly, Poisson-stable and unpredictable motions can be considered for the same reasons.
The papers [20-24] and book [25] can be cited as examples.

In this paper, the method of included intervals is applied to show the existence and
uniqueness of discontinuous Poisson stable motions for SISICNNSs. The novelties as well as
contributions, present and potential, can be emphasized as follows:

e In previous studies [20-25], Poisson stability was considered for continuous systems.
Here, we research the Poisson stability of discontinuous neural networks.

*  Neural models, described separately by impulsive differential equations and differ-
ential equations with generalized piecewise constant arguments were considered
in earlier results [11-13,26,27]. In this paper, we study SICNNs that include both
impulses and the piecewise constant argument.

*  The structure of the impulsive action is symmetrical to the differential part of the
SICNN, and this is the main modeling novelty of the research. The complete symmetry
can be considered not only for SICNNSs, but also for Hopfield-type neural networks,
Cohen—-Grossberg-type neural networks, inertial neural networks and other models.

e In future investigations, the new method of included intervals can be used for neural
networks with different types of discontinuity, as well as partial differential equations
and functional differential equations.

The symbols R, N and Z, in the present paper, mean the sets of real numbers, natural
numbers and integers, respectively.

Let us fix sequences 6, Cx, k € Z, of real numbers, which satisfy 6y < 01, O < G <
Oisq forallk € Z, and |6;| — oo as |k| — oo. It is supposed that there exist two positive real
numbers 6, 6 such that § < Ori1— 6 < 0 forallk € Z.

In the present study, we consider SISICNN in the form

dxi]-(t)

— =it - ) CH f (e (7 (£)))xi5(£) + 03 (£), £ # B,
C;,[GN,(i,j) (1)
Axij|  =byxii(B) + Y. D g(em(6k))xij(6k) + hije,
= Cl€N: (i)

where t € R, x;j € R, bjj # —1foreachi =1,2,...,mandj = 1,2,...,n; y(t) = &, if
Oy <t < 01,k € Z,is a piecewise constant function; Cf’jl > 0 is the connection or coupling
strength of the postsynaptic activity of the cell Cy; transmitted to the cell Cj;; the constants
a;j represent the passive decay rate of the cells activity; x;; with fixed i and j is the activity
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of the cell C;j; the activation function f(xy,;) is a positive function representing the output
or firing rate of the cell Cy;; the couple (v;j(t), h;j) is the continuous-impact external input
to the cell C;j; and N, (i, j) is the r—neighborhood of the cell Cjj, defined as

N (i,j) ={Cp: max{|h —i|, |l —j|} <r,1<h<m,1<I1<n}.

Like the continuous components of system (1), one can say the same about the compo-
nents of impacts, that is, the constant b;; with fixed i and j is the passive decay impulsive rate
of the cell activity; the impact activation g(xy,;) is the output localized at a moment of impact
of the cell Cp;; and DZ-I > 0 is the strength of coupling by impacts due to the postsynaptic
activity between cells Cj,; and C;;. We assume that f(s), g(s) and v(t) are continuous and
bounded functions.

Next, we present Poisson stability for continuous and discontinuous functions and
Poisson stable sequence.

Definition 1 ([28]). A function v(t): R — R, is said to be Poisson stable, provided that it
is bounded, continuous and there exists a sequence t,, t, — o0 as p — oo, which satisfies
v(t+tp) — v(t) as p — oo on each bounded interval of R.

Definition 2 ([28]). A sequence «y, k € Z, in R is called Poisson stable, provided that it is bounded
and there exists a sequence I, — oo, p € N, of positive integers, which satisfies Ky, — Ky as
p — oo on bounded intervals of integers.

A piecewise continuous function v(t): R — R, is called conditional uniform continuous,
if for every number € > 0, there exists a number ¢ > 0 which satisfies [0(t1) — v(t)| < €
whenever the points t; and t; belong to the same continuity interval and |t; — 5| < o [26].

Let us consider the set D of matrix functions ¢(f) = (¢;(t)), ¢;j(t): R — R,
i=1,2,...,mj=1,2,...,n, such that each entry of the function is conditional uniform
continuous. The entries of functions are continuous, except a countable set of moments,
where they are left-continuous. The sets of points of discontinuity are unbounded on both
sides and do not have finite accumulation points. For different functions, discontinuity
moments are not necessarily common.

Definition 3 ([29]). Two functions G(t) = {G;;(t)} and F(t) = {F;(t)}, i = 1,2,...,m,
j=12,...,n, from D, are called e—equivalent on a bounded interval |, if the discontinuity points
0 and 0F, k =1,2,...,1, of G(t) and F(t) in | respectively are such that |6° — 6f | < € for each

k=1,2,...,1, and max Gij(t) —Fij(t)| <e¢€ foreachte ], i=12,...,mj=12..,n

7,

except possibly those between 9,? and 0F for all k.

In the case that G, F are e —equivalent on |, we also call the functions in e —neighborhoods
of each other on J. The topology defined on the basis of all e— neighborhoods is said to be
B-topology [29].

Definition 4. A member ¢(t) of D is said to be a discontinuous Poisson stable function provided
that there exists a sequence t, — oo of real numbers, which satisfies ¢(t +t,) — @(t) as p — co
in B-topology on each compact set of real numbers.

2. Methods

Extending the Poisson stable point, M. Akhmet and M.O. Fen introduced the concept
of the unpredictable point [30]. Then, by assuming the separation property [30], they
introduced the concept of an unpredictable function and thereby elaborated the recurrence
in functional spaces. An unpredictable function is a Poisson stable function. That is, to
test the unpredictability, we check the validity of the Poisson stability. In papers [20-24]
and book [25], considering the existence and uniqueness of unpredictable solutions, we
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developed a new approach: the method of included intervals for asserting the Poisson
stability of solutions. The method is certainly different from the method of comparability
by the character of recurrence in [31-34].

A novelty in the considered model (1) is the generalized piecewise constant argument.
Differential equations with generalized piecewise constant argument were introduced
in 2005 by M. Akhmet [26,35,36], and they attracted the attention of scientists for their
effectiveness in the fields of biology, physics, economics, and neural networks [26,27]. The
proposals became the most general not only in modeling, but also very powerful in the
methodological sense since the equivalent integral equations were suggested to open the
research gate for methods of operators’ theory and functional analysis. The suggestions
were followed by the impressive research of ordinary differential, impulsive differential,
functional differential, and partial differential equations [37-39]. Mathematically, the
generalized piecewise constant argument combines equations with retarded (delay) and
advanced arguments, thereby making it possible to increase the applicability.

Impulsive systems are models for processes in which sharp interruptions of contin-
uous processes are observed, and they are important in various fields such as medicine,
mechanics, electronics, communication systems and neural networks [40-42]. Currently,
significant results of neural networks with impulses have been obtained. Basically, in these
models, the impulsive part is of a simple form. In the present work, the impulsive part
completely “copies” the original model, i.e., it is identical to the SICNN. The passive decay
rates a;j, i=1,2,...,mj=1,2,...,n, 0f SICNNs in [43,44] are positive. Unlike them, we
do not demand the positiveness. In this paper, the coefficient can be positive, negative or
zero valued, that is, due to the possibility of negative capacitance [45-47]. Thus, in this
article, using the methods of studying impulsive systems in previous results [22,29,48], we
investigate the existence of Poisson stable motion of SISCINN (1).

3. Main Results

Let us introduce the subset PD C D of matrix functions w(t) = (wj(t)), i =
1,2,...,m,j=1,2,...,n, with the fixed set of moments of discontinuity 6y, k € Z, and Pois-
son stable entries which satisfy |wi]-(t)| < H, where H is a positive number,i =1,2,...,m,
j=1,2,...,n. All functions of the given subset have the common convergence sequence ¢,
peN.

The function x(t) = {x;;(t)} satisfies SISICNN (1), if and only if it is a solution of the
integral equation

vt =~ [ uts)] X ClfCaulr()x(s) — og(s)]ds
- Cu €N (irf)
+ ) uij(tr9k+)[ Y. Df'jlg(xhz(Gk))xijWk)+hijk]

—OO<l9k<f ChleN,(i,j)

for each i and j [29].
Define on PD the operator ®w(t) = {®yw(t)},i=1,2,...,m,j=1,2,...,nas

gty =~ [ wilts)] T Clftonlrs)wils) - oy(s)]ds

Cri €N (i)

+ ) wit, 9k+)[ Y. D g(wn(6))wii(6) +hijk}-
—oo< Oy <t Cr €Ny (i)
We required that system (1) satisfies the following conditions:

(C1) The inputs v;;(t),i =1,2,...,m,j=1,2,...,n, are Poisson stable and the sequence t,,
p € N, is common for all inputs;
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(C2) For the sequence {hijk}/ i=12,...,mj=12..,nké€Z hj €R, there exists

sequence I, of integers, which diverges to infinity such that

hijiy1, — hije| — 0, as
p — oo on each bounded interval of integers and foreachi =1,2,...,m,j =1,2,...,n;

(C3) For the sequences t,, p € N, 0, and i, k € Z, there exists sequence [, of integers, which
diverges to infinity which satisfies ’Qka —ty— Gk‘ — 0 and |§k+lp —ty —Cx| = Oas
p — oo on each finite set of integers.

Let us consider the linear homogeneous impulsive system associated with (1),

dx;i(t
Gill) _ a;jxij(t), t # 6,
dt )
Bxij) = bijxij(8),
k

where t € R, constants ajj, bl-]-, i=1,2,...,mj=1,2,...,n, are real valued numbers. The
transition matrix of this system has the form [29]

w;i(t,s) = e (14 b)), ¢ > 5, ®3)

where i([s, t)) is the number of the members of the sequence 6y, lying in the interval [s, t).
The following conditions for the system (1) are required:
1
(C4) Itis true that A;; = a;; + §1n|1 +bij| <0 foralli=1,2,...,.mj=1,2,...,m;

(C5) 3M >0, M;; > Osuch that the following equalities are valid sup | f(s)| +sup |g(s)| = M
seR seR

and sup|vl~j(s)| + sup hijk = Mz’j;
seR keZ

(C6) 3 L > 0, which satisfies the inequality |f(s2) — f(s1)] + |g(s2) — g(s1)] < L|sp — s1
for all 51,5, € R.

Due to (3) and condition (C4), there exist numbers K; j > 1 such that the relation
luij(t,s)] < Kije)\ij(tis)/ s<t, 4

isvalid foralli=1,2,...,m,j=1,2,...,n[29].
We also need the following conditions:

M. 1 1
KijMij <—A,»j + 16/\179)

(C7) Yo, en, (i,j) cyl Yc, en (i,]) D} <
€Nr(i, ij €Ny (1, ij
1— KZ]M( hl —)x,'j] ] + hllie/\,'jjﬁ ]
Yo, enip) Cff - Yoy en(i) Dif
(C8) K;j(M + LH)( UG+ m;;l;; L) <1

a 7 il +M i s Clh»l 0
(C9) 9[(|aij| +MYc,en, ) C) (1+ LHO X, en 1)) clh].l)e(‘”f' Leenii) CF)

+LHYc, e, (i) cg.l] <1

Let us accept the following notation
4 5 i+ i) CH)e -1
Nij = (1 -0 [(|al]| + MZC;,IENr(i,j) CZI) (1 + LH6 ZchlENr(i,j) Cf’/)g(ﬁ;\ EChIGNr( J) ij ) + LH ZChZENr(i,j) CZI]) . (5)
hl 1 hi
(ClO) /\ij —+ (M + LHNij) ZCMEN,(I',]') Cij + Elﬂ(M =+ LH) ZChleNr(i,j) Dij < 0.

Theorem 1. The SISICNN (1) admits a unigue bounded on R discontinuous Poisson stable motion,
provided conditions (C1)—(C8).

Proof. We will prove that system (1) possesses a unique discontinuous Poisson stable
solution by using the contraction mapping principle.
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Let us show ®(PD) C PD.If w(t) belongs to PD, then

ot
|®jw(t)| < /_Oo Kjjehil=) (MH Y cf']-’+M,-j)ds

Cr €N (i.f)
Aji(t—0 hl
+ Y Kyeli k>(MH y Dk +M1~j).
—oo<O <t Cr €N (i)
, 1
Making use of the inequality ) eMilt=0) < L one can obtain that
— etijZ

—oo< B <t

|Dyj(t)| < 711” MH Y CZ.I+MZ-]-) + 1_71’A]Q(1\/1H y, ol +Mi]-).
1 Ci €N (i) ¢ Ci €Ny (i)
From the last inequality and condition (C7), it follows that |®;w(t)| < H.
Fix an arbitrary number € > 0 and a compact interval [a,b], where b > a. We will
prove for sufficiently large n that the inequality [®;jw(f +t,) — ®;w(t)| < e is satisfied for
each t in [4, b]. Choose numbers ¢ < a and ; > 0 such that

Hij( Ecyeny (i) Cff MH + Myj) + 2K ( X, en, ) Cff (LH? + MH) + Mj;)

Aij(a—c) _ €
—Njj e < 7 (6)
hl hl(7 2
Hij( Ecyen, (i) Cif MH + Mij) + 2Ki (X, en, i) Cif (LH? + MH) + M)) N1y < € o
*)\Z‘j(l - 6/\’7@) 7’
Kij hl nl €
1t {( Y. DyMH+My)+Ky( ), Dj(LH+M) +1)]§£ <z ®)
€ Cur €Nr (i) Cu €Ny (i,f)
2K;;
(¥ DY(LH?+2MH) +2M;)eh ) < 2 )
L—=e"7" ", enij)
and
K.. e
! Y. CiM+ 1}@ <% (10)

T CyeN (i)
Consider the number p sufficiently large for |whl(9k+lp) —wp (Ok)| < e | ktl, —

hijk| < Ce, ‘9k+lp —tp — Gk‘ < e, whenever 6 € [c,b], k € Zand |wy, (t +tp) —wy(t)] < e,

|Uij(t+ ty) —Ui]'(t)| < {eforallt€[c,b],i=1,2,...,m,j=1,2,...,n.

For a fixed t € [a,b], we assume, without loss of generality, that 6; < Ok11, — tp and
O < 9k+lp —tp=c< Ori1 <Opan <" <Opg < 9k+d+1p —ty <t < Okp441 so that there
exist exactly d moments of discontinuity in the interval [c, f]. Moreover, assume that

2K;LH

.0 €
A ) Czhjl(dJFl)(l — %), < 77 (11)
1 ChIGNy(i,j)

2K;LH
— Y M Hd(e N —1) <

(12)
—Ayj Cu €N (i)
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If t € [a,]], then we have
[ Djw(t+ty) — Pyw(t)]
c
< [ e tps ) = ()|

[ X ClFGu(rls + 1) lwi(s + tp) oy s + )] ds

ChlENy(i,j)

+ ) lug(t by, O, +) — ui(t 6 +) |
—oo<b<c

<[ L DllgCwn @, )llwy (s, + s, |
C €Ny (i)

t

+/c |ui]'(t—|—tp,s—|—tp)—uij(t,s)|

| T C@urls+ t)lwgls + )]+ oy(s + )] ds
Cri €N (i)

+ ) i (E+ by, By, ) — wij(t, 65+

CS9k<t

x| X DHlg(wn(Oci,)lwi (B, + i, |
Cr €Ny (i)

+/_Coo|ui]'(t,s)|[ Z Clhjl

ChZGNy(i,j)

[f (wni (v (s +tp))) — f(wn(7(s)))]wij(s + tp)

+ F w0 (7(5))) [wi (s + ) — w3 (s)][o3(s + tp) — 03(s)]| | s +
+ ¥ |ui]-(t,9k+)|[ > DY

—oo<f<c C €N (i)

[ (@Wni (6-+1,)) — & (Wi (6k))|wij (Or1,)

)

[f(wn (v(s +tp)) — f(wp(v(s)))]wij(s + tp)

+8(wpi (06)) [wij (Ot1,) — i (01)] + [Rijics1, — hije]

t u;:(t, s Clh-l
+ [ i >[Cm€%m ]
+F (w0 (7(5)) [0 (5 + ) = wis($)] + [o3(s + 1) — v35(5)] || s

+ ) |”ij(t/9k+)|[ Y. D

c<Op<t Cur €Ny (i)

[ (@i (Bk11,)) — &(wpi (6x))]wij (Or1,)

]

+8(wn1 (0k)) [wij (Ok11,) — wij (06)] + [Hijerr, — hiji]
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ifi=1,2,...,

foralli=1,2,...,

By virtue of Appendix A Lemma A1, one can obtain

C
/m i (E+ b, s + t) — i (1, 5)]

<| XL CHIfComCr(s + i) lwig(s + tp)| + Joig (s + )] ds
C €Ny (i,f)

+ ) (bt g, ) —

—oo< B <c

x[z

Cr€Nr (i)

S / L%/e/\l'j(i‘fs) [ 2

Cr€Nr (i)

wij(t, 0+

D} |g(wii (Bk11,))|ij (Oxy,) | + |hijk+z,,|]
Cl MH + Mjjds

[Ke/\ij(fﬂp*ei/ﬂﬂp) 4 Ke)\ij(tfeiurl)][ Z DMMH + M;j]

k-1
+ )

e Cr €Ny (i)
<[ Z CthH + M; ]/\ie i(t=s) +[ Z DZ-IMH + Mij]L”e/\ij(t*Gi’ﬂ)
Ch]eNy(i,]) | | ChIENr(irj) 1 —e=
<[ ¥ CUMH+M) 201 ¥ DEMH+M, ]%em](a o)

A

Cr€Nr (i) Cu €Ny (i)

m,j=1,2,...,n. Additionally, we obtain

/|ui]-(t+fp,5+tn) — uji(t,s)]

<[ X ClIF (s + ) llwi(s + )] + foy(s + 1)1 ds
ChleNr(i/j)

+ ) (b by, g, ) —
C§9k<t

x| L DYlg(wn O, )llewij(Orces,)| + lhijes, |
ChIGNV(‘,])

uij(t, O+

1 +1+Ip

/ %e’fts[ Y CUMH + Mjlds
C €N (i.f)

k+d 1

03141
k+-d—1
+ 2 Kyei' =0z [ Y DMMH + My

Cu €N (i)

%( —Aijle _ 1)
—Aii(1—eMi?)
KijCe

— Mt

<[ ) C1]thH+M,]]
Crr €Ny (i)

+ ) D’”MH+M}
Cri €Ny (i)

m,j=1,2,...,n

— et
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Similarly, one can see that
[ e L, Gl utats ) = flan ()l wye-+17)
C €N (i)f
+|f (w (v () [wij(s + tp) — wij(s)|] + [vij(s + tp) — vij(s) |} ds

+ ) |”ij(t/6k+)|[ Y. D18 (wn(Oks1,)) — 8 (wni (06)) i (Bici, )]

—oco<fr<c C;,]ENr(i,j)
+1g (w0 (0))[wij (B41,) — wis (0] + [hijers, — hijk|]

c
< / Ki]-eAff(f*S)[ y cflj’(zLH2+2MH)+2Mi]}ds
o CueNH (i)

k—1

+ Y Kyeti™fa)| N DM(2LH? +2MH) + 2Mi]}
i'=— Cu €N (i)

3 2K;; [ Y CeN (i) Cf'].’ (LH?> + MH) + Mi]}

= —A

ohij(a—c)
ij
2Kii| oyen, (i) DI (LH? + MH) + My

1—e Mt

ohij(a—=c)

ifi=12,...,mj=12,...,n
Further, we need to obtain an upper bound for the following integral

t

0= % Cl [N wy(r(s + 1)) - wn(y(s))lds.
Cr €Ny (i,f) c

We evaluate I(f) by considering it on finite number of sub-intervals as
described below:

k11
= Yy c¥ / My (v (s + 1)) — wia(7(s)) lds
Cr €N (i,f) c
9k+1+lp_tp
+ Z Cl]’;l / e/\fj(tis) |whl(’)/(5 + tp)) - whl (r)/(s)) |dS
Cri €N (i,f) Ox+1
)
n Z Clhjl / ohij(E=s) |wp (v (s +tp)) — wp(v(s))|ds
ChleNr(i/j) 9k+1+lp7tl’
Ok24+1, —tp
Ly / M g (7(s + tp)) — wi((s))|ds
ChIENr(i/j)

Ok12
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Ok+3
L[ (st ) — wu(y(s)lds
Cur €Ny (i) Ok 201, —tp

t

oA [ I (st ) - wa(r(s)) lds
Cur €Ny (i.f)

9k+d+lp*tn
k+d—1 k+d—1 " f "
= ) Ar+ ) Bi+ ) Cij / e”(_S)|whl(’7(5+tp))—whl(’Y(S))WSf
i'=k i'=k C}1l€Nr(i/j) 9k+d+lp7tp
where
0 11
ap= ¥ al [ M (y(s+ 1)) — wu(v(s)lds
ClzleNr(irj) 9i’+lp_tl7
and
O 141, tp
B‘ . Chl )\i]-(tfs) t _ d
i = Z ij 4 |wp (v (s + p)) wy (7(s))|ds
C €N (i) 01

fori/ = kk+1,...,k+d—1.Fort € [Gi’+lp —tp,041),1" € Z, itis clear that y(t) = &y
and it follows from the condition (C3) that y(t +t,) = Gy 1,- Using this result, we reach
the following estimation:

9i’+1
A (F—
Ap= Yy / iU w8 41,) — i (i) s
Cri €N (i) 611,y
0 11

= L d [ M+t + (1) (@) lds
Crr€Nr (i) 9i’+lp_t7”
bir 11

< ¥y o / M) oy (i + £p) — i ()| ds

Cr €Ny (i,f) 641, ~tp
)
+ )y ¥ / M1y (G + ty + 0(1)) — wia (§ + £p)|ds
Ci €Nr (i) O 1, —tp
O 11

We already know that w is a uniformly continuous function. Thus, for {, > 0 and
sufficiently large p one can find a p > 0 such that |wy,; (y + t, +0(1)) — wy (G + tp)| < e
if |§i’+lp — &y — tp| < p. This implies in turn that

0,
o 20 S
ap<ag Locb [ Mt He p o clla- ),

Cur €Ny (i) 011, tp ~ M CyeN (i)
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On the other hand, condition (C3) gives us that

91’+lp
Bi/ <2H Z Cz] / Aij(tfs)ds < Ef Z Clhjl(e—?\,-]-gg _ 1)
CrieN; (i) b, 1 CrueN;(i,j)

If we use a similar approach used for the estimation of the integral A;, then it
follows that

t

Y oc [ M sty —oatr)] < 25T o),

.. — A )
Cu €N (i) Y CreNy (i)

Ok+d—141p —tp

Therefore, it can be seen that

. Chl _
EOueNi) Sl (1 _ 38y 4 o114
—Ajj N

nl
YCryeN, (i) Ci]-

I(t) <20:(d+1) (e~ Mite —1).

Using the last inequality, we have

[l ¥l

CreN; (i)

[f (wn (v (s +p))) = f (@i (v(s)))]wij(s + tp)

(7 (5)) [wi(s + ) = wi(5)] + [o3(s + ) = 05(5)]|| s

+ ¥ lwteenl X DY

c<O <t Cn €N (i)

+8(wpi (06)) [wij (Ot1,) — i (01)] + [Rijies1, — hije] H

[ (@i (Bk11,)) — & (w1 (0x))]wij (Os1,)

< [y [ 8 CULHwu(r(s+ ) = wu(v($) | + ML) + o] ds
¢ Cr €N (i/f)

Ot y141
k+d—1 b
+ ) / Ki]-eAif“*S)[ y C?].l(zLH2+2MH)+2Mi]-]ds
e CueNi (i)
k4+d—1

+ 2 K;jehi(t- "m){ Y D@’(LH§S+M§S)+§S}
Cu €N (i)

t
SKgLH Y O [0 (95 + 1) — o (1() s
CueN:(ij) ¢

t
+Kij€£[ Y Cth+1}/ ehi(t=5) g

Cu €N (if) ¢
O 1141
ktd—-1 P
K[ X clemtamH)camy] Yo [ s
Cri €Ny (i,f) i'=k 0.1

k+d—1
+Ki]-§£[ Y. DI(LH+ M) +1] 2 ehii(t=6r41)
C €N (i)
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2K;;LH
- ZJT X G [Q(‘”l)(l—e i) + Hd(e™ ijéf_l)}
TN CueN (i)
Kij 2K (e Mite — 1
i~ CeNy (i) —Aij(1—e"7%) Lo, EN i.f)
1]€€ nl
1_6/\11'@[ Z Dij (LH+M)+1]

Cri €N (i)

foralli=1,2,...,m,j=1,2,...,n
As a result of the computations, we obtain

|Djiw(t +tp) — Djjw(t)|

<[ Y CHMH+ M) )i’ M Y DMMH+M]7ieeM” )

Cr€N(i,f) i Cu€Nr(if) e
i Hijle™ Mt 1) n Kije
+H Y Cij MH+M1]}—M+[ Y DiMH+ M| —=
CueN: (i) (=) T S 1=
2K;;
+|: Z Chl(LHZ + MH) + Ml]:| )\l] /\ ( )
Cu€Nr(if) Y
hl 2 2K;j Aii(a—c)
+| ¥ DU(LH*+MH) +Mij] A
N (i) T=e ™7
2K;:LH
+ Y e+ 1) —eM) + Ha(e Mot —1) | =L
Cr €N (i) 4
hl 1158 h (7 py2 2Kjj(e~ " —1)
+[ X cime] = +[ L cleH e MH) + M| =
CueNL(i) i CueN (i) —Ajj(1 =€)
K..
+[ X DYwH+ M) +1] ”gj_g
Cu €Ny (i) L=

forall t € [a,b].
In consequence, the inequalities (6) to (12) give that |®;w(t +t,) — ®jw(t)| < e for
€ [a,b]. Thus, ®(PD) C PD.

Next, introduce the norm |[w(t)||o = r?a)wai]-(t) ), i=
L)

1,2,...,m,j=1,2,...,n for functions defined on PD.
Let us show that @ is a contraction operator. If w(t), w(t) € PD, then

(Dw(t))ij — (Pw(t));
Z—/t wi(t,s) Y Cl[f(wm(v(s)wi(s) — f(@u(v(s)))@i(s)]ds

- Cri €N (i)
+ )Y wi(te+) ) Df}l[g(whl((?k))wij(ek)—g(whl(Qk))wij((?k)]-

—co< <t CreN; (i)
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Therefore, we have
[(@w(t))ij — (PW(t))s|
< [ ke (Lo fe(s) - w(s)

C €N (i)
+[@3(5) | (@i (7(5))) = @ (7(5)))])

+ r Ky ([g(wn(6))] [wi(s) — i (s)|

—oco< B <t

i) 18 0 (6)) — g (@ (90))1)

Youen, i) CH Yoen, hl
< Kij(M+LH)< hze_)\(i]) iy hie (j\])e o — 7).
l] - -

hl
The inequality yields || ®w — ®w||, < K;j(M + LH) (Echlgi\’;él]/) L4 ZC’”EN’A%) ) X

|lw — w||,. Therefore, according to the condition (C8), ® is a contractive operator.

Next, denote by [2,b], 4,b € R the interval [,b], if a < b and the interval [b,a], if b < a.

Let us prove the completeness of the space PD. Consider a Cauchy sequence ¢ (t) =
{¢fj(t)}, i=12...,mj=12...,n1=12,...,in PD, which converges to a limit
function ¢(t) on R. Fix a closed and bounded interval | C R. Denote 6y, k =r,r+1,...,r +
m’, the points of discontinuity of ¢(t) and ¢'(t), and Glf = Opi1, — tpk=rr+1,...,r+m,
the points of discontinuity of ¢(t + t,) and ¢! (t + t,) in the interval ], respectively. Let p
be a large enough number such that |9£ — 0 <ek=rr+1,---,r+m'. Because of the
convergence of ¢! (t) we have that |¢;j(t + t,) — (/)Il»j(t +1tp)| < §and |¢ll-]-(t) —¢ij(H)] < §
if I sufficiently large. Since ¢'(t) € PD, for sufficiently large p we have that |gbfj(t +

ty) —(pll-j(t)| < gfort ¢ [Gk,Glf],i =12,...,mj=12,...,n and |9]f — 6] < €,k =
r,r+1,...,r+m'. Thus, for sufficiently large p, land i = 1,2,...,m,j = 1,2,...,nitis
true that

i+ tp) — i ()] < |yt +tp) — PL(E+ )| + @ (E+ tp) — PL(1)] (13)
IgL(E) - gy ()] < e
forall t ¢ [0f,0], and |6} — 6| < e,k = r,r+1,...,r+m'. Thatis, ¢(t+1t,) — ¢(t)
uniformly in B-topology as p — o0 on J. So, the space PD is complete.
According to the conditions (C1)-(C8) operator @ is invariant in PD and contractive.

Consequently, by the contractive mapping theorem there exists a unique bounded on the
R discontinuous Poisson stable solution ¢(t) = {¢;;(t j )} of the SISICNN (1). O

Theorem 2. Assume that the conditions (C9) and (C10) are valid, then the unique discontinuous
Poisson stable solution of the network (1) is globally asymptotically stable.

Proof. Theorem 1 implies that the network (1) has the unique discontinuous Poisson stable
solution.  Therefore, it remains to prove that the solution ¢(t) possesses the
asymptotic property.

Let us give our attention to the stability analysis of the solution ¢(t).
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Denote yij(t) = zij(t) — cpi]-(t) foreachi =1,2,...,m,j=1,2,...,n, where zij(t) is
another solution of the system (1). Then y;;(t) will be a solution of the system (A2) and
thus it is true that

lyii(t)] < K;'jEA"f(tftU)\]/ij(to)|
[ Kgeh C [Uf () + (v ) i 0

C €N (i.f)
+If Wii(v(s) + pij(v(s))) — f(¢ij(7(s)))||¢ij(s)qu (14)
+ Z Kije/\i/(t_ek) Z Dzhj [‘g( (ek) + ¢1](9k))||y1](9k)|
to<Oi <t CieN:(i)f)

1203 (8k) + $31(66)) — 2(3(66)) 1935(5)] |,

0 < K lyto) + [ Ky 5 O [Migy(s)] + Ll (0
ChIGNy(,])

+ Y Kttty D} [M]y;j(6¢)| + LH|y;(6¢)|]-

to<6p <t Cr €Nk (i.f)

Hence, according to Lemma A2, we find

()] < Kyl r) [ K508 Gl Mgy ()] + LHNg (9]
CreN; (i)

+ Y Kyttt Y DY [Mly;;(6x)| + LH]ys(6x)]

f0§9k<t C;,[GNr(i,j)
t

< Ky lyy ()| + [ MY Cl M+ LHNy] [y (5)
fo Cur €N (i.f) !

i 2 Kije)\ij(tfek) Z Dhl [M + LH] |y1] (Gk)‘
t<O<t Cr €Ny (i,f)

where Nj; is determined by formula (5), and multiplying by e i, then using the Gronwall-
Bellman Lemma [29], one can obtain

Aij+[M+LHN;; M M4 LH Dl ) -
lyi(#)] SKz‘jlyz‘j(to)e( A i Dy env i) G + g mIMALH] Ty envip Py ) (t=to)

This inequality means that

|zij(£) — i (1)
Aii+[M+LHN;; c’“+ In[M+LH (i f—t

<Kij|Zij(fo)—<Pij(to)|e( ! i1y e "l IEcyenrii P )( V), (15)

From the condition (C10), we reach the conclusion that the Poisson stable solution
¢(t) of (1) is globally asymptotically stable. The theorem is proved. [

In the next examples, we illustrate the results of the paper.
Example 1. We will construct a Poisson stable function. Consider the logistic equation
@py1 = g (l — @), k € Z. (16)

in the interval [0,1]. For each u € [3+ (3)'/2,4], the equation has Poisson stable solution
Tk, k € Z [23]. That is, there exists a sequence I, — oo, p € N, which satisfies ‘TkHP - Tk’ — 0as
p — oo, for each k in finite set of integers.
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First, we specify the discontinuity moments as follows
O =k+7, kecZ, (17)

where T, k € Z is the Poisson stable solution of (16). Since T, k € Z is a Poisson stable sequence,
there exists a sequence I, — oo, p € N, which satisfies |9k+l,, —0k| — 0asn — oo for each k in
bounded intervals of integers.

Let us show that 0,k € Z is a Poisson stable sequence, with t, = I, for each p € N. We
have that

9k+lp —fp _Gk‘ = ‘k+lp+Tk+lp —Zp —k—Tk‘ = ‘Tk-i-lp —Tk’ —0,

as p — oo, k € 7Z for each k in finite set of integers.
Consider the following integral equation defined by

t
o) = /f 0 e R,

where Q)(t) is a piecewise constant function, which is determined by the equation Q(t) = T for
t € [0k, 0ki1), k € Z, on R. O(t) is bounded function on the whole real axis which satisfies

sup|©(t)| < 1/3 (Figure 1).
teR

0.1001 -

& S:I[FI[[_F/_[[[_MMM,\“FMW\I\MW

0.0999 -

0.0999 - )
0 10

t

Figure 1. Discontinuous Poisson stable function ©(t).

Let us check if the function ©(t) satisfies the Poisson stability condition. Consider a number

€ > 0 and a bounded and closed interval [w, B]. Assume, without loss of generality, that o and
are integers. Choose (¢ > 0 and v < a, which satisfy %6’3(”"7) <5, %Qe 1—e 37| < s
and %(e%e —1) < §, where v € Z. Moreover, let n be a large natural number such that
Ot +tp) = [Q(E)] < Ge on [y, B].
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Then for all [, B, we obtain
O(t+t,) — O(t)| = |/ O(s +1,) — Q(s))ds]
< |/ Q(s +t,) — Q(s))ds|
+|/ e30-9(Q(s + ) — Q(s) )ds|
v
ktd—1 91/+1+1p tp
A [ Qe+ ) - 0)ds|
i'=k 0.
y ktd—1 1+1+Ip t
g/ tSst—i—/ 3(t=5)7 ds + Z / —3(t=s)2 45
0111
< 23 4 %ge[l _ e 4 g(esge _1)
€ ¢
< — — —_ =
=3 + 3 + 3 €
Thus, |©(t +t,) — O(t)| — 0as n — oo uniformly on the interval [a, B].
Example 2. Finally, let us consider the SISICNN
dx;i(t)
% = ayxii(t) — Y CH Flom(r(5))xij(£) +vi(8), £ # 6,
Cr €Ny (i,f) (18)
Axij — bijxij(06) + ) - D g (x (05)) i (6k) + e,
Cr €N (i.f)
where m = 2,n = 3, the rates of the cells activity are given as follows: a1; = 0.2, a;p = —0.2,
a3 = —0.1,ay1 = —0.2,ap0 = 0,423 = —0.1,b11 = e 12— 1,bpp = e 06 1,b13 = e 06 1,

byy = e 18 —1, by = 798 — 1, byy = e712 — 1, and the coupling strength of postsynaptic
activity are given by

C; C;Z Cf ~ /003 007 0.04
'ococ? ) 002 005 001 )

Dll D> D\ /006 003 001
2]1 iz 53 = ( 0.09 0.02 0.03 )
for each i and | such that the cell Cy, h,1 = 1,2,3, belong to the neighborhood Ni(i,j). As

activation and impact activations, we consider the following functions f(s) = 0.008 arctan(g ),
g(s) = 0.005 tanh( ), and the continuous-impact external inputs are given by
t) ovia(t) oviz(t) \ _ [ 0.320%(t) 0480(t) —0.5 0.270%(t) —0.1
) um(t) vas(t) ) T\ 0540(H) 0.1503(¢) —0.3 —0.490(t) — 0.2
h(t)  hioe(t) hige(t) \ _ [ —047+0.03 —0.67 057
() ha(t) hos(t) ) — \ 0272 —0.02 037 01z )

The argument function «y(t) = Cy is defined by the sequence &y = 6y, k € Z.

We checked that conditions (C1)~(C8) are satisfied for (18) with K;; = 2.5, M;; = 1.26 for all
i=12,j=123A1 =—-1Ap=—-08 A3 =—-07, Ay = =2, App = —0.8, Ap3 = —1.3,
L =0.0026, M = 0.013 and H = 12. Then there exists the unique discontinuous Poisson stable
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motion x(t) of SISICNNs (18). In addition, the asymptotic stability conditions (C9)—(C10) are
valid for this solution.

One cannot simulate Poisson stable solution x(t) since it is impossible to determine the initial
value precisely. Consequently, we will consider solution (t), with initial values y11(0) = —0.67,
lP]z(O) = —043, lP13(0> = 2.56, Y (0) = 0.25, 1.,022(0) = —842, IP23(0) = 1.26. Using (15),
one can obtain that ||p(t) — x(t)| < e 13||x(to) — ¥(to)||, t > 0. It means that the difference
x(t) — (t) is decreasing exponentially. So, the graph of W (t) approaches the discontinuous Poisson
stable solution x(t) of the SISCINN (18), as t increases. Then, we consider the graph of 1 (t) instead
of the curve of the Poisson-stable solution x(t). The coordinates of the function {(t) are shown in
Figures 2 and 3.

045 -0.415
-0.42 2
-05
-0.425 1
— il gl
-0.55
e S 043 =
-0.6 0
-0.435
-0.65 044 -1
0 50 100 0 50 100 0 50 100

0.27
0.26 [\

\
\
\
6
o o

S 0.
=025 [\
0.24 5 0
0.23 -05
0 50 100 0 50 100 0 50 100

t t t

Figure 3. The ¢ — ¢ — 3 and ¢4 — 15 — P space coordinates of (t), which converges to the
Poisson stable solution x(#) of the SISICNN (18).

4. Discussion

The advantages of the SISICNNSs under study lie in the following factors: the impulsive
part is symmetrical to the differential equation; the inputs/outputs of the system are
Poisson-stable functions and the derivatives of the sequences of discontinuity moments are
Poisson stable; and there is a presence of a generalized piecewise constant argument.

It is known that many processes studied in applied sciences are described by differen-
tial equations. However, in many phenomena that have a sudden change in state [40—42],
the situation is completely different. The mathematical models of these processes are impul-
sive differential equations. Thus, we are to study the dynamics of continuous phenomena
with sudden interruptions. There are many weighty theoretical and practical results on
impulse differential equations [11-13,26,40-42]. Previously, many models of impulsive
neural networks were considered, where the impulsive parts are analogous to their differ-
ential parts [11-13,43]. Thus, the study of neural networks, in which the equations for the
impulses are of the same structure as differential ones have not been practically considered.
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In this paper, we have removed the deficiency. The symmetry of the model allows to study
in detail the state of the network when sharp jumps occur, which makes it possible to
explore complex models of impulsive neural networks. Note that such symmetry of the
impulsive part can be used not only for SICNNSs, but also for impulse models of neural
networks of the Hopfield type, neural networks of the Cohen—Grossberg type and those of
the inertial type.

In this paper, by continuing the line of new types of oscillations for impulsive models
of neural networks, we considered the discontinuous Poisson stable motions of SISICNNSs.
Poisson stable and unpredictable motions of SICNNs have been researched in several pa-
pers and books [20-25]. However, neural networks with impacts have not been considered
for Poisson stability yet.

Differential equations with piecewise constant argument [26,35,36] occupy an inter-
mediate position between ordinary and functional differential equations. There are many
significant results for neural networks, which are separately either impulsive differential
equations [11-16] and equations with generalized piecewise constant arguments [27]. In
this paper, SICNNs were investigated with both impulses and piecewise constant argument.

5. Conclusions

The paper proceeds with the research of oscillations in neural networks and considers
Poisson stability. The principal novelty is that the SICNN is symmetrical. That is, the
structure of the impulsive part is analogous to the differential equation since circuits for
electrical processes happen shortly and have to mimic those with continuous time.

The new model as well as the type of recurrence provide challenges in the analysis
of the neural networks and proving of Poisson stability. Moreover, additional complexity
in the research is caused by the discontinuous argument. Conditions for the existence of
Poisson-stable discontinuous motions of SISICNNs are obtained.

The results can be effectively used in parallel image and signal processing, pattern
recognition [3-5,7-10], and different problems of control and synchronization in determin-
istic and stochastic processes [49-51].
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Appendix A

The following assertions are needed for the main result to prove Theorem 1.
Lemma A1l. Assume that condition (C4) is true, then the following inequality holds:
[uij(t +tp, s +tp) — u;i(t,s)| < %]«e’\’i(t*s), t>s, (A1)
bij)-

Proof. By applying (3) and (4), we have

where J;; = Kjjmax(1,

i (E+ tp, s + 1) — it 8)] < ‘e)\,-]'(tfs)(l+bij)i([5+tp,t+tp)) _e)\,-]v(tfs)(l_'_bij)i([s,t))’

S ‘e/\i"(t—s) (1 + bZ])l([Srt)> bij’)e/\ij(t_s)

'(1 + bi>\i([s‘*‘tv't"‘tp))_i([s/t))\ _ 1‘ < Kij max(l,
forallt>s,i=1,2,...,mj=12,...,n. O

Lemma A2. Assume that the conditions (C6), (C9) hold trueand (t) = (¢i(t)), i =1,2,...,m,
j = 1,2,...,nis a piecewise continuous function with |¢;;(t)] < H. If y(t) = (y;(t)),
i=1,2,...,mj=1,2,...,nisasolution of the following system

vyt = agy = 8 Cl[Fum(r(5) + ew(v(£))yi(®)
Cu €N (i) (A2)

+F (v (1) + u(r(1) = Flem (O],

then the inequality given by

lyii (v ()] < Nijlyi(#)] (A3)

is satisfied forallt e R, i=1,2,..., mj=1,2,...,n.

Proof. Fixk € Z, thenfort € [0k, 0;y1),i=1,2,...,m,j=1,2,...,n,

v = vy@) + [ (awa®+ X CHFOu () +ou(r()y (o)

& C €N (i)
+F i (r(9) + o (7())) = f( (v (I)pi(5)] ) s,

and consider the cases:
(@) O <Gk <t <Oky1 and  (b) Op <t < G < Opy1.
In the case (a), fof t > {}, we can write that

t
lyii ()] < 1y (8| +./ <|ﬂij\|yij(5)|
Ck

+ Yy o [|f(3/hl(7(5)) + o (v ()i ()]

C €Ny (if)

(v () + o (1)) = F@ua (v () (5)1] ) s

t
<lyg@)l+ [ (lagllvg@1+ X Cl [Mlyy(s)] + LHIy(&0)l] )ds

ék ChIGNy(i,j)
t

Slyij(ék)\(lJrLH@ Y C,}'}l>+/(|ﬂij\+M Y. CZI)\%]‘(S)WS

Cu €N, (i,f) & Cu €N, (i,f)
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foralli=1,2,...,m,j=1,2,...,n. If we use the Gronwall-Bellman Lemma, we obtain

_ il +M i Cl) o
(0] < (@l (1+LHE Y Cgl)e(aﬂ oyenon 4 )
Cr €N (i/f)
In other respects, we have that

t

lyij(Sk)| < |yz‘j(f)|+/ (|ﬂij||yij(s)|+ Y. CZZ[\f(yhl(V(S))+¢h1(’Y(S)))||yij(S)|

& Cu €Ny (i)
HLF o (7(8) + P (v(5))) = F(Pua (7(5))) 19 (5)] | ) s

t
<ty + [ (gl + ¥ Cl [Mlyy()| + L]y (@0 ] ) ds
& Cri €N (i)

t
§|yij(t)|+/[(|ﬂij|+ Y CEZM>\]/1‘]'(S)|+LH Y C?jl|yi]’(€k>|]d5
Ck

Cr €Ny (i) Cr €Ny (irf)

t
A ij +M ii Clhl 9
<yl + [ [(lagl+M ¥ cf)(1+LH8 YT Cz"}l)e(m" Eeyen i 4 )
Ck Cr €Ny (i) Cri €Ny (1))
+LH Y Cllyg(@olds
ChIGNr(i,j)

foralli=1,2,...,m,j=1,2,...,n.

Therefore, condition (C10) yields that |y;;(v(t))| < Njjly;(t)], fori = 1,2,...,m,
j=12,...,n,t € [060c1) k € Z. Hence, (A3) holds for all 6y < & <t < 0,1, k € Z.
In the second case (b) where 6y < t < §; < 6;41,k € Z can be proved by using a similar
approach. Thus, the inequality (A3) holds true for all t € R. The lemma is proved. [
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