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Understanding the structure of graphs and the interplay between their parameters is a fundamental question that has been actively researched over the last century. Indeed, graph theory has played a prominent role in discrete mathematics, but has also created connections with other areas such as topology, dynamical systems theory, and category theory. In addition, graphs are also known for their wide applications in other sciences, including computer science, biochemistry, electrical engineering, or social sciences. This Special Issue contains 11 papers that develop knowledge on structural and algorithmic graph theory from several angles. The range of topics covered in this issue include the structural graph parameters of domination, pancyclicity, zero forcing numbers, and connectivity, as well as algorithms for graph clustering, clique traversals, finding fuzzy paths, independent sets, and analyzing Petri nets.



1. Structural Graph Theory


In [1], Poklukar et al. study the double Roman domination number. Motivated by the task of organizing military supervision, this number assigns a rank in   { 0 , 1 , 2 , 3 }   to each vertex, such that each 0 rank vertex is adjacent to a rank 3 or two rank 2 vertices, and each 1 rank vertex is adjacent to a rank 2 or 3 vertex. The idea is that low-rank elements should be surrounded by enough high-rank neighbors in cases of need. The authors provide several bounds on the double Roman number of multiple variants of the generalized Petersen graph. Then, in [2], Muaengwaeng et al. provide new results on the pancyclicity of graphs, which ask whether a graph contains a cycle of all possible lengths. In many cases, conditions that are sufficient for Hamiltonicity are also sufficient for pancyclicity. The authors study a graph class, the n-generalized prisms over skirted graphs, that was recently shown to be Hamiltonian, and show that pancyclicity also holds.



In [3], Gomez et al. provide a complete characterization of graphs with zero-forcing number 2. These are graphs in which we can find a set S of two vertices, such that the following procedure ends with S containing every vertex. As long as some element of S has exactly one neighbor v outside of S, v can be added to S. The zero-forcing number of graphs was introduced 15 years ago, but the small zero-forcing number had not yet been understood. Nichiata then brings graph theory to geometry [4]. The author states the following theorem from the literature: if three circles of radius r intersect at a point and each pairwise intersect at another point, then there is another circle of radius r that contains these pairwise intersections. The author then asks the more general question: if objects   x , y  , and z have certain geometrical properties, does another object w exist with the same properties? Graph diagrams are then used to prove several extensions of the theorem. In [5], Santra et al. study semi-ring valued graphs, which depict order relationships between elements of a semi-ring, and are known for their highly symmetric structure. Several parameters of semi-ring graphs have been studied before, but the authors are the first to provide results on the connectivity of these graphs.




2. Algorithmic Graph Theory and Applications


In [6], Lee is motivated by network routing applications and studies the k-maximum clique traversal problem, which asks for a smallest set of vertices that contains k vertices of every maximum clique. As the authors show, although there is probably no fixed-parameter algorithm for this problem in terms of the size of the set, the problem is shown to be fixed-parameter-tractable under the treewidth parameter. Zhang et al. then propose an application of graph theory in robot motion control [7]. They describe how a robot assembled by joint and link modules can be modeled as a graph that is able to describe the set of all possible reconfigurations of the robot, as well as the paths to undertake to reach certain configurations. Then Klobučar and Manger [8] focus on the problem of finding a maximum weight independent set in a tree. This can be easily achieved through a classical dynamic programming procedure, but here the authors model the weights as intervals to introduce uncertainty. The objective then becomes one of finding the min–max regret, which is shown to be NP-hard but admits approximation algorithms. In a similar vein, Valdés et al. study the problem of finding the shortest paths in graphs with fuzzy cost functions on the edges [9]. A fuzzy extension of Dijkstra’a algorithm is proposed and its performance is assessed experimentally.



In [10], Rezig et al. study Petri nets, which are used to model the execution flow of programs using graph theory. The problem of deciding whether a certain configuration of the Petri net can be reached is crucial in order to verify whether a system cannot reach unwanted states. However, the problem is computationally demanding, and the authors propose an approach based on region separation of the Petri net, since smaller regions are easier to analyze. Finally, Bardu in [11] proposes a novel graph clustering approach designed specifically for the partitioning of texture images into similarity classes.



In conclusion, this issue should be of interest to either mathematicians interested in the structure and symmetry of graphs, to computer scientists who design graph algorithms, and to applied scientists who can model their problems of interest using graph theory.
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