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Abstract: A linear canonical S transform (LCST) is considered a generalization of the Stockwell
transform (ST). It analyzes signals and has multi-angle, multi-scale, multiresolution, and temporal
localization abilities. The LCST is mostly suitable to deal with chirp-like signals. It aims to possess
the characteristics lacking in a classical transform. Our aim in this paper was to derive the sampling
theorem for the LCST with the help of a multiresolution analysis (MRA) approach. Moreover, we
discuss the truncation and aliasing errors for the proposed sampling theory. These types of sampling
results, as well as methodologies for solving them, have applications in a wide range of fields where
symmetry is crucial.

Keywords: linear canonical S transform (LCST); multiresolution analysis (MRA); sampling theorem;
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1. Introduction

R. G. Stockwell et al. in [1] studied the generalized version of the integral transform
called the Stockwell transform or S transform (ST).

(t=¢)

S[f] (6/ E) == /_O:Of(t)\/|;|7n3_ 2252 e—i2m§tdt.

The uniqueness of the ST lies in the fact that, on the one hand, it provides a frequency-
dependent resolution, while on the other hand, it maintains a direct relationship with the
classical Fourier spectrum. Hence, it is used in wider applications in electrocardiograms,
seismograms, power-quality, and sound analyses for detecting and interpreting events
in time series [2-5]. The LCST was developed by Zhang et al. [6] in 2011 to provide a
time linear canonical domain representation. The LCST aims to possess the characteristics
lacking in a classical transform. Various types of transformations have been constructed
using the LCT in recent times. For a further look at these constructions, we refer the readers
to [7-14] and the references therein.

We introduce the sampling theorem with error estimations in this work (based on the
LCST). The sampling theorem defines the rate at which a constant time signal is sampled so
that the data from the end signal is utilized. In other words, data loss during this process
should be zero [15-21]. It helps to recover the continuous-time signals from those of the
sampled signals (due to the availability of natural values of time signals at a predetermined
rate in reconstruction). However, there is a drawback, i.e., an infinite number of samples
is needed for the perfect reconstruction process. A nice and useful feature of sampling
is that it measures sampling frequencies at an accurate rate. To reduce the complexity of
computing the information, it is necessary to limit the sampling frequencies, which are
required to diminish the measured information. However, there is the threat of data loss
in the signal whenever we choose a low sampling frequency. Hence, the need of the hour
pertains to the trade-off between these two limits. The highlights of our contribution are:
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¢  To develop a sampling theorem in the linear canonical S transform domain via the
MRA approach.
¢ To introduce truncation and aliasing errors for sampling.

The findings of our work can be best utilized in symmetry. The remainder of the paper
is organized as follows. In Section 2, we discuss some preliminaries that are required in
subsequent sections. In Section 3, we introduce the sampling theorem for LCST associated
with the multiresolution analysis (MRA). In Section 4, we discuss the truncation and
aliasing errors for sampling.

2. Preliminaries
2.1. Linear Canonical Transform (LCT)

For a uni-modular matrix M = (A, B,C, D), the linear canonical transform of any
function f € L%[R] is stated as

/Rf(t) K (t, w) dt, B#£0

iCDw?

LM[f] (w) =
ﬁexp{ 5 }f(Dw), B=0,

where Kj(t, w) is called the kernel of the LCT, which is shaped as

1 (A2 — 2t Dw?
Ky (t,w) = T exp{l( 2;)—'— @ )}, B #0.

note that for B = 0, the LCT defined by Equation (1) reduces to the chirp multiplication
operator and is of no use to us. Hence, for the sake of brevity, we set B # 0 in this paper,
unless stated otherwise.

The inversion formula for the LCT is given by

£(1) :/RLM[f] (w)Ky (5 w)dw, B #0.

2.2. Linear Canonical S Transform (LCST)

The linear canonical S transform (LCST) is a hybrid of the S transform (ST), which is
an extension of the LCT and the ST, given by

SUIAIEe = [ 08— LeKu(t e
. o i(Af? — 2te + De?)
= —— | 3@ 1o 2B dt @)

where g(¢ — t,¢) is a Gaussian window scalable function of frequency ¢ and time ¢, and is
given by

G-ty = o o
—t,€) = ———e 8meks
g 2kt 21

If we take M = (0,1, —1,0), the LCST given by Equation (2) reduces to the novel S
transform.
Letus assume thath(t, ¢, €) = g(t —¢,&)Kp(E, t), then we can introduce a new function

Hpm(e, ¢, ¢'), given by
HM(EI(:/C/) :/Rh(t/C/S)KM(C//t)dt‘

and, thus, with the help of this new function, the LCST defined in (2) can be written as

SUIfI(Ee) = 5'E0) = [ L' (@) Hu(e g, )z,
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where S ;VI (&,€) and Lj‘/[ (&) represent the LCST and LCT of the signal f(t). Now, we shall

introduce some notations and definitions that will be used in derivations conducted in later
sections.

2.3. Notations and Definitions

The notations used in this paper are presented here for a better understanding of the
proposed technique.

e L'[0,27]: denotes the space of absolutely integrable functions on [0, 27t].

e L2[R]: denotes the space of all square integral functions on R.

e (?[Z]: denotes the space of all square-summable sequences on Z.

e a[n]: represents the discrete signal.

*  H:represents the finite-dimensional Hilbert space, whose every basis is a Riesz basis.
e xc(x): denotes the characteristic function of a subset E C R.

In the next section, the multiresolution analysis (MRA) associated with LCST is discussed,
which will give the time and frequency information simultaneously.

2.4. Multiresolution Analysis

A technique for the L?—estimation of the function with arbitrary accuracy is known
as MRA.

Definition 1. A multiresolution analysis (MRA) associated with LCST, as defined in [22], is a
sequence of closed subspaces {V]M 1jE Z} of L?[R], with the following properties:
(a) V]-M - V]Afl forall j € Z;
() Ujez VjM is dense in L? [R]
(€ Niez V]M = {0}, where 0 is the zero element of L* (R);
d f(t) e V]-M if and only iff(Zt)e""A((Zt)Z*tz)% € V]ﬁfl forall j € Z;
i A2
(e)  There exists a function ¢ in L2[R], such that pM(t) = go(t)e% belongs to VM.

The function in (d) is known as a scaling factor of the given MRA {V]M 1j e Z},
assuming that the set of functions is a Riesz basis of the subspace V. In (e), ¢ € L2[R] is
such that {(pé\ff)\ =¢(t— A)e’i”A(tz’/\z)% }AEZ' obtained by modulation of ¢(t), forms an
orthonormal basis for subspace VéVI. The modulated function mentioned in (e) is known

as the scaling function of the MRA subspace {V]M jez } Let us accept that sequence
{goéAA tA € Z} is a Riesz basis:

VOM = { Z a[n}goéfl/\(t) ca[n] € EZ[Z]}.

AEZ

Theorem 1. Let ¢(t) € L2[R] and VM = span{(péw/\ = ¢(t —/\)e_i”A(tz_)‘z)%}A 2 then
- €

{goéﬁ }AeZ is a Riesz basis of the subspace VM of L2[R|, if there exist constants 0 < A < B < 40,

such that
A<H: (G e) <B,  Vieel0,2nB],

o 1/2
> ®)

where

Hom(G e) = (i‘@(g 4 27k, B +27rk)

—00
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satisfying the condition
0 <[[Hom(G &)l < [IHgm(E e)llks1 < co. )

where O (%, sB) denotes the ST of the canonical scaling function ¢(t), where the arqument is
1
B

scaled by (5 ) and B with respect to frequency and time axis.

Proof. The proof of the theorem is present in [22]. O

It is clear that ¢(t) is orthonormal if A = B =1, i.e., Ho,m(C, €) = 1, where ¢ € R and
each VkM is called a multiscale subspace of LCST. Let {qoéw/\ : A € Z} be the orthonormal

basis of VM then ¢(t) is orthonormal. Assume that the LCT scaling function ¢(#) is an MRA
of {VM: k € Z},then {9}, : A € Z} is the Riesz basis of VM [22]. As ¢, ¢ VM c VM is
true for all A € Z, there is a sequence g[A] € (%[Z], satisfying

%A Z gl ‘PlA

A=—0c0

for simplicity,
inAl? (7]

PM (1) = 28925t —A)e B

Suppose p[n] € £2[Z]; if {¢{", () : A € Z} is the Riesz basis of S}/, ¢(#) is the canonical
function of MRA {VM : k € Z}. Hence, for any f(t) € VM, = S¥ & VM, then there exits
b[A] and c[A] in ¢2[Z], such that

= ) blAl + ), clA

AEZL AEZL

where {c[A] : A € Z} are the LCST coefficients of f(t) in SM. Subsequently,

o(jor)-~(5)0(5)
w(Ga)-r(5)o(52) ©

Here, CID(% ) and ‘P(g sB) are the STs of ¢(t) and ¢(t), respectively, with the

arguments scaled by 1 g and B for the frequency and time axis, respectively, where

&\ 1 Al ikl
A(ZB = 7 Z g[A]e ™ Bl 2B

AEZ

and

and

g 1 17T 6 Z7TA2
I’(2B> = 72 Z p[Ale 27T o170 5B

AEZ
are defined in L®[I]. For any T € Z" U {0}, iterating (5), we have

2°¢ o 4
<I>( B ,2 eB) (C)CI)(B,SB>, (7)
where Yo (&) = 1and Y(&) = H;;(l)A (27%) T > 1. It can be verified that

Yr(2) = Ye(& +27B) € L[1),

now let us define Dy = sup Y-(¢)



Symmetry 2022, 14, 1416 50f 16
-1 T(’;’
D = ﬂsupA( >, T>1. (8)
since, sup A (2ch§) = % sup A (%) ,; therefore, from (8), we have
-1
- NZT 4
Dy = ﬂ 5 supA(B)
=0
and can be defined as
F 2T7§ T T+1 T T+1
P, ,2%¢ ZCD +2 krt,2%eB + 27"kt 9)
B keZ
adding (5) and Poisson’s summation formula of the ST results, we have
~ 2T(: T +1 T+1
o =2,2%¢B Oy @3 § ok, eB 4 27k
B keZ
o 27 o
D (B€'2T€B> =Y. ({)P (g, sB) , (10)

where & (%, SB) represents the discrete-time ST of ¢[A], being the sampled form of ¢(t)

with the argument scaled by 4 and B for the frequency and time axis.

As the sampling interval (or sampling theorem) plays an important role in MRA, the
sampling theorem of LCST (based on the approach of the canonical scaling function of
MRA) is discussed in the next section.

3. Sampling Theorem of LCST

In this section, the sampling procedure in the sequence of subspace VM for the stable
generator function ¢(t) is a set of L?[R] and a Gaussian function g(t, &),; its function space
is defined as

- 2 flAlp(t —A)g(t, é’)e—inA(tZ_(A)z)%’

AEZ

where f[\] € (?[Z] and g(t,&) < 1,€ R. We consider f(t) as a pointwise convergent
because

2 f (f g) 717TA(t2

AEZ

2
(2 FUR Y ot - AR T |g<t,¢>2>.

AEZL AEZL AEZ

hence, without loss of generality, any continuous function f(t) € V* can be considered for
the sampling. Now, let us begin by presenting the sampling theorem for the LCST.

Theorem 2. Suppose generator functions ¢(t) and g(t, &) belonging to L2[R] are the canonical
scaling signals of MRA {VM : k € Z} related to the LCST and its sampling sequence ¢(A), which
is an integer of ¢(t) belonging to ¢?[Z). Then a continuous function s(t), which is a set of L*[R],
can be defined with s(if)e_i%t2 € VM, such that

= Y fln/2%)s (2 — n)g(t, &)e P02, (11)
NEL
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where T € 7 U {0}, and for all f(t),g(t, &), are sets of VM. Equation (11) holds if

1
—— A0 (§) € L2(D). (12)
V21 (§,eB) Y )
moreovet, the function s(t) in (11) satisfies
®(§,eB
5(‘:,33) - (B> & e € Dy, (13)
B V27 d(§,¢B)

where S (%, sB) and @(%, eB) represent the ST of s(t)and ¢(t) with the argument scaled by &
and B for the frequency and time axis, respectively.

Proof. Let us assume that (12) is true; hence, d>( ) # 0, holds for a.e , e in D+, by [22];

we have a sequence a[n] € (?[Z], such that

1 mA— —127'(5 BH* (14)
m&)(%,g )XDT )\gz/\;z (.”fé’ g)

holds in the L2[I] sense. As (%, SB) is periodic with period 27rB, (14) can be written as

2
CD(%,EB) Z Z +2k7‘[,€B+2k7T>
AL |0 50 ol | N L X0, (2 €)dE.
27T (%,E ) kezkez’! \/ZHQJ(%,SB)
now applying (3), the above equation becomes
2
| e H2 ()
B M\G/
QXDT(C,e) d¢ = / e XD, (6, €)dg. (15)
7T (E,EB) I \\/27TCI>(§,EB)|2

from (4) and (15), we can establish

2
®(§,¢B) ,
— ,€)| dg = (&, 0)dE || HE \ (2, 0)]|,
R P (%/53) XDT(g 8) g /I|\/Eq~)(g,53>|2XD (g E) g” q),M(éc ‘C')H
c 1 . ¢(%/€B) 2 .
which implies that m XD, (¢, €) € L*[R]. Thus, we can obtain
S(g,sB> _ S{s(t)}(i,sB)
®(§,¢B)
= —_— ,€), 16
xp. (&, )Fq)(B,gB)XDT(C €) (16)

where S is the ST operator. Further simplifying, we have

@(g,eB>XDT(§,£) = Vz?s(i,w)é(é,sls). (17)
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now inserting (14) into (17),we obtain

S<C’€B) ( 83) Y Y FINe™AE e 8, 8). (18)
B AEZ AEZ
next, by the relation between LCST and ST, we have

SM{s(H)e A5 V(& ¢) = VIR A ™ S{s(1)} (g,eB) (19)

substituting, (16) and (18) into (19) the LCST of the modulated signal can be written as

W<1><813>2 Y alA]Km(E,A)

AEZ AEZ

= V2mAm(Ee)® (g SB)

SM{s(t)e AT }( )

where A (&, €) represents the DTLCST of a[A]. Implementing the semi-discrete canonical
convolution theorem [23], we have

AT (42 2
S 717rA7 Z (P t— ﬂAE(t —A ),
AEZ

2 .
where s(t)e’”TA% eVMas p(t— A)e”AF(tZ”\Z) is the Riesz basis of V. Now, adding (17)
and (8) results in

Y (&)D (g, eB))(DT(C,s) =Y (&)V2rS <g, sB) o (g,w) . (20)
implementing (7) and (9) in (20) and scaling by 27, we have
g eB g
<I><B,£B =V2nrS 2TB o d; 5 eB ). (21)
making use of Poisson’s summation formula of the ST from [16] in (21), we have
= (¢ > 1 [ A } —iomE L
(o ( ,€B pl=—|e B, (22)
B’ 2T AEZ 2t

applying IST on both sides of (22)

=) q)M (27t = A). (23)

AEZ

now for any function f(t) € VM, there is a sequence d[k] € ¢2[Z], such that

t) = Y dk|g(t — k)e AR, (24)
keZ
from (24) and (23), we have
=) dK )}, qv{ ]S{ZT t— k) — AYe AR5 (25)
keZ AEZ

setting A = 2%k + 77 in (25), we have

Z 5 2Tt+17 Zd { } —imA(t?— kz)% (26)

AEZ keZ
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using (24) above can be rewritten as

= Y dK|g(A — k)e ARG, 27)
keZ

therefore, {f[A] : A € Z} is well defined as d[A], p[A] € ¢?Z. This satisfies the condition of
convergence, i.e.,
f[n] — Oas[n] — oo.

Let Ap (¢, €) represent the discrete-time LCST of d[k]. Ay (&, ¢) and & ( %, eB) belong
to L[I], thus,

—ir %
AM(ﬁ,e)CT><C,eB> 2me” "7 e L. (28)

B) i

evaluating the Fourier coefficients in (28), we have

.22
N R L
M/IAM(C,s)d)(B,sB> ————¢'"Bd(.

iA
=%

substituting the expression of A(&, ¢) in terms of d[k] in the above expression results in

By/1 ’A /IkeZ

substituting the expression of Ky(&, k) in (29), it can be solved as

Y dik A — KA = flu]e ™A

keZ

( sB> K (&, k)= o2 (29)

as A — ZAT in (27) gives

2] = S atto( 2 1) s Gl -

keZ

however, if (30) is substituted in (26), we have (11). This actually proves the proposed
sampling theorem presented in (11). Let us suppose that s(t) E L?[R] with s(t)e —inAlg €
VM, such that (11) holds in L?[R]. It is clear that ¢(t)e ~inAly € VM; therefore, taking
go(t)e’i”A% for f(t) in (11) gives

. 2
(P 7171Af 2 P |:2T] Zrt + m)efmA%_ (31)
AEZ

with the help of LCST, (31) becomes

<I><g,eB> = m&(i,w)s(zg}g,;ﬁ). (32)

modifying by using the scaling operation, we have

@(2;6 ) Fcb( sZTB>S<g,sB). (33)
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applying (7) and (10) into LHS and RHS of (33), we obtain
S ¢B) = von 5 (& ¢
Y- (&)D B,sB = V2aY ()P, B,sB S B,eB )
solving the above equation yields
: @ <B)
S(B,SB> =— (34)

V2o (5e8)’

which proves the expression of the interpolation function, defined in (13), which is true
V¢, e € Dy, Therefore, (34) can be written as

ey (i)
S<BISB> = \/WXD,(QS)' (35)

™

as S (%, eB) € L?[R], then by using (4), the bounds of the square summable function of (35)
can be defined as

0 < [[Hypm(E &)k < [[Hpm(E,€)l[5s1 < oo

hence,
2
£,¢B
¢ B\ @(5.<5)
/S(B,sB N Z/ N
R kez’! \/27td>(§,sB>
H 3 (Z,€)
@M=
= - XD, (¢, €) < oo.
/I |\/27T<I><%,£B>|2 !
therefore,
1
0 < [Hom(@ ol [ —— X0, (8,8) < oo. (36)
’ 1V2rd(§,e))2"
1
Expression (36) asserts that — XD, (G, €) represents a square integral
|\/27r<1><%,eB)|2 !
function. Thus, - xp,(G,€) € L2[I], as L?[I] represents the space of all square

V27 (§,eB)
integral functions on I. Thus, the condition for the existence of the sampling theorem for
LCST, defined in (12), is proved. O

4. Error Estimation

Error estimation is important to study. So, we devote this section to the study of
truncation and aliasing errors.

4.1. Truncation Error

The truncation error can be expressed as

e(t) = Z f{;]S(ZTt — /\)g(t,é)e_m”(tz—(%)z)%, )

IASN

where f(t) and g(t, &) are a set of VM.
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Theorem 3. Let ¢(t) € L2[Z)] be a continuous scaling function of MRA {VM : k € Z} alongside
the LCST, then the sampling sequence { (M) : A € Z} € (*|Z] and ;XDT € L=[I].
2%@(%,%)

Then, the truncation error is bounded by

_ Al (A N\ Hem(C e
lelle <272 | % [r]2]o(6) | | oo, 38)
>N q’(P/fB) .
Proof. By taking the LCST on both sides of (37), we have
Em(Ge) = SM™M{e(t)}(Ee)
o )t _ eB
AI>N
using Parseval’s Theorem [24], we have
2
2 _ ALY oz b o & €B
e = 55 | & poy [ ]s(Ze)emthermsans (5,2 az. oo

~ . 2
setting f[A] = f[A]e'™B ¥, (A, &) = g(A, &) and taking ¢’ = 2% in (39). Moreover, since

¢?C5TF is 27B periodic, we obtain

le(t)]17
2
A\ o] o(E ap) [
- p |z e i)
2 ! 2
~ _iomE (A2 ¢ /
Z/ y f[ ]g( ) 27 (3 ) ‘s( +2k7‘(,sB+2k7r) de
T 2B 2t
keZ’||A|>N
2 ! 2
iogE (A2 1 ¢
= f[ ] ( ,C> 278 (5 ) ( +2kn£B+2k7r) g, (40)
ZB/MZ;’N EAE kgz

making use of (4), (32), and by Parseval’s theorem of the DTST, (40) can be rewritten as

le(t) 1%
2
H2 (&)

B\ci:(%,s/B)P

xp, (&, €)de’

2

<Jlvm I { Jo(5 a;) | g L wxm@’,s@
e )

which validates (38). O
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£ e)

4.2. Aliasing Error
The aliasing error for any signal f(t) is a set of VM defined by

lea(DIF = f(5) = & |55 |s(@"t = mg(t, e ™G5, (41)

nez

Theorem 4. If (t) is the canonical scaling function of an MRA {VM : k € Z}, with the sampling
sequence @[n] € (*[Z] and WXDT(C,S) € L2[I] for some T € Z' U {0}, then the aliasing

error is bounded by

“eu(t)H%
)
. @(%—i—n,sB—i—n) ¢ ! ¢ 1-4;
< V2m2(THr)2 d[n][2 A W() {T()}
7 Pl {@(ngzemﬂ) w(spt (s
C € . g 1_57_51—1
xHom <2r+5f—1 1 21+5T—1> {HT—%A(er) }

where LCST coefficients of f(t) in WM are denoted by {d[A] : A € Z} and W(%) is defined in

([22], Theorem 3) as
A1) Ai+)

r(§) r(g+n).

Proof. Let us suppose that WM = VM @ VM is the direct complement of VM and VM,
from (11), it will be required to show that (42) satisfies for any f(t) € WM. Let ¢(t) €
L?[R], ¢(t) be set to W' begin the LCST coefficients of MRA {V }xcz, as o (t) = ¢(t —

A)e~imAP=A)E from the Riesz basis of WM, and d[A] € (?[Z], such that,

, (42)

f(Hg(t,&) =) dA]e(t— /\)e—iﬂA(tz—)\Z)%.

AEZ

let S}VI (¢,¢) denote the LCST OF f(t), Dy(¢,€) denote the discrete-time LCST of the

product d[A], and Gy(¢, &) be the LCST coefficients of g(t, ).
Taking LCST on both sides of (41) and using (6), we have

SM(E,)Gm(ed) = V2mDum(Z,e)¥(E,e)
— \/EDM(g,gyp(g SB)F<§>. (43)

2B’ 2

taking the LCST on both (41) and (32) gives

seosaen i EAR(E (oo )

AEZ
S}VI<€,£>GM(£’ &) —V2m2 7" A%:Zf[;}g<;/§) Ku (g/ ;)
G €B
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where EM (&, ¢) denotes the LCST of e,(t). Now, by the Poisson summation formula [25],

7 s oo )

_ Ay Y. SP(E+ 27 AnB e + 27 AnB)
AEZ

weimAC+H2TARB)? (45)

by inserting (43) into (45), we obtain

B

= \/Znei”A% Y Dm(E+ 2" A 7B, e + 27T ATB)
AEZ

xe MAEHTTIAB 5y (g 4 9TH 7B, e + 2THARB).

upon further simplification, we have

e B

= V27" BZDM €)Y,

AEZ AEZ

x‘I’(E + 27\, B +2T+1An>. (46)

inserting (43) and (46) into (44) yields

&8 e)
- mDMo:,s)F(fB)q’(z%'Sf)

(i) %B) o (£). w

— D+ T
q)ZTB’ ;ET; 2

Case I. When T = 0. Adding (47) and Parseval’s theorem of the LCT results in

lea(H)Z2 = 27IHDM(§ or (263 )cp( : zB)

) cp(é,sB)
— D& A;;( +2/\7rsB+2/\7r>\/Eq)(§SB>

—V2rDm(Ze) Y ‘i’( + 27\, B +2T+1An>

AEZ

(48)

using (5) and (48), it can be written as

sl = 2n[puor(£)o( £, 2)

ZAGZ“I’(%-I—ZAT(,EB-FZ/\?T)@( z €B>A( g)

@(%,EB)
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assuming that I, = [0,27"17B], then

2

lea(t)[I7. = 2n):/‘q><2§B+2nk,f+2nk) & e

keZ

()]

2

Yaez Y (& +2A7,eB + 247
_Daen¥(f )A(C)

é(%,sB)

lea(t)]2, = zn/H (,;)\DM(g,g)fr

ZAGZT(%+2AN,SB+2)\7T) :
— - A() dc. (49)
®(§,¢B) 2B
then (5) and (6) yield
A%‘I’(i +2A7, eB +2/\7r)
_ g g eB
_/\€ZF<2B+27T/\)(I)(ZB + 7TA, 2+27I/\)
_ ¢ g
—kEZF<ZB+7T)L)q><ZB+7T)L +7TA>
+Zr(§+n(2k+1))q><5 n(2k +1), B+7t(2k+1))
=, \2B 2B 2

o (ENa( & eB\ (&  _¢B Z

and

. g B
@(B,8B> = Z@( +2A7T£B+2)L7r>

o EI(E) (e n B a(fyn)

upon substituting (50) and (51) in (49), we have

|3

%%—n 73+n>
P

lealt): = 27 [ 32, (55 ) IDmic o

(3-B)
2
x{r(zi>/\<253 + 71?) —r<2€;3 + n>A(fB>} ac
- e 2
<on HEPMG ;)q)(iz;’j; n) A{W( % / IR
B/
(L +mLyn ’
g B e Y P
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Case II. When T = 1. Adding (47) and Parseval’s theorem of the LCST gives

lea(B)|2, = 27THDM(§,8)F<2§B>¢(2€B,€ZB)
¢ ¢B 2
> ¢ >®<ZB'2)
—Dm(¢, Y2 +4rm ) —— 24N ,
m(e) A;Z <B T é(%/%) ZSLlppA(%)(C £) ;

now by (6), it gives
el = 2a[Duor( S )e( 5 %) - bueor(S)

B
x Y @( 6 +2A7r,€2+2)x7'c)

AEZ ﬁ
L2
using (37) and (51)
~ B
leatle = 2noucor(S)e(£,5) - oueor (%)
¢ B 2
& ¢B q’(ﬁf7>
ch(ZB’Z) é(%/%) NZsuppA(%)(Crs) ;

2

B ¢ ¢ €B

= ZTITHDM(C,S)F<ZB qD(ZB/ 2> {1 _NZSuppA(%)(g’s)} "

B . 5 é 2 ¢ eB 2

= 27Ik§i/1l IDm(S,€)| F(ZB) <I><ZB+2k7T,2+2k7T>
N

2

<2n /11 |DM(§,5)|2d§HF<2%>H¢,M (g ;) (=R n g E)

2
_ 2 ¢
= A r(B)H4"M(€’£)NR@suppA<2)(5@

[e9)

[e0]

thus,
2

s 2 <4 d[n]|?||T g H ,€
leal < 4 Tl () o2 0

Case III. For T > 2. Using (47) and Parseval’s theorem for LCST gives

lea (£)1172

[e9)

=2

)
~ Dl "C’)r(ng) T A(2T§B>&)<2§B’;€) wNﬁilzfswm@@'S)

2

L2

. g T é ¢ ¢€B
DM( ,€)F(ZB> E 2A<ZTB>CD<2TB’2T> (1 B NﬂLlZTsuppA(%)(g’s))

L2
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upon further simplification, we can write it as

2

2
- T B
DM(g,s)r<fB> HA(ZEB)‘ kgz‘cp(sz + 2k, +2kn>

T=2

leadlZ: = 27 [

I

X |1 - ngzlzrsum)/\(%) (6/ 8) |d€

using the same procedure as used in previous cases, we have

JEAPESEST, AT

by combining all three cases, (42) is validated. [

llea(t) 17, < 2727 Y, [d[A]2
AEZ

5. Conclusions

In this work, a sampling theorem for LCST was proposed with help from the sampling
kernel in the multiresolution subspace. Moreover, for the proposed sampling theory, the
truncation and aliasing errors were determined with their bounds. In future works, we will
extend the current study to quaternion algebra, which will lead the researchers to focus on
quaternion-valued signals and their samplings.
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