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Abstract: In this paper, we use semi-tensor product of quaternion matrices, L-representation of
quaternion matrices, and GH-representation of special quaternion matrices such as quaternion (anti)-
centrosymmetric matrices to solve the special solutions of quaternion matrix equation. Based on semi-
tensor product of quaternion matrices and the structure matrix of the multiplication of quaternion,
we propose the vector representation operation conclusion of quaternion matrices, and study the
different matrix representations of quaternion matrices. Then the problem of the quaternion matrix
equation is transformed into the corresponding problem in the real number fields by using vector
representation and L-representation of quaternion matrices, combined with the special structure
of (anti)-centrosymmetric matrices, the independent elements are extracted by GH-representation
method, so as to reduce the number of variables to be calculated and improve the calculation accuracy.
Finally, the effectiveness of the method is verified by numerical examples, and the time comparison
with the two existing algorithms is carried out. The algorithm in this paper is also applied in a
centrosymmetric color digital image restoration model.

Keywords: quaternion matrix equation; semi-tensor product of quaternion matrices; £-representation;
GH-representation; (anti)-centrosymmetric matrix
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1. Introduction

The symbols to be used in this paper are as follows: R/Q represent the set of all the
real numbers/quaternions, respectively. R represents the set of all real column vectors
with t-dimension. R™*"/Q™*" represent the set of all m x n real matrices/quaternion
matrices, respectively. §"*" /AS"*" /S"*" /| AS"*" represent the set of all n x n real cen-
trosymmetric matrices/real anti-centrosymmetric matrices/quaternion centrosymmetric
matrices/quaternion anti-centrosymmetric matrices, respectively. In addition, I, repre-
sents the unit matrix with n-dimension, (5,1'1 (i=1,2,---,n) represents the ith column of I,.
A/A"/AH/ AT represent the conjugate/transpose/conjugate transpose/Moore-Penrose
inverse of matrix A. ® represents the Kronecker product of matrices, ||-|| represents the
Frobenius norm of a matrix or Euclidean norm of a vector.

Currently the numerical computation is not only a tool for scientific calculations, but
also one of the ways to discover truths. However, the traditional matrix theory also has
some shortages; for example, it has dimensional restriction and noncommutativity. Semi-
tensor product of matrices proposed by Cheng [1] is different from the traditional matrix
product. It does not need size matching conditions and can be used for any two matrices.
It is designed to deal with higher-dimensional data as well as multilinear mappings. In a
computer the higher-dimensional data can easily be treated without arranging the m into
a cube or even higher-dimensional cuboid. Semi-tensor product of matrices is designed
in such a way that the product rule can automatically search the proper position for each
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factor of multiplier. At present, semi-tensor product of matrices is widely used in biological
system and life science [2,3], game theory [4,5], graph theory and formation control [6,7],
fuzzy control [8,9], coding theory, and algorithm implementation [10,11]. In addition, some
scholars proposed a new quaternion real vector representation method [12,13] based on
semi-tensor product of matrices, and applied this method to the solution of quaternion
linear system. In this paper, some new conclusions of semi-tensor product of quaternion
matrices are proposed, which will be used to solve quaternion linear systems.

Quaternion is a hypercomplex number composed of a scalar and a vector, which has
the dual properties of real number and complex number. Due to the rapid development
of computer graphics [14], robot and other fields [15,16], quaternion has been more and
more widely used in computer animation, robot trajectory planning [17], modeling [18],
rendering and three-dimensional fractal display. The application of quaternion matrix in
color digital images is becoming more and more important and extensive [19,20]. Color
digital image restoration is usually modeled as the solution of quaternion matrix equation.

Matrix equations have wide applications in many spheres. These real, complex and
quaternion matrix equations have attracted extensive attention. As a special matrix equa-
tion, quaternion matrix equation has been widely integrated into computer science [21],
signals [22], statistics [23], and color image processing [24]. Because quaternion does not
satisfy the commutativity of multiplication, the quaternion matrix equation is usually
transformed into a familiar problem of real matrix equation or complex matrix equation
by real representation or complex representation, so as to simplify the operation of matrix
equation. Many scholars have discussed different solutions to different equations with the
help of these methods. For example, using the real representation matrix of quaternion
matrices, ref. [25] obtained the expressions of the minimal norm least squares solution for
the quaternion matrix equation AXB + CXD = E; ref. [26] investigated the minimal norm
least squares #-(anti)-Hermitian solution of quaternion matrix equation AXB + CYD = E;
ref. [27] discussed the minimal norm least squares (anti)-j-self-conjugate solution on quater-
nion matrix equation X — AXB = C; in addition, ref. [28] used the complex representation
matrix of quaternion matrices to study the #-(anti)-Hermitian solution of quaternion matrix
equation AXB + CYD = E; ref. [29] derive the expressions of the least squares solution,
pure imaginary solution, real solution with the least norm for the quaternion matrix equa-
tion AX = B by using the complex representation matrix of quaternion matrices. Some
scholars have also devoted themselves to the study of quaternion matrix equations by
using Cramer’s rules [30-32], iterative algorithms [33-36] or rank method [37-40].

Definition 1 ([41]). If X = (x;;) € Q""" satisfies:

Xjj = Xy—itin—ji1, (L j=1,--+,n),

then X is called a quaternion centrosymmetric matrix. If X = (x;;) € Q"*" satisfies:

xij - _xl’lfi+1,7’l*]'+l/ (l/] = 1/ tt ,71),
then X is called a quaternion anti-centrosymmetric matrix.

As two special kinds of matrices, (anti)-centrosymmetric matrices are applied broadly
in the fields of statistical analysis and matrix countermeasures information theory, linear
system theory and numerical analysis, and some matrices with special rules of elements,
such as (anti)-centrosymmetric matrices. We want to extract the independent elements
of the matrix to remove the redundancy and reduce the complexity of solving the matrix
equation. The H-representation [42] method perfectly realizes our idea.

This paper presents the (anti)-centrosymmetric solutions of quaternion matrix equation

Z A;XB; =C 1)
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by using semi-tensor product of quaternion matrices, £-representation and GH-representation.
Problem 1Let A; € Q"*", B, € Q"*F,(i=1,--- ,k),C € Q"*F,and
k
Y AjXB; —C| = min .
i=1

Mg = {X e s

Find out Xg € Mg, such that

Xs| = min || X]|.
1Xs]l = min [IX]

X is called the minimal norm least squares centrosymmetric solution of quaternion matrix
Equation (1). If min = 0, Xg is called the minimal norm centrosymmetric solution of
quaternion matrix Equation (1).
Problem 2 Let A; € Q"*",B; € Q"*F,(i=1,--- ,k),C € Q"*F,and
k
Y A XB—C| = min}.
i=1

My = {X € AS""

Find out X4 € My, such that

X4l = min || X||.
X4l = min ||

X 4 is called the minimal norm least squares anti-centrosymmetric solution of quaternion
matrix Equation (1). If min = 0, X4 is called the minimal norm anti-centrosymmetric
solution of quaternion matrix Equation (1).

Several new conclusions on semi-tensor product of quaternion matrices are presented
in this article. By using semi-tensor product of quaternion matrices, quaternion matrix
equations can be analyzed by vector representation directly. Under the structure ma-
trix of the multiplication of quaternion, we establish different matrix representations of
quaternion matrices by semi-tensor product of quaternion matrices, in this case, we de-
fine the definition of L-representation. Employing vector representation of quaternion
matrices and combining L-representation of quaternion matrices with GH-representation,
several types of special minimal norm solutions to quaternion equation Zé‘zl AiXB;=C
are presented, along with the necessary and sufficient conditions of compatibility. Using
GH-representation method, we can remove the redundancy and reduce the complexity of
the problem by identifying the independent elements of a special matrix. It can be seen
that GH-representation simplifies solutions to quaternion matrix equations in a simple and
effective manner.

The following are the main sections of this article: In Section 2, the fundamentals of
quaternion and semi-tensor product of quaternion matrices are covered. In Section 3, the
vector representation conclusion of quaternion matrices is given, and combined with the
structure matrix, the definition of £-representation of quaternion matrices is proposed.
In Section 4, H-representation of several special matrices are given, and the definition of
GH-representation of special quaternion matrices is proposed. In Section 5, the necessary
and sufficient conditions for the minimal norm solution and compatibility of the above
problems are explored. In Section 6, the corresponding algorithm and numerical examples
are shown to verify the effectiveness of the method, and we give the time comparison
between the algorithm in this paper and the algorithms in references [43,44]. In Section 7,
the research of centrosymmetric color digital image restoration is given. In Section §, a brief
summary is made of the full text.
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2. Preliminaries
2.1. Quaternion and Quaternion Matrices

This part mainly introduces the basic knowledge of quaternion. For more information,
please refer to the literature [25-27].

Definition 2. A quaternion x can be uniquely expressed as
x=x0+xi+xj+xkeQ,

where x; € R,s = 0,1,2,3, and the three imaginary units i, j, k satisfy i2 = j2 =K2=-1, ij =
—ji =k, jk = —kj =i, ki = —ik = j. The conjugate of x is defined as

X =x9—x11i—xpj —x3k € Q.

A quaternion matrix X can be uniquely expressed as X = Xo + X1i + Xoj + X3k € Q™*",
where Xs € R™", s =0,1,2,3. The conjugate of X is defined as X =Xg— Xqi— Xoj — Xzk €
meﬂ'

Definition 3 ([24]). The norm of a quaternion x = xg + x1i + x2j + x3k € Q is defined as

el = /%02 + 5112 + [x2 + 33 = 2%,

and the Frobenius norm of X = Xo + X11 + Xoj + Xsk € Q™*" is defined as

111 = /IXol2 + 1% I + 1 Xall? + [ Xs]]2.

2.2. Semi-Tensor Product of Quaternion Matrices

In this section, some basic knowledge about semi-tensor product of quaternion ma-
trices is given. For more details of semi-tensor product of matrices on real number fields,
please refer to the literature [1,45,46].

Definition 4. Suppose A € Q"*", B € QP*1, the semi-tensor product of A and B is denoted by
ANXB= (A X It/n)(B X It/p)r

where t = lcm(n, p) is the least common multiple of n and p. If n = p, the semi-tensor product
reduces to the traditional matrix product.

4 1 4 1
30 51 1 1 . . .
Example 1. Suppose A = {2 1] ,B = 3 4 5 3| First, we block matrix A and B into
11 2 2
310 A A12:| BlZ:|
A= = ,B = .
{ 2|1 } [Am Ao By
Then the semi-tensor product of A and B is
3 00 0][4 1 4 1 12 3 12 3
3 005111 15 3 3 3
AxB=(A®DL)B= 2 01 0|3 45 3] |11 6 13 5
0 2 0 1|1 1 2 2 11 3 4 4
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_ |An X Bin + Aip X By A1 X Bip + Aqp X B
A1 X B11 + Axp X Byp Any X Bip + A X Bop

Theorem 1. Suppose o, B € R, A, B, C be quaternion matrices, then
(1) (Associative rule)

(AxB)x C=Ax (BxC).
(2) (Distributive rule)

Ax (aB+BC) =aAx B+ BAXC,
(aB+BC) x A=aBx A+ BC x A.

(3) (Conjugate Transpose)
(Aa B)H = BH g AH,

Definition 5 ([46]). A swap matrix Wiy, ,, is a mn X mn matrix, which is defined as
W[m,n] = [Iﬂ ® 5111/ I ® ‘Szm/' I ® 5%]
The properties of swap matrix are as follows, which facilitates the calculation of matrix.

Theorem 2. (1) Suppose A € Q™*", then

W[m,n]vr(A) = VC(A);W[n,m]VC(A) = VV(A)'

(2) Suppose A € Q°*t, then for any integer m > 0 have

W[s,m] X A X W[m,t] =1, ®A.

bi1  br2
Example 2. Assume A = {all 1112} € Q*2,B = |by bn| € Q¥ thenm =n =2,
a1 4o by by
s = 3,t = 2. Hence, we have
1 00 0 0O
0 01 0 0 O
0 0 00 1O
Wiz = L®d, L L& = 01000 ol
0 0 01 00
0 0 0 0 01
1 0 0O
00 1 0
W[le} = [12 ®(5%,12 ®§%] - O 1 0 0 .
0 0 0 1
Then
by by 0 O]
byy by 0 0
= - =5 _ | bn 0 0 {5111 au}
W X Bx W X A=(L®B)x A= — — | x| = =
(32] (2,2] (12 ) 0 0 b b a1 Az
0 0 by b
10 0 D31 ba
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bpany bpayr buapn  bpan anbn  anbia  apbi apbp
byan bypain budn  bypdin anby  anbxn  apby  aiby

_ | badu bandn bpdn| _ |anbs anbn  anbn anbn| _ gop
biazr bipir by bipaxn anbi  anbiy  axpbi axbi .
bnaar  bypiar bufdyn  bpaxn anbyn  anbxn  axnby  axnby
|b31821  bapdzr bz bxpaxm| | ao1bsi asibsy  axnbsi axnbs; |

3. Main Conclusions
3.1. Vector Representation of Quaternion Matrices

As we know, quaternion multiplication does not satisfy the commutative law,
V.(AXB) = (BT ® A)V.(X)

is not tenable on quaternion. Therefore, some scholars [24,26,28,29] mainly study the
quaternion matrix equation based on the real representation matrix and complex represen-
tation matrix of quaternion matrices. However, we can find a new straightening result on
quaternion according to the property of quaternion conjugation. Then some straightening
conclusions of semi-tensor product of quaternion matrices are given below, which will be
used to solve quaternion matrix equation.

Definition 6. For A = (a;;) € Q"*", the column vector representation of quaternion matrix A
is defined as
— T
VC(A) - (allr- A1, 12, - -y Am2, - - -, A1y - - ~/amn) ’

the row vector representation of quaternion matrix A is defined as
VV(A) = (allr cees M, 21, W20y - - Ay - - ramn)T~
Theorem 3. Suppose A € Q™*", X € Q"*1,Y € QP*™, then

(Vi (AX) = A x Vi(X), Ve(AX) = (I, ® A) x Ve(X).
2)V.(YA) = A" x Vo(Y), V,(YA) = (I, ® AT) x Vi(Y).
Proof. (1) For V;(AX) = A x V;(X). Suppose C = AX, ai(i =1,---,m) represents the
ith row of matrix A, xj(j =1,---,n) represents the jth row of matrix X, ci(i =1,---,m)
represents the ith row of matrix C, then the ith block of A x V;(X) is
()T Yk—1 Aik X1
dxVi(X)=a'w| | = : = ()T,
(x)T Y k=1 ik Xig
then we have V;(AX) = A x V,(X).
By the properties of the swap matrix and V;(AX) = A x V,(X), then,
VC(AX) = W[m,q} X Vr(AX) = W[m,q] X A X Vr(X)
= W[m,q} X A X W[q,n] X VC(X)
= (I;® A) x V(X).
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(2) We prove V.(YA) = AH x V.(Y). Let A = [ay, a0, ,a4), a;(i = 1,2,--- ,n)
represents the ith column of matrix A, Y = [y1,y2, - - , Ym), Yj (j=1,2,---,m) represents
the jth column of matrix Y, then

Yay
VC(Y ):VC(Tal/rm): :

Ya,
by the conjugate properties of quaternions, we have

Ya; =y1ay; + Vodni + - - - + Yl
=miy1+ay2+ -+ i Ym

So
Elp @Ip @Ip
V.(VA) = alz.lp azz'lp ﬂm‘zlp Vu(Y)
Wlp @Ip ... m[p

= (A" ®1,) x V(Y) = A" x V.(Y).

By the properties of the swap matrix and V. (YA) = AH x V.(Y), we obtain

Vr(Y ) = W[np X VC(YA) W[np X A X VC(?)
= W[n,p} X A X [p,m] X Vr(Y)
= (I, ® AM) x V,(Y).
O

3.2. L-Representation of Quaternion Matrices

Our main work in this section is to study the matrix representation of quaternion
matrices by using the structure matrix of the multiplication of quaternion.

Definition 7. [1]Let V; (i =1,2,-- - , k) be n;-dimensional vector spaces with eﬁ, e ,efql, as the
fixed bases of Vi, and ¢ : Vi X - -+ X Vk — Vo be a multilinear mapping. Denote
4)(611,' . Zylllz, ,ikeZ)O,ij:l,...,nj,jzll...,k.

107

Then the matrix

1 1 1 1
Wi1..1 I"11...nk T ,”nlnz...nk_ll o Mmngeeny

2 g2 coeogy2 oo gy2
]’llll ‘ull“-nk ynll’lz“-i’lk,ll ynl”Z"'nk

R o ... 0 - 1o
P11..1 P11y Poing-m_q1 Hnyng-my
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is defined as the right structure matrix of ¢. The matrix

1 1 1 1
ylll e ‘ui’l]l-“l e :ulnz---nk,lnk T l’lnli’lz"'?lk
2 . 2 - 2 -
M2 — Hi1..1 Ha1-1 Minyeong_ iy Hnyng-my
¢ . . .
nO . e nO “ e nO . e nO
Hi1..1 P11 Ping--mp_ymy Hnyny---ny

is defined as the left structure matrix of ¢. The left and right structure matrices are collectively
called structure matrices.

Remark 1. For a multi-dimensional data, we can sort it by certain indices. The left structure
matrix and right structure matrix given in Definition 7 are sorted according to different indexes.

Example 3. For x = xo + x1i + x2j + x3k, y = yo + y1i + y2j + y3k € Q, then fix an ordered
basis {1,1,j,k}, the basis is normalized to

1: s2: 53 4
1 ~ 54,1 ~ (54,] ~ (54,1( ~ (54.
Each quaternion can be represented as a column vector:
’

x = xg + x1i + x2j + 13k ~ (x0,x1,%2,x3)" = "

Then the right structure matrix of the multiplication of quaternions can be obtained as

10000 -10 0 0 0 -1 000 0 -1
ML — 01001 0 0 0O O O O 100 -1 0
C"loo100 0 0 -11 0 0 001 0 0
oo0o010 01 0 0 -1 0 010 0 O

In addition, the left structure matrix of the multiplication of quaternions can be obtained as

FP 0000 -1 0 0OO0OO0-1 0 0 0 0 -1
M2 — o1o001 0 0 0OO0OO0OTO0O -1 0 0 1 O
e"foo1o0oo0 0 O 110 0 0 0 -10 0
oo0010 0 -1 001 0 01 0 0 O

And we have
(xy)r:Mlgxx’xyr:MZQxyrxxr.

In the case of different basis standardization, the structure matrix of the multiplica-
tion of quaternion is also diverse. We systematically define the matrix representation of
quaternion matrices by using the structure matrix of the multiplication of quaternion and
semi-tensor product of quaternion matrices.

Definition 8. Suppose X = Xo + X1i+ Xpj + Xzk € Q™*" be a quaternion matrix, where
X; € R™W Mt =0,1,2,3), denote X = [£X§ +X] +XJ :EX:,T]T. Suppose ® is a mapping
such that ® : X — ®(X) € R¥>4" &(X) can be represented as

O(X) = Mg x (I4 ® X),
D(X) is called the matrix representation of quaternion matrix X. Furthermore, the first column of

D(X) is defined as
O (X) = ®(X) x 3.
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Remark 2. It can be seen from the definition that ®(X) and ®c(X) are determined by X and Mo,
that is, when X and Mg are determined, ®(X) and ®.(X) are also unique and certain.

Example 4. Let X = Xy + X311+ Xpj + Xzk € Q™" by M(lg defined in Example 3, the matrix
representation of quaternion matrix X can be expressed as

Xo Xo X1 X2 —X3
X X X X —X
1 _ gl 1 X 0 3 2
o) =Myx [Lhe | =1 K K
X3 X3 X —-Xi1 Xp
If we select Mg = Mé, then
Xo Xo —X1 —Xo —X3
X X X —X X
2 _ a2 1 X 0 3 )
P =My Lo =0 W x|
X3 X3 X X1 X

The matrix representation method in reference [47] is the matrix representation ®?(X)
in Example 4. Furthermore, the matrix representation of quaternion matrices plays an
important role in many aspects of quaternion research.

Definition 9. Suppose X € Q"™ ", Y € Q"*P, ®(X) is called L-representation of quaternion
matrices if and only if ®(X) satisfies the following equations,

(DP(XY) = P(X)D(Y),
(Z)CDC(XY) = CD(X)Q)C(Y).

It is easy to verify that the two matrix representations given in Example 4, ®!(X) does
not satisfy the two conditions of L-representation, but the matrix representation given by
®2(X) does. It is clear that Definition 9 has the following equivalent form.

Definition 10. Suppose X € Q"*",Y € Q"*P, ®(X) is called L-representation of quaternion
matrices if and only if ®(X) satisfies the following equations,

(1) (Mg @ L) (Is ® XY) = (Mg @ Ly) (Mg ® X) (I, @ Y),
(2)(Mg ® L) (6} ® XY) = (Mg ® L) (Mg @ X) (3} ® V).

4. GH-Representation of Quaternion Matrices

In this section, we will first introduce the definition of H-representation, and then give
examples of H-representation of special matrices.

Definition 11 ([42]). Consider a g-dimensional real matrix subspace X C R™"*" over the field R.
Assume that ey, ey, - - -, ey form the basis of X, and define H = [V (e1), Ve(e2), ---, Ve(eg)]
For each X € X, if we express ¥ (X) = V,(X) in the form of

¥(X) = HX,

with a q x 1 vector X = (x1, xp, ---, xq)T and X = 2?:1 xje;, then HX is called an

H-representation of ¥ (X), and H is called an H-representation matrix of ¥ (X).

From the definition of quaternion (anti)-centrosymmetric matrices, we can know that
quaternion (anti)-centrosymmetric matrices is closely related to real (anti)-centrosymmetric
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matrices. In the following, we take real (anti)-centrosymmetric matrices as examples to
give their H-representation.

Example 5. Let X = §33, X = (x;;) € X, and then dim(X) = 5. If we select a basis of X as

100 000 00 1 010 000
ep=10 0 0|,es=1|1 0 1|,e3=10 0 0|,es=10 0 0|,es=1(0 1 0].
00 1 000 100 010 000

It is easy to compute

¥(X) = Ve(X) = (x11, X1, X31, X12, X2, X12, X31, X21, X11)',

and
T
X =(x11, X2, X31, X12, X2)°,

10000000 17"
0100000T10
H=10 01000100
000101000
000010000

Example 6. Let X = AS3, X = (x;;) € X, and then dim(X) = 4. If we select a basis of X as

1 0 O 00 O 0 0 -1 0 1 0
e — 0 0 0 ,62 = 1 0 -1 ,63 = 0 0 0 ,64 = 0 0 0f.
00 -1 0 0 O 1 0 O 0 -1 0

It is easy to compute

¥(X) = Ve(X) = (x11, %1, Xx31, X1, 0, —X1p, —Xx31, —Xp1, —x11),

and

T
X =(x11, X2, X31, X12),

10000 0 0 o0 -11"
g_l01000 0 0 -1 0
00100 0 -1 0 0
00010 -1 0 0 0

Then, we select the standard basis for centrosymmetric and anti-centrosymmetric
matrices, and give the H-representation matrices, respectively.
1. If X = S"*" we select a standard basis as

{EllEZI e /Etx}/
where E; = {(epq)|el(k+1) = €(n+1,l)(n,k) =1,i=kn +l(0 <k<I<mi=12--- ,OC},

“_{ # (if nis odd)

. Based on above standard basis, for any X € X, we have

(S}

% (if nis even)

X = (xl/ X2, v, xlx)T

and i
H, = [VC(El), VC(EZ), e, Vc(E,x)] c R xe,

2. If X = AS™", we select a standard basis as

{p1/p2,. .. /Fﬁ}/
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where F; = {(fpo)lfiks1) = —fnrr-nmrn =Li=kn+1(0< k<1 <mi=12--,B},
B = # (if nis odd)
”72 (if nis even)

. Based on above standard basis, for any X € X, we have

)FZ = (x1, X2, -, xﬁ)T

and i
Ha = [VC(F].)/ VC(FZ)/ Tty VC(F‘B)] (S Ri’l ><‘B.

Note that ¥(X) is a column vector formed by all elements of matrix X. For the sake
of clarity, we denote the H-representation matrix corresponding to X = §"*" by H, the
H-representation matrix corresponding to X = AS"*" by H,.

Theorem 4. For an n? x 1 vector ay, if‘I’_l(le) € S™*" then there exists an a x 1 vector B1,
such that a; = HsB1. For an n* x 1 vector ap, if Y =1 (ap) € AS™*", then there exists an B x 1
vector By, such that ay = H,ypB).

H-representation prompt us to define GH-representation on quaternion matrices.

Definition 12. Consider a quaternion matrix subspace X C Q"*", for each X = X+ Xji +
Xoj + Xsk € X, let S = {Xp, X1, X2, X3}. A permutation o on S is a one-to-one mapping from
Sto S, denote X = [+o(Xo) +0(X1) *0(Xp) +0(X3)]. Ifweexpress ¥(X) = V(X) in
the form of

¥(X) = HgX,

—_~—

H ~
o(X1) , X = V.(X) represents a permutation of

where Hg = Hox,)
o(&2

Ho(x3)
independent elements for each part of V.(X). Then HgX is called a GH-representation of ¥ (X),
and Hg is called a GH-representation matrix of ¥ (X).

5. The Solutions of Problem 1 and Problem 2

In order to obtain the solution of the quaternion matrix Equation (1), we begin with
the following Lemmas.

Lemma 1 ([48]). The least squares solution of the linear system of equations Ax = b, with
A € R™ " and b € R™ can be represented as

x=A+(1-ATA)y,

where y € R" is an arbitrary vector. The minimal norm least squares solution of the linear system
of equations Ax = b is Ath.

Lemma 2 ([48]). The linear system of equations Ax = b, with A € R™*" and b € R™, has a
solution x € R" if and only if
AATb =b.

In case that it has the general solution
x=Ab+ (1-ATA)y,

where y € R" is an arbitrary vector. The minimal norm solution of the linear system of equations
Ax =bis Ah.
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We select X = [xT XTI XTI XI]" for X = Xo+ Xyi + Xoj + X3k € Q™" as
an example in the following solving process, in this case, the matrix representation we
obtain is the form of ®?(X) in Example 4. Based on our earlier discussion, we now
turn our attention to Problem 1. We obtain the necessary and sufficient condition of the
existence of centrosymmetric solutions of quaternion matrix Equation (1), we obtain the
following Theorem.

Theorem 5. Suppose A; € Q"*", B; € Q"*F, (i =1,--- ,k), C € Q"*?, then the set Mg of
Problem 1 can be represented as

Ms = {X € 8""|@c(Ve(X)) = HiRI®c(Ve(C)) + Hy(l — RIRDy}, @)

where y is an arbitrary vector with suitable dimension. Then, the minimal norm least squares
centrosymmetric solution Xg of quaternion matrix Equation (1) satisfies

@ (Ve(Xs)) = HRI®(V(C)), ®)
HS In 0 0 0
/ H 0 —-I, 0 0 X
where Hy = ) H, Kn=1 On I, 0|’ Ry =Y ®(,®
H, 42w 0 0 0 —I,

Aj)Knp®(BH @ 1,)K 2 H,.

Proof. For X = Xp+ Xji + Xpj + Xzk € S™*", from Theorem 3, Theorem 4 and the
definition of GH-representation, we can obtain

k
Y AiXB;—C
i=1

3 Vi (AXB) — Vi(C)
i=1

I
1=

(Iy ® Aj) x Vo(XB;) — VC(C)H

Il
A

I
1=

(I, ® Aj) x (BE®@ I,) x Ve(X) — V(C)

Il
_

Pc((Ip ® Ai) (B @ [n)Ve(X)) = @e(Ve(C))

|
e

Il
-

P(Ip ® Aj)Knp®(Bj' ® In)K,p @c(Ve(X)) — @c(Ve(C)) H

|
-

Il
MR

Xo
= id)(l,,®Ai)Knp<I>(BiPI®In)anH;% — ®(V.(C))
i=1 ?3
Xo
= ||Rq % _(bc(Vc(C)) .




Symmetry 2022, 14, 1359

13 of 21

Thus
X
iAiXBi —C|| = min <= ||} X P (V(C))|| = min.
i=1 )?2
For the real matrix equation
Xy
Ri| 2| = @clvelc)).
X3

Using Lemma 1, its least squares solution can be represented as
Xy
X1
X2
X3

= RI®(V.(C)) + (I44 — RIRy)y, Vy € R*.

Then we have
Xo
X
D (Ve(X)) = Hq | 5
X3
X3

= H.RT®.(V.(C)) + H,(Isy — RiRy )y, Vy € R*.

And then, Equation (3) can be obtained. O

Theorem 6. Suppose A; € Q"*", B; € Q"*F, (i=1,---,k), C € Q"*P. Hence quaternion
matrix Equation (1) has a solution X € S"™*" if and only if

(RiR] — Liyp)@c(Ve(C)) =0, 4)

where Ry is denoted in Theorem 5. Moreover, if (4) holds, the centrosymmetric solution set of
quaternion matrix Equation (1) can be represented as

Ms = {X € S0 (Ve(X)) = HRI®(Ve(C)) + H, (I — R{R1 )y},

where y is an arbitrary vector suitable for dimension. Then, the minimal norm centrosymmetric
solution Xg satisfies
Dc(Ve(Xs)) = HSRTdDC(VC(C)). ©)

Proof. Quaternion matrix Equation (1) has a solution X € S"*" if and only if

k
Y A;XB;—C
i=1

=0.

By means of Theorem 5 and the properties of the Moore-Penrose inverse, we obtain

i=1

iAiXBi—CH: R % = ®c(Ve(C))
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= |RiR{Ry | S | — D(Ve(C))

= | RiRj @ (v2(C)) — @ (ve(0))|

= ||[(RyR] — I4mp)q>c(VC(C))H.

Therefore, we have

= 0= [[(RiR} = L)@ (V(C)) || = 0

k
A;XB;—C
=1

1

— (RlR-{ - I4mp)<Dc(Vc(C)) =0.

In case that quaternion matrix Equation (1) is compatible, its solution X € S"*"
satisfies

Ri|&| = QC(VC(C)).

Moreover, by Lemma 2, we can obtain the centrosymmetric solution X satisfies
Xo
X1
X3
X3

= RI® (V.(C)) + (I4x — RIRy)y, Vy € R*.

Then we have
Dc(Ve(X)) = H,R}®c(Ve(C)) + Hy(luw — RIRy)y, Vy € R*.
And the minimal norm centrosymmetric solution Xg satisfies
e (Ve(Xs)) = HiRI@c(Ve(C)).

O

For Problem 2, we can also obtain the necessary and sufficient condition for the exis-
tence of anti-centrosymmetric solutions of quaternion matrix Equation (1) through vector
representation of quaternion matrices, £-representation and GH-representation method.
Similar to the analysis procedure of Problem 1, we obtain the following conclusions.

Theorem 7. Suppose A; € Q"*", B; € Q"*P, (i =1,--- k), C € Q"*P, then the set M4 of
Problem 2 can be represented as

Ma = {X € A8 (Ve(X)) = HyRE®c(Ve(C)) + H, (Iag — RER2)y ), (6)

where Yy € R*. Then, the minimal norm least squares anti-centrosymmetric solution X 4 of
quaternion matrix Equation (1) satisfies

®c(Ve(Xn)) = H,RI®:(V:(C)), @)
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H, L, 0 0 0
o H, o -, 0 o0 -
where H, = H, , Ky = 0 0 -I, 0 Ro=Yi 1 ®(p®
Hel g 0 0 0 —I

Aj)Knp®(BH @ I,)K 2 H,.

Theorem 8. Suppose A; € Q"*", B; € Q"*F, (i=1,---,k), C € Q"*P. Hence quaternion
matrix Equation (1) has a solution X € AS™™" if and only if

(R2R3 — Liyp)@c(Ve(C)) =0, ®)

where Ry is denoted in Theorem 7. Moreover, if (8) holds, the anti-centrosymmetric solution set of
quaternion matrix Equation (1) can be represented as

My = {X € AS™ @, (Ve(X)) = HyRI®(Ve(C)) + Hy Iy — RERy)y, Vy € ¥,
And then, the minimal norm anti-centrosymmetric solution X 4 satisfies
(Ve(Xa)) = HiRPe(Ve(C)). ©)

6. Algorithms and Numerical Examples

Numerical experiments are used to verify the effectiveness of the above algorithms.

Example 7. Suppose m = n = p, A;, B; € Q"*" be generated randomly for n = 5K, K =1: 11.
Randomly generate centrosymmetric matrix Xg or anti-centrosymmetric matrix X 4, respectively.
Then for the left side of quaternion matrix Equation (1), replace X with Xg or Xy, let k = 2,
calculate C = A1XgBy + AxXgBy or C = A1X4B1 + Ay X4 By. For the quaternion matrix
Equation (1) with A;, B; and C above, its computational solutions can be obtained by using
Algorithms 1 and 2 and denoted as Xs, X 4, respectively. Denote &1 = log1o||®c(Xs) — Pc(Xs)||,
g2 = 10g10]|Pc(Xa) — Pc(X4)||. As the dimension changes, e; (t = 1,2) is shown in Figure 1.

It can be seen from Figure 1 that the order of magnitude of error between the exact solution
and the numerical solution in Problem 1 and 2 increases with the increase in dimension. Howeuver,
for Problem 1, the order of magnitude of error of the centrosymmetric solution is always less than
—11; for Problem 2, the order of magnitude of error of the anti-centrosymmetric solution is always
less than —12, which indicates that the order of magnitude of error between the numerical solution
and the exact solution is very small, that is, the algorithm in this paper is effective.

-10

-1051 ___P_—f“'

i
e
11+ _ =% = + = Problem 1 B
-lf’—* @ Problem 2
-11.5} e-" T -
a" \\\\\ e ¢
S /* REEE AR ¢
s 12 - PRREE —
[} *z \\\\\
’ o L
125 ¢ o B
’ o
’
13}» .
®
¥
-13.5¢" .
_14 | | | | | | | | |
1 2 3 4 5 6 7 8 9 10 11

Figure 1. Errors in different dimensions.
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Algorithm 1 Calculate the minimal norm centrosymmetric solution of quaternion matrix
Equation (1).

Input: Quaternion matrix A; € Q™*", B, € Q"*F, (i=1,2,--- ,k),C € Q"*F;

Output: Output the minimal norm centrosymmetric solution Xs of quaternion matrix
Equation (1) according to (5);

1: Compute ®.(V.(C));

2: Input H, Kp, K2, ®(I, ® A;), (B ® I,);

3: Compute Hy, Ry =YX, ®(I, ® A;)Kyp®(BH @ I,)K,2 Hy;

4: if (4) hold then

5

6

Calculate the minimal norm solution of quaternion matrix equation according to (5);
: end if

Algorithm 2 Calculate the minimal norm anti-centrosymmetric solution of quaternion
matrix Equation (1).

Input: Quaternion matrix A; € Q"*", B, € Q"*F, (i=1,2,--- ,k),C € Q"*¢;
Output: Output the minimal norm centrosymmetric solution X4 of quaternion matrix
Equation (1) according to (9);
Compute O.(V,(C));
Input Hy, Knp, K2, (I, ® A;), ®(BH @ I,,);
Compute H,, Ry = Y¥ | ®(I, ® A;)Kuy® (Bl © I,)K,2 H,;
if (8) hold then
Calculate the minimal norm solution of quaternion matrix equation according to (9);
end if

A L

Next, taking the centrosymmetry solution as an example, we compare the method of
solving the special solution of quaternion matrix equation in this paper with the method of
in references [43,44].

The method in reference [43] used the real representation of quaternion matrices
to process quaternion matrix equation firstly, the transformation from quaternion matrix
equation to real matrix equation is realized, then the straighten operator is used to transform
the real matrix equation into real vector matrix equation.

Remark 3. The symbols appearing in Algorithm 3 follow the symbol representation in reference [43],
J and K are defined in reference [43]. H; is the H-representation matrix of the centrosymmetric
matrix in this paper, and H, is also defined in Theorem 4.

Algorithm 3 Calculate the minimal norm centrosymmetric solution of quaternion matrix
Equation (1) according to the method of reference [43].

Input: Quaternion matrix A; € Q™*", B, € Q"*F, (i=1,2,--- ,k),C € Q"*F;
Output: Output the minimal norm centrosymmetric solution X; of quaternion matrix
Equation (1);

Compute vec(Cc);

Input Hs, ], K;

Compute H,, Rs = Y5, (BT ® A;)JKH,;

Calculate the minimal norm solution of quaternion matrix equation according to X; =
H;Rgvec(C_Z).

The real vector representation method in reference [44] is to represent a quaternion as
a 4 x 1 dimension vector, and then establish the relationship between quaternion matrix
real vector representation operations through semi-tensor product of matrices.
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Remark 4. The symbols appearing in Algorithm 4 follow the symbol representation in reference [44],

Igg2 P 0 ... 001
1T niseoven

V2k2®14 (if ) 0 ... 010
and J, = I , where V, = | . L and V), =

4(2k2+2k+1)I (if n is odd) : N

2k2+2k+1® 4 1 0 0 0J,,,

0 1

O 1 0 0
Lo 000 0y,

Algorithm 4 Calculate the minimal norm centrosymmetric solution of quaternion matrix

Equation (1) according to the method of reference [44].

Input: Quaternion matrix A; € Q"*", B; € Q"*?, (i=1,2,--- 'k2’ C e Qmxr,;

Output: Output the minimal norm centrosymmetric solution X; of quaternion matrix
Equation (1)

: Compute AZ , Bl , 6

: Compute G, G, I

: Compute Ry =YX |, G x G’ x A X Wignp an2) X B X Ju;

: Calculate the minimal norm solution of quaternion matrix equation according to X; =
JuREC

> W N =

Example 8. Suppose m = n = p, A;, B; € Q"*" be generated randomly for n = 4K, K =1 : 10.
Randomly generate centrosymmetric matrix Xg. Then for the left side of quaternion matrix Equa-
tion (1), let k = 1, calculate C = A1XgBy. For the quaternion matrix Equation (1) with A;, B;
and C above, its computational solutions can be obtained by using Algorithms 1, 3 and 4. As the
dimension changes, time consumed by the algorithms is shown in Figure 2.

70 [ T I T
f = 4= Algorithm 1
60 I — @ Algorithm 3 |
Algorithm 4
T 50 b
=
S
o
g a0} 8
o
0]
E 30} :
&
O 20 I »
! o
10 |- _e” - |
. s g
o] e ——"—— TR LI -h L |
1 2 3 4 5 6 T 8 9 10

Figure 2. Time comparison results.

For the method in reference [44], because the matrix dimension is too large, we only choose
K = 1: 4. If the form of the solution obtained by the algorithm in reference [43] wants to be
consistent with the form of the solution obtained by the algorithm in this paper, it needs to be
transformed with the help of a large matrix. The method of expressing quaternion as real vector in
reference [44] makes the calculation process of quaternion matrix equation have a large dimension,
which is not conducive to the improvement of calculation efficiency. As can be seen from Figure 2,
the algorithm in this paper takes less time than the algorithm in references [43,44].

7. Application in Color Digital Image Restoration

We know that a color digital image consists of three primary colors: red, green
and blue, and these three primary colors can correspond to the three imaginary parts
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of quaternion, respectively. That is, a color digital image can be represented by a pure
imaginary quaternion matrix. One of the most basic applications in color digital image
is color digital image restoration, and the process of color digital image restoration is the
solution process of the minimal norm least squares solution of quaternion matrix equation.
For an n x n pixel observation image ¢ = g,i + g¢j + gk, we know its blurring phenomena
K, where K is a real matrix, then the color digital image restoration model is established as

g=Kf+N.

But in general, the noise N is unknown. In this section, we will work with the centrosym-
metric color digital image restoration model. The centrosymmetric color image restoration
problem is transformed into the least squares pure imaginary centrosymmetric solution
problem of quaternion matrix equation Kf = g.

Example 9. Given two ideal centrosymmetric color digital image (see Figures 3a and 4a),
f = (fr fo, fo) is the image matrix, f can be represented as f = fii + foj + fok. By using
LEN = 15, THETA = 30; PSF = fspecial('motion’, LEN, THETA) disturb the image fg, and
obtain the disturb image go. Obviously, K = gg fg is a singular matrix. By using the matrix K,
we can obtain the disturb image § = (gr, 8¢, 8p) (see Figures 3b and 4b). The minimal norm least
squares pure imaginary centrosymmetric solution F can be obtained by Algorithm 5. Through
the "reshape” command of MATLAB, we obtain the corresponding color digital restored image
F = (F, Fg, Fy) (see Figures 3c and 4c).
Finally, we give the mean-square error of each channel which is defined as

Juy

1 M= n—1 )
MSE=__ Y13, ) = K(i, )]
i=0 j=0

The mean-square error of each channel is represented by e, €4, &y, respectively, and the results are
shown in Table 1.

(a) Original Image (b) Disturbed Image (c) Restored Image

Figure 3. Image 1: 100 x 100 Pixel Centrosymmetric Color Digital .

(a) Original Image (b) Disturbed Image (c) Restored Image

Figure 4. Image 2: 110 x 110 Pixel Centrosymmetric Color Digital .
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Algorithm 5 Calculate the minimal norm least squares pure imaginary centrosymmetric
solution of color digital image model Kf = g.

Output: Output the minimal norm least squares pure imaginary centrosymmetric solution
of quaternion matrix equation Kf = g;

I, ® K H;
1: Compute K’ = I,®K ,Hg = H; ;
I, ® K H;
Ve(gr)
2: Compute ? = | Ve(8e) |5
Ve(8n)

3: Calculate the minimal norm least squares pure imaginary centrosymmetric solution of
quaternion matrix equation Kf = g according to f = Hs(K'Hg)® ?

Table 1. Mean-square error (MSE).

& &g &p
Figure 3 4.9586 x 10718 2.4722 x 1071 1.9076 x 1018
Figure 4 1.4071 x 10~20 4.0846 x 1022 1.2557 x 10~2!

8. Conclusions

The new conclusions of vector representation and L-representation of quaternion
matrices makes semi-tensor product of quaternion matrices have a new application in
solving quaternion matrix equation. Starting from these new conclusions of semi-tensor
product of quaternion matrices, combined £-representation with H-representation method,
the special solution of quaternion matrix equation Zﬂ-‘zl A;XB; = Caresolved. Furthermore,
numerical examples show that the method is effective. Through a time comparison, it is
found that the algorithm in this paper is relatively efficient compared with the algorithm
in references [43,44]. The application of centrosymmetric color digital image restoration is
also considered.

Notes:

*  The images used are from the MATLAB image processing toolbox or USC-SIPI image
database image library of the University of Southern California (http://sipi.usc.edu/
database/, accessed on 1 June 2022).

¢ All computations are performed on an Intel(R) core(TM) i9-10940U @3.30 GHz/64 GB
computer using MATLAB R2019b software.
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draft preparation, Y.L. and J.Z.; writing—review and editing, Y.L., X.E, and J.Z.; supervision,
Y.L.; project administration, Y.L. All authors have read and agreed to the published version of
the manuscript.

Funding: Supported by the National Natural Science Foundation of China (62176112) and the Natural
Science Foundation of Shandong Province (ZR2020MA053).

Institutional Review Board Statement: Not applicable.
Informed Consent Statement: Not applicable.
Data Availability Statement: Not applicable.

Conflicts of Interest: The authors declare no conflict of interest.

References

1.  Cheng, D.Z. An Introduction to Semi-Tensor Product of Matrices and Its Applications; World Scientific: Singapore, 2012.
2. Zhao, Y,; Kim, J.; Filippone, M. Aggregation algorithm towards large-scale Boolean Network analysis. IEEE Trans. Autom. Control
2013, 58, 1976-1985. [CrossRef]


http://sipi.usc.edu/database/
http://sipi.usc.edu/database/
http://doi.org/10.1109/TAC.2013.2251819

Symmetry 2022, 14, 1359 20 of 21

10.

11.
12.

13.

14.
15.

16.

17.
18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

Li, H.T.; Wang, Y.Z. Output feedback stabilization control design for Boolean control networks. Automatica 2013, 49, 3641-3645.
[CrossRef]

Zhao, Y.; Li, Z.Q.; Cheng, D.Z. Optimal control of Logical Control Networks. IEEE Trans. Autom. Control 2011, 56, 1766-1776.
[CrossRef]

Cheng, D.Z,; Liu, T.; Zhang, K.Z.; Qi, H.S. On decomposed subspaces of Finite Games. IEEE Trans. Autom. Control 2016, 61,
3651-3656. [CrossRef]

Meng, M.; Feng, ].E. A matrix approach to hypergraph stable set and coloring problems with its application to storing problem.
J. Appl. Math. 2014, 2014, 783784. [CrossRef]

Xu, M.R,; Wang, Y.Z.; Wei, A.R. Robust graph coloring based on the matrix semi-tensor product with application to examination
timetabling. Control Theory Technol. 2014, 12, 187-197. [CrossRef]

Yan, Y.Y; Chen, Z.Q.; Liu, Z.X. Solving type-2 fuzzy relation equations via semi-tensor product of matrices. Control Theory Technol.
2014, 12, 173-186. [CrossRef]

Hua, X.H.; Duan, P.Y.; Lv, H.L.; Zhang, Z.S.; Yang, X.W.; Zhang, C.]J. Design of fuzzy controller for air-conditioning systems
based-on semi-tensor product. In Proceedings of the 26th Chinese Control and Decision Conference, Changsha, China, 31 May-2
June 2014.

Zhong, ].H.; Lin, D.D. A new linearization method for nonlinear feedback shift registers. J. Comput. Syst. Sci. 2015, 81, 783-796.
[CrossRef]

Zhong, ].H.; Lin, D.D. Stability of nonlinear feedback shift registers. Sci. China Inf. Sci. 2016, 59, 1-12. [CrossRef]

Ding, W.X,; Li, Y.; Wang, D.; Wei, A.L. Constrainted least squares solution of Sylvester equation. Math. Model. Control 2021, 1,
112-120. [CrossRef]

Ding, W.X.; Li, Y.; Wang, D. A real method for solving quaternion matrix equation X — AXB = C based on semi-tensor product
of matrices. Adv. Appl. Clifford Algebras 2021, 31, 4-17. [CrossRef]

Heise, R.; Macdonald, B.A. Quaternions and Motion Interpolation: A Tutorial; Springer: Tokyo, Japan, 1989; pp. 229-243.

Zhang, Y.Z; Li, Y.; Wei, M.S.; Zhao, H. An algorithm based on QSVD for quaternion equality constrained least squares problem.
Numer. Algorithms 2021, 87, 1563-1576. [CrossRef]

Jia, Z.G.; Ng, M.K,; Song, G.J. Lanczos method for large-scale quaternion singular value decomposition. Numer. Algorithms 2019,
82,699-717. [CrossRef]

Pletincks, D. Quaternion calculus as a basic tool in computer graphics. Vis. Comput. 1989, 5, 2-13. [CrossRef]

Li, T.; Wang, Q.W.; Zhang, X.F. A modified conjugate residual method and nearest Kronecker product preconditioner for the
generalized coupled Sylvester tensor equations. Mathematics 2022, 10, 1730. [CrossRef]

Chen, B.J.; Sun, X.M.; Wang, D.C.; Zhao, X.P. Color face recognition using quaternion representation of color image. Acta Autom.
Sin. 2012, 38, 1815-1823. [CrossRef]

Pei, S.C.; Ding, M.].].; Chang, ].H. Efficient implementation of quaternion Fourier Transform, Convolution, and Correlation by
2-D Complex FFT. IEEE Trans. Signal Process. 2001, 49, 2783-2797.

Ping, J.; Wu, H.T. A closed-form forward kinematics solution for the 6-6/sup p/Stewart platform. IEEE Trans. Robot. Autom.
2001, 17, 522-526. [CrossRef]

Wang, Q.W.; He, Z.H.; Zhang, Y. Constrained two-sided coupled Sylvester-type quaternion matrix equations. Automatica 2019,
101, 207-213. [CrossRef]

Song, G.J.; Wang, Q.W.; Yu, SW. Cramer’s rule for a system of quaternion matrix equations with applications. Appl. Math.
Comput. 2018, 336, 490-499. [CrossRef]

Zhang, F.X.; Wei, M.S.; Li, Y.; Zhao, J.L. Special least squares solutions of the quaternion matrix equation AX = B with applications.
Appl. Math. Comput. 2015, 270, 425-433.

Zhang, EX.; Wei, M.S; Li, Y.; Zhao, J.L. Special least squares solutions of the quaternion matrix equation AXB + CXD = E.
Comput. Math. Appl. 2016, 72, 1426-1435. [CrossRef]

Zhang, FX.; Wei, M.S,; Li, Y.; Zhao, ].L. An efficient real representation method for least squares problem of the quaternion
constrained matrix equation AXB 4+ CYD = E. Int. J. Comput. Math. 2021, 98, 1408-1419. [CrossRef]

Zhang, FX,; Wei, M.S,; Li, Y.; Zhao, J.L. An efficient method for least-squares problem of the quaternion matrix equation
X — AXB = C. Linear Multilinear Algebra 2020, 1-13. [CrossRef]

Yuan, S.F; Wang, Q.W.; Zhang, X. Least-squares problem for the quaternion matrix equation AXB + CYD = E over different
constrained matrices. Int. J. Comput. Math. 2013, 90, 565-576. [CrossRef]

Yuan, S.F.; Wang, Q.W.; Duan, X.E. On solutions of the quaternion matrix equation AX = B and their applications in color image
restoration. Appl. Math. Comput. 2013, 221, 10-20.

Kyrchei, I. Explicit representation formulas for the minimum norm least squares solutions of some quaternion matrix equations.
Linear Algebra Its Appl. 2013, 438, 136-152. [CrossRef]

Kyrchei, I. Cramer’s rules for Sylvester quaternion matrix equation and its special cases. Adv. Appl. Clifford Algebras 2018, 28, 90.
[CrossRef]

Kyrchei, I. Cramer’s rules of #-(skew-) Hermitian solutions to the quaternion Sylvester-type matrix equations. Adv. Appl. Clifford
Algebras 2019, 29, 56. [CrossRef]


http://doi.org/10.1016/j.automatica.2013.09.023
http://dx.doi.org/10.1109/TAC.2010.2092290
http://dx.doi.org/10.1109/TAC.2016.2525936
http://dx.doi.org/10.1155/2014/783784
http://dx.doi.org/10.1007/s11768-014-0153-7
http://dx.doi.org/10.1007/s11768-014-0137-7
http://dx.doi.org/10.1016/j.jcss.2014.12.030
http://dx.doi.org/10.1007/s11432-015-5311-0
http://dx.doi.org/10.3934/mmc.2021009
http://dx.doi.org/10.1007/s00006-021-01180-1
http://dx.doi.org/10.1007/s11075-020-01019-z
http://dx.doi.org/10.1007/s11075-018-0621-0
http://dx.doi.org/10.1007/BF01901476
http://dx.doi.org/10.3390/math10101730
http://dx.doi.org/10.3724/SP.J.1004.2012.01815
http://dx.doi.org/10.1109/70.954766
http://dx.doi.org/10.1016/j.automatica.2018.12.001
http://dx.doi.org/10.1016/j.amc.2018.04.056
http://dx.doi.org/10.1016/j.camwa.2016.07.019
http://dx.doi.org/10.1080/00207160.2020.1821001
http://dx.doi.org/10.1080/03081087.2020.1806197
http://dx.doi.org/10.1080/00207160.2012.722626
http://dx.doi.org/10.1016/j.laa.2012.07.049
http://dx.doi.org/10.1007/s00006-018-0909-0
http://dx.doi.org/10.1007/s00006-019-0972-1

Symmetry 2022, 14, 1359 21 of 21

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

Ling, S.T; Jia, Z.G.; Lu, X.; Yang, B. Matrix LSQR algorithm for structured solutions to quaternionic least squares problem.
Comput. Math. Appl. 2019, 77, 830-845. [CrossRef]

Ling, S.T.; Jia, Z.G.; Jiang, T.S. LSQR algorithm with structured preconditioner for the least squares problem in quaternionic
quantum theory. Comput. Math. Appl. 2017, 73, 2208-2220. [CrossRef]

Ling, S.T.; Wang, M.H.; Wei, M.S. Hermitian tridiagonal solution with the least norm to quaternionic least squares problem.
Comput. Phys. Commun. 2010, 181, 481-488. [CrossRef]

Wang, M.H.; Wei, M.S.; Feng, Y. An iterative algorithm for least squares problem in quaternionic quantum theory. Comput. Phys.
Commun. 2008, 179, 203-207. [CrossRef]

Liu, L.S.; Wang, Q.W.; Mehany, M.S. A Sylvester-Type matrix equation over the Hamilton quaternions with an application.
Mathematics 2022, 10, 1758. [CrossRef]

Liu, L.S.; Wang, Q.W.; Chen, ].E; Xie Y.Z. An exact solution to a quaternion matrix equation with an application. Symmetry 2022,
14, 375. [CrossRef]

Mehany, M.S.; Wang, Q.W. Three symmetrical systems of coupled sylvester-like quaternion matrix equations. Symmetry 2022,
14, 550. [CrossRef]

Wang, R.N.; Wang, Q.W.,; Liu, L.S. Solving a system of Sylvester-like quaternion matrix equations. Symmetry 2022, 14, 1056.
[CrossRef]

Wang, Q.W. Bisymmetric and centrosymmetric solutions to systems of real quaternion matrix equations. Comput. Math. Appl.
2005, 49, 641-650. [CrossRef]

Zhang, W.H.; Chen, B.S. H-Representation and applications to Generalized Lyapunov Equations and Linear Stochastic Systems.
IEEE Trans. Autom. Control 2012, 57, 3009-3022. [CrossRef]

Wei, A.L; Li, Y,; Ding, W.X.; Zhao, J.L. Three special kinds of least squares solutions for the quaternion generalized Sylvester
matrix equation. AIMS Math. 2022, 7, 5029-5048. [CrossRef]

Wang, D,; Li, Y.; Ding, W.X. Several kinds of special least squares solutions to quaternion matrix equation AXB = C. ]. Appl.
Math. Comput. 2022, 68, 1881-1899. [CrossRef]

Cheng, D.Z.; Qi, H.S.; Liu, Z.Q. From STP to game-based control. Sci. China Inf. Sci. 2018, 61, 010201. [CrossRef]

Cheng, D.Z; Qi, H.S.; Xue, A.C. A survey on semi-tensor product of matrices. J. Syst. Sci. Complex. 2007, 20, 304-322. [CrossRef]
Jia, Z.G.; Wei, M.S.; Zhao, M.X.; Chen, Y. A new real structure-preserving quaternion QR algorithm. J. Comput. Appl. Math. 2018,
343, 26-48. [CrossRef]

Golub, G.H.; Van Loan, C.F. Matrix Computations, 4th ed.; The Johns Hopkins University Press: Baltimore, MD, USA, 2013.


http://dx.doi.org/10.1016/j.camwa.2018.10.023
http://dx.doi.org/10.1016/j.camwa.2017.03.006
http://dx.doi.org/10.1016/j.cpc.2009.10.019
http://dx.doi.org/10.1016/j.cpc.2008.02.016
http://dx.doi.org/10.3390/math10101758
http://dx.doi.org/10.3390/sym14020375
http://dx.doi.org/10.3390/sym14030550
http://dx.doi.org/10.3390/sym14051056
http://dx.doi.org/10.1016/j.camwa.2005.01.014
http://dx.doi.org/10.1109/TAC.2012.2197074
http://dx.doi.org/10.3934/math.2022280
http://dx.doi.org/10.1007/s12190-021-01591-0
http://dx.doi.org/10.1007/s11432-017-9265-2
http://dx.doi.org/10.1007/s11424-007-9027-0
http://dx.doi.org/10.1016/j.cam.2018.04.019

	Introduction
	Preliminaries
	Quaternion and Quaternion Matrices
	Semi-Tensor Product of Quaternion Matrices

	Main Conclusions
	Vector Representation of Quaternion Matrices
	L-Representation of Quaternion Matrices

	GH-Representation of Quaternion Matrices
	The Solutions of Problem 1 and Problem 2
	Algorithms and Numerical Examples
	Application in Color Digital Image Restoration
	Conclusions
	References

