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Abstract: The calculus in the absence of limits is known as quantum calculus. With a difference
operator, it substitutes the classical derivative, which permits dealing with sets of functions that are
non-differentiations. The theory of integral inequality in quantum calculus is a field of mathematics
that has been gaining considerable attention recently. Despite the fact of its application in discrete
calculus, it can be applied in fractional calculus as well. In this paper, some new Anderson type g-
integral and h-integral inequalities are given using a Feng Qi integral inequality in quantum calculus.
These findings are highly beneficial for basic frontier theories, and the techniques offered by technol-
ogy are extremely useful for those who can stimulate research interest in exploring mathematical
applications. Due to the interesting properties in the field of mathematics, integral inequalities have a
tied correlation with symmetric convex and convex functions. There exist strong correlations and
expansive properties between the different fields of convexity and symmetric function, including
probability theory, convex functions, and the geometry of convex functions on convex sets. The
main advantage of these essential inequalities is that they can be converted into time-scale calculus.
This kind of inevitable inequality can be very helpful in various fields where coordination plays an
important role.

Keywords: Anderson inequality; Feng Qi inequality; quantum calculus; g-integral; i-integral

1. Introduction

In mathematics, g-calculus is a quantum calculus that calculates without limits. We
acquire g-analogue formulas of mathematics in g-calculus that can be captured as a ten-
dency of q toward one. In the same vein of Newton’'s efforts on infinite series, Euler first
introduced g-calculus. Therefore, the date of g-calculus can be linked back to Euler. Then,
F. H. Jackson [1] defined the g-definite integral and introduced a systematic study of g-
calculus, which is known as the g-Jackson integral, in 1910. In recent years, due to the high
demand of mathematics in the field of quantum calculus, the interest in g-calculus has been
increasing. This g-calculus has many applications in different fields of mathematics and
other different areas, such as fractals, orthogonal polynomial combinatorics, mechanics,
number theory, dynamical systems, special functions, and mechanics for scientific problems
in many applied areas.

In numerous branches of mathematics such as differential equations, analysis, geome-
try, and many other fields, mathematical inequalities have been applied. One such example
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is Anderson type integral inequalities. Let us recall following lines from [2]. “Consider the
following quotient:
f(x) = f(xo)

X — X0

As x reaches to xp, the limit, gives the well known definition of the differentiation of
a function at x = x, if it exists. However, if we take x = gxp or x = xo + h, where g is
a constant different from 1, and % is a constant different from 0 and do not need to take the
limit, we enter the fascinating world of Quantum Calculus and will get the definition of g
derivative and / derivative using x = gxg and x = xq + h respectively.”

In [3], Feng Qi studied one of the useful inequalities, which may be stated as follows:

Theorem 1. Let a positive real number n > 1, Q € C"[mg,my] s.t. QW) (mg) > 0 fori €
{0,1,...n— 1} and Q") (mg) > n!. Then, the following is true:

[ et < e 8

no

At the end of this article, Feng Qi proposed an open problem: “What if # is replaced
by any positive real number p? In what state is the inequality (1) still true?”

This inequality gained the attention of many mathematicians. Some researchers
showed keen interest in this open problem and gave it a try [4,5]. Some of the re-
searchers studied Fenq Qi type inequalities in quantum calculus involving g-integrals
and h-integrals [6], and some studied these inequalities in time-scale calculus [7,8], while
some researchers further generalized it using the {, operator. In this paper, we shall discuss
the g-integral and h-integral analogous of a Feng Qi type inequality in quantum calculus
by using an Anderson inequality. On the other hand, there is considerable research in the
field of g-analysis for achieving quality in quantum computing. Quantum calculus is a
series between mathematics and physics and contains a wide range of applications in many
fields, such as combinations, mathematical numerical theory, addition theory, and quantum
theory [9,10]. Quantum calculus also combines quantum information theory, philosophy;,
information theory, computer science, and cryptography with several applications [11,12].
Since then, the relevant research has been steadily improving. Specifically, the left quantum
integral and the left quantum differential operator were discussed in 2013 [13] by Ntouyas
and Tariboon.

Anderson [14] discussed the following fascinating and interesting integral inequality
in 1958:

Proposition 1. If iy are convex mappings on the closed interval [0,1], and ¢ (0) = 0 Vk €
{1,...,n}, then

Jy e pntts > Z5 (o) ([Tmtoe) @

n—+

where Y1 (x) - .. Yn(x) are integrable functions on the closed interval [0,1].

Ifwelet Q =4 = ¢ = - - - = ¢, in Equation (2), then we obtain following Feng Qi
type integral inequality:
n

/01 Q"(x)dx = n2+nl (/01 Q(X)dx) : ®)
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2. g-Integral Inequalities of the Anderson Type
2.1. Notations and Preliminaries

For g > 1 we recall the notations from [1,7], where mg € C:
1 _ qu n—1

[molg = = — (mo; q)n = ;E)(l —mogd), n>1

and

(x —mo)y = {
The “g-derivative D, Q of a function” Q is defined as

Qlgx) — Qx)
D = ==, 0,
( qQ)(X) (51—1)?( X?é
where (D;Q)(0) = Q'(0), provided Q'(0) exists.
The “g-Jackson integral from 0 to m” is defined by [15]

1, if n=0, xe€C,
(x —mo)(x —qmo) ... (x —q"'mo), if n#0.

[00)

/Omo Qx)dgx = (7" = 1)mo Y, Q(mog™™)q ™",

n=0

given that the sum converges absolutely.

®)

(6)

The “g-Jackson integral in a generic interval [m, m1]” is defined as follows (see [15]):

/ B Q(x)dqx = /O " Q(x)dgx — /0 " Q(x)dqx.

mo

From [2], we also have that

X
D, [ atmyr| = Q).
mo
If my > 0 and mg = my4", where n € N, we have
[mo, m1]y = {mlqk :0<k<n} and (mo,ml;= [q_lmo, i)y

2.2. Main Results

@)

®)

Lemma 1. Ifwelet p € Rs.t. p > 1and A be a non-negative and monotone function on [0,1],,

then

[PlgAP 1 (X)DgA(X) < Dy[A (X)) < [plgA? Hax)DgA(x),  x € (0,1],.

Proof. We have

Dy[AP](x) = AP(gx) =M (x) _ [Pl /A(‘ix)

B Ax)

™14 .
(g—-1)x (9—-Dx 1

Since A is a non-negative and monotonic function, therefore

M GRE) - A1 < [ e g < 7 )l an) - AGo)
(x)

)
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From Equation (9), we obtain

[PlaAP () DA (x) < Dy[AP(x) < [plgA? (gx)DgA(x)-

O

Theorem 2. If we have the function Q on [0,1],, then it satisfies

14
Q(0) =0, DyzQ(x) > ;onrl[p]"sz for xe€(0,1]; and p >2,(yes, accordingtopower) (10)

Then, it is true that

[ ez 2 (f o)

X
Proof. Include A(x) = / Q(u)dqu and
0

B0 = [0~ 2 ([ Qi)

We have

DyF(x) = QP lan) ~ 531 Dy 1)

Since Q and F both are increasing on [0, 1];, we obtain the following from Lemma 1:

[plq

DeF(x) = Q(gx) — 552" (0Q(x) (11)
> Q0 - 20 (000 = Qi)

where h(x) = QP—l(qX) — %27”/\”—1(%),
We also have

Dyh(x) = DgQP 1 (qx) — ﬂqﬂ”DWl(X)-

By using Lemma 1 again, we obtained

DY) = (p-1Q WD) — HEE D2 opan  a)
> (p-DQUOIQ (WD) — B4 (gL 3)

Since Q is increasing, we have

/OX Qu)dqu < Q(x)(g9x —0) = gxQ(x)-

Now, using the assumptions of this theorem and the inequalities in Equations (12) and (13),
we obtain

Dyi(x) 2 (= DO (OIDQ(N) — B2 (gr) ) 20,
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In addition, from the fact that 7(0) = QF(0) = 0, we obtain i(x) >0, x € [0,1];.
From F(0) = 0 and DyF(x) = Q(x)h(x) > 0, it is given that F(x) > 0V x € [0,1],,
particularly

1

F(1) = /01 QF (qu)dgu — pz—i—pl (/0 Q(u)dqu)p > 0.

O

Corollary 1. Let n € N and the function Q on [0, 1], satisfy

n+1
Q(0) =0, DyQ(x) > 2™y, x e (0,1,

Then, we have

1 -~ 2n+] 1 n+1
/0 Q" N qx)dgx > n+2(/0 Q(x)%x) :

Proof. The results follow directly by substituting p = n + 1 into Theorem 2. [

Corollary 2. Let n € N and the function Q on [0, 1], satisfy

. ) n+1
DyQ(0) >0, 0<i<n-1, DyQ(x) > mznﬂ[n]q!, x € (0,1]4.

Then, we have

[ ewor = 20 [ agan)

~n+3
Proof. Since Dy Q(x) > %Z”H [n],!, therefore, by g-integrating (n — 1) times on [0, x],
we obtain
n+1
> n+1 n

We obtain our required result by using Corollary 1. O
Theorem 3. Let p € Rs.t. p > 1and the function Q on [0, 1], satisfy
Q(0) =0, p =< DgQ(qx),Vx € (0, 1. (14)

Then, we have

p+2

1 op+2 1
/0 Qp+2(WC)qu2p+3( /O Q(x)%x) : (15)

X
Proof. Include A(x) = / Q(u)dyu and
0

p+2 p+2
Fo = [ 02w~ 2 ([Fouwdu)  xe b, a6
We have
2p+2
DyF(x) = Q"2 (qx) — =———=Dy[A" 2] (x) x € [0,1],. (17)

p+3
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Since Q and A both are increasing on [0, 1], we obtain the following from Lemma 1
for x € (0,1]4:
p+2 P2, 002, p+1
DF(x) = Q7 ax0) = 32 A Q) (18)

Q" 2qx) ~ B2 2 (0 2lex) = Qlani(x),

v

+2
Here, h(x) = Q"' (x) = 52241 (x).

We also have

p+2

+ 32p+2D /\p+1( )

Dyh(x) = DgQP(qx) —

By using Lemma 1 again, we obtain

D) = (p+ Q0D — EEIEER o 9)
> (p+DQWIQ (0DsQaw) — 2 4 (). 0)

Since the function Q is increasing, for x € [0,1];, we have

7 Qg < 0(ax) (1-0) = Qlgx).

Therefore, we have

Dyh(x) = (p + D@ () [DsQlaw) — o527 =0,

We deduce from the conditions given in Equation (14) that & is increasing on [0, 1],.
Finally, since h(0) = QP*1(0) = 0, it follows that F increases and F(1) > F(0) = 0,
which completes the proof. [

Theorem 4. Let Q be an increasing function such that Q(0) = 0. Then, for all p > 0, we have

2p+1

/Ol[wa)]z”“d _;;i;{/lQ(X)qu] ) 1)

, 2p+1
provided that Dgf > 555271,

Proof. For T € [0,1],, we put forth

T 2p+1 2p+1 T
B0 = [0 an - 2| [ovoan] T e A = [ o
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Then, for T € [0, 1];, we have

2p+1
DF() = [QUOH - 2
2p+1
2p+2
2p+1
C2p+2
Qo) (1) - X a1 (n)) @)
— QUOG(T),

2p+1
2p+2

v

[Q()P+! — 2o =22 IA (1) Q(gt)

2PN (1)Q(q) (22)

V
L
S
b

¥
<

+

=

where G(t) = [Q(g7)]% —

Furthermore, we have

22p+1/\2p (’l’)

DG = 2@ (q)DyQ(r) - PRI )l

2pQa0) (@ (a)DyQ(r) - o321 () ). 4)

Y

Since the function Q is increasing, we have the following for x € [0,1];:

7 Qg < Qa1 - 0) = Q).
Therefore, we have

DyG(x) = 2pQ¥ (1) [DyQ(¥) - o527 *1] 2 0

Hence, G is increasing on [0, 1]q. Moreover, we have

2p+1

22p+1A2p 0,
2p+2 (0)=

G(0) = [Q(O)]* —
forall t € (0,1];, G(t) > G(0) = 0, implying that D,F(t) > 0,V T € (0,1];. Thus, F is
increasing on [0, 1];. In particular, F(1) > F(0) = 0, which proves our claim. []

3. h-Integral Inequalities of the Anderson Type
3.1. Notations and Preliminaries

Let us recall some definitions from [15].
Let h # 0. A “quantum derivative of a function” Q, denoted by D;,Q, is given by

DyQx) = L =W, 25)

One can easily verify that

Dy(Q(x)A X)) = Qx)DpA(x) +A(x +h)DyQ(x) (26)
< (x > _ MDRQ(x) — f(X)DrA(x) 27)
Ax) AX)Mx +h)

If Q'(0) exists, then D;,Q(0) = Q'(0). As h — 0, we find an ordinary derivative.
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If m; — my € hZ, the definite h-integral is defined by [4]

- h(Q(mg) 4+ Q(mg +h) +--- + Q(my — h)), if my < my,
/m Q(x)dpx =10, if my = my (28)
0 —h(Q(m1)+Q(m1 —I—h)—l—---—i—Q(mo—h)), if mg > my.

The following theorem, whose proof can be found in [4] , justifies Equation (28):

Theorem 5. If F is an h-antiderivative of Q and my — mg € hZ, then

7 QU0 = F(my) ~ Flmo) 9)

mo

By applying Theorem 5 to D;,(Q(x)A(x)) and using Equation (26), one can find the
following:

[ Q06 = QUeAG) — QA (m) — [ A+ WaQG). G0

mo

For any function (, one can easily verify
X
o [ Q| = Q). @

3.2. Main Results

Before we proceed further, we need a lemma:

Lemma 2. Ifwelet n € Rs.t. n > 1 and the function A be non-negative increasing on [0, 1], then

nA"(x)DpA(x) < Dp[A(x)]" < nA™(x) DpA(x), (32)
Proof. We have
n _ /\n(X+h) B An(X) _ n A(XJrh) n—1
Dy A" (x) = ; =il T (33)

Since A is a non-negative increasing function, we have
n Acth) n—1 n
MR+ =A< [ <N AR = AL 34

Therefore, through Equations (33) and (34), we obtain our required result. [

Theorem 6. Let function Q be non-negative and increasing on [0, 1] and satisfy

Q2(0DLQU) = T2 (x + 20 2 (2 for 22 and (1-0) € b
Then, we have
1 2@’ 1 ¢
/0 [Q(x))dyx > H[(/g Q(qx)dhxﬂ : (35)
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and A(x) = fOX Q(u)dpu. By virtue of Lemma 2, it follows that

AN x+h)|, (36)

where

With Lemma 2, we have

Et1

> (€~ 1@ 0000 - SNt D) 9

— (1= D200 — “ESDaat 2+ 2w+ 1)

¢
DyF = Dh(Qg_l(x)—z/\H(XJrh)Q(X)) (37)

Since the function A is increasing and non-negative, therefore

x+2h
A(x +2h) :/O Q(u)dpu < (x +2h —0)Q(x +2h) (39)

Hence, we have

DLFL () > (6~ 1)@ 2(0DrQ00) — S Vatrs=2(x 4 am)Q(x + 20).

1
= (€= DO (0)DwQx) — ijll)z%"z(w% —0)QF2(x+21)  (40)
— (- D02 WDI00) - FE QT k) ) z0.

which assures that F; is increasing. Hence, Fi(x) > F;(0) > 0 and D, F(x) > 0, so F is
increasing since F(x) > F(0) =0. O

Theorem 7. Let n > 1. If the function Q is non-negative and increasing on [0, 1] and satisfies

Q" (x)DrQ(x) = 2" (x +21)" Q" (x + 2h) (42)
then
1 i1 on 1 n+1
[ etmn = 2 ([ evomm) @)

Proof. For x € [0,1], let

n+1

FGo = [t - 2 ([ Q)

and
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Utilizing Lemma 2 gives

2}’1
n+1

n

n 2 n
Q" (x) - g DA+ Q%)

Q" (x) = 2"A"(x + h)Q(x)
Q)Q"(x) —2"A"(x + h)]

DyF(x) = Q""'(x)-— Dy (A" (%))

v

where

F(x)=Q"(x) —2"A"(x + h).

From Lemma 2, it follows that

DpFi(x) = Du(Q"(x)) —2"Dp(A"(x + 1))
> nQ" T (X)DRQ(x) — 2".nA" (x + 2m)Q(x + h).

Since Q is increasing and non-negative, then

x+2h
A(x +2h) :/0 Q(u)dy(u) < (x +2h)Q(x +2h) (44)
Hence, we have

nQ" ! (0)DpQ(x) — 2" (x +21)" Q" (x +21)Q(x + h)

DyFi(x) >
> nQ" M (x)DypQ(x) — n2"(x +2h)" Q" (x + 2h)

Dy (x) = n(Q" " (G0DaQx) —2"(x +21)"~'Q" (x +2h) ) > 0 (45)

We conclude that F; is an increasing function. Hence, F;(x) > F;(0) = 0 and
DyF(x) > 0. Therefore, F increases since F(x) > F(0) =0. O

4. Conclusions

¢  Inthe current study, we analyzed a Feng Qi type g-integral inequality and h-integral
inequality and then discussed an Anderson type integral inequality in quantum
calculus;

*  We considered how to translate some Anderson type integral inequalities into quan-
tum calculus (i.e., g-integral and h integral inequalities);

* By transforming these Anderson type integral inequalities into the equivalent g-
integral inequalities and h-integral inequalities, we established a solution method
for the corresponding fractional integral inequalities. Our work further develops the
solution of time-scale calculus.

Author Contributions: Conceptualization by G.M. and A.R.K,; writing and original draft preparation
by G.M. and A.RK.; writing review and editing by A.U.R. and A.R.K.; methodology by M.A.A ;
validation by B.S.; investigation, resources, data curation and supervision by L.C.; formal analysis by
S.H.; visualization by J.H. All authors have read and agreed to the final version of the manuscript.

Funding: The Authors pay thanks to the administration of university of Baltistan Skardu for support
to conduct Saminar, research group discussion and field visit for the preparation of this muniscript.
This research was funded by Special Project for Capacity Improvement of Shanghai Professional
Technical Service Platform: (19DZ2290400); Shanghai Major Science Popularization Project:: Project
No. 20DZ2306500.

Institutional Review Board Statement: Not applicable.



Symmetry 2022, 14, 1294 11 of 11

Informed Consent Statement: Not applicable.
Data Availability Statement: Not applicable.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Jackson, EH. On a g-definite integrals. Q. . Pure Appl. Math. 1910, 41, 193-203.

2. Kac, V.G,; Cheung, P. Quantum Calculus; Springer: New York, NY, USA, 2002.

3. Pogény, TK. On an open problem of F. Qi. |. Inequal. Pure Appl. Math. 2002, 3, 54.

4. Brahim, K; Bettaibi, N.; Sellami, A.M. On Some Feng Qi Tpe g-Integral Inequalities. J. Inequal. Pure Appl. Anal. 2008, 9, 43.

5. Bougoffa, L. Notes on Qi type inequalities. J. Inequal. Pure Appl. Math. 2003, 4, 77.

6.  Krasnigi, V.; Shabani, A.S. On Some Feng Qi Type h-Integral Inequalities. Int. J. Open Probl. Compt. Math. 2009, 2, 516-521.

7. Mazouzi, S.; Qi, F. On an open problem regarding an integral inequality. . Inequal. Pure Appl. Math. 2003, 4, 31.

8. Fayyaz, T.; Irshad, N.; Khan, A.R.; Ur Rahman, G.; Roqia, G. Generalized integral inequalities on time scales. J. Inequal. Appl.
2016, 2016, 235. [CrossRef]

9.  Gasper, G.; Rehman, M. Encyclopedia of Mathematics and Its Applications, 2nd ed.; Basic Hypergeometric Series; Cambridge
University Press: Cambridge, UK, 2004.

10. Cheung, W.S.; Hanj$, Z.; Pecari¢, ]. Some Hardy-type inequalities. J. Math. Anal. Applics. 2000, 250, 621-634. [CrossRef]

11.  Koornwinder, T.H. g-Special Functions, a Tutorial. In Deformation Theory and Quantum Groups with Applications to Mathematical
Physics; Gerstenhaber, M., Stasheff, J., Eds.; Contemporary Mathematics: Amherst, MA, USA, 1992.

12.  Ernst, T. A Comprehensive Treatment of q-Calculus; Springer: Berlin/Heidelberg, Germany, 2012.

13. Tariboon, J.; Ntouyas, S.K. Quantum calculus on finite intervals and applications to impulsive difference equations. Adv. Differ.
Equ. 2013, 2013, 1-19. [CrossRef]

14. Andersson, B.]. An inequality for convex functions. Nordisk Mat. Tidskr. 1958, 6, 25-26.

15.  Qi, F. Several integral inequalities. J. Inequal. Pure Appl. Math. 2002, 1, 19.


http://doi.org/10.1186/s13660-016-1170-5
http://dx.doi.org/10.1006/jmaa.2000.7006
http://dx.doi.org/10.1186/1687-1847-2013-282

	Introduction
	q-Integral Inequalities of the Anderson Type
	Notations and Preliminaries
	Main Results

	h-Integral Inequalities of the Anderson Type
	Notations and Preliminaries
	Main Results

	Conclusions
	References

