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Abstract: In statistical process control (SPC), the ratio of two normal random variables (RZ) is a
valuable statistical indicator to be taken as the charting statistic. In this work, we propose a triple
exponentially weighted moving average (TEWMA) chart for monitoring the RZ. Additionally, the
variable sampling interval (VSI) strategy has been adopted to different control charts by researchers.
With the application of this strategy, the VSI-TEWMA-RZ chart is then developed to further improve
the performance of the proposed TEWMA-RZ chart. The run length (RL) properties of the proposed
TEWMA-RZ and VSI-TEWMA-RZ charts are obtained by the widely used Monte-Carlo (MC) sim-
ulations. Through the comparisons with the VSI-TEWMA-RZ and the VSI-DEWMA-RZ charts, the
VSI-TEWMA-RZ chart is statistically more sensitive than the VSI-EWMA-RZ and the VSI-DEWMA-
RZ charts in detecting small and moderate shifts. Moreover, it turned out that the VSI-TEWMA-RZ
chart has better performance than the TEWMA-RZ chart on the whole. Furthermore, this paper
illustrates the implementation of the proposed charts with an example from the food industry.

Keywords: SPC; RZ; EWMA chart; TEWMA chart; VSI-TEWMA chart

1. Introduction

The quality of products has become one of the most important factors in the company’s
market competition. For improving products” quality, Statistical Process Control (SPC)
offers a lot of tools to supervise and control a process. Control chart, as one of the most
critical tools in SPC, is often used to monitor the common or assignable causes. In the
SPC literatures, control charts for monitoring the ratio of two normal random variables
(RZ) have already been studied extensively. They have been used in various fields—for
instance, the baking industry, the pharmaceutical industry, and the industrial production
of materials, as seen in [1].

The research on the RZ control charts is mainly divided into three branches: the
Shewhart type charts, the cumulative sum (CUSUM) charts and the exponentially weighted
moving average (EWMA) charts. Among these three type control charts, the Shewhart
control chart for monitoring the RZ was first discussed by Ref. [2], who investigated a
quality control procedure for the insurance against unemployment. Ref. [3] pointed out
that the distribution of the ratio was extremely complex and the statistical properties of the
control chart can only be obtained by simulations. Ref. [4] put forward several guidelines
to implement the Shewhart chart for supervising and controlling the ratio of glass oxide
composition to its density in the glass industry. Ref. [1] discussed the Shewhart chart
based on individual measurements, named as the Shewhart-RZ control chart. Following
this work, Ref. [5] studied the RZ chart on the basis that subgroups consist of n > 1
units. Then, Ref. [6] stated that the synthetic control chart for supervising and controlling
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the RZ is statistically more sensitive than the Shewhart-RZ chart. As it is known to all,
the Shewhart charts are ineffective in detecting small to moderate process shifts. Some
researchers have suggested supplementing run rules for improving the Shewhart charts’
statistical properties, see Refs. [7-9] and so on. To further improve the Shewhart-RZ chart’s
performance, Ref. [10] and Ref. [11] adopted the run rules to the Shewhart-RZ control
charts, denoted as RR-RZ control charts for the purpose of increasing its sensitivity to
small shifts.

To further overcome the shortcomings of the Shewhart-type charts in detecting a
relatively small shift, some researchers have successively proposed EWMA and CUSUM
charts. Both types of charts take full advantage use of the previous samples information,
making charts faster in detecting relatively small shifts. For example, Refs. [12,13] proposed
two one-sided EWMA-RZ charts, and it turned out that the EWMA-RZ chart is statistically
more sensitive than the Shewhart -RZ chart on the whole. Additionality, Ref. [14] proposed
and studied the statistical properties of two Phase II one-sided CUSUM-RZ control charts
and the numerical results showed that the proposed CUSUM chart is more sensitive to
small shifts than the Shewhart-RZ chart.

To further improve control charts” ability to adjust to small shifts, different methods for
improving EWMA schemes have been shown in the SPC literature. These charts are consid-
ered an extension of EWMA charts. For example, Refs. [15,16] performed the exponential
smoothing twice on the weighted coefficients of the EWMA charts, which was named a
double exponential weighted moving average (DEWMA) chart. For more works on the
DEWMA control charts, the reader may see Refs. [17,18]. Recently, Ref. [19] constructed the
one-sided DEWMA chart for time between events (DEWMA-TBE) which has time-varying
control limits based on the gamma distribution. It shows that the DEWMA-TBE chart
is statistically more sensitive than competitors in detecting downward shifts. Moreover,
Ref. [20] have improved the performance of the DEWMA-type control chart with additional
run-rule schemes. Since then, Ref. [21] studied the nonparametric DEWMA chart on the
basis of the Wilcoxon rank-sum test. Ref. [22] performed the exponential smoothing three
times and proposed the triple exponentially weighted moving average (TEWMA) chart
for monitoring a normally distributed process. Moreover, a TEWMA chart for monitoring
time between events (TBE) was suggested by Ref. [23]. Recently, Ref. [24] proposed a
new TEWMA chart for supervising and controlling the process dispersion, moreover the
advantage of the chart is shown by comparing with some competitors in detecting small
shifts. Later on, a new distribution-free TEWM chart on the basis of the Wilcoxon rank-sum
statistic was proposed by Ref. [25]. The studies on the TEWMA chart have demonstrated
its outstanding performance in the detection of small shifts.

In the related works of control charts, researchers have found that introducing the vari-
able sampling interval (VSI) strategy to control charts can further improve the performance
of traditional charts with a fixed sampling interval (FSI). The VSI strategy is the one that
adjusts the next sampling interval based on the position of the current charting statistic on
the control chart. For example, Ref. [26] proposed an EWMA-RZ chart by introducing the
VSl strategy, denoted as the VSI-EWMA-RZ chart. As a result, the statistical performance
of the VSI-EWMA-RZ chart is superior to the traditional EWMA-RZ charts. In addition,
Ref. [27] further integrated the VSI into the CUSUM-RZ scheme, called the VSI-CUSUM-RZ
chart, to enhance the CUSUM-RZ chart’s performance.

Based on the above studies, it is found that the TEWMA chart has demonstrated
its outstanding performance in the detection of small shifts in a normally distributed
process. Motivated by this fact, this paper proposes a TEWMA chart for monitoring the
RZ. Moreover, since the integration of the VSI strategy can improve the performance of the
EWMA-RZ or CUSUM-RZ charts for small to moderate shifts, a VSI-TEWMA-RZ control
chart is then proposed to further improve the performance of the proposed TEWMA-
RZ chart.

The other parts of this paper are organized as follows: In Section 2, the distribution
of the ratio Z between two normal random variables is briefly introduced. Then, the
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TEWMA-RZ and VSI-TEWMA-RZ charts are introduced in next Section. Section 4 shows
the design procedure of the proposed charts. The control limits and the ARL or the average
time to signal (ATS) of the proposed charts are also shown in this section by using the
widely used Monte-Carlo (MC) simulations. In Section 5, for different chart parameters,
the performance of the VSI-TEWMA-RZ chart is compared with the TEWMA-RZ, the
VSI-EWMA-RZ, and the VSI-DEWMA-RZ charts. Section 6 takes the food industry as an
example and implement the proposed control chart in practice. At last, Section 7 gives
several remarkable conclusions and proposals for future research works.

2. A Brief Review of the Distribution of the Ratio Z

In this section, the background of the distribution of the ratio Z is briefly outlined
by considering two normally distributed random variables, X and Y—for example
W= (X,Y)" ~ N(uw, Zw). Here, W is a bivariate normally distributed random vector
with a mean vector and variance—covariance matrix, respectively, as below:

_ [ Hx
tyy = (W> 1)

2
_ Ox POXx0y
= (e, ") <2>
where p is the coefficient of correlation between X and Y. According to the definition, the

coefficients of variation of the two random variables X and Y are defined as yx = %

and vy = 2, respectively, so the standard-deviation ratio is w = ZX. Moreover, details
Hy oy

of the interested ratio Z = % can refer to Refs. [28-30]. Although there is no closed-

form expression for the distribution of the ratio Z, it can be approximated by applying a
analogical method suggested by Refs. [5,31]. Thus, the approximated expression of the
c.d.f. (cumulative distribution function) Fz(z | vx, vy, w, p) of Z proposed by Ref. [5] can
be obtained as follows:

A
FZ(Z | ,YXI/)/YI(’UIP) = q><B>/ (3)
where @(-) is the c.d.f. of the standard normal distribution and A = %= — % and

B = /w? — 2pwz + z? are functions of z, vx, vy, w, and p. In addition, the p.d.f. (probabil-
ity density function) fz(z | vx, 7y, w, p) of Z can be given as follows:

fz(z | vx, 1y, w,p) = (B,lyy By _15360)14) X ¢(1§) @)

where ¢ (-) is the p.d.f. of the standard normal distribution. The i.d.f. (inverse distribution
function) F, ' (p | vx, vy, w,p) of Z is,

N (p | vxovy.w,p) = 26 p , 0.9, )
‘ 0PN o JATGG i 051y
2C1 o~y .
2 2
Here, C; = Ar% — <q>71(p)) , C = 2W(P(q>l(p)) _'Vxl’yy) and C; =

2
w? <712 - (CD’l (p)) > are functions of vx, vy, p, w, and p. Moreover, ®~1(-) is the i.d.f.
X

of the standard normal distribution.

3. Construction of the TEWMA-RZ Control Charts

To implement the control chart for monitoring the ratio Z = %, at each sampling
point i = 1,2, ..., we collect independent couples {W;1,W;,,...,W;,} and each
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W, = (X,],Y ) ~ N(twir Ew,i), ] = ., 1, is a bivariate normal random vector with a
mean vector and variance-covariance matrix, respectively, as follows:

— (Hxi
Hw,i = ( e (6)

Hy i

U;2< i 000X,i0y,i
z“w,i = L 2 : (7)
P00X,i0y,i Oy,

where py is the defined in-control correlation coefficient between two random variables X
and Y. Following Ref. [5], several assumptions are made in this paper. First, the sample
units are allowed to change among subgroups, which means p, ; # ty  and Iy, ; # Zy k
for i # k. Second, for variables X and Y, there is a linear relationship, ox; = vx X pix,
and oy ; = vy X py;, where yx and 7y are the supposed known and constant coefficients
of the variation of X and Y, respectively. Third, the known in-control value of the ratio is

zog= X 11,2, ... for the in-control process.
Hy,i

3.1. A Brief Review of the VSI-EWMA-RZ Control Chart

To improve the performance of a Shewhart-RZ chart, Ref. [26] proposed a VSI-EWMA-
RZ chart for monitoring the statistic Z;,

A

7=

> | =>

X YT X
X”:%:uizll,... ®)

n 7
fry,i i—1Yij

As it has been shown in Ref. [5], the c.d.f. F;(z|n,vx, 7y, zo,p) and the id.f
F;Y(p | n,vx 7y, 20, p0) of Z; are equal to:

TX Yy 207X
FA- ’ 7 7 7 = P = = 7 7 9
2 (z [ n,vx, 7y, 20, 0) Z(Z TN P) )
F M p | n v, 1v.20,00) = Fy ( TX Ty 207X ) 10
2 (P L1 7%7v,20,00) N (10)
where Fz (Z | X :Y}, Z(’yzx,p> is the c.d.f. of Z in Equation (3) and F,, ! (p | j/’i, \7}, 2, 00 )

is the i.d.f. of Z in Equation (5).
For detecting the upward shifts, the statistic Y;" of the upper-sided VSI-EWMA-RZ
(denoted as VSI-EWMA-RZ") chart is defined as:

Yih = max(zo, (1-AN)YF, +A7Z ) Yy = 2o, (11)

With an upper control limit UCLT = K* x zp, where AT € (0,1] is the smoothing
parameter and K™ > 1 is chart parameter of the VSI-TEWMA-RZ" chart. In addition, an
upper warning limit UWLT = W™ x zy between [zp, UCL"] is added to the chart, where
W+ < K7 is the upper warning limit coefficient. A process is deemed to be out-of-control
if the statistic Y;" > UCL™. Otherwise, the process is thought to be in-control if the statistic
Y;" falls within the warning region (UWL", UCL"], and a shorter sampling interval ks
is used to collect the next sampling point. The process is deemed to be in-control if the
plotted statistic Y;" falls within the safe region [zg, UWL™], and a longer sampling interval
hp is used.

Similarly, for the detection of downward shifts, the statistic Y;~ of the lower-sided
VSI-EWMA-RZ (denoted as VSI-EWMA-RZ ™) chart is defined as:

Y~ = min (zo, (1—A7)Y, + A*Zi), Yy =z, (12)

1
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With a lower control limit LCL™ = K~ x zp, where A~ € (0, 1] is the smoothing
parameter and K~ < 1 is the chart parameter of the VSI-EEWMA-RZ™ chart, respectively.
In addition, a lower warning limit LWL™ = W™ X zg between [LCL™, zy] is added to the
chart, where W~ > K~ is the lower warning limit coefficient. A process is claimed to
be out-of-control if the plotted statistic Y;” < LCL™. Otherwise, the process is deemed
to be in-control if the plotted statistic Y;~ falls within the warning region [LCL™LWL™)
and a shorter sampling interval /; is used. The process is deemed to be in-control if the
plotted statistic Y;~ falls within the safe region [LWL™, 2] and a longer sampling interval
hp is used.

3.2. A Brief Review of the VSI-DEWMA-RZ Chart

According to Ref. [32], the one-sided VSI-DEWMA-RZ charts are constructed by
making the smoothing twice and are defined as follows:

An upward VSI-DEWMA-RZ (denoted as VSI-DEWMA-RZ") chart is used to detect
an increase in the process and the monitoring statistic U, is:

U =ATy+ (1-ahut

Uy =2, (14)
where AT € (0, 1] is the smoothing parameter and K* > 1 is the chart parameter of the VSI-
DEWMA-RZ* chart, respectively. The single control limit of the chartis UCLT = K™ x z.
Also, an upper warning limit UWLT = W™ x zy between [zy, UCL"] is added, where
W < K" is the upper warning limit coefficient. If the plotted statistic U > UCL™, the
process is considered to be out-of-control. Otherwise, the process is claimed to be in-control
if UWLT < U" < UCL" and a shorter sampling interval ks is used to collect the next
sampling point. The process is considered to be in-control if zg < U;" < UWL" and a
longer sampling interval /. is used. The sampling interval ; can be expressed as follows:

B = { ZS,UW+L+ < ui*+§ ucL+ (15)

L, U <UWL

A downward VSI-DEWMA-RZ (denoted as VSI-DEWMA-RZ ™) chart is used to detect
a decrease in the process and the statistic U; can be similarly defined as:

Yi_ = )\_ZZ‘ + (1 — )\_)Yiil’ YO_ = 20, (16)

U7 =A7Y7 + (1-A7) U, Uy =z, (17)

where A~ € (0,1] and K~ < 1 are the smoothing and chart parameters of the FSI-DEWMA-
RZ-chart, respectively. The single control limit of the chartis LCL™ = K~ X zy. A lower
warning limit LWL™ = W~ X zg between [LCL™, zg| is added, where W~ > K~ is the lower
warning limit coefficient. If the plotted statistic U;” < LCL™, the process is considered to be
out-of-control. Otherwise, the process is claimed to be in-control if LCL™ < U;” < LWL~
and a shorter sampling interval }; is used. The process is considered to be in-control if
LWL~ < U; < zp and a longer sampling interval /1 is used. The sampling interval h; can
be expressed in a form similar to Equation (15).

3.3. The Proposed TEWMA-RZ Charts

To further enhance the advantage of the FSI- or VSI-EWMA-RZ charts, this paper
performs the exponential smoothing three times on the weighted coefficients of the EWMA
charts. As the distribution of Z is non-symmetric, two separate one-sided TEWMA-RZ
charts are proposed for detecting increasing and decreasing shifts, respectively. Moreover,
the VSI-TEWMA-RZ chart is further proposed to increase the sensitivity of the FSI-TEWMA-
RZ chart.
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3.3.1. The FSI-TEWMA-RZ Chart

An upward FSI-TEWMA-RZ (denoted as FSI-TEWMA-RZ*) chart is used to detect an
increase in the process, and the monitoring statistic V;" is:

Y= N2+ (=AY Y =2 a8
UF = A7+ (1= A US, U =2 (19
Vi = NUF 4 (1 ATV Vi =20, 20

where AT € (0, 1] is the smoothing parameter and K™ > 1 is the chart parameter of the FSI-
TEWMA-RZ" chart, respectively. The single control limit of the chartis UCL™ = K™ x z.
A process is deemed to be out-of-control if the statistic V:" falls above the UCL ™. Otherwise,
the process is declared to be in-control.

A downward FSI-TEWMA-RZ (denoted as FSI-TEWMA-RZ ™) chart is used to detect
downward process sifts and the statistic V;~ can be similarly defined as:

YT =AZi+(1-A7)Y Yy =z, (21)
Ui_ = )L_Yl-_ + (1 — )\_)ui__ll UO_ = 20, (22)
Vo =AU+ (1-AT)Vo |, Vg =z, (23)

where A~ € (0,1] is the smoothing parameter and K~ < 1 is the chart parameter of the
TEWMA-RZ™ chart, respectively. The single control limit of the chartis LCL™ = K~ X z.
A process is deemed to be out-of-control if the charting statistic V;~ falls below the LCL™.
Otherwise, the process is declared to be in-control.

3.3.2. The VSI-TEWMA-RZ Chart

For further enhancing the sensitivity of the FSI-TEWMA-RZ chart for small or moder-
ate shifts in the process, this paper introduces the VSI strategy into the FSI-TEWMA-RZ
control chart in Section 3.3.1.

With respect to the proposed VSI-TEWMA-RZ chart, the control limit UCL™ (LCL™)
is consistent with the FSI-TEWMA-RZ chart. For the upward VSI-TEWMA-RZ (denoted
as VSI-TEWMA-RZ™) control chart, an upper warning limit UWLtT = W™ x z between
[z, UCL™]is added, where Wt < K™ is the upper warning limit coefficient. If the plotted
statistic V;" > UCL™, the process is considered to be out-of-control. Otherwise, the process
is claimed to be in-control if UWL' < V:* < UCL" and a shorter sampling interval /
is used to collect the next sampling point. The process is considered to be in-control if
zo < ViJr < UWL™ and a longer sampling interval /; is used. The sampling interval /; can
be expressed as follows:

+ + +
hz-:{ hs, UNL" < V;* < UCL 1)

hy, VP <UWL*

In terms of the downward VSI-TEWMA-RZ (denoted as VSI-TEWMA-RZ ™) control chart,
a lower warning limit LWL~ = W™ X zg between [LCL™, zp] is added, where W~ > K~
is the lower warning limit coefficient. If the plotted statistic V;~ < LCL™, the process
is considered to be out-of-control. Otherwise, the process is claimed to be in-control if
LCL™ <V, < LWL™ and a shorter sampling interval /; is used. The process is considered
to be in-control if LWL™ < V;~ < zp and a longer sampling interval & is used. The
sampling interval ; can be expressed in a form similar to Equation (24).

4. Design of the Proposed TEWMA-RZ Charts
4.1. Design of the Proposed FSI-TEWMA-RZ Chart

Because of the complexity of the charting statistic of the FSI-TEWMA-RZ chart, the
run length (RL) properties of the control chart are obtained by the MC simulation in this
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paper. Furthermore, to evaluate the performance of the FSI-TEWMA-RZ chart, the ARL
measure, which indicates the average number of samples collected before going into out-
of-control state, is selected. When the process is under control, the ARL is recorded as
ARLy. Otherwise, when the process gets out of control, the ARL is recorded as ARL;. For
illustration, the detailed procedure of the MC simulation of the FS-TEWMA-RZ" chart is
summarized as follows:

Step 1 Select the values of the sample size n, the in-control ratio zy, the smoothing
parameter A", and the chart coefficient K¥. Compute the corresponding control limit
UCLT = KT X z.

Step 2 Generate a random sample from a multivariate normal distribution and compute
the value of the charting statistic V;" as in Equation (20).

Step 3 If the charting statistic V;" falls below the UCL™, the process is deemed to be
in-control and returns to Step 2. Otherwise, the process is deemed to be out-of-control and
then record the RL values.

Step 4 Repeat Steps 2 and 3 for . times, calculate the ARL values from the recorded RL
values. The approximated expressions of the ARL can be written as:

YN RL;

N

Without loss of generality, this paper assumes ARLy = 200 and further studies the
ARL; performance of the proposed chart under different shifts. The performance of the
FSI-TEWMA-RZ chart can be expressed as:

ARL = t=1,...,N (25)

ARLy = ARL1(n, A, K, vx, vy, 20,0, T), (26)
Subject to the constraint:
ARL(H,/\,K,’yx,’yy,Z(),p,T = 1) = ARL(). (27)

When t = 1, the process is under control. Otherwise, when T # 1, the process
is returns to be out-of-control. For the above model, considering different parameter
combinations, this paper uses a bisection search algorithm to computer the value of K that
satisfies the constraint of ARLy = 200, and then it is used to compute the ARL; values of
the proposed chart.

4.2. Design of the Proposed VSI-TEWMA Charts

Since the sampling interval between the consecutive samples varies, it is not reasonable
to assess the performance of the VSI-TEWMA-RZ chart by the ARL measure. Thus, the ATS
is used to evaluate the performance of the VSI-TEWMA-RZ chart. The ATS represents the
anticipant time before a control chart triggers an out-of-control signal. When the process is
under control, it is recorded as ATSy. Otherwise, when the process gets out-of-control, it is
recorded as ATS;.

For the FSI-TEWMA-RZ chart, the sampling interval & is fixed, which indicates that the
ATSFST = h x ARLFS!. In general, the sampling interval of the FSI control chart is usually
equal to one, that is, 1 = 1. Since the sampling interval /1; depends on the position of the
currently monitoring statistic on the control chart, then the ATSVS! = E(h;) x ARLVS!,
where E(h;) stands for the average sampling interval (ASI) of the VSI type chart. The
detailed procedure of the MC simulation of the VSI-TEWMA-RZ* chart is summarized
as below:

Step 1 Select the values of the sample size n, the in-control ratio zp, the smoothing
parameter AT, and the warning limit coefficient W and K*. Compute the corresponding
warning limit UWLT = W™ x zy and the control limit UCL* = KT x z.

Step 2 Generate a random sample from a multivariate normal distribution and compute
the value of the charting statistic V;" as in Equation (20).
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Step 3 If UWLT < Vf < UCLT, a shorter sampling interval ks is used to collect
the next sampling point, and if V;" < UWL, a longer sampling interval /; is used to
collect the next sampling point. Then, the process is declared to be in-control and returns
to Step 2. The times ts and t;, of the sampling intervals /s and iy, are recorded, respectively.
Otherwise, if the Vi+ falls above the UCL™, the process is declared to be out-of-control.

Step 4 Repeat Steps 2 and 3 for N = 10° times, calculate the ATS values from the
recorded times of the sampling intervals &5 and k. The approximated expressions of the
ATS can be written as:

it
N
Similarly, this paper assumes ATSO = 200 and further studies the ATS; performance
of the proposed control charts under different process shifts.
The expressions of ATSFS! and ATS"5! are given as follows:

ZtlS

ATS = hg + hg X +h x =—"—=,t=1,...,N (28)

ATSVST = ATSYS!(n, hg, hy, A, K, W, v0, 71,20, 0, T)
FSI _ FSI ’ (29)
ATS"™>" = h x ARL;”"(n, A, K, v0,71,20,0, T)

For the purpose of comparing the performance of the FSI-TEWMA-RZ and the VSI-
TEWMA-RZ control charts, it is necessary to make sure that the control charts have the
same controlled performance. The out-of-control performance of the VSI-TEWMA-RZ
chart can be expressed as below:

ATSVSI ATSVSI(n hg, hy, A, K, W, Yo, Y1,20,0,T )

Subject to the constraint:
ATSYST = ATSES! (30)

ASIy=h=1, (31)

where ASI). is the controlled ASI of the VSI-TEWMA-RZ chart. Following the research
work of Ref. [33], a general formula to determine the value of hg and I, are as follows:

pshs +prhy =h=1and ps+pp =1 (32)

where pg and p, are the probabilities that the statistic V; falls into the warning area and the
safe area when the process is controlled, respectively. According to the research work of
Ref. [34], this paper selects (hs,hy) = (0.1,1.9) and ps = pr = 0.5 for illustration.

In addition, a bisection search algorithm is used to calculate the control limit coefficient
K and warning limit coefficient W by satisfying the constraint of ATSy = 200 and ASIy = 1.
Then, these parameters are used to calculate the out-of-control ATS; values for the different
process shift 7. According to the research of Ref. [26], we assume zy = 1 and select
A € {02,05} and n € {1,5} to discuss the performance of the VSI-TEWMA-RZ chart.
For the selected combinations of (1, A), Table 1 shows the values of K* and W* of the
VSI-TEWMA-RZ control chart. Considering the space limitation, this article only gives the
values of K* and W* under the condition that yx = <y. It is noted that the value of K*
of the VSI-TEWMA-RZ chart presented in Table 1, which is the same as the one from the
corresponding FSI-TEWMA-RZ chart.
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Table 1. K* and W* values of the VSI-TEWMA-RZ chart when ATS, = 200.

(vx = 0.01,yy = 0.01) (7x = 0.2,y =0.2)

A n=1 n=>5 n=1 n=>5
w K w K w K w
Po = pP1 = —-0.8
0.2 1.0067 0.9998 1.0030 0.9999 1.2480 1.0601 1.0762 1.0083
0.5 1.0161 1.0000 1.0071 0.9999 1.5315 1.0581 1.1699 1.0106
Po = pP1 = —-04
0.2 1.0059 0.9998 1.0026 0.9999 1.2061 1.0467 1.0653 1.0061
0.5 1.0141 0.9999 1.0063 1.0000 1.4454 1.0452 1.1466 1.0069
po=p1=0
0.2 1.0050 0.9998 1.0022 0.9999 1.1618 1.0316 1.0534 1.0042
0.5 1.0119 0.9999 1.0053 1.0000 1.3544 1.0305 1.1210 1.0047
Po=pP1 = 04
0.2 1.0038 0.9998 1.0017 0.9999 1.1146 1.0179 1.0397 1.0019
0.5 1.0092 0.9999 1.0041 1.0000 1.2543 1.0179 1.0912 1.0028
Po=pP1 = 0.8
0.2 1.0022 0.9999 1.0010 1.0000 1.0574 1.0045 1.0216 1.0002
0.5 1.0053 1.0000 1.0024 1.0000 1.1316 1.0051 1.0504 1.0008

5. Numerical Results and Analysis

This section first compares the performance of the proposed VSI-TEWMA-RZ
chart and the corresponding FSI-TEWMA-RZ control chart, and then compares the
VSI-TEWMA-RZ chart’s performance with the VSI-DEWMA-RZ chart in Ref. [32]
and the VSI-EWMA-RZ chart proposed by Ref. [26]. Similar to the scenarios of
Ref. [26], the parameter settings of the simulations are A € {0.2,0.5},n € {1,5}, 7x €
{0.01,0.2}, vy € {0.01,0.2} and pg € {—0.8,—0.4,0,0.4,0.8}, under different conditions
{(rx=rv,p0=p1), (7x #7v, po=p1), (Po #P1,7x =7v), (Po # p1,7x # 77)}-
Since the proposed VSI-TEWMA-RZ control chart is mainly used to advance the sen-
sitivity of the RZ chart for monitoring small shifts in a process and let us take the upward
control chart for instance, we give priority to the performance of the RZ charts for the
upward shifts T € {1.001, 1.005, 1.01, 1.02, 1.05}.

5.1. Comparisons between the VSI-TEWMA-RZ and the FSI-TEWMA-RZ Charts

According to the above parameter settings and the values of K* and W* presented
in Table 1, Figures 1-4 compare the performance of the upper-sided FSI-TEWMA-RZ and
VSI-TEWMA-RZ charts when monitoring the upward shifts. The ARL; and ATS; represent
the performances of the corresponding FSI and VSI control charts, respectively. It is pointed
out that since the sampling interval of the FSI chart is i = 1, the FSI chart’s ARL is equal to
its ATS value. Then, the ARL; performance of the FSI chart can be directly compared with
the ATS; performance of the VSI chart.



Symmetry 2022, 14, 1236

10 of 22

(vx = 0.01,yy = 0.01)

ARLJATS n=1,A=02
150

ARLJATS n=5,A=02
100

(}/X = 02! Yy = 02)

ARLJATS n=1,A=02

ARLJATS n=5A=0.2
200 200
100 150
50 100
X
0 # 50
1 1.02 1.05 1 1.02 1.05 1 1.02 1.05
T T T T
ARLJATS n=1,A=05 ARLJATS n=5A=0.5 ARLJATS n=1,A=0.5 ARLJATS n=5A=05
200 150 200 @, 200
150 150
100 150
100 ) 100
501 100
50 \ 50
0 # 0! 50 0
1 1.02 1.05 1 1.02 1.05 1 1.02 1.05 1 1.02 1.05
T T T T
Po=p1 =—04
ARLJATS n=1,A=0.2
150

ARL/ATS n=5,A=02
100

ARL/ATS n=1,A=02 ARLJATS n=5X=0.2
200

200
150
100 150
50 100
50 100
50
—1
0 ® 04 50 0+
1 1.02 1.05 1 1.02 1.05 1 1.02 1.05
T T T
ARLJATS n=1,A=0.5 ARLJATS n=5X=0.5 ARLJATS n=1,A=05
150 150 200
100 100 150
i)
50 50 1Y) 100
\ |
0 = @ 04 50
1 1.02 1.05 1 1.02 1.05
T T T T
Po=p1=0
ARLJ/ATS n=1,A=0.2 ARLJ/ATS n=5)\=0.2 ARLJATS n=1,A=0.2 ARLJATS n=35\=0.2
150 80 200 200
150
100
50
0+ '
1 1.02 1.05 1 1.02 1.05
T T T T
ARLJATS n=1,A=05 ARL/ATS n=5,A=0.5 ARL/ATS n=1,A=05 ARL/ATS n =5\ =05
150 100 200 200
b
W
100 \ b 150
4 50 \‘»
501 \ 4 100
R i
0 h o & 0 L L @ 50 +
1 1.02 1.05 1 1.02 1.05
T T

Figure 1. Cont.




Symmetry 2022, 14, 1236

11 0f 22

po=p1 =04

ARLJATS n=1,A=0.2 ARLJATS n=5X=0.2 ARL/ATS n=1,A=02 ARL/ATS n=5A=02
150 60 200 200
150 150
100 40
100 100
50 1\ 20
50 50
0 0 0 0
1 1.02 1.05 1 1.02 1.05
T T
ARLJATS n=1,A=05 ARL/ATS ARLJATS n=1,A=0.5 ARLJATS n=5\=0.5
150 80 200 200
60 150 150
100
A
\ 40 100 100
A\
50 1 |
\ 20 50 50
0 W @ 0 o W @ 0 0
1 1.02 1.05 1 1.02 1.05 1 1.02 1.05
T T T T
pPo=p1 =08
ARLJATS n=1,A=0.2 ARLJATS n=5X=0.2 ARLJATS n=1,A=0.2

80
60
40

20

.
ARLJATS n=1,A=0.5
100

Pk

ARLJATS n=5A=0.2
30 200 200
150

100

10 ﬁ\.\ 50 50
\
0 i % 0 0
1 1.02 1.05
T
ARL/ATS n=5A=0.5 ARLJATS n=1,A=0.5 ARL/ATS n =5 =05
40 200 200

30 150 150

20 100 100

50 50

0+
1 1.02
T T T

Figure 1. ARL values of the FSI-TEWMA-RZ (-O-) chart, ATS values of the VSI-DEWMA-RZ (-3%-),
VSI-TEWMA-RZ (-0J-), and VSI-EWMA-RZ (-x]-) charts for vx € {0.01,0.2}, 7y € {0.01,0.2},
Tx = Yy, po € {—0.8,-04,0,04,0.8}, po=p1, T € {1.001,1.005,1.01,1.02,1.05} and n € {1,5}.

Figures 1 and 2 show the out-of-control ARL; values of the FSI-TEWMA-RZ and the ATS;
values of the proposed VSI-TEWMA-RZ chart under the conditions that (yx = ¥y, po = p1)
and (yx # 7Yy, po = p1), respectively. In Figures 1 and 2, when the process is in an
out-of-control state, there is no shift in the correlation between X and Y, thatis p = py = p1.
From the results presented in Figures 1 and 2, some conclusions can be drawn as follows:

Generally, the proposed VSI-TEWMA-RZ chart reacts faster than the proposed FSI-
TEWMA-RZ chart for detecting the process shifts. For instance, when (yx, yy) = (0.01,0.01),
n=1A=02 tv=1001 and py = p; = —0.8, we obtain ATS; = 111.5 for the VSI-
TEWMA-RZ chart, which is much smaller than the ARL; = 130.7 for the FSI-TEWMA-RZ
chart in Figure 1.
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Figure 2. ARL values of the FSI-TEWMA-RZ (-O-) chart, ATS values of the VSI-DEWMA-RZ (-%-),
VSI-TEWMA-RZ (-0-), and VSI-EWMA-RZ (-&-) charts for 7x € {0.01,02}, 7y € {0.01,02},
x # v, po € {—0.8,—0.4,0,0.4,0.8}, po = p1, T € {1.001,1.005,1.01,1.02,1.05} and 7 € {1,5}.

The performances of the proposed FSI- and VSI-TEWMA-RZ charts are greatly af-
fected by (7x,vy). When yx = <y, the smaller the coefficients of variation (yx, vy),
the better the performances of the proposed FSI- and VSI-TEWMA-RZ charts. For ex-
ample, when pg = p; = 04, n = 1, A = 02, and v = 1.01 in Figure 1, we have
ATSq = 10.2 for the FSI-TEWMA-RZ chart and ATS; = 1.3 for the VSI-TEWMA-RZ chart
when (vx,vy) = (0.01,0.01). As a contrast, we have ATS; = 146.0 for the FSI-TEWMA-
RZ chart and ATS; = 130.6 for the VSI-TEWMA-RZ chart when (yx, vy) increases up
to (0.2,0.2).

The performances of the proposed FSI- and VSI-TEWMA-RZ charts depend on pg and
p1- The performances of the proposed FSI- and VSI-TEWMA-RZ charts improve when
po increases. For example, when (yx,vy) = (0.01,0.01), n =1, A = 0.5, T = 1.001, and
po = p1 = —0.8, we have ATS; = 144.9 for the FSI-TEWMA-RZ chart and ATS; = 132.3
for the VSI-TEWMA-RZ chart in Figure 1. As a contrast, we obtain ATS; = 82.1 for the
FSI-TEWMA-RZ chart and ATS; = 60.2 when pg and p; increase up to (0.8,0.8). The perfor-
mances of the proposed FSI- and VSI-TEWMA-RZ charts are influenced by A. The FSI- and
VSI-TEWMA-RZ charts have a better performance in detecting small shifts when A is gener-
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ally small. As A increases, their ability to detect small shifts gradually deteriorates. Instead,
these charts are more sensitive to large shifts. For instance, when (yx,vy) = (0.2,0.2),
po =p1 = 0.8,n =25 and T = 1.001, we obtain ATS; = 174.6 for the FSI-TEWMA-RZ
chart and ATS; = 164.4 for the VSI-TEWMA-RZ chart when A = 0.2 in Figure 1. If A in-
creases up to 0.5, we obtain ATS; = 179.8 for the FSI-TEWMA-RZ chart and ATS; = 175.9
for the VSI-TEWMA-RZ chart, which are larger than the ones of the A = 0.2 case, respec-
tively. Moreover, for a larger shift T = 1.05, we obtain ATS; = 11 for the FSI-TEWMA-RZ
chartand ATS; = 2.5 for the VSI-TEWMA-RZ chart when A = 0.2 in Figure 1. If A increases
up to 0.5, we obtain ATS; = 9.1 for the FSI-TEWMA-RZ chart and ATS; = 2.0 for the
VSI-TEWMA-RZ chart, which are smaller than the ones of the A = 0.2 case, respectively.

Figures 3 and 4 show the ARL; values of the FSI-TEWMA-RZ chart and the ATS;
values of the proposed VSI-TEWMA-RZ chart under the conditions that (yx = vy, po # p1)
and (yx # 7y, po # p1), respectively. It is worth noting that the correlation coefficient
between X and Y changes, that is pg # p;. In order to facilitate the comparison and to
be consistent with the research of Ref. [26], this paper chooses the in-control correlation
coefficient pg = £0.4 and the values of the studied shift in the correlation are 0.5 and 2,
that is p; = 0.5 X pg and p; = 2 X pg. From Figures 3 and 4, some conclusions can be
summarized as follows:

With the increase in the level of the negative correlation coefficient, that is pg, p1 <0,
lo1] >|po|, the performances of the proposed FSI- and VSI-TEWMA-RZ charts gener-
ally improve. For instance, when (yx,vy) = (0.2,0.2), oo = —0.4, p1 =2 x pp = —0.8,
n=1 ,A =02, and T = 1.005, we have ATS; = 104 for the FSI-TEWMA-RZ chart
and ATS; = 98.3 for the VSI-TEWMA-RZ chart. While if p; = pg = —0.4, we obtain
ATS; = 181.6 for the FSI- TEWMA-RZ chart and ATS; = 176.3. for the VSI-TEWMA-RZ
chart. On the contrary, when the level of the negative correlation coefficient decreases,
thatis [p1] < |po| the performances of the proposed FSI- and VSI-TEWMA-RZ charts
deteriorate. For example, when p; = 0.5 x pg = —0.2, we obtain ATS; = 273.6 for the
FSI-TEWMA-RZ chart and ATS; = 272.2 for the FSI-TEWMA-RZ chart. These ATS; values
are all smaller than the ones of the p; = pg = —0.4 case, respectively.
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Figure 3. ARL values of the FSI-TEWMA-RZ (-O-) chart, ATS values of the VSI-DEWMA-RZ (-%-),
VSI-TEWMA-RZ (-0-), and VSI-EWMA-RZ (--) charts for 7x € {0.01,02}, 7y € {0.01,02},
Yx =7y, po € {—0.8,—0.4,0,04,0.8}, pp # p1, T € {1.001,1.005,1.01,1.02,1.05} and n € {1,5}.
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Figure 4. ARL values of the FSI-TEWMA-RZ (-O-) chart, ATS values of the VSI-DEWMA-RZ (-%-),
VSI-TEWMA-RZ (-0-) and VSI-EWMA-RZ (&) charts for 7x € {0.01,0.2}, 7y € {0.01,02},
X # 7y, po € {—0.8,—04,0,0.4,0.8}, py # p1, T € {1.001,1.005,1.01,1.02,1.05} and n € {1,5}.

With the increase in the level of the positive correlation coefficient, that is when
p1 > po > 0, the performances of the proposed FSI- and VSI-TEWMA-RZ charts gener-
ally deteriorate. For instance, when (yx,vy) = (0.01,0.01), p; =2 xp9 = 0.8, n =1,
A =02, T =1.001, we have ATS; = 531.9 for the FSI-TEWMA-RZ chart and ATS; = 237.6
for the VSI-TEWMA-RZ chart. While if p; = pp = 0.4, we obtain ATS; = 99.6 for the
FSI-TEWMA-RZ chart and ATS; = 73.9 for the VSI-TEWMA-RZ chart. On the contrary,
with the decrease in the level of the positive correlation coefficient, that is when pg > p; > 0,
the performances of the proposed FSI- and VSI-TEWMA-RZ charts improve. For instance,
when p; = 0.5 x pg = 0.2, we have ATS; = 77.9 for the FSI-TEWMA-RZ chart and
ATSq = 63.5 for the VSI-TEWMA-RZ chart. These ATS; values are all smaller than the
ones of the p; = pg = 0.4 case, respectively.

5.2. Comparisons between the VSI-TEWMA-RZ Chart and the VSI-EWMA-RZ Chart

Similarly, based on the above parameter settings and the values of K* and W* pre-
sented in Table 1, Figures 1-4 also compare the performances of the VSI-TEWMA-RZ and
VSI-EWMA-RZ control charts when monitoring the upward shifts. Figures 1 and 2 present
the out-of-control ATS; values of the VSI-EWMA-RZ chart for the condition py = p;.
While for the condition pg # p1, the ATS; values of the VSI-EWMA-RZ chart are shown in
Figures 3 and 4. Some conclusions can be drawn from Figures 1-4.

The proposed VSI-TEWMA-RZ control chart outperforms the VSI-EWMA-RZ control
chart in the detection of the upward shifts for most cases, especially for small shifts. For
instance, when py = p; and (yx,vy) = (0.01,0.01) in Figure 1, the VSI-TEWMA-RZ
control chart has a better performance than the VSI-EEWMA-RZ control chart for the shift
T € [1.001,1.005]. On the contrary, the VSI-FEWMA-RZ chart performs better than the
VSI-TEWMA-RZ chart for the detection of a relatively large shift. For instance, when n =5,
A =02 p0 = —-038, (vx,7y) = (0.01,0.01) and T = 1.05, we have ATS; = 0.1 for the
VSI-EWMA-RZ chart, which is smaller than the ATS; = 0.4 for the VSI-TEWMA-RZ chart.

When the coefficient of variation yx or 7y increases, the advantage of the VSI-TEWMA-
RZ chart over the VSI-FEWMA-RZ chart increases. For example, when (yx, vy) = (0.01,0.01),
the VSI-TEWMA-RZ chart outperforms the VSI-EWMA-RZ chart only for the shift range
T € [1.001,1.005] in Figure 1. While if (yx, yy) increase up to (0.2,0.2), the VSI-TEWMA-
RZ chart outperforms the VSI-EWMA-RZ chart for all the upward shifts.
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5.3. Comparisons between the VSI-TEWMA-RZ Chart and the VSI-DEWMA-RZ Chart

Furthermore, the proposed VSI-TEWMA-RZ is compared with the VSI-DEWMA-
RZ chart when monitoring the upward shifts. It can be seen from Figures 1—4 that the
proposed VSI-TEWMA-RZ chart is statistically more sensitive than the VSI-DEWMA-RZ
chart for detecting the process shifts, especially for small shifts. For example, when pg = p;
and (yx,7vy) = (0.01,0.01) in Figure 1, the VSI-TEWMA-RZ control chart has a better
performance than the VSI-DEWMA-RZ chart for the shift T € [1.001,1.005]. On the contrary,
the VSI-DEWMA-RZ chart is statistically more sensitive than the VSI-TEWMA-RZ chart
for the detection of a relatively large shift. For instance, whenn =5, A = 0.2, pp = —0.4,
(vx,7vy) = (0.01,0.2), and T = 1.1 in Figure 2, we have ATS; = 6.8 for the VSI-DEWMA-
RZ chart, which is smaller than the ATS; = 10 for the VSI-TEWMA-RZ chart.

It can be observed that when A increases from 0.2 to 0.5, the advantage of the VSI-
TEWMA-RZ chart over the VSI-DEWMA-RZ chart increases. For instance, when n = 5,
A =0.5, po =p1 = —04, and (vx, vy) = (0.01,0.2), the VSI-TEWMA-RZ chart is statisti-
cally more sensitive than the VSI-DEWMA-RZ chart for all the upward shifts in Figure 2.
However, the VSI-TEWMA-RZ chart has a better performance than the VSI-DEWMA-RZ
chart for the shift T € [1.001,1.01] when A = 0.2. In addition, when the coefficient of varia-
tion yx or 7y increases, the advantage of the VSI-TEWMA-RZ chart over the VSI-EWMA-
RZ chart increases. For instance, when nn = 5 and (yx, vy) = (0.01,0.01), the VSI-TEWMA-
RZ chart outperforms the VSI-DEWMA-RZ chart for the shift range T € [1.001,1.005] in
Figure 1. While if (yx, vy) increase up to (0.2,0.2), the shift range that the VSI-TEWMA-RZ
chart outperforms the VSI-DEWMA-RZ chart extends to T € [1.001, 1.02].

6. An Illustrative Example

This section discusses the implementation of the proposed FSI- and VSI-TEWMA-RZ
control charts by adopting the dataset of a muesli brand recipe discussed in Ref. [6]. This
recipe was composed of several ingredients, including sunflower oil, wildflower honey,
seeds (pumpkin, flaxseeds, sesame, poppy), coconut milk powder, and rolled oats. To meet
the nutritional requirements recommended by the brand and preserve the flavor of the
mixture, the recipe has a requirement that the weights of ‘pumpkin seeds’ and ‘flaxseeds’
be equal. Their nominal proportions to the total weight of the box content are both fixed

at pp = py = 0.1. Moreover, the brand boxes produced by the company can be packaged
in 250g or 500g. To check the deviation of the controlled ratio zg = % = 1, where pp,;
and py,; are the mean weights for ‘pumpkin seeds’ and ‘flaxseeds’, respectively, at time
i=1,2,..., the quality practitioners wanted to perform on-line SPC monitoring and collect
a sample of n = 5 boxes at each sampling time. Since the box size varies from one sample
to another, we can obtain p,; # ppr and py; # prr, Vi # k.

In the quality control program, the ‘pumpkin seeds’ and ‘flaxseeds’ are first sepa-

rated from the muesli mixture and the sample average Wjights Wi = 1 Z};l W,,ij and

- .5 Wi . .
Wy = % 27:1 Wy, j are recorded. At last, the ratio Z; = W—p: is calculated and plotted in

fi
the FSI- and VSI-TEWMA-RZ charts. As it has been shown in Ref. [6], fori = 1,2,3... and
J=123,...,Wyi; and Wf,l-,]- can be well approximated as normal variables with constant
coefficients of variation 7y, = 0.02 and yy = 0.01, which means W;,;j ~ N (]/tp,l-, 0.02 x yp,l-)

and Wy, ~ N (y £i,0.01 x f,i)- In addition, pp = 0.8 is considered as the in-control
correlation coefficient between these two variables.

From an engineer’s experience, a shift of 0.5% (t = 1.005) in the ratio should be
interpreted as an assignable cause in the process monitoring. For this reason, we set
the specified shift T = 1.005. Moreover, we chose the smoothing parameter A* = 0.5
of the charts for the process monitoring. Given n = 5, AT = 0.5, po = p1 = 08,
and (vx,7y) = (0.02, 0.01), we obtained the control limit parameters K = 1.00497
and W = 0.999899 of the FSI-TEWMA-RZ* and VSI-TEWMA-RZ*K* = 1.009089 and
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W™ = 1.000779 of the VSI-EWMA-RZ* chart and K™ = 1.006163 and W = 0.999942 of
the VSI-EWMA-RZ" chart and z is set to be 1, then UCLtT = K™ and UWLT = WT.

Table 2 presents the set of simulated sample data collected from the process. The
process is deemed to be in-control up to sample #10 and from then on, an assignable cause
occurs and shifts Zy = 1 to Z; = 1.005. When (hg, hy) = (0.1,1.9), Figure 5 presents the
VSI-EWMA-RZ* chart, the VSI-DEWMA-RZ* chart, and the FSI- and VSI-TEWMA-RZ*
control charts for the dataset in Table 2, where the index t in the axis is the cumulative time
of the process monitoring. It can be seen from Figure 5 that the FSI- and VSI-TEWMA-RZ*
chart triggers an out-of-control signal at sample #15 (in bold in Table 2), while the VSI-
DEWMA-RZ* and VSI-EWMA-RZ" charts signal an out-of-control condition at sample #16
and #18 (in bold in Table 2), respectively. This example shows that the TEWMA-RZ charts
outperform the VSI-DEWMA-RZ and the VSI-EWMA-RZ charts from the perspective of
the number of samples.

Table 2. The food industry example data.

Sample Box W, lgrl V_}’p,i[grl 5 v__vp,,- VSI-EWMA DEV\ASIII\;[ A VSI-TEWMA
Number Size W ;lgrl Wilgr] i W v P ur " v "
1 E ks min e m0m sl mae MO0 LIS 01 1005 01 lowss ol
2w RFORIR SN MR oGME N am wos 02 wws 02 oo 02
S B G e may  uEs s usme W05 LSS 21 L0803 1005 03
$ 0 TOE e i uas sus  mam el 099 MM 22 L0004 Lo 04
S Bk mup mm ey mus s 0% 000 23 1002 05 1008 03
© PO Gise  awew ey mad  aams s 0% L0 42 0SB 06 10009 06
7 ME lon  soin om0 s wan e 0% L0000 61 0% 25 oo 07
B0 ofs e e e e om0 L0 5096k 4 05 26
S ke e swo  aows gm0 LN 99 095 63 0se 43
0 W0F g s saw s won s MR L0000 I 0968 82 0596 6
W S e s sy o sope WIS L0 190N 101 0990 82
B0 e s a0 a9 s s MM L0060 12 L0093 102 10006 102
13 500 gr ig:g?g gg:égg gé:igg gézg; ig:ig Zg:g?g 1.010 1.00800 121 1.00547 103 1.00332 103
W0 S ms slu  ems s sy MM L0G0 122 L0 104 1007 104
15 sog 9178 SIS sl S0 s0438 50325 1006 1000 123 10057 105 100512 103
16 500gr gg:gﬁ Zg:ggg Zg:?% gg:g% ig:ggg Zg:g?? 1.010 1.00800 124 1.00686 10.6 1.00599  10.6
7o W G rm o wme Wzl eew sz MOP LSO 125 L0077 107 100 107
B S0 g age0 s sz sam s M0 LM 126 L0 108 L0064 108
B M G maw mom s s s M0 LS 127 10004 109 L0078 109
n W m mar  ms  an  mow g MR LML 126 L0062 10 1073 110

In the VSI-TEWMA-RZ* chart, it is noted that the first six samples are in the warning
region and a shorter sampling interval /s = 0.1 is used to collect the next sampling point.
The plotted sample point V,' falls within the safe region [zo, UWL™] and a longer sampling
interval i is used. The VSI-TEWMA-RZ" chart needs 10.5-times the units to detect the
assignable cause. As a comparison, the VSI-DEWMA-RZ* chart needs 10.6-times the units
to trigger an out-of-control signal, while the VSI-EWMA-RZ* chart needs 12.6-times the
units to trigger an out-of-control signal. This shows the advantage of the VSI-TEWMA-RZ*
chart over the VSI-EWMA-RZ* chart and VSI-DEWMA-RZ* chart. Moreover, since the
sampling interval of the FSI-TEWMA-RZ* control chart is 1, then it needs 15-times the units
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to trigger an out-of-control signal. If a control chart indicates an out-of-control signal, then
the quality engineering should take corrective actions to search the potential assignable
causes and make the process as controlled as possible.

VSI-EWMA-RZ" chart

1.01
_____________________ vcLv=toogos0 |7
1.008 ~
1.006 A
1.004 -
1.002 ~
O UWLT=1000779 /l ,,,,,
1 T T T T T © T © T S T T 1
0 1 2 3 4 5 6 7 8 9 10 11 12 13
Cumulative time ¢ (in time unit)
(a)
+
1.008 - FSI-TEWMA-RZ™ chart
1.006 -
N 0/6) Fu W (710 B
1.004 A
1.002 A
1]
0.998 -
0.996 T T T T T T T T T T T

12 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
Cumulative time ¢ (in time unit)

()

1.01

1.008 A

1.006 A

1.004 -

1.002 A

0.998 -

0.996

1.008 A

1.006 -

1.004 A

1.002 A

0.998 -

0.996

VSI-DEWMA-RZ" chart

UCL™ = 1.004973

UWL' = 0.999899

o
N

3 4 5 6 7
Cumulative time ¢ (in time unit)

(b)

VSI-TEWMA-RZ" chart

UCL" =1.004973

UWL' = 0.999899

Cumulative time ¢ (in time unit)

(d)

Figure 5. Different charts monitoring the food industry example. (a) The VSI-FEWMA-RZ* chart,
(b) the VSI-DEWMA-RZ* chart, (c) the proposed FSI-TEWMA-RZ* chart, and (d) the proposed

VSI-TEWMA-RZ* charts.

7. Conclusions

In this paper, the major purpose is to propose the FSI- and VSI-TEWMA-RZ control
charts by smoothing the coefficient of the EWMA-RZ chart three times. The RL properties
of the proposed TEWMA-RZ charts are simulated using the MC method. Under different
conditions, the performances of the VSI-TEWMA-RZ charts are presented and are compared
with the FSI-TEWMA-RZ and the existing VSI-EWMA-RZ and the VSI-DEWMA-RZ charts
in several figures. The results show that the performances of the proposed FSI- and VSI-
TEWMA-RZ charts are greatly affected by (7yx, vy), po, and A. Moreover, the comparison
results show that the proposed VSI-TEWMA-RZ chart reacts faster than the FSI-TEWMA-
RZ chart for all shifts, and the VSI-TEWMA-RZ chart also performs reacts faster than the
VSI-EWMA-RZ and VSI-DEWMA-RZ charts in the detection of relatively small shifts.
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Since this work is done on the assumption that both the two random variables X and
Y are normally distributed, prospective research works can focus on other distributions
of the two random variables to study the performance of charts for monitoring the RZ.
Moreover, since some researchers have proposed distribution-free charts with the Wilcoxon
rank-sum statistic, for instance Refs. [21,25,35] and so on, it would be possible to apply
these distribution-free charts to monitor the RZ and study the distribution-free charts’
robustness to the RZ distribution.
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