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Abstract: Big Data is impacting and changing the way we live, and its core lies in the use of ma-
chine learning to extract valuable information from huge amounts of data. Optimization problems
are a common problem in many steps of machine learning. In the face of complex optimization
problems, evolutionary computation has shown advantages over traditional methods. Therefore,
many researchers are working on improving the performance of algorithms for solving various
optimization problems in machine learning. The equilibrium optimizer (EO) is a member of evolu-
tionary computation and is inspired by the mass balance model in environmental engineering. Using
particles and their concentrations as search agents, it simulates the process of finding equilibrium
states for optimization. In this paper, we propose an improved equilibrium optimizer (IEO) based
on a decreasing equilibrium pool. IEO provides more sources of information for particle updates
and maintains a higher population diversity. It can discard some exploration in later stages to en-
hance exploitation, thus achieving a better search balance. The performance of IEO is verified using
29 benchmark functions from IEEE CEC2017, a dynamic economic dispatch problem, a spacecraft
trajectory optimization problem, and an artificial neural network model training problem. In addition,
the changes in population diversity and computational complexity brought by the proposed method
are analyzed.

Keywords: metaheuristic algorithms; population diversity; exploration and exploitation; equilibrium
optimizer; machine learning

1. Introduction

Thanks to the ability of machine learning to extract and analyze information, many
applications in the context of big data have brought convenience to people’s lives. Whether
it is the recommendation information received when shopping online, or face recognition
payment, etc., all of these things cannot be done without the support of machine learning
behind. Machine learning plays a vital role in this era of massive data. Optimization
problems, as one of the core components, affect the performance and efficiency of machine
learning models [1,2]. Since traditional methods have difficulty solving complex optimiza-
tion problems, evolutionary computation is widely preferred due to its low computational
cost and ability to jump out of local optima. Metaheuristic algorithms (MHAs) as a member
of evolutionary computation are therefore widely used in many areas of machine learning.
This includes, for example, the discussion of the symmetry of feature selection methods [3],
the fuzzy point symmetric-based clustering [4], hyperparameter setting for support vector
machines [5], weight setting for artificial neural networks [6], weight setting for ensemble
classifiers [7], and so on. Therefore, improving the performance of optimization algorithms
is also an important aspect to promote the development of machine learning.

In addition to machine learning, optimization problems are everywhere in our lives,
whether it is a personal holiday schedule or a large industrial project [8]. It refers to the
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problem of finding the best solution from a set of feasible solutions to maximize the benefits
under limited resources [9]. Most of the time, it is not as simple as scheduling a holiday,
but comes in the form of NP-hard problems [10]. Since traditional methods are difficult to
use to solve high-dimensional, large-scale, nonlinear optimization problems, researchers
have proposed metaheuristic algorithms inspired by phenomena or laws in nature since
the 1960s [11–13]. This includes, for example, the ant colony algorithm inspired by the
relationship between ant colony foraging behavior and pheromones [14,15]; the genetic
algorithm inspired by evolutionary theory and genetics [16]; the brain storm optimization
algorithm inspired by group decision-making [17], etc. MHAs reduce computational
complexity by sacrificing accuracy, thus achieving a balance between computational cost
and effectiveness.

Researchers have proposed a very large number of MHAs. These algorithms can be
broadly classified into four categories according to their source of inspiration: (1) evolu-
tionary algorithms, (2) swarm intelligence algorithms, (3) physics-inspired algorithms, and
(4) human behavior-inspired algorithms. One representative of evolutionary algorithms
is the genetic algorithm, whose core operators crossover, mutation and selection are de-
rived from evolutionary theory and genetics [18,19]. The important concept of the swarm
intelligence class lies in the interaction of information. For example, in bird flock foraging
behavior, birds will combine their own experience to approach the one closest to the food;
inspired by this, the particle swarm optimization algorithm was proposed [20,21]. Ants
leave pheromones on the foraging path to find the shortest path, which inspired the ant
colony algorithm [22,23]. One of the typical physics-based algorithms, the gravitational
search algorithm (GSA) [24–27], correlates the inertial mass of the particles with the quality
of solutions and uses the interaction of masses to find the optima. Human behavior-based
algorithms are represented by the brain storm optimization algorithm [28–31]. It simulates
human brainstorming behavior and uses the methods and features of group decision-
making to find the optima. Because of their simplicity and robustness, MHAs are now
popular in various fields, such as radio frequency identification networks planning [32],
electromagnetics [33], organic solar photovoltaics [34], vehicular ad hoc networks [35], and
so on. These applications bring improvements in production technology and also mean
protection of the earth’s environment. [36]

The equilibrium optimizer (EO) is a novel physics-based algorithm [37]. Its source of
inspiration is the mass balance model of the control volume. Mass balance is a common
model for environmental estimation [38]. The mass balance model used by EO needs to
consider the mass changes in the control volume, which includes entering, leaving and
generated particles, to estimate the equilibrium state of the system. The particles and
their concentrations within the volume act as search agents, and the way they are updated
depends on an important concept, the equilibrium pool. The equilibrium pool of EO
contains five particles: the best four particles in the population and one particle composed
of the mean of these four. Using the relationship between the equilibrium pool and the
particles, EO obtains excellent search performance. However, as a young algorithm, EO is
considered to have room for improvement.

The approach to improve EO starts with a better balance of exploration and exploita-
tion. Exploration is expressed as leaving the current region and stepping into a new region,
which usually implies the ability to jump out of the local optima. Exploitation is expressed
as a re-search of a known region, with the intention of improving the quality of the current
solution. However, an imbalance between the two can also lead to convergence stagnation
or getting stuck in local optima [39]. Therefore, better search performance implies a more
appropriate ratio of exploration and exploitation, but determining this ratio is a very diffi-
cult task [40]. In this aspect, there seems to be a consensus in much of the research that a
preference for exploration in the early stage and exploitation in the later stage is an effective
strategy. This strategy is usually implemented in two ways: (1) decreasing the search step
size and (2) decreasing the size of the population or the number of elite individuals. In the
grey wolf optimization algorithm [41–43], a linear decreasing parameter from 2 to 0 is used



Symmetry 2022, 14, 1227 3 of 30

to control the search step size. In a variant of the differential evolution algorithm [44,45],
CJADE [46], the scope of the local search decreases with iterations. L-SHADE uses a
linearly decreasing population size to improve its search performance [47,48]. In ladder
spherical evolution [49], the right to produce offspring is gradually reduced for individuals
with lower ranking. Similarly, in chaotic spherical evolution [50], the chance of retaining
information for individuals with a chaotic local search is increased by reducing the chance
of poorer quality individuals participating in the update. There are also algorithms that use
both; for example, in GSA [51–54], the gravitational constant and the number of particles
used for updates both decrease with iterations.

In order to achieve changes in preferences for exploration and exploitation at different
stages, population diversity is used as a control tool. Population diversity describes the
differences between individuals, and a population with a suitable diversity is considered
to be beneficial for the search performance of the algorithm [55]. In MHAs, an increase in
diversity usually implies exploration, and a decrease in diversity implies exploitation [39].
Therefore, we hope to achieve a change in the preference between exploration and exploita-
tion through the control of population diversity. With this in mind, the work focuses on
one of the important components of EO, the equilibrium pool. The equilibrium pool is as-
sociated with each particle update, and changing its composition can affect the algorithm’s
preference for exploration and exploitation. This improved equilibrium optimizer is called
IEO for short.

The contribution of this paper is that it proposes a simple but effective method to
improve the performance of EO. It uses a decreasing constant instead of a fixed constant
in the conventional EO to control the number of particles in the equilibrium pool. This
changes the trend of population diversity and makes the population more diverse in the
early stage. The aim is to bring a better balance between exploration and exploitation,
helping the algorithm to jump out of the local optima and thus improve the search ability.

The remainder of this paper is summarized below. Section 2 describes the composi-
tion and features of EO. Section 3 introduces the operation of IEO. Section 4 verifies the
effectiveness of the improvement method and the competitiveness of IEO by benchmark
function set IEEE CEC2017, and then describes the performance of IEO by three real-world
optimization problems. In Section 5, the population diversity trends and computational
complexity of IEO and EO are analyzed. In Section 6, the work of this paper is summarized.

2. Equilibrium Optimizer

Mass balance is one of the key elements of environmental engineering [56]. It serves
as a starting point for environmental analysis and makes it possible to track the movement
or transformation of material in the environment. The mass balance equation that inspired
EO describes the concentration change of a non-reactive constituent with time in a control
volume. This equation describes the amount of material change in the control volume
equals to the amount entering plus the amount generated minus the amount leaving, which
can be shown as:

V
dx
dt

= lxe − lx + G (1)

where V means the control volume, and x denotes the concentration of a material in it. V dx
dt

can express the rate of mass change. l is the flow rate entering or leaving this system. xe

denotes the concentration at an equilibrium state, in which no generation occurs in this
system. G denotes the mass generated in this system. When the rate of mass change is zero,
i.e., V dx

dt = 0, the system reaches a steady equilibrium state. By deformation, Equation (1)
can be considered as an equation of l

V . Expressing l
V as ρ, ρ can be called the turnover rate.

The mass balance equation can be transformed as:

dx
ρxe − ρx + G

V
= dt (2)
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whose integration over time can be expressed as:∫ x

x0

dx
ρxe − ρx + G

V
=
∫ t

t0
dt (3)

This results in:

x = xe + (x0 − xe)H +
G

ρV
(1− H) (4)

where in Equation (4), H can be represented as:

H = e−ρ(t−t0) (5)

In Equations (3)–(5), x0 and t0 denote the initial concentration and initial time. Inspired
by these equations, EO uses the particle and its concentration as the search agent to find
the optimal solution, and its structure can be summarized into three parts, which are
initialization, equilibrium pool construction, and population update.

2.1. Initialization

The initial concentration is usually generated in a random way, and it is only required
that all particles are within the given range. x0 denotes the initial particles, and xmin and
xmax denote the lower and upper limits of the feasible range, respectively. Thus, Equation (6)
shows how the initial particles are generated.

x0
i,d = xmin

d + r0
i,d · (xmax

d − xmin
d ) i = 1, . . . , N d = 1, . . . , D (6)

where r0 denotes a random number between 0 and 1. N is the size of the population and D
is the number of dimension.

2.2. Equilibrium Pool Construction

In terms of metaheuristics, the search target of EO is the equilibrium state of the system.
However, information about the concentration at this state is not known at the beginning,
so EO picks some particles that may be close to the equilibrium state as candidates. These
candidates include the four best particles in the population as well as a particle generated
by the mean of these four particles. The set of five particles is called the equilibrium pool,
which can be expressed as:

Xe =
{−→

xe
1 ,
−→
xe

2 ,
−→
xe

3 ,
−→
xe

4 ,
−→
xe

m

}
(7)

where xe
1-xe

4 mean the four best particles, and xe
m is the particle generated by the mean. The

update of each particle in the EO is related to the equilibrium pool, and the retention of
the four best particles provides the EO with the ability to explore, while the mean particle
provides the ability to exploit.

2.3. Population Update

The population update equation of EO is based on Equation (4). It sets the control
volume V to 1 and the time-varying turnover rate ρ to a random value between 0 and 1.
Considering the current number of iterations k and the maximum number of iterations K,
the population update equation is shown as:

xi,d(k + 1) = xe
i,d(k) + (xi,d(k)− xe

i,d(k)) · Hi,d(k) +
Gi,d(k)

ρi,d(k)·V
· (1− Hi,d(k))

i = 1, 2, 3, . . . , N d = 1, 2, 3, . . . , D k = 1, 2, 3, . . . , K
(8)
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where xe denotes one particle randomly selected from the equilibrium pool. An accurate
setting of H can help EO balance exploration and exploitation. Here, H can be expressed as:

−→
H = e−

−→ρ (t−t0) (9)

where both t0 and t are related to time. t0 is defined as:

−→
t0 =

1
−→ρ

ln [−a× f (
−→
r1 − 0.5) · (1− e−

−→ρ t)] + t (10)

where a is a constant to adjust the exploration; the larger its value, the greater the exploration
ability. r1 is a random number between 0 and 1. f () is a sign function; its value relies on the
positive or negative nature of the variable. t is defined as a function of the current number
of iterations k and maximum number of iterations K with a constant b. Similarly, b is used
to adjust exploitation; the higher the value, the higher the exploitation ability.

t = (1− k
K
)(b

k
K ) (11)

The generation rate G is another important term in Equation (8), which improves the
quality of the solution by enhancing the exploitation. It is also a value that varies with
iterations, and it can be described as:

−→
G =

−→
G0e−

−→ρ (t−t0) (12)

where G0 denotes the initial value. It can be calculated by:

G0
i,d = Ri,d · (xe

i,d − ρi,d · xi,d) i = 1, 2, . . . .N d = 1, 2, . . . , D (13)

−→
R =

{
0.5
−→
rG rP ≥ PG
−→
0 rP < PG

(14)

where rG and rP are two random values between 0 and 1. R is used to control the generation
term in the particle update, which both determines whether it takes effect and controls the
extent of its impact. PG denotes the generation probability; when it takes the value of 0, the
generation term always works, and when it takes the value of 1, the generation term does
not work. Therefore, it is set to 0.5 to balance exploration and exploitation.

3. Improved Equilibrium Optimizer

It is widely accepted that the search performance of an algorithm is closely related to
its exploration and exploitation behavior [39,57]. Exploration refers to the ability to find
various solutions in space and is expressed as the act of leaving the current region and
visiting new regions. It helps the algorithm to jump out of the local optima, but also brings
a reduction of convergence speed. Exploitation refers to the re-searching and mining in the
current region, with the intention of improving the quality of the solution. It can increase
the convergence speed, but also brings the crisis of falling into local optima. Thus there
exists an accepted viewpoint that an appropriate ratio of exploration and exploitation is
necessary to guarantee the performance of the algorithm [40].

Maintaining population diversity is a simple method to balance exploration and
exploitation [58]. Diversity implies differences among individuals in a population, and
it is considered to be closely related to the search performance of the algorithm. Some
arguments suggest that increasing diversity implies exploration and decreasing diversity
implies exploitation [39]. As mentioned earlier, a preference for exploration early and
exploitation later helps improve algorithm performance. IEO is expected to provide more
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exploration by maintaining higher diversity in the early stage, and to favor exploitation by
reducing diversity in the later stage.

In IEO, we propose a decreasing equilibrium pool to replace the conventional fixed
pool. This decreasing equilibrium pool can keep more candidates in the early stage, and
the number of candidates decreases with iterations. This decreasing equilibrium pool can
be expressed as:

Xe =
{−→

xe
1 ,
−→
xe

2 ,
−→
xe

3 , . . . ,
−→
xe

j ,
−→
xe

m

}
(15)

where xe
j represents the top j ranked particles in the population, and j decreases with

iterations, which can be expressed as:

j =
⌈

µ× N × (1− k
K
)

⌉
(16)

−→
xe

m =

−→
xe

1 +
−→
xe

2 +
−→
xe

3 + · · ·+
−→
xe

j

j
(17)

where µ is a parameter used to control the initial number of particles in the equilibrium
pool, and it takes values in the range of (0, 1). When it takes the value of 1, the pool contains
the entire population.

As shown in Algorithm 1, after evaluating all particles, IEO calculates the value of
j, and then picks the j best particles out to construct the equilibrium pool. In EO, j is
a preset constant. In IEO, j decreases with iteration, which means that the particles in
the equilibrium pool gradually decrease. In the update equation, Equation (8), of EO,
each particle gets information from the particles in the equilibrium pool when updated.
More particles in the pool means more sources to obtain information, and the diversity of
information is a prerequisite for higher individual differences. Figure 1 shows a schematic
diagram of a fixed equilibrium pool versus a decreasing equilibrium pool. Here, the blue
dots represent the best particles in the population, and the light orange dots indicate the
particles generated by the mean. The black dots represent the current population. The
dotted line connects the current particle with the source of updating information. In the
case of a fixed equilibrium pool, there are always only three sources of information for
population updates. In the case of a decreasing equilibrium pool, the sources of information
decrease from five to one. This allows IEO to maintain a higher diversity in the early stage
and reduces the probability of falling into local optima. In the later stage, IEO gradually
discards exploration and pours more resources into exploitation to improve the quality of
solutions. Figure 2 depicts the flow chart of IEO.

Fixed 

equilibrium pool

Population

Decreasing 

equilibrium pool

Population

Iterations

Best particle Mean particle Common particle

Figure 1. Schematic diagram of a fixed equilibrium pool and a decreasing equilibrium pool.
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Algorithm 1: IEO
Initialization: Randomly generate N particles;
while NFEs < MNFEs do

for i = 1 to N do
Evaluate the fitness of individual −→xi ;

end
NFEs = NFEs + N;
Calculate the value of j according to j =

⌈
µ× N × (1− k

K )
⌉

;

Pick out the top j particles and label them as
−→
xe

1 ,
−→
xe

2 ,
−→
xe

3 , . . . ,
−→
xe

j ;

Generate mean particle
−→
xe

m according to
−→
xe

m =

−→
xe

1+
−→
xe

2+
−→
xe

3+···+
−→
xe

j
j ;

Construct the equilibrium pool Xe =
{−→

xe
1 ,
−→
xe

2 ,
−→
xe

3 , . . . ,
−→
xe

j ,
−→
xe

m

}
;

Calculate the value of t by Equation (11);
for i = 1 to N do

Randomly pick one particle from the equilibrium pool Xe;
Randomly generate r1 and ρ;
Update parameters

−→
H and

−→
G according to Equations (9)–(14);

Update −→xi according to Equation (8);
end

end

Start

Calculate the fitness

Meet termination 

Pick out the best j particles

1 , 2 , 3 , … ,

Calculate the average particle 

Construct the equilibrium pool with 

1 , 2 , 3 , … , and 

Update the parameters 

Update the population with random 

particles in equilibrium pool 

and new parameters

End

Initialize the population

NO

YES

Figure 2. Flowchart of IEO.

4. Experiment and Analysis

To verify the performance of IEO, the experiments were divided into two main parts.
In the first part, we used 29 benchmark functions from IEEE CEC2017 as the test set, and
the peers for comparison included the conventional EO as well as several mainstream
algorithms, including GGSA [59], HGSA [60], RGBSO [61], CBSO [62], GLPSO [63,64],
SCA [65,66] and WFS [67,68]. GGSA enhances exploitation with additional updates on the
population with the best particle. HGSA introduces a log-sigmoid gravitational constant
and improves the search performance from the population topology viewpoint. RGBSO
replaces clustering with random grouping to reduce time complexity and introduces
dynamic step size to reduce the parameter setting load. CBSO uses chaotic local search to
avoid stagnation in the exploitation phase. GLPSO is a hybridization of particle swarm
optimization and genetic evolution. SCA controls the individual motion using sine and
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cosine functions to find the optima. WFS is an algorithm inspired by the wingsuit flying
sport, which simulates landing to the lowest point to find the optima. The comparison
with the conventional EO was used to illustrate the degree of improvement of IEO, and the
comparison with other mainstream algorithms was used to illustrate the competitiveness.
In the second part, to verify the practicality, we compared the performance of IEO and EO
on three real-world optimization problems: the dynamic economic dispatch problem, the
spacecraft trajectory optimization problem and dendritic neuron model training.

4.1. Experiment Setup

For the benchmark function experiments, the search range was [−100, 100], and the
population size wa 100, except for WFS, which was set to 10,000 according to this paper [67].
The algorithms were terminated when the number of function evaluations reached D× 104,
where D denotes the number of dimensions, which depends on the problem. For real-world
optimization problems, the settings depend on the problem. Details will be given in the
problem description. To avoid chance, each set of experiments was executed 51 times
independently, and the mean and standard deviation were used as the final result. The
device running these algorithms was a PC with a 3.00 GHz Intel(R) Core(TM) i7-9700 CPU.
The software was MATLAB.

4.2. Comparison on Benchmark Functions

In the experiments, 29 benchmark functions from IEEE CEC2017 were used to test the
performance of IEO [69]. Among these functions, F1 and F2 are unimodal functions, F3–F9
are simple multimodal functions, F10–F19 are hybrid functions, and F20–F29 are composi-
tion functions. The performance of IEO was tested on these 29 benchmark functions with
30, 50, and 100 dimensions, respectively. The performance of the algorithms was expressed
by non-parametric statistical tests, convergence graphs, and box-and-whisker diagrams.

4.2.1. Discussion of the Parameter µ

As a parameter that controls the initial number of particles in the equilibrium pool, it
has a theoretical value in the range of (0, 1). When the value is 1, then the equilibrium pool
size is the same as the population size. The size of the equilibrium pool is highly correlated
with the convergence of the algorithm, so it is important to determine an appropriate initial
value. The test results on IEEE CEC2017 with 30 dimensions were used to pick out an
appropriate value. The preset values of µ were 1

64 , 2
64 , 4

64 , 8
64 , 16

64 , 32
64 , 64

64 . The experimental
results are shown in Table 1.

The Wilcoxon rank-sum test was used to perform the non-parametric statistical tests.
It is a one-to-one comparison that is used to describe significance. In the experiment, its null
hypothesis was that IEO is not significantly better than its opponent, and the significance
level was set at 0.05. When the value is less than 0.05, the hypothesis can be rejected; that is,
IEO is significantly better than its opponent. The winning side was assigned the marker
“+”, and the losing side was assigned the marker “−”; if there was no significant difference
between the two, then it was recorded as “≈”. w/t/l was used to record the results of
the test, and they indicate the number of wins/ties/losses, respectively. In Table 1, the
mean values of 51 runs with different µ values are presented separately. w/t/l indicates
the results of the Wilcoxon rank-sum tests of IEO vs. EO with different parameters. The
result is 22/4/3 for the µ value of 4

64 , which is relatively good among these results. In the
following experiments, the value of µ were all set to 4

64 .
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Table 1. Experimental data of IEO with different µ values.

EO IEO

µ - 1/64 2/64 4/64 8/64 16/64 32/64 64/64

F1 3.8201E + 03 5.5418E + 03 4.2338E + 03 3.6199E + 03 4.0864E + 03 3.0915E + 03 2.3701E + 03 2.6264E + 03
F2 5.0923E + 01 5.1493E + 02 4.4414E + 02 7.0833E + 02 1.7886E + 03 2.7093E + 03 4.1765E + 03 6.1440E + 03
F3 8.4854E + 01 7.9318E + 01 8.8599E + 01 8.8394E + 01 9.1840E + 01 9.7913E + 01 1.0293E + 02 9.2376E + 01
F4 6.2329E + 01 3.2797E + 01 2.4340E + 01 2.0598E + 01 1.8921E + 01 1.6563E + 01 1.7072E + 01 1.7498E + 01
F5 7.8148E - 03 1.2427E - 03 2.7188E - 05 3.6545E - 06 7.8805E - 07 3.2616E - 06 2.0632E - 06 8.9197E - 06
F6 9.0975E + 01 5.9836E + 01 5.2140E + 01 4.9094E + 01 4.6480E + 01 4.5556E + 01 4.5263E + 01 4.7800E + 01
F7 5.9598E + 01 3.5167E + 01 2.7320E + 01 2.2282E + 01 2.0348E + 01 2.1128E + 01 1.9193E + 01 1.8427E + 01
F8 8.9579E + 00 1.0975E + 00 2.6256E - 01 5.6830E - 02 4.7921E - 02 7.1135E - 02 1.9538E - 02 1.9572E - 02
F9 3.2687E + 03 2.8894E + 03 2.9942E + 03 2.6223E + 03 2.6354E + 03 2.7862E + 03 2.8170E + 03 2.8198E + 03

F10 5.0615E + 01 4.3128E + 01 4.5207E + 01 3.6975E + 01 2.7141E + 01 3.0934E + 01 4.0697E + 01 4.4323E + 01
F11 8.2715E + 04 7.4212E + 04 5.0784E + 04 3.8584E + 04 4.8540E + 04 1.0787E + 05 2.3749E + 05 2.3750E + 05
F12 1.9975E + 04 3.2302E + 04 1.8792E + 04 1.9494E + 04 1.8296E + 04 1.9240E + 04 2.1367E + 04 2.3298E + 04
F13 5.5963E + 03 1.1393E + 04 9.0457E + 03 1.1780E + 04 1.5284E + 04 3.2635E + 04 3.2804E + 04 2.7922E + 04
F14 5.7821E + 03 7.9448E + 03 3.5718E + 03 2.2946E + 03 2.6415E + 03 2.3349E + 03 1.8578E + 03 3.4511E + 03
F15 6.0395E + 02 3.4120E + 02 1.3976E + 02 1.0357E + 02 1.5098E + 02 1.4537E + 02 1.1289E + 02 1.8262E + 02
F16 1.7232E + 02 1.2927E + 02 8.1288E + 01 5.9592E + 01 4.9528E + 01 9.6392E + 01 1.1846E + 02 1.4430E + 02
F17 1.4721E + 05 1.6634E + 05 1.7057E + 05 2.1896E + 05 2.1736E + 05 3.3293E + 05 3.0677E + 05 2.9835E + 05
F18 7.2785E + 03 9.2941E + 03 4.7905E + 03 6.2676E + 03 4.6660E + 03 3.3079E + 03 2.9895E + 03 4.1361E + 03
F19 2.2445E + 02 1.3147E + 02 1.0329E + 02 8.3284E + 01 1.0319E + 02 9.4965E + 01 1.1937E + 02 1.2740E + 02
F20 2.5448E + 02 2.3210E + 02 2.2283E + 02 2.1799E + 02 2.1482E + 02 2.1219E + 02 2.1296E + 02 2.1334E + 02
F21 1.0827E + 03 6.5254E + 02 2.4967E + 02 2.5006E + 02 1.7928E + 02 1.0000E + 02 1.5333E + 02 1.4876E + 02
F22 4.0823E + 02 3.8659E + 02 3.7385E + 02 3.6466E + 02 3.6114E + 02 3.6058E + 02 3.6207E + 02 3.6691E + 02
F23 4.7204E + 02 4.5447E + 02 4.4314E + 02 4.3535E + 02 4.3182E + 02 4.3105E + 02 4.3167E + 02 4.3573E + 02
F24 3.8681E + 02 3.8741E + 02 3.8692E + 02 3.8616E + 02 3.8678E + 02 3.8649E + 02 3.8704E + 02 3.8767E + 02
F25 1.4754E + 03 1.2563E + 03 1.0936E + 03 1.0218E + 03 1.0104E + 03 1.0194E + 03 1.0443E + 03 1.0683E + 03
F26 5.1388E + 02 5.1375E + 02 5.1058E + 02 5.1130E + 02 5.0935E + 02 5.0991E + 02 5.0735E + 02 5.0456E + 02
F27 3.5272E + 02 3.6856E + 02 3.4200E + 02 3.3158E + 02 3.3168E + 02 3.4552E + 02 3.9282E + 02 4.0875E + 02
F28 5.9015E + 02 5.3879E + 02 5.0609E + 02 4.8857E + 02 4.8070E + 02 4.9965E + 02 5.1428E + 02 5.1134E + 02
F29 5.8267E + 03 7.0522E + 03 4.8887E + 03 4.0673E + 03 4.1686E + 03 4.1643E + 03 3.9059E + 03 9.9617E + 03

w/t/l - 15/9/5 16/11/2 22/4/3 21/4/4 18/6/5 18/4/7 14/6/9

4.2.2. Experimental Data on Benchmark Functions

Tables 2–4 give the experimental results on IEEE CEC2017 with 30, 50 and 100 dimen-
sions. They contain the mean and standard deviation (std) of 51 runs, in which the best
results on each problem are bolded. IEO achieved the best solution on many problems. Take
30 dimensions as an example. The results from the Wilcoxon rank-sum test show that IEO
significantly outperforms EO on 22 problems. These problems include simple multimodal
functions, hybrid functions and composition functions. This expresses the ability of IEO to
solve complex landscape problems, and the search ability has been enhanced. It proves that
the improvement of IEO is effective. In addition, IEO compared to GGSA, HGSA, RGBSO,
CBSO, GLPSO, SCA and WFS also achieved 23, 19, 22, 23, 26, 29 and 27 wins, respectively.
This means that IEO is also very competitive.
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Table 2. Experimental data of IEO vs other algorithms with 30 dimensions.

IEO EO GGSA HGSA RGBSO

Mean Std Mean Std w/t/l Mean Std w/t/l Mean Std w/t/l Mean Std w/t/l

F1 3.6199E + 03 3.5151E + 03 3.8201E + 03 4.2554E + 03 ≈ 1.8451E + 03 9.6247E + 02 ≈ 2.8402E + 03 2.5681E + 03 ≈ 2.5390E + 03 2.7946E + 03 −
F2 7.0833E + 02 5.6770E + 02 5.0923E + 01 8.1049E + 01 − 5.8158E + 04 6.5549E + 03 + 4.4830E + 04 3.5988E + 03 + 1.8937E + 00 1.3501E + 01 −
F3 8.8394E + 01 1.7620E + 01 8.4854E + 01 1.9797E + 01 ≈ 1.3046E + 02 1.9501E + 01 + 1.1909E + 02 2.1410E + 00 + 8.0098E + 01 3.1504E + 01 −
F4 2.0598E + 01 5.0532E + 00 6.2329E + 01 2.0740E + 01 + 1.1040E + 02 1.1557E + 01 + 1.5123E + 02 1.3641E + 01 + 2.1843E + 02 4.3945E + 01 +
F5 3.6500E - 06 5.8693E - 06 7.8150E - 03 3.6618E - 02 + 7.9756E + 00 3.9141E + 00 + 8.9075E + 00 5.8584E + 00 + 5.7551E + 01 1.0113E + 01 +
F6 4.9094E + 01 6.9315E + 00 9.0975E + 01 1.8113E + 01 + 3.7082E + 01 1.9707E + 00 − 4.0258E + 01 2.3497E + 00 − 7.2251E + 02 1.5304E + 02 +
F7 2.2282E + 01 5.9701E + 00 5.9598E + 01 1.6208E + 01 + 8.5254E + 01 1.1052E + 01 + 1.0424E + 02 8.5489E + 00 + 1.5915E + 02 2.8817E + 01 +
F8 5.6830E - 02 1.4176E - 01 8.9579E + 00 2.3641E + 01 + 1.1100E - 13 1.5919E - 14 + 5.4700E - 14 5.7356E - 14 ≈ 3.9163E + 03 1.1922E + 03 +
F9 2.6223E + 03 5.4304E + 02 3.2687E + 03 7.9000E + 02 + 3.3096E + 03 3.8220E + 02 + 3.1832E + 03 4.9038E + 02 + 4.4514E + 03 5.6905E + 02 +

F10 3.6975E + 01 2.9939E + 01 5.0615E + 01 3.7544E + 01 + 1.4518E + 02 3.2270E + 01 + 9.6132E + 01 2.9653E + 01 + 1.5266E + 02 5.2182E + 01 +
F11 3.8584E + 04 1.8746E + 04 8.2715E + 04 9.5750E + 04 + 9.5566E + 05 2.9198E + 06 + 1.3525E + 05 7.0641E + 04 + 8.8516E + 05 6.1130E + 05 +
F12 1.9494E + 04 1.8469E + 04 1.9975E + 04 1.8023E + 04 ≈ 1.7726E + 04 4.8150E + 03 ≈ 1.2462E + 04 5.2102E + 03 ≈ 5.6412E + 04 2.4798E + 04 +
F13 1.1780E + 04 1.1625E + 04 5.5963E + 03 3.8567E + 03 − 2.3074E + 05 9.8247E + 04 + 7.2466E + 03 5.0104E + 03 ≈ 3.5561E + 03 3.0188E + 03 −
F14 2.2946E + 03 2.5517E + 03 5.7821E + 03 8.7840E + 03 + 2.8972E + 03 1.5176E + 03 + 7.4044E + 02 5.7494E + 02 − 3.6757E + 04 3.4187E + 04 +
F15 1.0357E + 02 1.6551E + 02 6.0395E + 02 2.8590E + 02 + 1.1826E + 03 2.2901E + 02 + 1.1531E + 03 1.8358E + 02 + 1.5567E + 03 4.2614E + 02 +
F16 5.9592E + 01 4.1194E + 01 1.7232E + 02 1.2639E + 02 + 1.0199E + 03 2.0203E + 02 + 1.0441E + 03 1.8983E + 02 + 8.6791E + 02 3.1558E + 02 +
F17 2.1896E + 05 2.0519E + 05 1.4721E + 05 1.3929E + 05 − 1.5767E + 05 7.4682E + 04 ≈ 6.1170E + 04 1.9302E + 04 − 1.1082E + 05 7.3741E + 04 −
F18 6.2676E + 03 8.6774E + 03 7.2785E + 03 1.1474E + 04 ≈ 4.2492E + 03 1.4513E + 03 ≈ 2.8665E + 03 1.1666E + 03 − 5.9510E + 04 2.5619E + 04 +
F19 8.3284E + 01 5.7696E + 01 2.2445E + 02 1.6266E + 02 + 8.9584E + 02 1.7032E + 02 + 9.0784E + 02 1.9053E + 02 + 8.9560E + 02 2.1587E + 02 +
F20 2.1799E + 02 5.8174E + 00 2.5448E + 02 1.6317E + 01 + 3.1568E + 02 1.8209E + 01 + 3.2085E + 02 3.5376E + 01 + 4.1761E + 02 3.9279E + 01 +
F21 2.5006E + 02 6.1378E + 02 1.0827E + 03 1.6526E + 03 + 1.0000E + 02 1.4750E - 10 + 1.9106E + 02 6.4388E + 02 + 4.5386E + 03 1.6627E + 03 +
F22 3.6466E + 02 8.6511E + 00 4.0823E + 02 2.0902E + 01 + 5.5997E + 02 3.5956E + 01 + 4.7313E + 02 1.2753E + 02 + 1.0049E + 03 1.2095E + 02 +
F23 4.3535E + 02 5.6508E + 00 4.7204E + 02 1.7450E + 01 + 5.0816E + 02 3.3266E + 01 + 5.1817E + 02 3.9012E + 01 + 1.1547E + 03 1.0207E + 02 +
F24 3.8616E + 02 1.6961E + 00 3.8681E + 02 2.3189E + 00 + 4.2705E + 02 1.2163E + 01 + 3.9169E + 02 8.5953E + 00 + 3.9042E + 02 1.2946E + 01 ≈
F25 1.0218E + 03 6.5066E + 01 1.4754E + 03 4.1166E + 02 + 3.6445E + 02 5.8097E + 02 − 2.5294E + 02 4.9913E + 01 − 6.0681E + 03 1.0408E + 03 +
F26 5.1130E + 02 9.6133E + 00 5.1388E + 02 8.9043E + 00 + 6.7680E + 02 4.5096E + 01 + 5.5523E + 02 2.2742E + 01 + 1.2333E + 03 2.5234E + 02 +
F27 3.3158E + 02 5.1621E + 01 3.5272E + 02 5.0946E + 01 + 4.2941E + 02 2.2637E + 01 + 3.0973E + 02 2.6779E + 01 − 3.4336E + 02 5.7683E + 01 ≈
F28 4.8857E + 02 7.4136E + 01 5.9015E + 02 1.4017E + 02 + 1.4059E + 03 2.2830E + 02 + 1.1974E + 03 2.1161E + 02 + 1.6752E + 03 3.4528E + 02 +
F29 4.0673E + 03 2.4775E + 03 5.8267E + 03 3.6953E + 03 + 4.0222E + 04 1.5936E + 04 + 7.4280E + 03 1.7065E + 03 + 2.1671E + 05 1.6109E + 05 +

22/4/3 23/4/2 19/4/6 22/2/5
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Table 2. Cont.

IEO CBSO GLPSO SCA WFS

Mean Std Mean Std w/t/l Mean Std w/t/l Mean Std w/t/l Mean Std w/t/l

F1 3.6199E + 03 3.5151E + 03 3.4547E + 03 2.8831E + 03 ≈ 9.8546E + 04 4.7405E + 05 ≈ 1.2300E+10 1.8861E + 09 + 7.0600E + 08 3.3218E + 08 +
F2 7.0833E + 02 5.6770E + 02 2.8012E + 00 3.0761E + 00 − 2.1908E + 04 5.1452E + 03 + 3.5239E + 04 6.4800E + 03 + 1.4999E + 04 4.3852E + 03 +
F3 8.8394E + 01 1.7620E + 01 9.2781E + 01 1.9072E + 01 ≈ 2.9136E + 02 9.2432E + 01 + 9.4294E + 02 2.4076E + 02 + 2.4543E + 02 5.2236E + 01 +
F4 2.0598E + 01 5.0532E + 00 1.9165E + 02 3.6548E + 01 + 1.7613E + 02 1.9160E + 01 + 2.7811E + 02 2.0565E + 01 + 1.4475E + 02 2.9777E + 01 +
F5 3.6500E - 06 5.8693E - 06 4.9007E + 01 7.8882E + 00 + 5.0867E + 00 2.0623E + 00 + 4.9563E + 01 5.7827E + 00 + 2.5497E + 01 5.9342E + 00 +
F6 4.9094E + 01 6.9315E + 00 4.2736E + 02 9.7850E + 01 + 1.6204E + 02 5.4063E + 01 + 4.2351E + 02 3.8486E + 01 + 2.3444E + 02 3.7474E + 01 +
F7 2.2282E + 01 5.9701E + 00 1.4414E + 02 2.8042E + 01 + 1.5346E + 02 3.8183E + 01 + 2.5010E + 02 1.8564E + 01 + 1.3497E + 02 3.0966E + 01 +
F8 5.6830E - 02 1.4176E - 01 3.1811E + 03 7.3984E + 02 + 1.4093E + 01 9.2473E + 00 + 4.3222E + 03 9.1786E + 02 + 1.7691E + 03 1.1261E + 03 +
F9 2.6223E + 03 5.4304E + 02 4.2537E + 03 5.5536E + 02 + 6.5419E + 03 3.3508E + 02 + 7.2163E + 03 2.8934E + 02 + 4.5989E + 03 6.4967E + 02 +

F10 3.6975E + 01 2.9939E + 01 1.3272E + 02 4.7078E + 01 + 1.3224E + 02 6.0069E + 01 + 1.0336E + 03 4.3619E + 02 + 3.2107E + 02 6.9430E + 01 +
F11 3.8584E + 04 1.8746E + 04 1.9301E + 06 1.1817E + 06 + 7.8399E + 06 1.3277E + 07 + 1.0400E + 09 2.3930E + 08 + 9.8021E + 07 7.8849E + 07 +
F12 1.9494E + 04 1.8469E + 04 5.1355E + 04 3.4987E + 04 + 5.5042E + 04 2.2968E + 05 − 4.1700E + 08 1.8508E + 08 + 7.4742E + 05 8.1424E + 05 +
F13 1.1780E + 04 1.1625E + 04 2.0972E + 03 2.3221E + 03 − 3.5265E + 04 8.1008E + 04 + 1.3739E + 05 7.2931E + 04 + 7.6726E + 03 7.8219E + 03 −
F14 2.2946E + 03 2.5517E + 03 2.6543E + 04 1.5272E + 04 + 8.4908E + 03 8.3134E + 03 + 1.2024E + 07 9.8201E + 06 + 1.5527E + 05 1.5805E + 05 +
F15 1.0357E + 02 1.6551E + 02 1.1887E + 03 2.7675E + 02 + 1.3590E + 03 2.0549E + 02 + 2.0011E + 03 2.1658E + 02 + 9.7168E + 02 2.4958E + 02 +
F16 5.9592E + 01 4.1194E + 01 4.7674E + 02 1.8831E + 02 + 2.7774E + 02 1.6462E + 02 + 6.9894E + 02 1.6541E + 02 + 3.2220E + 02 1.0678E + 02 +
F17 2.1896E + 05 2.0519E + 05 8.6355E + 04 4.5953E + 04 − 6.9469E + 05 7.4988E + 05 + 3.3325E + 06 1.5395E + 06 + 2.1557E + 05 1.4811E + 05 ≈
F18 6.2676E + 03 8.6774E + 03 8.7262E + 04 5.2872E + 04 + 9.5482E + 03 1.3932E + 04 ≈ 2.4667E + 07 1.3341E + 07 + 1.1035E + 06 1.1299E + 06 +
F19 8.3284E + 01 5.7696E + 01 5.0451E + 02 1.2919E + 02 + 2.7930E + 02 1.3767E + 02 + 6.3236E + 02 1.2777E + 02 + 3.9184E + 02 1.0843E + 02 +
F20 2.1799E + 02 5.8174E + 00 3.7707E + 02 4.3225E + 01 + 3.7432E + 02 2.3446E + 01 + 4.5630E + 02 1.6812E + 01 + 3.3317E + 02 2.8495E + 01 +
F21 2.5006E + 02 6.1378E + 02 3.1234E + 03 2.1178E + 03 + 1.0209E + 02 2.3186E + 00 + 5.8758E + 03 2.5111E + 03 + 3.0270E + 02 8.4357E + 01 +
F22 3.6466E + 02 8.6511E + 00 7.0083E + 02 1.2602E + 02 + 5.9302E + 02 2.0985E + 01 + 6.8450E + 02 2.3934E + 01 + 5.3104E + 02 3.9876E + 01 +
F23 4.3535E + 02 5.6508E + 00 7.2306E + 02 1.2555E + 02 + 6.5646E + 02 2.1803E + 01 + 7.6405E + 02 2.4139E + 01 + 5.7911E + 02 3.6609E + 01 +
F24 3.8616E + 02 1.6961E + 00 3.8961E + 02 8.8160E + 00 ≈ 4.3297E + 02 2.1262E + 01 + 7.0532E + 02 7.4080E + 01 + 5.2346E + 02 3.6169E + 01 +
F25 1.0218E + 03 6.5066E + 01 3.6956E + 03 2.0393E + 03 + 2.9447E + 03 9.3611E + 02 + 4.3330E + 03 3.1722E + 02 + 2.5369E + 03 7.0180E + 02 +
F26 5.1130E + 02 9.6133E + 00 6.7133E + 02 1.5932E + 02 + 6.6664E + 02 2.1532E + 01 + 7.0512E + 02 4.1231E + 01 + 6.1876E + 02 3.0913E + 01 +
F27 3.3158E + 02 5.1621E + 01 3.8304E + 02 4.5887E + 01 + 5.4646E + 02 7.7220E + 01 + 1.0195E + 03 1.1502E + 02 + 6.3251E + 02 7.8679E + 01 +
F28 4.8857E + 02 7.4136E + 01 1.3243E + 03 2.8811E + 02 + 8.6819E + 02 1.7833E + 02 + 1.7531E + 03 2.5222E + 02 + 1.0053E + 03 1.4405E + 02 +
F29 4.0673E + 03 2.4775E + 03 3.9254E + 05 2.1093E + 05 + 9.1695E + 04 1.5387E + 05 + 6.6719E + 07 2.4207E + 07 + 6.8953E + 06 5.6303E + 06 +

23/3/3 26/2/1 29/0/0 27/1/1
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Table 3. Experimental data of IEO vs other algorithms with 50 dimensions.

IEO EO GGSA HGSA RGBSO

Mean Std Mean Std w/t/l Mean Std w/t/l Mean Std w/t/l Mean Std w/t/l

F1 1.5311E + 03 2.1089E + 03 2.8318E + 03 2.7107E + 03 + 8.1505E + 02 1.1902E + 03 ≈ 7.9448E + 02 1.1149E + 03 ≈ 2.3789E + 03 3.4021E + 03 ≈
F2 1.1263E + 04 3.3268E + 03 2.8438E + 03 2.2159E + 03 − 1.3567E + 05 1.0190E + 04 + 1.1802E + 05 9.5141E + 03 + 1.7085E + 03 3.1764E + 03 −
F3 6.9262E + 01 5.1900E + 01 8.6346E + 01 4.3053E + 01 + 1.8517E + 02 5.4256E + 01 + 1.9578E + 02 3.9702E + 01 + 1.4475E + 02 5.6851E + 01 +
F4 5.1383E + 01 1.0053E + 01 1.5076E + 02 2.8656E + 01 + 2.2679E + 02 2.0587E + 01 + 2.6760E + 02 2.0650E + 01 + 3.6480E + 02 7.3741E + 01 +
F5 2.3217E - 05 2.9363E - 05 1.3231E - 01 2.7165E - 01 + 2.4551E + 01 4.6891E + 00 + 2.3622E + 01 4.3942E + 00 + 6.1796E + 01 5.6440E + 00 +
F6 8.9595E + 01 1.1126E + 01 1.9324E + 02 3.7980E + 01 + 6.5646E + 01 2.8082E + 00 − 7.0971E + 01 4.0368E + 00 − 1.3907E + 03 2.7022E + 02 +
F7 5.0186E + 01 1.0946E + 01 1.5495E + 02 2.4796E + 01 + 2.3216E + 02 2.0943E + 01 + 2.9176E + 02 1.5818E + 01 + 3.6140E + 02 5.5489E + 01 +
F8 8.1466E - 01 1.7331E + 00 1.8562E + 02 3.6280E + 02 + 6.5047E + 02 4.5085E + 02 + 1.1331E + 01 8.0126E + 01 − 1.1631E + 04 2.2277E + 03 +
F9 4.9947E + 03 7.8524E + 02 6.1778E + 03 9.8142E + 02 + 5.8562E + 03 5.2612E + 02 + 5.7472E + 03 5.3555E + 02 + 7.6524E + 03 7.8010E + 02 +

F10 3.1614E + 01 3.2042E + 00 1.2871E + 02 6.0573E + 01 + 4.0265E + 02 8.6827E + 01 + 1.2616E + 02 1.3519E + 01 + 2.0207E + 02 5.2416E + 01 +
F11 7.2344E + 05 3.9616E + 05 8.9088E + 05 6.6327E + 05 ≈ 1.4256E + 06 3.6763E + 05 + 8.3355E + 05 3.7484E + 05 ≈ 3.7723E + 06 1.6649E + 06 +
F12 4.0820E + 03 5.0743E + 03 7.0713E + 03 6.3861E + 03 + 1.3334E + 04 2.0854E + 03 + 5.6931E + 02 6.3584E + 02 − 7.8496E + 04 5.1728E + 04 +
F13 3.8673E + 04 3.5577E + 04 5.1641E + 04 4.4116E + 04 + 7.8635E + 04 3.4919E + 04 + 2.2901E + 04 1.2824E + 04 − 2.5919E + 04 2.0255E + 04 −
F14 1.1740E + 04 6.7497E + 03 1.2340E + 04 7.6100E + 03 ≈ 7.2377E + 03 2.0667E + 03 − 7.8448E + 03 1.7914E + 03 − 3.1964E + 04 1.6977E + 04 +
F15 6.2370E + 02 2.7447E + 02 1.2528E + 03 3.8490E + 02 + 1.7589E + 03 3.0075E + 02 + 1.8275E + 03 3.0475E + 02 + 2.4551E + 03 5.0773E + 02 +
F16 5.1489E + 02 2.5757E + 02 1.0606E + 03 3.1414E + 02 + 1.7329E + 03 3.0440E + 02 + 1.6705E + 03 3.0949E + 02 + 2.0775E + 03 3.4784E + 02 +
F17 6.0450E + 05 2.8371E + 05 2.9733E + 05 1.9233E + 05 − 8.7793E + 05 6.7728E + 05 + 1.8151E + 05 6.7786E + 04 − 1.2329E + 05 7.0267E + 04 −
F18 2.1759E + 04 1.2094E + 04 1.7492E + 04 1.3755E + 04 − 1.4687E + 04 2.7956E + 03 − 1.4233E + 04 3.3363E + 03 − 1.7090E + 05 6.3585E + 04 +
F19 3.7736E + 02 2.0103E + 02 8.5430E + 02 3.1313E + 02 + 1.2186E + 03 2.8644E + 02 + 1.3147E + 03 3.1073E + 02 + 1.7775E + 03 3.7329E + 02 +
F20 2.4096E + 02 9.6413E + 00 3.2797E + 02 2.8137E + 01 + 4.4946E + 02 3.0677E + 01 + 4.5614E + 02 2.6590E + 01 + 6.8585E + 02 8.1442E + 01 +
F21 4.9011E + 03 1.8469E + 03 6.6503E + 03 9.7776E + 02 + 7.7292E + 03 4.7552E + 02 + 7.9016E + 03 5.1888E + 02 + 8.1619E + 03 8.8037E + 02 +
F22 4.5500E + 02 1.3867E + 01 5.4712E + 02 3.4378E + 01 + 8.6327E + 02 9.3925E + 01 + 1.0709E + 03 1.9643E + 02 + 1.6931E + 03 2.0448E + 02 +
F23 5.2300E + 02 1.0887E + 01 6.1229E + 02 2.7051E + 01 + 8.2711E + 02 4.5751E + 01 + 8.8663E + 02 4.8946E + 01 + 1.8208E + 03 1.9817E + 02 +
F24 5.6810E + 02 2.2904E + 01 5.4884E + 02 3.6187E + 01 − 6.5579E + 02 2.6512E + 01 + 5.8126E + 02 1.4932E + 01 + 5.4576E + 02 4.2036E + 01 −
F25 1.3522E + 03 1.0061E + 02 2.3819E + 03 4.2440E + 02 + 3.1675E + 02 1.1965E + 02 − 3.0000E + 02 7.5964E - 13 − 1.1242E + 04 1.2418E + 03 +
F26 5.8967E + 02 4.4291E + 01 6.3278E + 02 5.5208E + 01 + 1.3409E + 03 1.6470E + 02 + 1.4008E + 03 2.7882E + 02 + 2.8731E + 03 5.5545E + 02 +
F27 4.9820E + 02 2.5442E + 01 4.9363E + 02 2.3803E + 01 ≈ 6.2778E + 02 8.2392E + 01 + 5.0229E + 02 2.1101E + 01 + 5.0109E + 02 2.1552E + 01 +
F28 4.9978E + 02 1.0608E + 02 9.4849E + 02 3.2370E + 02 + 2.2300E + 03 2.8897E + 02 + 1.7059E + 03 2.7060E + 02 + 2.7013E + 03 4.7793E + 02 +
F29 8.5568E + 05 1.0185E + 05 1.0347E + 06 2.0391E + 05 + 3.0024E + 07 4.6679E + 06 + 1.3401E + 06 9.6083E + 04 + 8.9103E + 06 1.1678E + 06 +
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Table 3. Cont.

IEO CBSO GLPSO SCA WFS

Mean Std Mean Std w/t/l Mean Std w/t/l Mean Std w/t/l Mean Std w/t/l

F1 1.5311E + 03 2.1089E + 03 6.1453E + 03 5.6080E + 03 + 6.1377E + 06 4.0451E + 07 + 3.8443E+10 5.6635E + 09 + 1.6722E + 09 5.8565E + 08 +
F2 1.1263E + 04 3.3268E + 03 5.5073E + 01 2.3696E + 01 − 7.8274E + 04 1.1009E + 04 + 1.0058E + 05 1.5734E + 04 + 3.3961E + 04 5.7518E + 03 +
F3 6.9262E + 01 5.1900E + 01 1.7370E + 02 5.0161E + 01 + 8.6434E + 02 2.4895E + 02 + 5.6612E + 03 1.3537E + 03 + 4.7246E + 02 1.1917E + 02 +
F4 5.1383E + 01 1.0053E + 01 3.2583E + 02 5.2614E + 01 + 3.5662E + 02 4.1859E + 01 + 5.5115E + 02 2.9196E + 01 + 2.7539E + 02 4.7818E + 01 +
F5 2.3217E - 05 2.9363E - 05 5.7724E + 01 6.9034E + 00 + 1.4716E + 01 2.9611E + 00 + 6.8656E + 01 4.9617E + 00 + 3.1695E + 01 8.1165E + 00 +
F6 8.9595E + 01 1.1126E + 01 9.1815E + 02 1.4937E + 02 + 3.6769E + 02 8.1704E + 01 + 9.0661E + 02 6.4475E + 01 + 4.3104E + 02 6.0698E + 01 +
F7 5.0186E + 01 1.0946E + 01 3.3282E + 02 4.6484E + 01 + 3.6202E + 02 3.8549E + 01 + 5.5121E + 02 3.0426E + 01 + 2.7269E + 02 4.1814E + 01 +
F8 8.1466E - 01 1.7331E + 00 9.8839E + 03 1.6464E + 03 + 1.4885E + 03 1.1040E + 03 + 2.0795E + 04 3.7093E + 03 + 7.8349E + 03 4.1955E + 03 +
F9 4.9947E + 03 7.8524E + 02 7.3650E + 03 8.4749E + 02 + 1.2306E + 04 4.4125E + 02 + 1.3345E + 04 4.1019E + 02 + 8.5816E + 03 1.0360E + 03 +

F10 3.1614E + 01 3.2042E + 00 2.0338E + 02 4.7596E + 01 + 7.2701E + 02 6.0065E + 02 + 4.8016E + 03 1.2095E + 03 + 6.7360E + 02 1.1938E + 02 +
F11 7.2344E + 05 3.9616E + 05 1.5017E + 07 9.5050E + 06 + 1.2508E + 08 3.1452E + 08 + 1.1488E+10 2.6297E + 09 + 3.3153E + 08 1.7748E + 08 +
F12 4.0820E + 03 5.0743E + 03 6.3678E + 04 3.7539E + 04 + 2.8804E + 06 1.2757E + 07 + 2.6609E + 09 8.4513E + 08 + 3.3839E + 06 3.2260E + 06 +
F13 3.8673E + 04 3.5577E + 04 2.6805E + 04 1.7148E + 04 ≈ 2.8087E + 05 4.3822E + 05 + 1.9363E + 06 9.1740E + 05 + 1.1147E + 05 9.3776E + 04 +
F14 1.1740E + 04 6.7497E + 03 2.7605E + 04 1.6839E + 04 + 6.1836E + 03 6.4364E + 03 − 3.4000E + 08 1.4620E + 08 + 9.2249E + 05 1.0206E + 06 +
F15 6.2370E + 02 2.7447E + 02 2.1824E + 03 4.7183E + 02 + 2.7853E + 03 4.0306E + 02 + 3.7893E + 03 3.4367E + 02 + 1.7932E + 03 4.8106E + 02 +
F16 5.1489E + 02 2.5757E + 02 1.6074E + 03 3.5387E + 02 + 1.5051E + 03 2.7256E + 02 + 2.5752E + 03 2.4376E + 02 + 1.2852E + 03 2.4662E + 02 +
F17 6.0450E + 05 2.8371E + 05 1.7196E + 05 8.7116E + 04 − 3.8682E + 06 4.3089E + 06 + 1.4218E + 07 6.7183E + 06 + 1.6011E + 06 9.3822E + 05 +
F18 2.1759E + 04 1.2094E + 04 3.8592E + 05 2.3659E + 05 + 6.4785E + 04 3.8132E + 05 − 2.1989E + 08 1.0579E + 08 + 1.9542E + 06 1.4034E + 06 +
F19 3.7736E + 02 2.0103E + 02 1.2868E + 03 2.8977E + 02 + 1.3129E + 03 3.1924E + 02 + 1.7730E + 03 1.8854E + 02 + 9.6689E + 02 2.3457E + 02 +
F20 2.4096E + 02 9.6413E + 00 6.3133E + 02 8.2812E + 01 + 5.7560E + 02 2.5771E + 01 + 7.6197E + 02 3.2250E + 01 + 4.7299E + 02 4.9388E + 01 +
F21 4.9011E + 03 1.8469E + 03 8.0476E + 03 9.6464E + 02 + 1.1221E + 04 3.8418E + 03 + 1.3661E + 04 3.7140E + 02 + 8.1801E + 03 2.0803E + 03 +
F22 4.5500E + 02 1.3867E + 01 1.1103E + 03 2.0499E + 02 + 9.8609E + 02 4.8815E + 01 + 1.2083E + 03 5.6210E + 01 + 8.0644E + 02 6.4120E + 01 +
F23 5.2300E + 02 1.0887E + 01 1.0726E + 03 2.3991E + 02 + 1.0551E + 03 4.6065E + 01 + 1.2627E + 03 5.2719E + 01 + 8.4928E + 02 7.0577E + 01 +
F24 5.6810E + 02 2.2904E + 01 5.6859E + 02 3.0893E + 01 ≈ 9.2068E + 02 1.1215E + 02 + 3.4264E + 03 5.3420E + 02 + 9.0381E + 02 9.0221E + 01 +
F25 1.3522E + 03 1.0061E + 02 9.2425E + 03 2.0678E + 03 + 5.9581E + 03 6.9379E + 02 + 9.0578E + 03 6.1890E + 02 + 4.7418E + 03 5.0167E + 02 +
F26 5.8967E + 02 4.4291E + 01 1.3231E + 03 3.8036E + 02 + 1.4188E + 03 1.1258E + 02 + 1.6723E + 03 1.6561E + 02 + 1.0691E + 03 1.1196E + 02 +
F27 4.9820E + 02 2.5442E + 01 5.0882E + 02 2.2504E + 01 + 1.2070E + 03 2.1986E + 02 + 3.5329E + 03 4.5303E + 02 + 1.2604E + 03 3.0987E + 02 +
F28 4.9978E + 02 1.0608E + 02 2.5527E + 03 4.5029E + 02 + 2.0372E + 03 4.9190E + 02 + 4.2606E + 03 5.9193E + 02 + 1.9815E + 03 3.9379E + 02 +
F29 8.5568E + 05 1.0185E + 05 1.1466E + 07 3.5251E + 06 + 1.2361E + 07 6.8582E + 06 + 5.8302E + 08 1.8371E + 08 + 1.9952E + 08 3.7544E + 07 +
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Table 4. Experimental data of IEO vs other algorithms with 100 dimensions.

IEO EO GGSA HGSA RGBSO

Mean Std Mean Std w/t/l Mean Std w/t/l Mean Std w/t/l Mean Std w/t/l

F1 6.3560E + 03 7.0892E + 03 6.1231E + 03 8.0980E + 03 ≈ 3.9078E + 03 2.6480E + 03 ≈ 3.7074E + 03 3.2112E + 03 − 5.4653E + 03 6.2828E + 03 ≈
F2 9.4784E + 04 1.2626E + 04 5.6136E + 04 1.0045E + 04 − 2.9105E + 05 1.2583E + 04 + 2.7438E + 05 1.5520E + 04 + 5.1279E + 04 3.1942E + 04 −
F3 2.0382E + 02 4.1646E + 01 2.2498E + 02 4.6841E + 01 + 5.7636E + 02 1.4310E + 02 + 2.7355E + 02 3.8463E + 01 + 2.4073E + 02 5.8214E + 01 +
F4 1.7111E + 02 2.1521E + 01 4.5075E + 02 6.2832E + 01 + 6.2118E + 02 2.6841E + 01 + 7.2869E + 02 3.1368E + 01 + 8.6633E + 02 8.0687E + 01 +
F5 2.0472E - 02 4.5042E - 02 4.8417E + 00 3.5677E + 00 + 3.7170E + 01 3.5150E + 00 + 3.1128E + 01 2.9471E + 00 + 6.4996E + 01 4.5777E + 00 +
F6 2.4255E + 02 2.6057E + 01 6.2468E + 02 1.0645E + 02 + 1.6851E + 02 1.1553E + 01 − 1.5180E + 02 8.2089E + 00 − 3.6453E + 03 5.0853E + 02 +
F7 1.4878E + 02 2.2124E + 01 4.1900E + 02 6.2955E + 01 + 6.7253E + 02 4.4384E + 01 + 7.9541E + 02 3.0846E + 01 + 9.8890E + 02 1.0064E + 02 +
F8 8.8737E + 01 1.5820E + 02 1.0093E + 04 3.5341E + 03 + 7.0162E + 03 9.1907E + 02 + 2.0808E + 03 7.1719E + 02 + 2.3938E + 04 2.2587E + 03 +
F9 1.2888E + 04 1.5988E + 03 1.4130E + 04 1.4406E + 03 + 1.2375E + 04 9.5799E + 02 − 1.2248E + 04 8.7137E + 02 − 1.5558E + 04 1.1400E + 03 +

F10 5.3423E + 02 9.6716E + 01 7.4730E + 02 2.2796E + 02 + 1.6298E + 04 2.5086E + 03 + 4.3935E + 03 1.4049E + 03 + 1.2969E + 03 2.8194E + 02 +
F11 1.3244E + 06 5.1110E + 05 1.9871E + 06 9.0780E + 05 + 3.8930E + 06 6.0602E + 06 + 1.3288E + 06 4.3456E + 05 ≈ 1.6867E + 07 6.2537E + 06 +
F12 4.3951E + 03 4.7481E + 03 6.7403E + 03 4.1743E + 03 + 1.3638E + 04 2.4606E + 03 + 3.0313E + 03 2.0629E + 03 ≈ 4.1171E + 04 1.3895E + 04 +
F13 2.3920E + 05 5.8755E + 04 3.1875E + 05 1.1362E + 05 + 4.4307E + 05 1.5668E + 05 + 2.0370E + 05 3.6212E + 04 − 9.2066E + 04 3.0697E + 04 −
F14 1.2903E + 03 1.3229E + 03 3.5340E + 03 3.0669E + 03 + 2.2918E + 03 6.8143E + 02 + 8.6006E + 02 6.5469E + 02 ≈ 3.7644E + 04 1.7841E + 04 +
F15 2.1082E + 03 6.1595E + 02 3.3109E + 03 7.1837E + 02 + 4.8087E + 03 4.4354E + 02 + 4.9042E + 03 5.0102E + 02 + 5.1883E + 03 8.1451E + 02 +
F16 1.6771E + 03 4.4497E + 02 3.1685E + 03 6.1243E + 02 + 3.0927E + 03 4.3703E + 02 + 3.2029E + 03 3.9429E + 02 + 3.8282E + 03 5.8557E + 02 +
F17 7.6071E + 05 2.7588E + 05 6.3651E + 05 2.8662E + 05 − 3.6839E + 05 7.6764E + 04 − 2.8127E + 05 5.0767E + 04 − 2.0925E + 05 6.2824E + 04 −
F18 1.1961E + 03 1.5248E + 03 2.4607E + 03 2.1853E + 03 + 1.8132E + 03 1.2299E + 03 + 1.2256E + 03 9.4432E + 02 + 7.4769E + 05 2.2645E + 05 +
F19 1.5410E + 03 4.7608E + 02 2.7351E + 03 6.3348E + 02 + 3.8112E + 03 4.2019E + 02 + 3.8914E + 03 3.8269E + 02 + 3.7429E + 03 6.3432E + 02 +
F20 3.2158E + 02 1.0689E + 01 5.6599E + 02 6.7899E + 01 + 8.7799E + 02 5.2718E + 01 + 9.1930E + 02 4.2430E + 01 + 1.9708E + 03 2.0516E + 02 +
F21 1.3559E + 04 1.4261E + 03 1.5553E + 04 1.5635E + 03 + 1.6776E + 04 7.9950E + 02 + 1.6942E + 04 8.2121E + 02 + 1.7242E + 04 1.2287E + 03 +
F22 6.3211E + 02 2.5925E + 01 8.6506E + 02 5.4717E + 01 + 1.8542E + 03 2.5189E + 02 + 3.0910E + 03 2.9055E + 02 + 3.2047E + 03 3.3174E + 02 +
F23 9.5196E + 02 2.3225E + 01 1.1875E + 03 6.9890E + 01 + 1.5803E + 03 1.1990E + 02 + 1.2639E + 03 7.4874E + 01 + 4.0015E + 03 4.7499E + 02 +
F24 7.7148E + 02 5.0315E + 01 7.8326E + 02 6.9530E + 01 ≈ 1.2930E + 03 7.2166E + 01 + 8.3898E + 02 5.9144E + 01 + 7.4581E + 02 6.2279E + 01 −
F25 3.7054E + 03 2.6285E + 02 7.0410E + 03 1.3734E + 03 + 1.1306E + 03 2.2046E + 03 − 5.5245E + 02 1.8028E + 03 − 2.8362E + 04 2.3977E + 03 +
F26 6.7645E + 02 2.5237E + 01 7.4514E + 02 4.9608E + 01 + 1.5618E + 03 1.5587E + 02 + 1.4526E + 03 2.1073E + 02 + 4.8403E + 03 1.5164E + 03 +
F27 5.6282E + 02 3.2005E + 01 5.6685E + 02 3.4540E + 01 ≈ 9.8260E + 02 1.0030E + 02 + 6.2466E + 02 2.4996E + 01 + 5.7055E + 02 3.1503E + 01 ≈
F28 1.6854E + 03 3.9166E + 02 3.1889E + 03 5.6692E + 02 + 4.8089E + 03 3.7728E + 02 + 4.4616E + 03 3.8781E + 02 + 5.7363E + 03 6.2445E + 02 +
F29 8.2305E + 03 4.0830E + 03 1.7542E + 04 1.3038E + 04 + 1.4872E + 05 1.0947E + 05 + 9.2667E + 03 2.1515E + 03 + 3.2390E + 06 9.4365E + 05 +
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Table 4. Cont.

IEO CBSO GLPSO SCA WFS

Mean Std Mean Std w/t/l Mean Std w/t/l Mean Std w/t/l Mean Std w/t/l

F1 6.3560E + 03 7.0892E + 03 3.5258E + 06 1.0461E + 06 + 9.7549E + 04 1.8484E + 05 + 1.5315E+11 9.5837E + 09 + 3.9040E + 09 1.4402E + 09 +
F2 9.4784E + 04 1.2626E + 04 8.7935E + 03 3.1767E + 03 − 1.4921E + 05 4.4282E + 04 + 2.8608E + 05 1.9950E + 04 + 1.1178E + 05 1.2081E + 04 +
F3 2.0382E + 02 4.1646E + 01 2.8763E + 02 5.1955E + 01 + 3.0813E + 02 5.0506E + 01 + 2.5881E + 04 3.4226E + 03 + 8.7015E + 02 1.0630E + 02 +
F4 1.7111E + 02 2.1521E + 01 8.2529E + 02 7.5971E + 01 + 3.9459E + 02 6.6578E + 01 + 1.3513E + 03 5.7633E + 01 + 5.6644E + 02 8.5188E + 01 +
F5 2.0472E - 02 4.5042E - 02 6.5575E + 01 4.4224E + 00 + 1.4379E - 01 3.8274E - 02 + 8.8852E + 01 3.9499E + 00 + 2.7660E + 01 7.5904E + 00 +
F6 2.4255E + 02 2.6057E + 01 2.4234E + 03 3.0967E + 02 + 7.4169E + 02 8.5497E + 01 + 2.6872E + 03 1.2032E + 02 + 1.1914E + 03 1.3883E + 02 +
F7 1.4878E + 02 2.2124E + 01 9.3421E + 02 9.1831E + 01 + 3.7656E + 02 5.8945E + 01 + 1.4049E + 03 5.5571E + 01 + 5.9211E + 02 9.0295E + 01 +
F8 8.8737E + 01 1.5820E + 02 2.6756E + 04 2.7532E + 03 + 8.9395E + 03 3.5167E + 03 + 6.6691E + 04 6.9060E + 03 + 1.1369E + 04 4.4620E + 03 +
F9 1.2888E + 04 1.5988E + 03 1.5756E + 04 1.3042E + 03 + 1.1190E + 04 1.1669E + 03 − 3.0231E + 04 4.8705E + 02 + 1.9258E + 04 1.6613E + 03 +

F10 5.3423E + 02 9.6716E + 01 1.2157E + 03 1.7182E + 02 + 3.2309E + 04 1.3534E + 04 + 6.9805E + 04 1.1019E + 04 + 4.5683E + 03 7.7965E + 02 +
F11 1.3244E + 06 5.1110E + 05 1.1116E + 08 2.7313E + 07 + 3.5948E + 07 1.7463E + 07 + 5.3312E+10 7.1359E + 09 + 1.2962E + 09 2.8627E + 08 +
F12 4.3951E + 03 4.7481E + 03 3.8614E + 04 1.2081E + 04 + 2.4195E + 04 1.9282E + 04 + 8.2239E + 09 1.3030E + 09 + 7.8207E + 06 4.6658E + 06 +
F13 2.3920E + 05 5.8755E + 04 2.8571E + 05 1.1212E + 05 + 3.7686E + 06 3.6418E + 06 + 1.8012E + 07 6.9797E + 06 + 2.0354E + 06 8.1955E + 05 +
F14 1.2903E + 03 1.3229E + 03 3.2329E + 04 1.6422E + 04 + 5.7930E + 03 4.9969E + 03 + 2.5663E + 09 6.8683E + 08 + 1.9148E + 06 1.6736E + 06 +
F15 2.1082E + 03 6.1595E + 02 5.2675E + 03 8.3990E + 02 + 4.0851E + 03 7.4609E + 02 + 1.0805E + 04 6.0220E + 02 + 4.4914E + 03 5.9263E + 02 +
F16 1.6771E + 03 4.4497E + 02 3.8389E + 03 5.2089E + 02 + 3.3910E + 03 4.8404E + 02 + 9.1346E + 03 1.2045E + 03 + 2.9074E + 03 4.9128E + 02 +
F17 7.6071E + 05 2.7588E + 05 4.6030E + 05 1.4201E + 05 − 4.5520E + 06 4.2238E + 06 + 3.3404E + 07 1.1457E + 07 + 2.4666E + 06 1.2185E + 06 +
F18 1.1961E + 03 1.5248E + 03 2.6760E + 06 1.4380E + 06 + 5.5198E + 03 5.4739E + 03 + 2.1113E + 09 6.4117E + 08 + 6.4761E + 06 3.8701E + 06 +
F19 1.5410E + 03 4.7608E + 02 3.6192E + 03 4.0433E + 02 + 2.8771E + 03 5.3758E + 02 + 5.1156E + 03 2.6241E + 02 + 2.8994E + 03 4.7903E + 02 +
F20 3.2158E + 02 1.0689E + 01 1.5897E + 03 2.5032E + 02 + 6.5392E + 02 5.6775E + 01 + 1.7783E + 03 6.6354E + 01 + 8.6488E + 02 9.7161E + 01 +
F21 1.3559E + 04 1.4261E + 03 1.7115E + 04 1.5774E + 03 + 1.2518E + 04 1.1086E + 03 − 3.1304E + 04 6.2171E + 02 + 2.0671E + 04 1.3412E + 03 +
F22 6.3211E + 02 2.5925E + 01 2.2624E + 03 6.1629E + 02 + 8.1287E + 02 4.5250E + 01 + 2.4681E + 03 8.3459E + 01 + 1.4996E + 03 1.4366E + 02 +
F23 9.5196E + 02 2.3225E + 01 2.4558E + 03 7.6563E + 02 + 1.3755E + 03 6.7566E + 01 + 3.8987E + 03 1.7411E + 02 + 2.0000E + 03 1.7065E + 02 +
F24 7.7148E + 02 5.0315E + 01 8.0231E + 02 6.0342E + 01 + 8.4538E + 02 5.7489E + 01 + 1.1454E + 04 1.5290E + 03 + 1.6724E + 03 1.0930E + 02 +
F25 3.7054E + 03 2.6285E + 02 2.2574E + 04 5.5649E + 03 + 8.5552E + 03 5.9814E + 02 + 2.9198E + 04 1.4708E + 03 + 1.0961E + 04 1.0970E + 03 +
F26 6.7645E + 02 2.5237E + 01 2.3814E + 03 8.5984E + 02 + 8.5467E + 02 5.9076E + 01 + 4.0216E + 03 3.7708E + 02 + 1.4208E + 03 1.3119E + 02 +
F27 5.6282E + 02 3.2005E + 01 6.2416E + 02 4.0486E + 01 + 6.6577E + 02 4.0560E + 01 + 1.5468E + 04 1.5861E + 03 + 2.1511E + 03 3.5661E + 02 +
F28 1.6854E + 03 3.9166E + 02 6.3818E + 03 7.2826E + 02 + 3.3961E + 03 5.6995E + 02 + 1.2581E + 04 1.2497E + 03 + 5.3223E + 03 6.4903E + 02 +
F29 8.2305E + 03 4.0830E + 03 1.2333E + 07 3.9628E + 06 + 1.3182E + 05 9.1611E + 04 + 5.4903E + 09 1.0012E + 09 + 2.9884E + 08 7.8176E + 07 +

27/0/2 27/0/2 29/0/0 29/0/0



Symmetry 2022, 14, 1227 16 of 30

Similarly, in higher dimensions, IEO still performs well. In 50 and 100 dimensions, IEO
obtains 22 and 24 wins over EO, respectively. IEO also achieves the best mean and standard
deviation on several problems compared to other mainstream algorithms, including, for
example, F3–F5, F7–F11, F15, F16, F19–F23, F26, F28, and F29 on 50 dimensions and F3–F5,
F7, F8, F10, F11, F15, F16, F18–F20, F22, F23, and F26–F29 on 100 dimensions. This shows
that the improvement in IEO is still applicable in higher dimensions, and it offers the
possibility to solve higher dimensional problems. The limitation of IEO is also obvious,
because it fails to obtain superiority on unimodal functions, whether with 30, 50 or 100
dimensions. This situation may be due to population divergence. IEO maintains a larger
equilibrium pool in the early stage, which also makes its population more divergent in the
early stage. As a result, IEO allocates fewer resources to exploitation than EO, which causes
it to lose on unimodal functions.

To visualize the search process of IEO, Figures 3–5 are presented to show the conver-
gence graphs of IEO and its peers on several problems with 30, 50, and 100 dimensions.
Convergence graphs are employed to visually represent the process of searching for the
optima of each algorithm. Its horizontal axis indicates the number of function evaluations,
and the vertical axis indicates the average optimization error so far. The smaller the opti-
mization error, the stronger the search ability of the algorithm. Among the graphs, F4 and
F7 are simple multimodal functions, F16 and F19 are hybrid functions, and F20 and F22
are composition functions. It can be seen that IEO does not have an excellent convergence
speed in the early stage, but there is a steep convergence process in the later stage. This
situation is generally considered as the algorithm finds a better region. The reason for this
phenomenon may be that the behavior of maintaining population diversity in the early
stage sacrifices the convergence speed, but at the same time, enhances the probability of
jumping out of the local optima. At the late convergence stage, IEO obtained the best results
among the nine algorithms, indicating that the strategy of maintaining diversity effectively
prevented premature convergence and significantly improved the search performance.
Similar situations are shown on 30, 50 and 100 dimensions, which also demonstrate that
the strategy remains effective on high-dimensional problems.

0 500 1000 1500 2000 2500 3000

NFEs

10
1

10
2

10
3

10
4

10
5

A
v

er
ag

e 
o

p
ti

m
iz

at
io

n
 e

rr
o

r

(a) F4 D=30

IEO

EO

GGSA

HGSA

RGBSO

CBSO

GLPSO

SCA

WFS

10
2

0 500 1000 1500 2000 2500 3000

NFEs

10
1

10
2

10
3

A
v

er
ag

e 
o

p
ti

m
iz

at
io

n
 e

rr
o

r

(b) F7 D=30

IEO

EO

GGSA

HGSA

RGBSO

CBSO

GLPSO

SCA

WFS

10
2

0 500 1000 1500 2000 2500 3000

NFEs

10
2

10
3

10
4

A
v

er
ag

e 
o

p
ti

m
iz

at
io

n
 e

rr
o

r

(c) F16 D=30
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Figure 3. Convergence graphs on IEEE CEC2017 with 30 dimensions.
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Figure 4. Convergence graphs on IEEE CEC2017 with 50 dimensions.
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Figure 5. Convergence graphs on IEEE CEC2017 with 100 dimensions.

To analyze the distribution and quality of the solutions found by IEO, Figures 6–8
show the box-and-whisker diagrams of the above problems with 30, 50, and 100 dimensions.
Box-and-whisker diagrams are used to observe the distribution and quality of the solutions.
The observed data are the final searched solutions with 51 runs. The top edge of the
box indicates the first quartile, and the bottom edge indicates the third quartile. The red
horizontal line indicates the median of this data set. The short black line above the box
indicates the maximum, and the short black line below indicates the minimum. The red
”+” indicates an outlier. The lower the position of this diagram, the better quality of the
solution found; the shorter the shape of the diagram, the better stability of the algorithm.
The quality of IEO’s solution is better than its peers, both in terms of median and overall
position of the graph. In addition, the shorter distribution of IEO indicates its stability.
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Figure 6. Box-and-whisker diagrams on IEEE CEC2017 with 30 dimensions.
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Figure 7. Box-and-whisker diagrams on IEEE CEC2017 with 50 dimensions.
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Figure 8. Box-and-whisker diagrams on IEEE CEC2017 with 100 dimensions.

4.3. Comparison on Real-World Optimization Problems
4.3.1. Dynamic Economic Dispatch Problem

The energy issue has been one of the factors of development and dispute, and the
direction for solving this problem is divided into two aspects. Taking electricity as an
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example, a part of the research is dedicated to developing new sources of power, such as
the use of wind and solar power [70]. The other part of the research is dedicated to reducing
losses in the power system and improving the efficiency of electricity utilization. Since
the 1920s, people have been concerned with how to make generator units meet the load
demand at the least cost with safety in mind [71]. The problem of arranging the generation
mix of generators to meet the load demand at minimum cost within a certain time period
only is known as the static economic dispatch (SED) problem [72]. However, due to the
ramp limitation, the generator units cannot meet the huge demand variation. To solve this
problem, it is necessary to study the dynamic economic dispatch (DED) problem [73,74].
DED schedules generator units on a 24-hour cycle, seeking to minimize costs while meeting
ramp limits and other constraints [75]. The objective function of DED is given as:

Minimize : C(E) =
Th

∑
t=1

Ng

∑
i=1

Si(Ei,t) i = 1, , 2, 3, . . . , Ng t = 1, , 2, 3, . . . , Th (18)

where

Si(Ei,t) = ai + biEi,t + ciE2
i,t +

∣∣∣pisin(qi(Emin
i − Ei,t))

∣∣∣ (19)

In Equations (18) and (19), C(E) represents the cost function. t denotes the current
time period, and Th denotes the full time period. Ng is the number of generators. Thus,
Ei,t denotes the power output of the i-th generator in the t-th time period. S(E) is the cost
function, usually approximated as a quadratic function of the power output. Here, ai, bi,
ci, pi, and qi denote cost coefficients. Emin

i denotes the minimum output power of the i-th
generator. Considering the energy balance as well as the dynamic nature, the DED problem
is subject to power balance constraints, generator constraints and ramp rate limits.

Power balance constraints can be expressed as:

Ng

∑
i=1

Ei,t = El
t + Es

t (20)

where El
t and Es

t represent total system loads and losses. Es
t can be calculated with B-

coefficients, shown as:

Es
t =

Ng

∑
i=1

Ng

∑
j=1

Ei,tBi,jEj,t j = 1, 2, 3 . . . , Ng (21)

Generator constraints can be expressed as:

Emin
i ≤ Ei,t ≤ Emax

i (22)

This inequality expresses that the output power of each generator has a lower limit
Emin

i and an upper limit Emax
i .

Ramp rate limits can be expressed as:

Ei,t − Ei,t−1 ≤ Ru
i (23)

Ei,t−1 − Ei,t ≤ Rl
i (24)

In reality, the change in output power of the generator is not instantaneous and the
ramp rate limit restricts the rate of change of output power to an acceptable range. Ei,t−1
indicates the output power of the previous time period. Ru

i denotes the upper ramp rate
limit of the i-th generator, and Ru

i denotes its lower ramp rate limit.
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To evaluate the quality of the solutions found by IEO and EO, the evaluation equation
used is given as:

F =
Th

∑
t=1

Ng

∑
i=1

Si(Ei,t) + ϕ(
Th

∑
t=1

Ng

∑
i=1

Ei,t − El
t)

2 + $(
Th

∑
t=1

Ng

∑
i=1

Ei,t − Em)2 (25)

where ϕ and $ are penalty parameters that make the solution that violates the constraint
correspond to a higher cost value, instead of directly negating this solution [76]. The Em is
defined by:

Em =


Ei,t−1 − Rl

i , Ei,t < Ei,t−1 − Rl
i

Ei,t−1 + Ru
i , Ei,t > Ei,t−1 + Ru

i

Ei,t, otherwise

(26)

The parameters and the experimental results of the DED instance used are shown in
Tables 5 and 6. The algorithms terminate when the number of function evaluations reaches
D× 104. It can be seen that the mean and standard deviation of IEO is the smallest, which
can indicate that IEO outperforms its peers on this DED instance.

Table 5. Parameters of the DED problem.

Emin [150, 135, 73, 60, 73, 57, 20, 47, 20]

Emax [470, 460, 340, 300, 243, 160, 130, 120, 80]

Dimension 9× 24

Table 6. Experimental results of the DED problem.

Mean Std

IEO 1.7354E + 07 3.5084E + 04
EO 1.7510E + 07 1.4663E + 05

GGSA 2.5123E + 07 7.7561E + 05
HGSA 2.0501E + 07 1.7684E + 05
RGBSO 1.8138E + 07 1.1955E + 05
CBSO 1.8578E + 07 2.2908E + 05

GLPSO 3.5774E + 07 7.9333E + 05
SCA 4.8429E + 07 7.0043E + 05
WFS 2.4939E + 07 4.7440E + 05

4.3.2. Spacecraft Trajectory Optimization Problem

The spacecraft trajectory optimization (STO) problem has been posed for many years; it
describes the problem of finding the best trajectory from one celestial body to another that
can satisfy the mission requirements [77]. In order to save propellant consumption during
the trip, deep-space maneuvering (DSM) techniques are utilized [78]. This technique allows
the spacecraft to push the engine once at any time between each trajectory leg, resulting in a
better trajectory design. The multiple gravity assist (MGA) maneuver technique using this
deep space maneuver is referred to as MGADSM [79]. The trajectory design of MGADSM
contains many variables, such as the date and time of launch, the planets to fly by, the number,
time, and direction of deep space maneuvers, and so on. Therefore, STO problems usually
have high dimensions and a large number of local optima regions [80]. Optimization using
MHAs can perform preliminary quantitative calculations for this problem.

The Cassini 2 mission is an instance using MGADSM [81]. It was designed by NASA
to reach the planet Saturn from Earth, with a flyby sequence of Earth-Venus-Venus-Earth-
Jupiter-Saturn (shown in Figure 9). The problem has 22 dimensions, and more details can
be found in paper [76]. The algorithms terminate when the number of function evaluations
reaches D× 104. Table 7 gives the experimental results of IEO and its peers on this STO
problem, which can prove that IEO is still very competitive on this problem.
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Figure 9. The flight trajectory of Cassini 2.

Table 7. Experimental results of the STO problem.

Mean std

IEO 1.8666E + 01 3.0406E + 00
EO 1.8705E + 01 3.9902E + 00

GGSA 3.9056E + 01 7.6486E + 00
HGSA 3.7395E + 01 5.8244E + 00
RGBSO 3.0590E + 01 6.4354E + 00
CBSO 2.7055E + 01 3.4890E + 00

GLPSO 2.3800E + 01 2.9912E + 00
SCA 3.4923E + 01 2.6531E + 00
WFS 2.6464E + 01 3.3944E + 00

4.3.3. Dendritic Neuron Model Training

Artificial neural networks (ANN) have achieved great success in many realistic opti-
mization fields [82–84]. The dendritic neural model (DNM) is a new model that takes into
account the nonlinear information processing capability of dendrites [85,86]. This neural
model has the ability to prune dendrites and synapses and to detect the neural morphology
of the task; it has been shown to be effective in classification problems [87]. However, the
training of this neural network is difficult due to the limitations of local optima and saddle
points. In the training of DNM, the weight and threshold are the two optimization terms,
and the goal is to make the sum of errors minimal. Here, we train DNM with IEO and
EO to demonstrate the search performance. The test problem is XOR, selected from the
University of California’s machine learning repository [88]. The number of attributes is set
to 3, the number of training samples is 8, the number of test samples is 8, and the classes are
2. The reasonable parameters are M = 6, k = 25, and θs = 0.3. According to this paper [87],
the population size is set to 50 and the algorithms terminate when the number of iterations
reaches 250. However, WFS is not suitable for this experiment because its performance is
related to the population size, and if the population size is set to 10,000 by default, it will
lead to huge unfairness. Table 8 shows the training results, and it can be found that the
error of IEO is the smallest, which proves that IEO has an excellent ability to train DNM.

Table 8. Experimental results of DNM training.

Mean Std

IEO 4.3465E - 03 1.9451E - 02
EO 6.6939E - 03 2.5921E - 02

GGSA 1.2922E - 01 6.1563E - 02
HGSA 7.3157E - 02 6.3336E - 02
RGBSO 3.5674E - 02 4.6666E - 02
CBSO 5.8530E - 02 4.8938E - 02

GLPSO 1.1154E - 02 3.4852E - 02
SCA 1.4400E - 01 3.3928E - 02



Symmetry 2022, 14, 1227 24 of 30

5. Discussion and Analysis
5.1. Population Diversity Discussion

As stated earlier, population diversity is relevant for exploration and exploitation,
and it affects the performance of the algorithm [89]. Therefore, the starting point for IEO
improvement comes from consideration and control of diversity. This section is used to
discuss the trends of IEO and EO’s diversity and to analyze whether the improvement
approach works. IEEE CEC2017 is used as an example to observe the diversity of the two
on 30, 50 and 100 dimensions. The equation used to calculate the population diversity is
given below:

Z = 1
N ·
√

∑N
i=1(‖xi − x̄‖)2 (27)

x̄ = 1
N ·∑

N
i=1 Ci (28)

where Z denotes the population diversity, xi is the i-th particle, and x̄ is the average of
the particles.

Figure 10 depicts the change in IEO and EO’s diversity during the convergence process.
From the general trend, IEO can maintain higher population diversity than EO in the early
stage, while they have similar diversity levels in the later stage. Taking 30 dimensions as an
example, according to Equation (16), when the number of iterations reaches about 1080, the
equilibrium pool size of IEO is the same as that of EO. However, at this time, the diversity
of IEO is higher than that of EO. When the number of iterations reaches about 2000, their
diversity is similar, but the equilibrium pool size of IEO is smaller than that of EO. This
proves that a larger equilibrium pool size in the early stage can provide more information
sources for particle updates, which is beneficial to maintaining population diversity. After
this, even though the size of IEO’s equilibrium pool becomes smaller, the diversity of IEO is
not significantly lower than that of EO. This proves that a larger equilibrium pool does not
always mean a higher diversity in the late convergence stage. This may be caused by the
fact that in the late stage of convergence, the particles in EO are also mostly trapped in one
region. Therefore, it is reasonable for IEO to discard exploration in favor of exploitation in
the late stage. In other words, the decreasing equilibrium pool does achieve a better balance
of exploration and exploitation by controlling population diversity, and this approach
makes IEO outperform EO.
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Figure 10. Population diversity analysis on IEEE CEC2017.
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5.2. Computational Complexity Analysis

The performance of IEO is verified in the experiments above, and whether it brings
higher computational complexity needs to be analyzed. To compare clearly, the complexity
calculation method in the original EO is used here. To compare clearly, we use the complexity
calculation method in the original EO, which is divided into 4 aspects: problem definition,
initialization, function evaluation, memory saving, and population update. The population
size is denoted by N, the number of problem dimensions is denoted by D, the number of
iterations is denoted by K, and the cost of the function evaluation is denoted by C.

Firstly, the computational complexity of EO can be expressed as:

O(problem de f inition) + O(initialization) (29)

+ K[O( f unction evaluations) + O(memory saving) + O(population update)]

= O(1) + O(DN) + O(KCN) + O(KN) + O(KDN)
.
= O(KDN + KCN)

Then, IEO computes the number of equilibrium pool particles once in each iteration,
which leads to an O(K) complexity, so the computational complexity of IEO is expressed as:

O(KDN + KCN) + O(K) .
= O(KDN + KCN) (30)

Therefore, it can be concluded that IEO does not significantly increase the computa-
tional complexity while improving the search performance.

6. Conclusions

In this paper, an improved equilibrium optimizer based on a decreasing equilibrium
pool is proposed. This decreasing equilibrium pool can retain more particles in the early
stage of convergence and provide more information sources for population updates. This al-
lows the algorithm to maintain a higher population diversity, which is beneficial to improve
the exploration ability. In addition, this pool retains fewer particles in the late stage, enhanc-
ing exploitation by discarding some resources for exploration. This simple but effective
method brings a better balance between exploration and exploitation for optimization.

The performance of IEO is demonstrated on 29 benchmark functions in IEEE CEC2017
and three real-world optimization problems. The results on the benchmarking functions
show that IEO is capable of handling various optimization problems and is competitive
with its peers. However, it also exposes the limitation that it is difficult for IEO to gain
advantage on unimodal functions. In addition, compared with the mainstream algorithms,
IEO is still competitive on the dynamic economic dispatch problem, spacecraft trajectory
optimization problem, and artificial neural network model training problem. Finally,
the population diversity analysis shows that the decreasing equilibrium pool works as
envisaged, and the complexity analysis shows that the method does not significantly
increase the computational complexity. The current experimental results have verified
the performance of IEO. However, the population structure of IEO is a fully connected
network; this structure still limits the performance. In the future, we will adopt different
population structures to further improve the performance. In addition, IEO is also expected
to demonstrate capabilities in some applications, such as image segmentation [90], image
classification [91], flow shop scheduling problems [92–94], and some modeled economics
problems [95–97].
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Abbreviations
The following abbreviations are used in this manuscript:

Acronym Definition
ANN Artificial neural network
CBSO Brain storm optimization with chaotic local search
CJADE Chaotic local search-based differential evolution
DED Dynamic economic dispatch
DNM Dendritic neural model
DSM Deep-space maneuvering
EO Equilibrium optimizer
GGSA Grouping gravitational search algorithm
GLPSO Genetic learning particle swarm optimization
GSA Gravitational search algorithm
HGSA Hierarchical gravitational search algorithm
IEO Improved equilibrium optimizer

L-SHADE
Success-history-based parameter adaptation for differential evolution using
linear population size reduction

MNFEs Maximum number of function evaluations
MGA Multiple gravity assist
MHA Metaheuristic algorithm
NFEs Number of function evaluations
RGBSO Random grouping brain storm optimization
SCA Sine cosine algorithm
SED Static economic dispatch
STO Spacecraft trajectory optimization
WFS Wingsuit flying search
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