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Abstract: The algebraic structures of zero curvature representations are furnished for multilayer
integrable couplings associated with matrix spectral problems, both discrete and continuous. The key
elements are a class of matrix loop algebras consisting of block matrices with blocks of the same size.
As illustrative examples, isospectral and non-isospectral integrable couplings and the corresponding
commutator relations of their Lax operators are computed explicitly in the cases of the Volterra lattice
hierarchy and the AKNS hierarchy, along with their τ-symmetry algebras.
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1. Introduction

Due to the successful description and interpretation of nonlinear phenomena, inte-
grable systems have attracted extensive attention from scientists in various fields of natural
science. Matrix spectral problems associated with Lie algebras are crucial keys to construct-
ing integrable systems [1–11]. There has recently been a growing interest in integrable
couplings, which are all associated with semi-direct sums of Lie algebras or non-semisimple
Lie algebras. A few methods for constructing discrete and continuous integrable couplings
for given integrable systems have been presented [12–25]. Integrable couplings exhibit
many interesting mathematical structures, including block matrix Lax representations
and bi-Hamiltonian structures, with infinitely many symmetries and conservation laws
of triangular form. The corresponding Lax airs or zero curvature representations of inte-
grable couplings, in particular, possess interesting and beautiful algebraic structures which
generate symmetries leading to exact solutions to nonlinear integrable partial differential
equations [26–37].

To the best of our knowledge, there has been very little work done on N×N integrable
couplings, because they are extremely complex [38,39]. In this paper, based on a kind
of N × N non-semisimple Lie algebra, we explore the Lie algebraic structures of zero
curvature representations for general multilayer integrable couplings and apply them to
the construction of τ-symmetries (a type of time-dependent symmetry).

Let us first describe some notations in the discrete case, as follows [10,19]. Let E be the
shift operator,

Em f (n) = f (m)(n) = f (n + m), (1)
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where f : Z→ R, m, n ∈ Z, and the inverse operator of E− E−1 are defined as

(E− E−1)−1 f (n) ,
1
2

(
−1

∑
k=−∞

f (n + 1 + 2k)−
∞

∑
k=1

f (n− 1 + 2k)

)
. (2)

Thus, the corresponding inverses of the forward and backward difference operators can be
determined by

(E− 1)−1 = (E− E−1)−1(1 + E−1), (1− E−1)−1 = (E− E−1)−1(E + 1), (3)

which are normally used to generate discrete integrable hierarchies (both isospectral
and non-isospectral hierarchies). We assume that a pair of discrete matrix spectral prob-
lems reads

Eϕ = Uϕ = U(u, λ)ϕ, ϕt = Vϕ = V(u, λ)ϕ, λt = f (λ), (4)

where u = (u1, u2, · · · , uq)T, ui = ui(n, t), i = 1, 2, · · · , q, are complex or real functions
defined over Z×R. The Lax pair of U ≡ U0 and V ≡ V0, involving the spectral parameter
λ, comes from a certain matrix loop algebra g and determines a discrete integrable equation

ut = K = K(n, t, u), (5)

through the discrete zero curvature equation

Ut = (EV)U −UV. (6)

This means that a triple (U, V, K) satisfies

U′(u)[K] + f (λ)Uλ = (EV)U −UV. (7)

where λt = f (λ), Uλ = ∂U/∂λ, and U′(u)[K] denotes the Gateaux derivative

U′(u)[K] =
∂

∂ε
U(u + εK)

∣∣
ε=0. (8)

To generate a multilayer (N-layer) integrable coupling

ūt = K̄(ū) =


K
K1
...

KN

, ū =


u
v1
...

vN

, (9)

we use a matrix loop algebra ḡ(λ) consisting of square matrices of the following block
form [9]:

P̄ = M(P, P1, · · · , PN) =


P P1 · · · PN−1 PN
0 P · · · PN−2 PN−1
...

...
. . .

...
...

0 0 · · · P P1
0 0 · · · 0 P

, (10)

where P ≡ P0, Pi, i = 1, 2, · · · , N, are square submatrices of the same size as U and V. This
loop algebra ḡ(λ) has two sub-loop algebras

g̃ = {M(P, 0, · · · , 0)}, g̃c = {M(0, P1, · · · , PN)}, (11)
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which form a semi-direct sum: ḡ(λ) = g̃ A g̃c. The notion of semi-direct sums means
that the two subalgebras g̃ and g̃c satisfy [g̃, g̃c] ⊆ g̃c. We also require the closure property
between g̃ and g̃c under the matrix multiplication g̃g̃c, g̃cg̃ ⊆ g̃c. Now, a multilayer discrete
integrable coupling is determined by the following enlarged zero curvature representation:

Ūt = (EV̄)Ū − ŪV̄ (12)

where

Ū = M(U, U1, · · · , UN), V̄ = M(V, V1, · · · , VN). (13)

This implies that an enlarged triple (Ū, V̄, K̄) with λt = f (λ) satisfies

Ū′(ū)[K̄] + f (λ)Ūλ = (EV̄)Ū − ŪV̄. (14)

This precisely presents

U′(u)[K] + f (λ)Uλ = (EV)U −UV,

U′i (vi)[Ki] + f (λ)Uiλ =
i

∑
j=0

[
(EVj)Ui−j −UjVi−j

]
, i = 1, 2, · · · , N. (15)

Similarly, we can start with continuous matrix spectral problems:

ϕx = Uϕ = U(u, λ)ϕ, ϕt = Vϕ = V(u, λ)ϕ, λt = f (λ), (16)

where u = (u1, u2, · · · , uq)T, ui = ui(x, t), i = 1, 2, · · · , N. The Lax pair of U and V,
involving the spectral parameter λ, determines a continuous integrable equation

ut = K = K(x, t, u), (17)

through the continuous zero curvature equation

Ut −Vx + [U, V] = 0. (18)

This means that a triple (U, V, K) satisfies

U′(u)[K] + f (λ)Uλ −Vx + [U, V] = 0. (19)

Thus, the N-coupled integrable coupling can be derived from the enlarged zero curvature
representation

Ūt − V̄x + [Ū, V̄] = 0, (20)

where Ū and V̄ are defined by (13). This implies that the enlarged triple (Ū, V̄, K̄) with
λt = f (λ) satisfies

U′(u)[K] + f (λ)Uλ −Vx + [U, V] = 0,

U′i (vi)[Ki] + f (λ)Uiλ −Vix +
i

∑
j=0

[Uj, Vi−j] = 0, i = 1, 2, · · · , N. (21)

The rest of the paper is structured as follows. In Section 2, we give some definitions
and the Lie algebra of enlarged vector fields for the above multilayer integrable couplings,
both discrete and continuous. In Section 3, we establish Lie algebraic structures of zero
curvature representations for the general integrable couplings presented above. In Section 4,
we illustrate our general theory by taking the Volterra lattice hierarchy and the AKNS
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hierarchy as two specific examples and present the corresponding τ-symmetry algebras of
the resulting integrable couplings. Section 5 is devoted to conclusions and discussion.

2. The Lie Algebra of Enlarged Vector Fields

Firstly, we denote by B all complex or real functions P = P(n, t, u, v1, v2, · · · , vN)
which are C∞-differentiable with respect to {n, t} and C∞-Gateaux differentiable with
respect to {u, v1, v2, · · · , vN}, and we set Br =

{
(P1, P2, · · · , Pr)T

∣∣Pi ∈ B
}

. Moreover, by V r,
we denote all r× r matrix linear difference operators:

V r =
∞⋃

n=−∞

n

∑
k=0
V r
(k), V r

(k) =

{(
PijEk

)
r×r

∣∣Pij = Pij(n, t, u, v1, v2, · · · , vN) ∈ B
}

. (22)

Then, we define

Ṽ r = V r ⊗ C[λ, λ−1], Ṽ r
(0) = V

r
(0) ⊗ C[λ, λ−1]. (23)

We now set

K̄ =


K
K1
...

KN

, S̄ =


S
S1
...

SN

 ∈ Bq+∑N
i=1 qi , (24)

where K, S ∈ Bq, Ki, Si ∈ Bqi .
The Gateaux derivative is defined as follows:

R′[K̄] =
∂

∂ε
R(u + εK, v1 + εK1, · · · , vN + εKN)

∣∣
ε=0, (25)

where R ∈ Ṽ r or Ṽ r
(0). In particular, we have

K′i [S̄] = K′i [S] +
i

∑
j=1

K′i [Sj],

S′i [K̄] = S′i [K] +
i

∑
j=1

S′i [Kj], i = 1, 2, · · · , N. (26)

Theorem 1. Let P = P(n, t, u, v1, · · · , vN) ∈ B, K̄, S̄ ∈ Bq+∑N
i=1 qi . Then, we have the relation(

P′[K̄]
)′
[S̄]−

(
P′[S̄]

)′
[K̄] = P′(u)

[
K′[S]− S′[K]

]
+

N

∑
i=1

P′(vi)

[
K′i [S]− S′i [K] +

i

∑
j=1

K′i [Sj]−
i

∑
j=1

S′i [Kj]

]
. (27)
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Proof. By the definition of the Gateaux derivative, we have

(
P′[K̄]

)′
[S̄] =

(
∂

∂ε
P(u + εK)

∣∣
ε=0 +

N

∑
i=1

∂

∂εi
P(vi + εiKi)

∣∣
εi=0

)′
[S̄]

=
∂

∂δ

∂

∂ε
P(u + δS + εK(u + δS))

∣∣
δ=ε=0

+
N

∑
i=1

∂

∂δ

∂

∂εi
P(vi + εiKi(u + δS))

∣∣
δ=εi=0

+
N

∑
i=1

[
∂

∂δi

∂

∂εi
P(vi + δiSi + εiKi(vi + δiSi))

∣∣
δi=εi=0

+
i

∑
j=1

∂

∂δj

∂

∂εi
P
(
vi + εiK(vj + δjSj)

)∣∣
δj=εi=0

]

=
∂

∂δ

∂

∂ε
P
(
u + δS + εK + εδK′[S]

)∣∣
δ=ε=0

+
N

∑
i=1

∂

∂δ

∂

∂εi
P
(
vi + εiKi + εiδK′i [S]

)∣∣
δ=εi=0

+
N

∑
i=1

[
∂

∂δi

∂

∂εi
P
(
vi + δiSi + εiKi + εiδiK′i [Si]

)∣∣
δi=εi=0

+
i

∑
j=1

∂

∂δj

∂

∂εi
P
(
vi + εiKi + εiδjK′[Sj]

)∣∣
δj=εi=0

]

=
∂

∂δ

∂

∂ε
P(u + δS + εK)

∣∣
δ=ε=0 +

N

∑
i=1

∂

∂δi

∂

∂εi
P(vi + δiSi + εiKi)

∣∣
δi=εi=0

+P′(u)
[
K′[S]

]
+

N

∑
i=1

P′(vi)

[
K′i [S] +

i

∑
j=1

K′i [Sj]

]
.

At the same time, we similarly have

(
P′[S̄]

)′
[K̄] =

∂

∂δ

∂

∂ε
P(u + δS + εK)

∣∣
δ=ε=0 +

N

∑
i=1

∂

∂δi

∂

∂εi
P(vi + δiSi + εiKi)

∣∣
δi=εi=0

+P′(u)
[
S′[K]

]
+

N

∑
i=1

P′(vi)

[
S′i [K] +

i

∑
j=1

S′i [Kj]

]
.

These two equalities engender our required equality.

From the above theorem, we can easily deduce the following corollary.

Corollary 1. For Ui = Ui(vi, λ) ∈ Ṽ r
(0), i = 1, 2, · · · , N, we can obtain

(
U′i [Ki]

)′
[S̄]−

(
U′i [Si]

)′
[K̄] = U′i (vi)

[
K′i [S]− S′i [K] +

i

∑
j=1

(
K′i [Sj]− S′i [Kj]

)]
, i = 1, 2, · · · , N. (28)

Here, we note that Ui(vi, λ) have nothing to do with the original potential vector u.
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Evidently, we can also compute the commutator of two enlarged vector fields K̄, S̄ ∈
Bq+∑N

i=1 qi as follows:

[K̄, S̄] , K̄′[S̄]− S̄′[K̄] =


[K, S]
[K, S]1

...
[K, S]N

, (29)

where

[K, S] = K′[S]− S′[K],

[K, S]i = K′i [S]− S′i [K] +
i

∑
j=1

K′i [Sj]−
i

∑
j=1

S′i [Kj], i = 1, 2, · · · , N. (30)

Clearly, we can show that the above product forms a Lie algebra in Bq+∑N
i=1 qi .

Theorem 2. For enlarged vector fields K̄, S̄ ∈ Bq+∑N
i=1 qi , the product (29) defines a Lie algebra in

Bq+∑N
i=1 qi .

Proof. By setting K̄ =


K
K1
...

KN

, S̄ =


S
S1
...

SN

 and L̄ =


L
L1
...

LN

 ∈ Bq+∑N
i=1 qi and using

the definition of the product (29), we have

[
[K̄, S̄], L̄

]
=




[K, S]
[K, S]1

...
[K, S]N

,


L
L1
...

LN




=




K′[S]− S′[K]
K′1[S]− S′1[K] + K′1[S1]− S′1[K1]

...
K′N [S]− S′N [K] + ∑N

j=1 K′N [Sj]−∑N
j=1 S′N [Kj]

,


L
L1
...

LN




,


[
[K, S], L

][
[K, S], L

]
1

...[
[K, S], L

]
N

.

Thus, by direct calculation, we have[
[K, S], L

]
+ cycle(K, S, L) = 0,[

[K, S], L
]

i + cycle(K, S, L) = 0, i = 1, 2, · · · , N,

namely, [
[K̄, S̄], L̄

]
+ cycle(K̄, S̄, L̄) = 0.

This implies that (29) defines a Lie algebra in Bq+∑N
i=1 qi .
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3. The Algebraic Structure of Lax Operators

Next, we aim to discuss the algebraic structure of discrete zero curvature equations
for N-coupled integrable couplings. First, the commutator of two smooth functions f , g ∈
C∞(C) is defined as

J f , gK(λ) = f ′(λ)g(λ)− f (λ)g′(λ), λ ∈ C. (31)

It is known that (C∞(C), J·, ·K) is a Lie algebra.

3.1. The Discrete Case

In what follows, we always assume that the enlarged spectral operator Ū ∈ Ṽ (N+1)r
(0)

has an injective Gateaux derivative operator Ū′ : Bq+∑N
i=1 qi → Ṽ (N+1)r

(0) . We assume that

P(Ū) =
{
(V̄, K̄, f ) satisfies (14), | V̄ ∈ Ṽ (N+1)r

(0) , K̄ ∈ Bq+∑N
i=1 qi , f ∈ C∞(C)

}
, (32)

and for f (λ) ∈ C∞(C), we set

M(Ū, f ) =
{

V̄ ∈ Ṽ (N+1)r
(0) | ∃K̄ ∈ Bq+∑N

i=1 qi s.t. (V̄, K̄, f ) ∈ P(Ū)
}

(33)

and

EM(Ū, f ) =
{

K̄ ∈ Bq+∑N
i=1 qi

∣∣∣∃V̄ ∈ M(Ū, f ) s.t. (V̄, K̄, f ) ∈ P(Ū)
}

. (34)

For (V̄, K̄, f ), (W̄, S̄, g) ∈ P(Ū), the product JV̄, W̄K ∈ Ṽ (N+1)r
(0) can be computed as follows:

JV̄, W̄K = V̄′[S̄]− W̄ ′[K̄] + [V̄, W̄] + gV̄λ − f W̄λ

=


JV, WK JV1, W1K · · · JVN−1, WN−1K JVN , WNK

0 JV, WK · · · JVN−2, WN−2K JVN−1, WN−1K
...

...
. . .

...
...

0 0 · · · JV, WK JV1, W1K
0 0 · · · 0 JV, WK

, (35)

where

JV, WK = V′[S]−W ′[K] + [V, W] + gVλ − f Wλ,

JVi, WiK = V′i [S̄]−W ′i [K̄] +
i

∑
j=0

[Vj, Wi−j] + gViλ − f Wiλ, i = 1, 2, · · · , N. (36)

Here, we set V0 ≡ V and W0 ≡ W for the convenience of writing. This shows a spe-
cial structure of the commutator of enlarged Lax operators and plays a crucial role in
our computation.

Theorem 3. If (V̄, K̄, f ), (W̄, S̄, g) ∈ P(Ū), then (JV̄, W̄K, [K̄, S̄], J f , gK) also belongs to P(Ū).
That is to say,

Ū′[[K̄, S̄]] + J f , gKŪλ = (EJV̄, W̄K)Ū − ŪJV̄, W̄K (37)

which is equivalent to the following N + 1 equations:

U′[[K, S]] + J f , gKUλ = (EJV, WK)U −UJV, WK, (38)
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U′i [[K, S]i] + J f , gKUiλ =
i

∑
j=0

(
(EJVj, WjK)Ui−j −UjJVi−j, Wi−jK

)
, i = 1, 2, · · · , N. (39)

Proof. The proof of (38) can be found in [10]. We consider (39) directly. From Equation (15),
we have

i

∑
j=0

(
(EJVj, WjK)Ui−j −UjJVi−j, Wi−jK

)

=
i

∑
j=0

{
(EV′j [S̄])Ui−j − (EW ′j [K̄])Ui−j +

j

∑
k=0

(E[Vk, Wj−k])Ui−j + g(EVjλ)Ui−j − f (EWjλ)Ui−j

−Uj

(
V′i−j[S̄]−W ′i−j[K̄] +

i−j

∑
k=0

[Vk, Wi−j−k] + gVi−jλ − f Wi−jλ

)}
.

On the other hand, by means of

U′i [Ki] + f Uiλ =
i

∑
j=0

{
(EVj)Ui−j −UjVi−j

}
,

U′i [Si] + gUiλ =
i

∑
j=0

{
(EWj)Ui−j −UjWi−j

}
,

we immediately have

U′i [[K, S]i] + J f , gKUiλ

= U′i

(
i

∑
j=0

K′i [Sj]−
i

∑
j=0

S′i [Kj]

)
+ J f , gKUiλ

=
(
U′i [Ki]

)′
[S̄]−

(
U′i [Si]

)′
[K̄] + J f , gKUiλ

=

(
i

∑
j=0

(
(EVj)Ui−j −UjVi−j

)
− f Uiλ

)′
[S̄]−

(
i

∑
j=0

(
(EWj)Ui−j −UjWi−j

)
− gUiλ

)′
[K̄]

+J f , gKUiλ.
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Thus, we have

Ω ,
i

∑
j=0

(
EJVj, WjK)Ui−j −UjJVi−j, Wi−jK

)
−U′i [[K, S]i]− J f , gKUiλ

=
i

∑
j=0

{
(EV′j [S̄])Ui−j − (EW ′j [K̄])Ui−j +

j

∑
k=0

(E[Vk, Wj−k])Ui−j + g(EVjλ)Ui−j − f (EWjλ)Ui−j

−Uj

(
V′i−j[S̄]−W ′i−j[K̄] +

i−j

∑
k=0

[Vk, Wi−j−k] + gVi−jλ − f Wi−jλ

)}

−
i

∑
j=0

(EV′j [S̄])Ui−j −
i

∑
j=0

(EVj)U′i−j[S̄] +
i

∑
j=0

U′j [S̄]Vi−j +
i

∑
j=0

UjV′i−j[S̄] + f U′iλ[S̄]

+
i

∑
j=0

(EW ′j [K̄])Ui−j +
i

∑
j=0

(EWj)U′i−j[K̄]−
i

∑
j=0

U′j [K̄]Wi−j −
i

∑
j=0

UjW ′i−j[K̄]− gU′iλ[K̄]

−J f , gKUiλ

=
i

∑
j=0

j

∑
k=0

(E[Vk, Wj−k])Ui−j +
i

∑
j=0

g(EVjλ)Ui−j −
i

∑
j=0

f (EWjλ)Ui−j −
i

∑
j=0

i−j

∑
k=0

Uj[Vk, Wi−j−k]

−
i

∑
j=0

gUjVi−jλ +
i

∑
j=0

f UjWi−jλ −
i

∑
j=0

(EVj)U′i−j[Si−j] +
i

∑
j=0

U′j [Sj]Vi−j + f U′iλ[Si]

+
i

∑
j=0

(EWj)U′i−j[Ki−j]−
i

∑
j=0

U′j [Kj]Wi−j − gU′iλ[Ki]− J f , gKUiλ. (40)

For further calculation, by using

U′iλ[Ki] + fλUiλ + f Uiλλ =
i

∑
j=0

{
(EVj)λUi−j + (EVj)Ui−jλ −UjλVi−j −UjVi−jλ

}
,

U′iλ[Si] + gλUiλ + gUiλλ =
i

∑
j=0

{
(EWj)λUi−j + (EWj)Ui−jλ −UjλWi−j −UjWi−jλ

}
,
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we can obtain

Ω =
i

∑
j=0

j

∑
k=0

(E[Vk, Wj−k])Ui−j +
i

∑
j=0

g(EVjλ)Ui−j −
i

∑
j=0

f (EWjλ)Ui−j −
i

∑
j=0

i−j

∑
k=0

Uj[Vk, Wi−j−k]

−
i

∑
j=0

gUjVi−jλ +
i

∑
j=0

f UjWi−jλ −
i

∑
j=0

(EVj)U′i−j[Si−j] +
i

∑
j=0

U′j [Sj]Vi−j

+ f

{
−gλUiλ − gUiλλ +

i

∑
j=0

(
(EWj)λUi−j + (EWj)Ui−jλ −UjλWi−j −UjWi−jλ

)}

+
i

∑
j=0

(EWj)U′i−j[Ki−j]−
i

∑
j=0

U′j [Kj]Wi−j

−g

{
− fλUiλ − f Uiλλ +

i

∑
j=0

(
(EVj)λUi−j + (EVj)Ui−jλ −UjλVi−j −UjVi−jλ

)}
−J f , gKUiλ

=
i

∑
j=0

j

∑
k=0

{
(EVk)(EWj−k)− (EWj−k)(EVk)

}
Ui−j −

i

∑
j=0

i−j

∑
k=0

(
UjVkWi−j−k −UjWi−j−kVk

)
−

i

∑
j=0

(EVj)U′i−j[Si−j] +
i

∑
j=0

U′j [Sj]Vi−j + f
i

∑
j=0

(EWj)Ui−jλ − f
i

∑
j=0

UjλWi−j

+
i

∑
j=0

(EWj)U′i−j[Ki−j]−
i

∑
j=0

U′j [Kj]Wi−j − g
i

∑
j=0

(EVj)Ui−jλ + g
i

∑
j=0

UjλVi−j

=
i

∑
j=0

(EVj)

{
−U′i−j[Si−j]− gUi−jλ +

i−j

∑
k=0

(
(EWk)Ui−j−k −UkWi−j−k

)}

+
i

∑
j=0

(EWj)

{
U′i−j[Ki−j] + f Ui−jλ −

i−j

∑
k=0

(
(EVk)Ui−j−k −UkVi−j−k

)}

+
i

∑
j=0

{
U′j [Sj] + gUjλ −

j

∑
k=0

(
(EWk)Uj−k −UkWj−k

)}
Vi−j

+
i

∑
j=0

{
−U′j [Kj]− f Ujλ +

j

∑
k=0

(
(EVk)Uj−k −UkVj−k

)}
Wi−j

= 0.

Corollary 2. Let (V̄, K̄, f ), (W̄, S̄, g), (Q̄, L̄, h) ∈ P(Ū). If JV̄, W̄K = Q̄ and J f , gK = h, then
[K̄, S̄] = L̄.

Proof. From the above theorem and the assumption, we have

U′[[K, S]] = −J f , gKUλ + (EJV, WK)U −UJV, WK
= −hUλ + (EQ)U −UQ

= U′[L],
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U′i [[K, S]i] = −J f , gKUiλ +
i

∑
j=0

(
(EJVj, WjK)Ui−j −UjJVi−j, Wi−jK

)
= −hUiλ +

i

∑
j=0

(
(EQj)Ui−j −UjQi−j

)
= U′i [Li].

Since Ū′ is injective, it follows that [K, S] = L and [K, S]i = Li, i.e., [K̄, S̄] = L̄.

It follows from the above theorem that if two enlarged evolution equations ūt =

K̄, ūt = S̄,
(

K̄, S̄ ∈ Bq+∑N
i=1 qi

)
are the compatibility conditions of the spectral problems

Eϕ̄ = Ū ϕ̄, ϕ̄t = V̄ ϕ̄, λt = aλm,

Eϕ̄ = Ū ϕ̄, ϕ̄t = W̄ ϕ̄, λt = bλn, (41)

where a, b are constants and m, n ≥ 0, respectively, then the product equation ūt = [K̄, S̄] is
the compatibility condition of the following spectral problem:

Eϕ̄ = Ū ϕ̄, ϕ̄t = JV̄, W̄Kϕ̄, λt = ab(m− n)λm+n−1, (42)

where JV̄, W̄K is defined by (35).

3.2. The Continuous Case

For the continuous case, we denote by B all complex or real functions P = P(x, t, u, v1,
v2, · · · , vN) which are C∞-differentiable with respect to {x, t} and C∞-Gateaux differ-
entiable with respect to {u, v1, v2, · · · , vN}, and we set Br =

{
(P1, P2, · · · , Pr)T

∣∣Pi ∈ B
}

.
Moreover, we denote all r× r matrix integro-differential operators as

V r =
∞⋃

n=−∞

n

∑
k=0
V r
(k), V r

(k) =

{(
Pij∂

k
)

r×r

∣∣Pij = Pij(x, t, u, v1, v2, · · · , vN) ∈ B
}

, (43)

Ṽ r = V r ⊗ C[λ, λ−1], Ṽ r
(0) = V

r
(0) ⊗ C[λ, λ−1]. (44)

Assuming that

P(Ū) = {(V̄, K̄, f ) satisfies (20), | V̄ ∈ Ṽ (N+1)r
(0) , K̄ ∈ Bq+∑N

i=1 qi , f ∈ C∞(C)}, (45)

we have the following theorem, which is similar to Theorem 3.

Theorem 4. If(V̄, K̄, f ), (W̄, S̄, g) ∈ P(Ū), then (JV̄, W̄K, [K̄, S̄, J f , gK) also belongs to P(Ū).
That is to say,

Ū′[[K̄, S̄]] + J f , gKŪλ − JV̄, W̄Kx + [U, JV̄, W̄K] = 0, (46)

which is equivalent to the following N + 1 equations:

U′[[K, S]] + J f , gKUλ − JV, WKx + [U, JV, WK] = 0, (47)

U′i [[K, S]i] + J f , gKUiλ − JVi, WiKx +
i

∑
j=0

[
Uj, JVi−j, Wi−jK

]
= 0, i = 1, 2, · · · , N. (48)

Proof. From JVi, WiK = V′i [S̄]−W ′i [K̄] + ∑i
j=0[Vj, Wi−j] + gViλ − f Wiλ, we have
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JVi, WiKx = V′ix[S̄]−W ′ix[K̄] +
i

∑
j=0

[Vjx, Wi−j] +
i

∑
j=0

[Vj, Wi−jx] + gVixλ − f Wixλ,

i

∑
j=0

[
Uj, JVi−j, Wi−jK

]
=

i

∑
j=0

[
Uj, V′i−j[S̄]−W ′i−j[K̄] +

i−j

∑
k=0

[Vk, Wi−j−k] + gVi−jλ − f Wi−jλ

]
.

On the other hand, by means of

U′i [Ki] + f Uiλ −Vix +
i

∑
j=0

[Uj, Vi−j] = 0,

U′i [Si] + gUiλ −Wix +
i

∑
j=0

[Uj, Wi−j] = 0,

we can immediately obtain

U′i [[K, S]i] + J f , gKUiλ = U′i

[
K′i [S] +

i

∑
j=1

K′i [Sj]− S′i [K]−
i

∑
j=1

S′i [Kj]

]
+ J f , gKUiλ

=
(
U′i [Ki]

)′
[S̄]−

(
U′i [Si]

)′
[K̄] + J f , gKUiλ

=

(
Vix −

i

∑
j=0

[Uj, Vi−j]− f Uiλ

)′
[S̄]−

(
Wix −

i

∑
j=0

[Uj, Wi−j]− gUiλ

)′
[K̄]

+J f , gKUiλ.
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Thus, we can obtain

JVi, WiKx −
i

∑
j=0

[
Uj, JVi−j, Wi−jK

]
−U′i [[K, S]i]− J f , gKUiλ

=
i

∑
j=0

[Vjx, Wi−j] +
i

∑
j=0

[Vj, Wi−jx] + gVixλ − f Wixλ −
i

∑
j=0

Uj

i−j

∑
k=0

[Vk, Wi−j−k]−
i

∑
j=0

gUjVi−jλ

+
i

∑
j=0

f UjWi−jλ +
i

∑
j=0

i−j

∑
k=0

[Vk, Wi−j−k]Uj +
i

∑
j=0

gVi−jλUj −
i

∑
j=0

f Wi−jλUj +
i

∑
j=0

U′j [Sj]Vi−j

−
i

∑
j=0

Vi−jU′j [Sj] + f U′iλ[Si]−
i

∑
j=0

U′j [Kj]Wi−j +
i

∑
j=0

Wi−jU′j [Kj]− gU′iλ[Ki]− J f , gKUiλ

=
i

∑
j=0

[Vjx, Wi−j] +
i

∑
j=0

[Vj, Wi−jx] + gVixλ − f Wixλ −
i

∑
j=0

Uj

i−j

∑
k=0

[Vk, Wi−j−k]−
i

∑
j=0

gUjVi−jλ

+
i

∑
j=0

f UjWi−jλ +
i

∑
j=0

i−j

∑
k=0

[Vk, Wi−j−k]Uj +
i

∑
j=0

gVi−jλUj −
i

∑
j=0

f Wi−jλUj +
i

∑
j=0

U′j [Sj]Vi−j

−
i

∑
j=0

Vi−jU′j [Sj] + f

{
Wixλ −

i

∑
j=0

[Ujλ, Wi−j]−
i

∑
j=0

[Uj, Wi−jλ]− gUiλλ − gλUiλ

}
−

i

∑
j=0

U′j [Kj]Wi−j

+
i

∑
j=0

Wi−jU′j [Kj]− g

{
Vixλ −

i

∑
j=0

[Ujλ, Vi−j]−
i

∑
j=0

[Uj, Vi−jλ]− f Uiλλ − fλUiλ

}
− J f , gKUiλ

=
i

∑
j=0

{
U′j [Sj] + gUjλ −Wjx +

j

∑
k=0

[Uk, Wj−k]

}
Vi−j

−
i

∑
j=0

Vi−j

{
U′j [Sj] + gUjλ −Wjx +

j

∑
k=0

[Uk, Wj−k]

}

−
i

∑
j=0

{
U′j [Kj] + f Ujλ −Vjx +

j

∑
k=0

[Uk, Vj−k]

}
Wi−j

+
i

∑
j=0

Wi−j

{
U′j [Kj] + f Ujλ −Vjx +

j

∑
k=0

[Uk, Vj−k]

}
= 0.

It follows that if two enlarged equations ūt = K̄, ūt = S̄,
(

K̄, S̄ ∈ Bq+∑N
i=1 qi

)
are

the compatibility conditions of the continuous spectral problems

ϕ̄x = Ū ϕ̄, ϕ̄t = V̄ ϕ̄, λt = aλm,

ϕ̄x = Ū ϕ̄, ϕ̄t = W̄ ϕ̄, λt = bλn, (49)

where a, b are constants and m, n ≥ 0, respectively, then the product equation ūt = [K̄, S̄] is
the compatibility condition of the spectral problem

ϕ̄x = Ū ϕ̄, ϕ̄t = JV̄, W̄Kϕ̄, λt = ab(m− n)λm+n−1, (50)

where JV̄, W̄K is defined by (35).
We point out that all triples of (V̄, K̄, f ) satisfying either (14) or (19) constitute a Lie

algebra with the algebraic structures established above.
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4. Application to the Volterra Lattice Hierarchy and the AKNS Hierarchy
4.1. The Case of the Volterra Lattice Hierarchy

Next, we establish the τ-symmetry algebra by using the above construction process
for the 3-coupled Volterra lattice integrable coupling. The enlarged spectral problem of this
integrable coupling reads

Eϕ̄ = Ū ϕ̄,

Ū ≡

 U U1 U2
0 U U1
0 0 U

 =



1 u 0 v1 0 v2
λ−1 0 0 0 0 0

0 0 1 u 0 v1
0 0 λ−1 0 0 0
0 0 0 0 1 u
0 0 0 0 λ−1 0

, (51)

where u ≡ u(n, t), v1 ≡ v1(n, t), and v2 ≡ v2(n, t) are dependent variables. The associated
enlarged temporal spectral problem is as follows:

ϕ̄t = V̄ ϕ̄,

V̄ ,

 V V1 V2
0 V V1
0 0 V

 =



a b e1 f1 e2 f2
c d g1 h1 g2 h2
0 0 a b e1 f1
0 0 c d g1 h1
0 0 0 0 a b
0 0 0 0 c d

. (52)

The compatibility condition Ut − (EV)U + UV = 0 in this case gives, equivalently,

V ,
(

a b
c d

)
=

(
a λuc(1)

c −λ−1λt − λc + a(−1)

)
,

V1 ,
(

e1 f1
g1 h1

)
=

(
e1 λv1c(1) + λug(1)1

g1 e(−1)
1 − λg1

)
,

V2 ,
(

e2 f2
g2 h2

)
=

(
e2 λv2c(1) + λug(1)2

g2 e(−1)
2 − λg2

)
. (53)

In other words, we have a number of formulas as follows:

ut = u
(

a(1) − a(−1)
)
− λu

(
c(1) − c

)
+ uλ−1λt,

v1t = v1

(
a(1) − a(−1)

)
+ u

(
e(1)1 − e(−1)

1

)
− λv1

(
c(1) − c

)
− λu

(
g(1)1 − g1

)
+ v1λ−1λt,

v2t = v2

(
a(1) − a(−1)

)
+ v1

(
e(1)1 − e(−1)

1

)
+ u

(
e(1)2 − e(−1)

2

)
−λv2

(
c(1) − c

)
− λv1

(
g(1)1 − g1

)
− λu

(
g(1)2 − g2

)
+ v2λ−1λt,

a(1) − a + u(1)c(2) − uc = 0,

e(1)1 − e1 + v(1)1 c(2) + u(1)g(2)1 − ug1 − vic = 0,

e(1)2 − e2 + v(1)2 c(2) + v(1)1 g(2)1 + u(1)g(2)2 − ug2 − v1g1 − v2c = 0. (54)

To consider these further, set

a =
m

∑
j=0

ajλ
m−j, c =

m

∑
j=0

cjλ
m−j, ei =

m

∑
j=0

eijλ
m−j, gi =

m

∑
j=0

gijλ
m−j, i = 1, 2, (55)
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and thus Equation (54) becomes

ut =
m

∑
j=0

u
(

a(1)j − a(−1)
j

)
λm−j −

m

∑
j=0

u
(

c(1)j+1 − cj

)
λm−j+1 + uλ−1λt,

v1t =
m

∑
j=0

[
v1

(
a(1)j − a(−1)

j

)
+ u

(
e(1)1j − e(−1)

1j

)]
λm−j −

m

∑
j=0

[
v1

(
c(1)j − cj

)
+ u

(
g(1)1j − g1j

)]
λm−j+1

+v1λ−1λt,

v2t =
m

∑
j=0

[
v2

(
a(1)j − a(−1)

j

)
+ v1

(
e(1)1j − e(−1)

1j

)
+ u

(
e(1)2j − e(−1)

2j

)]
λm−j −

m

∑
j=0

[
v2

(
c(1)j − cj

)
+v1

(
g(1)1j − g1j

)
+ u

(
g(1)2j − g2j

)]
λm−j+1 + v2λ−1λt,

a(1)j + u(1)c(2)j − aj − ucj = 0,

e(1)1j − e1j + v(1)1 c(2)j + u(1)g(2)1j − ug1j − v1cj = 0,

e(1)2j − e2j + v(1)2 c(2)j + v(1)1 g(2)1j − u(1)g2j − ug2j − v1g1j − v2cj = 0. (56)

Hence, we can derive the isospectral and non-isospectral 3-coupled integrable couplings
as follows.

Case 1: Isospectral 3-coupled Volterra integrable coupling

When λt = 0, we let a0 = −u, c0 = 1, g10 = 0, g20 = 0, e10 = −v1, and e20 = −v2 be
constants, and from (56) we have

ūt =

 u
v1
v2


t

= K̄m =

 K0m
K1m
K2m



=


u
(

a(1)m − a(−1)
m

)
v1

(
a(1)m − a(−1)

m

)
+ u

(
e(1)1m − e(−1)

1m

)
v2

(
a(1)m − a(−1)

m

)
+ v1

(
e(1)1m − e(−1)

1m

)
+ u

(
e(1)2m − e(−1)

2m

)


= Φ̄m(u, v1, v2)K̄0, (57)

where

Φ̄(u, v1, v2) ,

 Φ(u) 0 0
Φ1(u, v1) Φ(u) 0

Φ2(u, v1, v2) Φ1(u, v1) Φ(u)

,

Φ = u
(

1 + E−1
)(

u− u(−1)E2
)
(E− 1)−1u−1,

Φ1 = −u
(

1 + E−1
)(

u− u(1)E2
)
(E− 1)−1u−1v1u−1 + u

(
1 + E−1

)(
v1 − v(1)1 E2

)
(E− 1)−1u−1

+v1

(
1 + E−1

)(
u− u(1)E2

)
(E− 1)−1u−1,

Φ2 = u
(

1 + E−1
)(

v2 − v(1)2 E2
)
(E− 1)−1u−1 − u

(
1 + E−1

)(
v1 − v(1)1 E2

)
(E− 1)−1u−2v1

+v1

(
1 + E−1

)(
v1 − v(1)1 E2

)
(E− 1)−1u−1 + u

(
1 + E−1

)(
u− u(1)E2

)
(E− 1)−1u−1

(
v2

1u−2 − v2u−1
)

−v1

(
1 + E−1

)(
u− u(1)E2

)
(E− 1)−1u−1v1u−1, (58)

K̄0 =

 K00
K10
K20

 =


u
(

u(−1) − u(1)
)

v1

(
u(−1) − u(1)

)
+ u

(
v(−1)

1 − v(1)1

)
v2

(
u(−1) − u(1)

)
+ v1

(
v(−1)

1 − v(1)1

)
+ u

(
v(−1)

2 − v(1)2

)
. (59)
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This enlarged isospectral 3-coupled Volterra lattice hierarchy has the recursion relation

ūt = K̄m = Φ̄(u, v1, v2)K̄m−1, m ≥ 1. (60)

Case 2: Non-isospectral 3-coupled Volterra integrable coupling

When λt = λm+2, we let a0 = −u, c0 = n, g10 = g20 = 0, and

e(1)10 − e(−1)
10 = −(n + 2)v(1)1 − v1 + (n− 1)v(−1)

1 ,

e(1)20 − e(−1)
20 = −(n + 2)v(1)2 − v2 + (n− 1)v(−1)

2

from Equation (56). Thus, we have

ūt = ρ̄m =

 ρ0m
ρ1m
ρ2m



=


u
(

a(1)m − a(−1)
m

)
v1

(
a(1)m − a(−1)

m

)
+ u

(
e(1)1m − e(−1)

1m

)
v2

(
a(1)m − a(−1)

m

)
+ v1

(
e(1)1m − e(−1)

1m

)
+ u

(
e(1)2m − e(−1)

2m

)


= Φ̄m(u, v1, v2)ρ̄0, (61)

where

ρ̄0 =

 ρ00
ρ10
ρ20

,

ρ00 = u
(

a(1)0 − a(−1)
0

)
= u

[
(n− 1)u(−1) − u− (n + 2)u(1)

]
,

ρ10 = v1

(
a(1)0 − a(−1)

0

)
+ u

(
e(1)10 − e(−1)

10

)
= (n− 1)

(
u(−1)v1 + uv(−1)

1

)
− (n + 2)

(
v1u(1) + uv(1)1

)
− 2uv1

ρ20 = v2

(
a(1)0 − a(−1)

0

)
+ v1

(
e(1)10 − e(−1)

10

)
+ u

(
e(1)20 − e(−1)

20

)
= (n− 1)

(
u(−1)v2 + v1v(−1)

1 + uv(−1)
2

)
− (n + 2)

(
v2u(1) + v1v(1)1 + uv(1)2

)
− 2uv2 − v2

1 (62)

and Φ̄(u, v1, v2) is defined by (58). Therefore, this enlarged non-isospectral Volterra lattice
hierarchy has a recursion relation

ūt = ρ̄m = Φ̄(u, v1, · · · , vN)ρ̄m−1, m ≥ 1. (63)

Next, let us consider how to compute the corresponding τ-symmetry algebra for the
obtained N-coupled integrable couplings. The procedure below is an application of the
idea in [10] and can be applied to other cases. We first perform the following computation
at u = 0:

K̄m
∣∣
ū=0 =

 K0m
K1m
K2m

∣∣∣∣∣
ū=0

= Φ̄m(u, v1, v2)K̄0
∣∣
ū=0 = 0, (64)

ρ̄n
∣∣
ū=0 =

 ρ0n
ρ1n
ρ2n

∣∣∣∣∣
ū=0

= Φ̄n(u, v1, v2)ρ̄0
∣∣
ū=0 = 0, (65)
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where m, n ≥ 0. We denote by V̄m and W̄n the Lax operators corresponding to the vector
fields K̄m and ρ̄n, respectively. Then, we can find by Definition (36) of the product of Lax
operators that

JV̄m, V̄nK
∣∣
ū=0 = 0,

JV̄m, W̄nK
∣∣
ū=0 =

[
V̄m
∣∣
ū=0, W̄n

∣∣
ū=0

]
+ λn+2V̄mλ

∣∣
ū=0

= (m + 1)V̄m+n+1
∣∣
ū=0,

JW̄m, W̄nK
∣∣
ū=0 =

[
W̄m
∣∣
ū=0, W̄n

∣∣
ū=0

]
+ λn+2W̄mλ

∣∣
ū=0 − λm+2W̄nλ

∣∣
ū=0

= (m− n)W̄m+n+1
∣∣
ū=0, m, n ≥ 0. (66)

Since JV̄m, V̄nK, JV̄m, W̄nK − (m + 1)V̄m+n+1, and JW̄m, W̄nK − (m − n)W̄m+n+1 are all
isospectral Lax operators belonging to Ṽ2(N+1)

(0) , we obtain a Lax operator algebra by the
uniqueness property of the enlarged spectral problem:

JV̄m, V̄nK = 0,

JV̄m, W̄nK = (m + 1)V̄m+n+1,

JW̄m, W̄nK = (m− n)W̄m+n+1, m, n ≥ 0. (67)

Further, due to the injective property of Ū′, we finally obtain a vector field algebra of the
enlarged isospectral and non-isospectral Volterra lattice hierarchies:

[K̄m, K̄n] = 0,

[K̄m, ρ̄n] = (m + 1)K̄m+n+1,

[ρ̄m, ρ̄n] = (m− n)ρ̄m+n+1, m, n ≥ 0. (68)

This implies that ρ̄n, n ≥ 0 are all common master symmetries of degree 1 for the whole
isospectral hierarchy, and for each lattice equation ūt = K̄l , l ≥ 0, there are two hierarchies
of symmetries,

K̄m, m ≥ 0,

τl
n = t[K̄l , ρ̄n] + ρ̄n = t(l + 1)K̄n+l+1 + ρ̄n, n, l ≥ 0, (69)

which constitute an infinite-dimensional τ-symmetry algebra, the commutator of which is

[K̄m, K̄n] = 0,

[K̄m, τl
n] = (m + 1)K̄m+n+1,

[τl
m, τl

n] = (m− n)τl
m+n+1, m, n, l ≥ 0. (70)

4.2. The Case of the AKNS Hierarchy

In the following, we present the enlarged spectral problem of the AKNS integrable
coupling by semi-direct sums of Lie algebras, as follows:

ϕ̄x = Ū ϕ̄

Ū =


U U1 · · · UN−1 UN
0 U · · · UN−2 UN−1
...

...
. . .

...
...

0 0 · · · U U1
0 0 · · · 0 U

,

U =

(
−λ u
v λ

)
, Ui =

(
−i vi
wi i

)
, i = 1, 2, · · · , N, (71)
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where u, v and vi, wi, i = 1, 2, · · · , N, are dependent variables. The associated enlarged
temporal spectral problem is assumed to be

ϕ̄t = V̄ ϕ̄,

V̄ =


V V1 · · · VN−1 VN
0 V · · · VN−2 VN−1
...

...
. . .

...
...

0 0 · · · V V1
0 0 · · · 0 V

,

V =

(
a b
c −a

)
, Vi =

(
ei fi
gi −ei

)
, i = 1, 2, · · · , N. (72)

Then, the corresponding enlarged zero curvature equation Ūt − Ūx + [Ū, V̄] = 0 generates
the following isospectral and non-isospectral (λt = λn, n ≥ 0) AKNS integrable couplings:

ūt = K̄m, m ≥ 0; ūt = ρ̄n, n ≥ 0. (73)

Thus, the corresponding vector field algebra

[K̄m, K̄n] = 0,

[K̄m, ρ̄n] = mK̄m+n,

[ρ̄m, ρ̄n] = (m− n)ρ̄m+n, m, n ≥ 0 (74)

can also be calculated, which automatically gives rise to the τ-symmetry algebra. Because
the process of calculation is completely similar, we recommend that the interested reader
refers to the discrete case above to see all hierarchies of τ-symmetries. In addition, similar
τ-symmetry algebras could be generated through the above scheme for the vector AKNS
soliton hierarchy [32,33].

5. Conclusions and Discussion

In this paper, we applied a type of non-semisimple matrix loop algebra to construct the
algebraic structures of zero curvature representations for multilayer integrable couplings,
both continuous and discrete. We furnished the commutator relations of Lax operators for
isospectral (λt = 0) and non-isospectral (λt = λm, m ≥ 0) hierarchies. Finally, τ-symmetry
algebras for the multilayer Volterra lattice and AKNS integrable couplings were presented.
Our theories supplement the existing theories and the corresponding results, particularly
those from [19,23,25].

Inspired by the research related to the Frobenius algebra, the authors in [39] con-
structed the following non-semisimple Lie algebra, which consists of an N × N square
matrix of the form

M̄(A1, A2, · · · , AN) =



A1 εAN εAN−1 · · · εA2
A2 A1 εAN · · · εA3
A3 A2 A1 · · · εA4
...

...
...

...
...

AN−1 AN−2 AN−3 · · · εAN
AN AN−1 AN−2 · · · A1


, (75)

and obtained a Zε
N isospectral mKdV integrable coupling and a Zε

N non-isospectral ANKS
integrable coupling. We believe that the method presented above can be also applied to the
above non-semisimple matrix loop algebra (75). Considering that the method is similar, we
omit the construction process for convenience.

For integrable couplings, Hamiltonian structures could be presented by applying the
variational identities associated with non-semisimple Lie algebras. Moreover, symmetries
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of non-isospectral hierarchies could be constructed in terms of series of vector fields [36].
An interesting question for us is how to construct new non-semisimple Lie algebras and how
to classify these types of Lie algebras. Addressing this question will lead to a classification
theory of integrable couplings.
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