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Abstract: In this paper, we consider Frenet type framed base curves that may have singular points
and define one-parameter developable surfaces associated with such curves. By using the singularity
theory, we classify the generic singularities of the developable surfaces, which are cuspidal edges and
swallowtails. In order to characterize these singularities, two geometric invariants are discovered. At
last, an example is given to demonstrate the main results.
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1. Introduction

The research concerning developable surfaces has many applications. For instance, in
industrial design and modelling, P. Bo et al. proposed a method to create seamless, smooth,
multi-strip developable surfaces from some design curves in [1]. By curve modifications,
their work achieved high accuracy of developability with the controllable error. The
superior performance of their method was demonstrated by the fabrication of some paper
industrial products. In [2], P. Bo et al. also provided a method to compute design curves to
define surfaces with large developability. The surfaces generated by this method do not
need any explicit curve interpolation procedure. In mathematics, developable surfaces can
be developed into planes without distorting the surface metric. There are many literature
studies about developable surfaces (see e.g., [3–7]). A tangent developable surface is a
special developable surface, which is formed by a spatial curve and its tangent lines. In
classical algebraic geometry, the tangent developable surface plays an important role in
the spatial curve duality theory [8]. In [4], the rectifying developable surface of a regular
curve was introduced by S. Izumiya et al.; they proved that a regular curve is always the
geodesic of its rectifying developable surface. The geodesic properties of a regular curve
on its rectifying developable surface were also studied in [9]. For a given geodesic curve,
P. Bo and W. Wang showed the expression of the rectifying developable surface of the
geodesic curve. In addition, Frenet type framed base curves are smooth curves with moving
frames, which may have singular points. S. Honda gave the existence and uniqueness for
Frenet type framed base curves in Euclidean space [10]. Here, we study one-parameter
developable surfaces, which are generated by Frenet type framed base curves, as a primary
case for the study of singular manifolds in Euclidean 3-space.

Singularity theory is a direct descendant of differential calculus, with interest in
equations, geometry, astronomy, physics, and other disciplines. There are some research
studies about hypersurfaces immersed in different spaces from the viewpoint of singularity
theory [11–14]. Furthermore, some of the latest research about singularity theory and the
submanifold theory can be seen in [3,4,15–27]. For instance, J. Sun and D. Pei considered
the Lorentzian hypersurface on the pseudo n-sphere and classified the singularities of this
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hypersurface in [11]. They also studied the geometric properties of lightlike hypersurfaces,
which are degenerate submanifolds in the Minkowski 4-space [12]. In addition, one-
parameter developable surfaces are hypersurface families. They can also be seen as bundles
along a Frenet type framed base curve, whose fibers are developable surfaces, and the
‘normals’ of these developable surfaces are located in the normal planes of the Frenet type
framed base curve. Rectifying developable surfaces and tangent developable surfaces of the
Frenet type framed base curve are two sections of one-parameter developable surfaces. We
prove that Frenet type framed base curves have similar properties to regular curves in their
rectifying developable and tangent developable surfaces. We also define one-parameter
support functions on the Frenet type framed base curves to investigate the singularities
of one-parameter developable surfaces. By using the unfolding theory of functions, the
one-parameter support functions can be used to analyze the geometric properties of one-
parameter developable surfaces. One-parameter developable surfaces are the discriminant
sets of one-parameter support functions. The singularities of developable surfaces are
Ak-singularities (k = 2, 3) of these functions. Since Frenet type framed base curves may
have singular points, the situation presents some differences when compared with the
regular case in [28]. For instance, three cases for developable surfaces have cuspidal edge
singularities in the present paper. Theorems 1 and 2 are the main results of this paper.

The organization of this paper is as follows. In Section 2, we review the concepts of
Euclidean space that we used in this paper. We define one-parameter developable surfaces
of a Frenet type framed base curve and obtain two geometric invariants of the base curve in
Section 3. The geometric meaning of these two invariants (Theorem 1) and the classification
of singularities of one-parameter developable surfaces (Theorem 2) are also shown in this
section. The preparations for the proof of Theorem 2 are in Sections 4 and 5. In Section 6,
we provide an example to illustrate the main results in this paper.

All manifolds and maps considered in this paper are differentiable of class C∞.

2. Basic Notions

In this paper, we suppose that a curve γ : I → R3 may have singular points. We
cannot define the Frenet frame along γ if γ has singular points. Fortunately, S. Honda
defined a Frenet type framed base curve under a certain condition, as follows [10].

Definition 1. We say that γ : I → R3 is a Frenet type framed base curve if there exists a regular
spherical curve T : I → S2 and a smooth function α : I → R, such that γ̇(t) = α(t)T (t) for all
t ∈ I. Then we call T (t) a unit tangent vector and α(t) a speed function of γ(t).

Obviously, γ has singular point at t0 if and only if α(t0) = 0. We define a unit

principal normal vector by N (t) = Ṫ (t)
‖Ṫ (t)‖ and a unit binormal vector by B(t) = T (t)×N (t),

respectively. Then an orthonormal frame {T (t),N (t),B(t)} along γ(t) is obtained and we
call it the Frenet type frame along γ(t). We have the following formula:

Ṫ (t) = κ(t)N (t)
Ṅ (t) = −κ(t)T (t) + τ(t)B(t)
Ḃ(t) = −τ(t)N (t),

where

κ(t) = ‖Ṫ (t)‖, τ(t) = det(T (t), Ṫ (t), T̈ (t))/‖Ṫ (t)‖2.

The functions κ(t) and τ(t) are called the curvature function and the torsion function
of the Frenet type framed base curve γ, respectively.

Now we briefly review the basic notions of developable surfaces and ruled surfaces.
Suppose γ : I → R3 and ξ : I → R3 \ {0} are C∞-mappings. Consider a mapping
F(γ,ξ) : I ×R→ R3, which is defined by

F(γ,ξ)(t, u) = γ(t) + uξ(t).
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We call ξ a director curve, γ a base curve, and F(γ,ξ) a ruled surface, respectively. For a
fixed t ∈ I, γ(t) + uξ(t) is a ruling when u varies. A developable surface is a ruled surface
with the vanishing Gaussian curvature. We know that a ruled surface F(γ,ξ) is a developable
surface if

det(ξ(t), γ̇(t), ξ̇(t)) = 0.

Specifically, F(γ,ξ) is called a cylinder if the direction of ξ is fixed. We denote
ξ̃(t) = ξ(t)/‖ξ(t)‖ and it follows that F(γ,ξ)(I × R) = F(γ,ξ̃)(I × R). Then F(γ,ξ) is a

cylinder if and only if ˙̃ξ(t) ≡ 0. If ˙̃ξ(t) 6= 0, we say that F(γ,ξ) is non-cylindrical. In this case,
a striction curve of F(γ,ξ) is defined by

c(t) = γ(t)− γ(t) · ˙̃ξ(t)

‖ ˙̃ξ(t)‖2
ξ̃(t).

We know that the singular points of a non-cylindrical ruled surface are located on the
striction curve. A cone is a non-cylindrical ruled surface whose striction curve c is constant.

3. One-Parameter Developable Surfaces

We study one-parameter developable surfaces of a Frenet type framed base curve
in this section. Let γ be a Frenet type framed base curve. A spherical vector field
L : I × [0, π

2 ]→ S2 is defined by

L(t, θ) =
τ(t)T (t)− κ(t) sin θ cos θN (t) + κ(t) cos2 θB(t)√

τ2(t) + κ2(t) cos2 θ
,

where τ2(t) + κ2(t) cos2 θ 6= 0. We assume throughout the whole paper that τ2(t)
+κ2(t) cos2 θ 6= 0 for any (t, θ) ∈ I × [0, π

2 ]. We denote L(t, θ) = Lθ(t) and consider a
surface Dθ : I ×R→ R3, which is defined by

Dθ(t, u) = γ(t) + uLθ(t) = γ(t) + u
τ(t)T (t)− κ(t) sin θ cos θN (t) + κ(t) cos2 θB(t)√

τ2(t) + κ2(t) cos2 θ
.

We call Dθ one-parameter developable surfaces of γ. For any θ0 ∈ [0, π
2 ], we have

L̇θ0(t) =
(κτ2 sin θ0 + κ3 sin θ0 cos2 θ0 + κτ̇ cos θ0 − κ̇τ cos θ0)(κ cos θ0T + τ sin θ0N − τ cos θ0B)

(τ2 + κ2 cos2 θ0)
3
2

.

Then it follows

det
(
γ̇(t), Lθ0(t), L̇θ0(t)

)
=
(
κτ2 sin θ0 + κτ̇ cos θ0 + κ3 sin θ0 cos2 θ0 − κ̇τ cos θ0

)
detA

=0

for all t ∈ I, where

A =

(
αT ,

τT − κ sin θ0 cos θ0N + κ cos2 θ0B√
τ2 + κ2 cos2 θ0

,
κ cos θ0T + τ sin θ0N − τ cos θ0B

(τ2 + κ2 cos2 θ0)
3
2

)
.

It means Dθ0 is a developable surface. So we call Dθ the one-parameter developable surfaces
of γ. If θ0 = 0, π

2 , we have the following proposition.

Proposition 1. Let γ : I → R3 be a Frenet type framed base curve. Then we have the following:

(1) The normal vector field of D0 along γ is parallel to the unit principal normal vector field of γ.
(2) If γ is not a plane curve, then γ is the singularities of D π

2
.
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Proof. By the definition of Dθ0 , we have

D0(t, u) = γ(t) + u
κ(t)B(t) + τ(t)T (t)√

τ2(t) + κ2(t)
, D π

2
(t, u) = γ(t) + uT (t).

We can calculate that

∂D0

∂t
(t, 0) = α(t)T (t), ∂D0

∂u
(t, 0) =

κ(t)B(t) + τ(t)T (t)√
τ2(t) + κ2(t)

,

∂D π
2

∂t
(t, 0) = α(t)T (t),

∂D π
2

∂u
(t, 0) = T (t).

And

∂D0

∂t
(t, 0)× ∂D0

∂u
(t, 0) = − α(t)κ(t)√

τ2(t) + κ2(t)
N (t),

∂D π
2

∂t
(t, 0)×

∂D π
2

∂u
(t, 0) = 0.

Therefore, statements (1) and (2) hold.

If γ is a regular curve, we can easily check that D0(t, u) and D π
2
(t, u) are the rectifying

developable surface and tangent developable surface of γ, respectively. The regular curve
is always the geodesic of its rectifying developable surface (see [4,9]), and it is also always
the singularities of its tangent developable surface (see [3]). Here, we call D0(t, u) and
D π

2
(t, u) the rectifying developable surface and tangent developable surface of the Frenet

type framed base curve γ, respectively. By Proposition 1, the Frenet type framed base
curve has similar properties to a regular curve in its rectifying developable and tangent
developable surfaces.

In addition, we define two invariants, as follows:

δ(t) =
κ(t) sin θ0(τ

2(t) + κ2(t) cos2 θ0) + cos θ0(κ(t)τ̇(t)− κ̇(t)τ(t))
τ2(t) + κ2(t) cos2 θ0

,

σ(t) =
α(t)τ(t)√

τ2(t) + κ2(t) cos2 θ0
− d

dt

(
α(t)κ(t) cos θ0

δ(t)
√

τ2(t) + κ2(t) cos2 θ0

)
, (when δ(t) 6= 0).

Since

L̇θ0(t) =
(κτ2 sin θ0 + κ3 sin θ0 cos2 θ0 + κτ̇ cos θ0 − κ̇τ cos θ0)(κ cos θ0T + τ sin θ0N − τ cos θ0B)

(τ2 + κ2 cos2 θ0)
3
2

(t)

=δ(t)
κ cos θ0T + τ sin θ0N − τ cos θ0B√

τ2 + κ2 cos2 θ0
(t),

then δ(t) = 0 if and only if L̇θ0(t) = 0. By calculation, we have that

∂Dθ0

∂t
(t, u)×

∂Dθ0

∂u
(t, u) = −

(
α(t)κ(t) cos θ0√

τ2(t) + κ2(t) cos2 θ0
+ uδ(t)

)
(cos θ0N (t) + sin θ0B(t)).

Therefore, (t0, u0) is a singular point of Dθ0 if and only if

α(t0)κ(t0) cos θ0√
τ2(t0) + κ2(t0) cos2 θ0

+ u0
κ(t0) sin θ0(τ

2(t0) + κ2(t0) cos2 θ0) + cos θ0(κ(t0)τ̇(t0)− κ̇(t0)τ(t0))

τ2(t0) + κ2(t0) cos2 θ0
= 0.

If θ0 6= π
2 and Dθ0 has singular point at (t0, u0), then we have u0 6= 0. It means that Dθ0

has no singularities on the base curve γ(t). For the geometric meaning of the above two
invariants, we have the following theorem.
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Theorem 1. Let γ : I → R3 be a Frenet type framed base curve. Then we have the following:

(A) For any θ0 ∈ [0, π
2 ], the following statements are equivalent:

(1) δ(t) = 0 for all t ∈ I.
(2) Dθ0 is a cylinder.

(B) If δ(t) 6= 0 for all t ∈ I, then the following statements are equivalent:

(3) σ(t) = 0 for all t ∈ I.
(4) Dθ0 is a conical surface.

(C) The singular points of one-parameter developable surfaces Dθ are γ(t), D π
2

and

{Dθ(t, u)|α(t)κ(t) cos θ
√

τ2(t) + κ2(t) cos2 θ + u[κ(t) sin θ(τ2(t) + κ2(t) cos2 θ) + cos θ(κ(t)τ̇(t)− κ̇(t)τ(t))] = 0}.

Proof. (A) By the definition, Dθ0 is a cylinder if and only if Lθ0(t) is a constant vector. Since

L̇θ0(t) = δ(t)
κ cos θ0T + τ sin θ0N − τ cos θ0B√

τ2 + κ2 cos2 θ0
(t),

Lθ0(t) is a constant vector if and only if δ(t) = 0 for all t ∈ I.
(B) The striction curve c(t) of Dθ0 is expressed by

c(t) = γ(t)−
γ(t) · L̇θ0(t)

L̇θ0(t) · L̇θ0(t)
Lθ0(t) = γ(t)− α(t)κ(t) cos θ0

δ(t)
√

τ2(t) + κ2(t) cos2 θ0
Lθ0(t).

Then (B)-(4) is equivalent to ċ(t) = 0 for all t ∈ I. We can calculate that

ċ =γ̇− d
dt

(
ακ cos θ0

δ
√

τ2 + κ2 cos2 θ0

)
Lθ0 −

ακ cos θ0

δ
√

τ2 + κ2 cos2 θ0
L̇θ0

=αT − ακ cos θ0

δ
√

τ2 + κ2 cos2 θ0

δ(κ cos θ0T + τ sin θ0N − τ cos θ0B)√
τ2 + κ2 cos2 θ0

− d
dt

(
ακ cos θ0

δ
√

τ2 + κ2 cos2 θ0

)
Lθ0

=
ατ(τT − κ sin θ0 cos θ0N + κ cos2 θ0B)

τ2 + κ2 cos2 θ0
− d

dt

(
ακ cos θ0

δ
√

τ2 + κ2 cos2 θ0

)
Lθ0

=[
ατ√

τ2 + κ2 cos2 θ0
− d

dt

(
ακ cos θ0

δ
√

τ2 + κ2 cos2 θ0

)
]Lθ0

=σ(t)Lθ0 .

This means (B)-(4) and (B)-(3) are equivalent.
(C) By straightforward calculations, we have

∂Dθ

∂t
=αT + u

[κ sin θ(τ2 + κ2 cos2 θ) + cos θ(κτ̇ − κ̇τ)](κ cos θT + τ sin θN − τ cos θB)
(τ2 + κ2 cos2 θ)

3
2

,

∂Dθ

∂u
=

τT − κ sin θ cos θN + κ cos2 θB√
τ2 + κ2 cos2 θ

,

∂Dθ

∂θ
=u

κ2τ sin θ cos θT + (κτ2 sin2 θ − κτ2 cos2 θ − κ3 cos4 θ)N − (κ3 sin θ cos3 θ + 2κτ2 sin θ cos θ)B
(τ2 + κ2 cos2 θ)

3
2

.

The above three vectors are linearly dependent at the singularities of Dθ . So that we can
obtain these singularities if

uκ cos θ[u(κ sin θ(τ2 + κ2 cos2 θ) + cos θ(κτ̇ − κ̇τ)) + ακ cos θ
√

τ2 + κ2 cos2 θ]

(τ2 + κ2 cos2 θ)
3
2

= 0.

It follows that cos θ = 0 or u = 0 or
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u[κ(t) sin θ(τ2(t) + κ2(t) cos2 θ) + cos θ(κ(t)τ̇(t)− κ̇(t)τ(t))] + α(t)κ(t) cos θ
√

τ2(t) + κ2(t) cos2 θ = 0.

Therefore (C) holds.

Next, we show the relationships between the above two invariants and the singularities
of one-parameter developable surfaces, as follows.

Theorem 2. Let γ : I → R3 be a Frenet type framed base curve. Then we have the following:

(1) (t0, u0) is a regular point of Dθ0 if and only if

α(t0)κ(t0) cos θ0√
τ2(t0) + κ2(t0) cos2 θ0

+ u0δ(t0) 6= 0.

(2) Suppose (t0, u0) is a singular point of Dθ0 , then Dθ0 is locally diffeomorphic to the cuspidal
edge C×R at (t0, u0) if

(i) δ(t0) 6= 0, σ(t0) 6= 0 and

u0 = − α(t0)κ(t0) cos θ0

δ(t0)
√

τ2(t0) + κ2(t0) cos2 θ0
,

or

(ii) δ(t0) = α(t0) cos θ0 = 0, δ̇(t0) 6= 0 and

u0 6=
−((α̇κ)(t0) cos θ0 − (ακτ)(t0) sin θ0)

√
τ2(t0) + κ2(t0) cos θ0

(2κττ̇)(t0) sin θ0 + (κ̇τ2)(t0) sin θ0 + (3κ2κ̇)(t0) sin θ0 cos2 θ0 + (κτ̈)(t0) cos θ0 − (τκ̈)(t0) cos θ0
,

or

(iii) δ(t0) = α(t0) cos θ0 = δ̇(t0) = 0 and

α̇(t0) cos θ0 − α(t0)τ(t0) sin θ0 = 0.

(3) Suppose (t0, u0) is a singular point of Dθ0 , then Dθ0 is locally diffeomorphic to the swallowtail
SW at (t0, u0) if δ(t0) 6= 0, σ(t0) = 0, σ̇(t0) 6= 0 and

u0 = − α(t0)κ(t0) cos θ0

δ(t0)
√

τ2(t0) + κ2(t0) cos2 θ0
.

Here C = {(x1, x2, x3)|x2
1 = x3

2} is the cusp (see Figure 1), C × R is the cuspidal edge (see
Figure 2), SW = {(x1, x2, x3)|x1 = 3u4 + u2v, x2 = 4u3 + 2uv, x3 = v} is the swallowtail (see
Figure 3).

Figure 1. Cusp.
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Figure 2. Cuspidal edge.

Figure 3. Swallowtail.

4. One-Parameter Support Functions

For a Frenet type framed base curve γ : I → R3, we define a function

G : I × [0,
π

2
]×R3 → R

by G(t, θ, x) =
(

x− γ(t)
)
·
(

cos θN (t) + sin θB(t)
)
. We call G a one-parameter support func-

tion of γ with respect to the unit normal vector cos θN (t) + sin θB(t). We write gθ0,x0(t) =
G(t, θ0, x0) for any (θ0, x0) ∈ [0, π

2 ]×R3. Then we have the following proposition.

Proposition 2. Let γ : I → R3 be a Frenet type framed base curve and gθ0,x0(t) = G(t, θ0, x0)
the one-parameter support functions. Then the following assertions hold.

(1) gθ0,x0(t0) = 0 if and only if there exist u, v ∈ R such that

x0 − γ(t0) = uT (t0) + v
(

sin θ0N (t0)− cos θ0B(t0)
)
.

(2) gθ0,x0(t0) = ġθ0,x0(t0) = 0 if and only if there exists u ∈ R such that

x0 − γ(t0) = u
τ(t0)T (t0)− κ(t0) sin θ0 cos θ0N (t0) + κ(t0) cos2 θ0B(t0)√

τ2(t0) + κ2(t0) cos2 θ0
.

(A) Suppose δ(t0) 6= 0. Then the following assertions hold.

(3) gθ0,x0(t0) = ġθ0,x0(t0) = g̈θ0,x0(t0) = 0 if and only if

x0 − γ(t0) = −
α(t0)κ(t0) cos θ0

δ(t0)
√

τ2(t0) + κ2(t0) cos2 θ0

τ(t0)T (t0)− κ(t0) sin θ0 cos θ0N (t0) + κ(t0) cos2 θ0B(t0)√
τ2(t0) + κ2(t0) cos2 θ0

.

(4) gθ0,x0(t0) = ġθ0,x0(t0) = g̈θ0,x0(t0) = g(3)θ0,x0
(t0) = 0 if and only if σ(t0) = 0 and

x0 − γ(t0) = −
α(t0)κ(t0) cos θ0

δ(t0)
√

τ2(t0) + κ2(t0) cos2 θ0

τ(t0)T (t0)− κ(t0) sin θ0 cos θ0N (t0) + κ(t0) cos2 θ0B(t0)√
τ2(t0) + κ2(t0) cos2 θ0

.

(5) gθ0,x0(t0) = ġθ0,x0(t0) = g̈θ0,x0(t0) = g(3)θ0,x0
(t0) = g(4)θ0,x0

(t0) = 0 if and only
if σ(t0) = 0, σ̇(t0) = 0
and

x0 − γ(t0) = −
α(t0)κ(t0) cos θ0

δ(t0)
√

τ2(t0) + κ2(t0) cos2 θ0

τ(t0)T (t0)− κ(t0) sin θ0 cos θ0N (t0) + κ(t0) cos2 θ0B(t0)√
τ2(t0) + κ2(t0) cos2 θ0

.
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(B) Suppose δ(t0) = 0. Then the following assertions hold.

(6) gθ0,x0(t0) = ġθ0,x0(t0) = g̈θ0,x0(t0) = 0 if and only if α(t0) cos θ0 = 0 and there
exists u ∈ R, such that

x0 − γ(t0) = u
τ(t0)T (t0)− κ(t0) sin θ0 cos θ0N (t0) + κ(t0) cos2 θ0B(t0)√

τ2(t0) + κ2(t0) cos2 θ0
.

(7) gθ0,x0(t0) = ġθ0,x0(t0) = g̈θ0,x0(t0) = g(3)θ0,x0
(t0) = 0 if and only if one of the following

holds:

(a) α(t0) cos θ0 = 0, δ̇(t0) 6= 0 and

x0 − γ(t0) =
(α̇κ cos θ0 − ακτ sin θ0)(τT − κ sin θ0 cos θ0N + κ cos2 θ0B)(t0)

κ̇τ2 sin θ0 + 3κ2κ̇ sin θ0 cos2 θ0 + 2κττ̇ sin θ0 − τκ̈ cos θ0 + κτ̈ cos θ0
.

(b) α(t0) cos θ0 = δ̇(t0) = α̇(t0)κ(t0) cos θ0 − α(t0)κ(t0)τ(t0) sin θ0 = 0 and

x0 − γ(t0) = u
τ(t0)T (t0)− κ(t0) sin θ0 cos θ0N (t0) + κ(t0) cos2 θ0B(t0)√

τ2(t0) + κ2(t0) cos2 θ0
.

Proof. Since gθ0,x0(t) =
(
x0 − γ(t)

)
·
(

cos θ0N (t) + sin θ0B(t)
)
, we have the following:

(i) ġθ0,x0 =(x0 − γ) · (−κ cos θ0T − τ sin θ0N + τ cos θ0B),
(ii) g̈θ0,x0 =ακ cos θ0 + (x0 − γ) · [(κτ sin θ0 − κ̇ cos θ0)T − (κ2 cos θ0 + τ̇ sin θ0 + τ2 cos θ0)N

+ (τ̇ cos θ0 − τ2 sin θ0)B],

(iii) g(3)θ0,x0
=2ακ̇ cos θ0 + α̇κ cos θ0 − ακτ sin θ0

+ (x0 − γ) · [(κ̇τ sin θ0 + 2κτ̇ sin θ0 − κ̈ cos θ0 + κ3 cos θ0 + κτ2 cos θ0)T
+ (κ2τ sin θ0 − 3κκ̇ cos θ0 − 3ττ̇ cos θ0 + τ3 sin θ0 − τ̈ sin θ0)N
+ (τ̈ cos θ0 − 3ττ̇ sin θ0 − κ2τ cos θ0 − τ3 cos θ0)B],

(iv) g(4)θ0,x0
=3ακ̈ cos θ0 + 3α̇κ̇ cos θ0 + α̈κ cos θ0 − 2ακ̇τ sin θ0

− 3ακτ̇ sin θ0 − α̇κτ sin θ0 − ακ3 cos θ0 − ακτ2 cos θ0

+ (x0 − γ) · [(κ̈τ sin θ0 + 3κ̇τ̇ sin θ0 −
...
κ cos θ0 + κ̇τ2 cos θ0 + 3κτ̈ sin θ0

+ 6κ2κ̇ cos θ0 + 5κττ̇ cos θ0 − κ3τ sin θ0 − κτ3 sin θ0)T
+ (3κκ̇τ sin θ0 + 3κ2τ̇ sin θ0 − 4κκ̈ cos θ0 + κ4 cos θ0 + 2κ2τ2 cos θ0 −

...
τ sin θ0

− 3(κ̇)2 cos θ0 − 4ττ̈ cos θ0 − 3(τ̇)2 cos θ0 + 6τ2τ̇ sin θ0 + τ4 cos θ0)N
+ (

...
τ cos θ0 − 4ττ̈ sin θ0 − 3(τ̇)2 sin θ0 − 5κκ̇τ cos θ0 − κ2τ̇ cos θ0

− 6τ2τ̇ cos θ0 + κ2τ2 sin θ0 + τ4 sin θ0)B].

By the definition, gθ0,x0(t0) = 0 if there exist u, a, b ∈ R, such that

x0 − γ(t0) = uT (t0) + aN (t0) + bB(t0)

and a cos θ0 + b sin θ0 = 0. So that there exists v ∈ R, such that a = v sin θ0 and b =
−v cos θ0, then we have

x0 − γ(t0) = uT (t0) + v
(

sin θ0N (t0)− cos θ0B(t0)
)
.

Therefore (1) holds.
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By (i), gθ0,x0(t0) = ġθ0,x0(t0) = 0 if and only if

x0 − γ(t0) = uT (t0) + v
(

sin θ0N (t0)− cos θ0B(t0)
)

and uκ cos θ0 + vτ = 0. Since κ 6= 0 and κ2 cos θ2
0 + τ2 6= 0, so that there exists u ∈ R,

such that

x0 − γ(t0) = u
τ(t0)T (t0)− κ(t0) sin θ0 cos θ0N (t0) + κ(t0) cos2 θ0B(t0)√

τ2(t0) + κ2(t0) cos2 θ0
.

Therefore (2) holds.
By (ii), gθ0,x0(t0) = ġθ0,x0(t0) = g̈θ0,x0(t0) = 0 if and only if there exists u ∈ R, such

that

x0 − γ(t0) = u
τ(t0)T (t0)− κ(t0) sin θ0 cos θ0N (t0) + κ(t0) cos2 θ0B(t0)√

τ2(t0) + κ2(t0) cos2 θ0

and

α(t0)κ(t0) cos θ0 + u
κ(t0) sin θ0(τ

2(t0) + κ2(t0) cos2 θ0) + cos θ0(κ(t0)τ̇(t0)− κ̇(t0)τ(t0))√
τ2(t0) + κ2(t0) cos2 θ0

= 0.

It follows

α(t0)κ(t0) cos θ0 + uδ(t0)
√

τ2(t0) + κ2(t0) cos2 θ0 = 0.

Thus

δ(t0) =
κ(t0) sin θ0(τ

2(t0) + κ2(t0) cos2 θ0) + cos θ0(κ(t0)τ̇(t0)− κ̇(t0)τ(t0))

τ2(t0) + κ2(t0) cos2 θ0
6= 0

and

u = − α(t0)κ(t0) cos θ0

δ(t0)
√

τ2(t0) + κ2(t0) cos2 θ0
,

or δ(t0) = 0 and α(t0) cos θ0 = 0. This completes the proof of (A)-(3) and (B)-(6).
If δ(t0) 6= 0, by (iii), we have

gθ0,x0(t0) = ġθ0,x0(t0) = g̈θ0,x0(t0) = g(3)θ0,x0
(t0) = 0

if and only if

x0 − γ(t0) = −
α(t0)κ(t0) cos θ0

δ(t0)
√

τ2(t0) + κ2(t0) cos2 θ0

τ(t0)T (t0)− κ(t0) sin θ0 cos θ0N (t0) + κ(t0) cos2 θ0B(t0)√
τ2(s0) + κ2(s0) cos2 θ0

and[
2ακ̇ cos θ0 + α̇κ cos θ0 − ακτ sin θ0 −

ακ cos θ0

δ(τ2 + κ2 cos2 θ0)
(κ̇τ2 sin θ0 + 3κ2κ̇ sin θ0 cos2 θ0 + 2κττ̇ sin θ0

− τκ̈ cos θ0 + κτ̈ cos θ0)
]
(t0) = 0.

We denote σ(t0) as following:

σ(t0) =−
√

τ2 + κ2 cos2 θ0
[
2ακ̇ cos θ0 + α̇κ cos θ0 − ακτ sin θ0 −

ακ cos θ0

δ(τ2 + κ2 cos2 θ0)
(κ̇τ2 sin θ0

+ 3κ2κ̇ sin θ0 cos2 θ0 + 2κττ̇ sin θ0 − τκ̈ cos θ0 + κτ̈ cos θ0)
]
(t0).
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Therefore σ(t0) = 0, we have (A)-(4). By the similar arguments to the above, we have
(A)-(5).

If δ(t0) = 0, by (iii),

gθ0,x0(t0) = ġθ0,x0(t0) = g̈θ0,x0(t0) = g(3)θ0,x0
(t0) = 0

if and only if α(t0) cos θ0 = 0 and there exists u ∈ R, such that

[(α̇κ cos θ0 − ακτ sin θ0)
√

τ2 + κ2 cos θ0 + u(κ̇τ2 sin θ0 + 3κ2κ̇ sin θ0 cos2 θ0

+ 2κττ̇ sin θ0 − τκ̈ cos θ0 + κτ̈ cos θ0)](t0) = 0.

It means that

(κ̇τ2 sin θ0 + 3κ2κ̇ sin θ0 cos2 θ0 + 2κττ̇ sin θ0 − τκ̈ cos θ0 + κτ̈ cos θ0)(t0) 6= 0

and

u =
(α̇κ cos θ0 − ακτ sin θ0)

√
τ2 + κ2 cos θ0

κ̇τ2 sin θ0 + 3κ2κ̇ sin θ0 cos2 θ0 + 2κττ̇ sin θ0 − τκ̈ cos θ0 + κτ̈ cos θ0
(t0),

or

(κ̇τ2 sin θ0 + 3κ2κ̇ sin θ0 cos2 θ0 + 2κττ̇ sin θ0 − τκ̈ cos θ0 + κτ̈ cos θ0)(t0) = 0,

δ̇(t0) = 0 and (α̇κ cos θ0 − ακτ sin θ0)(t0) = 0. Therefore, we have (B)-(7). This completes
the proof.

5. Unfolding of Functions

We classify the singularities of one-parameter developable surfaces by using the
unfolding theory of functions in this section .

Let F : (R×Rr, (t0, x0))→ R be a function germ and f (t) = Fx0(t, x0), then F is called
an r-parameter unfolding of f . We say that f has Ak-singularity at t0 if f (p)(t0) = 0 for all
1 ≤ p ≤ k and f (k+1)(t0) 6= 0. We also say that f has A≥k-singularity at t0 if f (p)(t0) = 0
for all 1 ≤ p ≤ k. If f has Ak-singularity (k ≥ 1) at t0 and F is an r-parameter unfolding of
f , the (k− 1)-jet of the partial derivative ∂F/∂xi at t0 is defined by

j(k−1) ∂F
∂xi

(t, x0)(t0) =
k+1

∑
j=1

αji(t− t0)
j, (i = 1, . . . , r).

We call F an R-versal un f olding of f if the rank of k× r matrix (α0i, αji) is k (k ≤ r), where
α0i =

∂F
∂xi

(t0, x0). The discriminant set of F is defined to be

DF = {x ∈ Rr | ∃ t ∈ R, F(t, x) =
∂F
∂t

(t, x) = 0}.

There is the following classification theorem in [29].

Theorem 3. Let F : (R× Rr, (t0, x0)) → R be an r-parameter unfolding of f which has Ak-
singularity at t0. Suppose F is an R-versal unfolding of f . Then DF is locally diffeomorphic to
C×Rr−2 if k = 2; DF is locally diffeomorphic to SW ×Rr−3 if k = 3.

By Proposition 2, the discriminant set of the one-parameter support functions G(t, θ, x) is

DG =

{
γ(t) + u

τ(t)T (t)− κ(t) sin θ cos θN (t) + κ(t) cos2 θB(t)√
τ2(t) + κ2(t) cos2 θ

|t, u ∈ R, θ ∈ [0,
π

2
]

}
.
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We have the following proposition for the proof of Theorem 2.

Proposition 3. Let γ : I → R3 be a Frenet type framed base curve. If gθ0,x0 has the Ak-singularity
(k = 2, 3) at t0, then G is an R-versal unfolding of gθ0,x0 . Here, we assume δ(t0) 6= 0 for k = 3.

Proof. We write x = (x1, x2, x3), γ(t) =
(
γ1(t), γ2(t), γ3(t)

)
and cos θ0N (t)+ sin θ0B(t) =(

l1(t), l2(t), l3(t)
)
. Then we have

G(t, θ0, x) = l1(t)
(
x1 − γ1(t)

)
+ l2(t)

(
x2 − γ2(t)

)
+ l3(t)

(
x3 − γ3(t)

)
and

∂G
∂xi

(t, x) = li(t), (i = 1, 2, 3).

Therefore the 2-jet is as following:

j2
∂G
∂xi

(t0, x0) = li(t0) + l̇i(t0)(t− t0) +
1
2

l̈i(t0)(t− t0)
2.

We consider the following 3× 3 matrix:

A =

 l1(t0) l2(t0) l3(t0)
l̇1(t0) l̇2(t0) l̇3(t0)
l̈1(t0) l̈2(t0) l̈3(t0)

 =

 cos θ0N (t0) + sin θ0B(t0)
cos θ0Ṅ (t0) + sin θ0Ḃ(t0)
cos θ0N̈ (t0) + sin θ0B̈(t0)

.

By the Frenet type formula, we have

cos θ0Ṅ (t0) + sin θ0Ḃ(t0) =− κ(t0) cos θ0T (t0)− τ(t0) sin θ0N (t0) + τ(t0) cos θ0B(t0),

cos θ0N̈ (t0) + sin θ0B̈(t0) =
(
κ(t0)τ(t0) sin θ0 − κ̇(t0) cos θ0

)
T (t0)−

[
(κ2(t0) + τ2(t0)) cos θ0

+ τ̇(t0) sin θ0
]
N (t0) +

(
τ̇(t0) cos θ0 − τ2(t0) sin θ0

)
B(t0).

Since {T (t0),N (t0),B(t0)} is an orthonormal basis of R3, then the rank of

A =

 cos θ0N (t0) + sin θ0B(t0)
cos θ0Ṅ (t0) + sin θ0Ḃ(t0)
cos θ0N̈ (t0) + sin θ0B̈(t0)


is equal to the rank of 0 cos θ0 sin θ0

−κ(t0) cos θ0 −τ(t0) sin θ0 τ(t0) cos θ0
κ(t0)τ(t0) sin θ0 − κ̇(t0) cos θ0 −(κ2(t0) + τ2(t0)) cos θ0 − τ̇(t0) sin θ0 τ̇(t0) cos θ0 − τ2(t0) sin θ0

.

It means rank A = 3 if and only if

κ(t0) sin θ0(τ
2(t0) + κ2(t0) cos2 θ0) + cos θ0(κ(t0)τ̇(t0)− κ̇(t0)τ(t0)) 6= 0.

The above inequality is equivalent to the condition δ(t0) 6= 0. Moreover, the rank of(
cos θ0N (t0) + sin θ0B(t0)
cos θ0Ṅ (t0) + sin θ0Ḃ(t0)

)
=(

cos θ0N (t0) + sin θ0B(t0)
−κ(t0) cos θ0T (t0)− τ(t0) sin θ0N (t0) + τ(t0) cos θ0B(t0)

)
is always two under the condition κ2(t0) cos2 θ0 + τ2(t0) 6= 0.

Then G is an R-versal unfolding of gθ0,x0 if gθ0,x0 has Ak-singularity (k = 2, 3) at t0.
This completes the proof.
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Proof of Theorem 2. By straightforward calculations, we have

∂Dθ0

∂t
(t, u)×

∂Dθ0

∂u
(t, u) = −

(
α(t)κ(t) cos θ0√

τ2(t) + κ2(t) cos2 θ0
+ uδ(t)

)
(cos θ0N (t) + sin θ0B(t)).

Then (t0, u0) is a regular point of Dθ0 if and only if

α(t0)κ(t0) cos θ0√
τ2(t0) + κ2(t0) cos2 θ0

+ u0δ(t0) 6= 0.

The assertion (1) holds.
By Proposition 2-(2), the image of one-parameter developable surfaces of γ is the

discriminant set DG of the one-parameter support functions G.
If δ(t0) 6= 0, by Proposition 2-(A)-(3), (4) and (5), gθ0,x0 has the A2-type singularity

(respectively, the A3-type singularity) at t = t0 if and only if

u0 = − α(t0)κ(t0) cos θ0

δ(t0)
√

τ2(t0) + κ2(t0) cos2 θ0
(∗)

and σ(t0) 6= 0 (respectively, (∗), σ(t0) = 0 and σ̇(t0) 6= 0). It follows from Theorem 3 and
Proposition 3 that assertions (2)-(i) and (3) hold.

If δ(t0) = 0, by Proposition 2-(B)-(6) and (7), gθ0,x0 has the A2-type singularity if and
only if α(t0) cos θ0 = 0 and

u0 6=
(α̇κ cos θ0 − ακτ sin θ0)

√
τ2 + κ2 cos θ0

κ̇τ2 sin θ0 + 3κ2κ̇ sin θ0 cos2 θ0 + 2κττ̇ sin θ0 − τκ̈ cos θ0 + κτ̈ cos θ0
(t0).

It follows from Theorem 3 and Proposition 3 that assertion (2)-(ii) holds. This completes
the proof.

6. Example

In this section, we define a Frenet type framed base curve that has a singular point,
and consider the one-parameter developable surfaces associated with this curve. We study
two sections of the one-parameter developable surfaces of the base curve. They are the
rectifying developable surface and tangent developable surface. These two developable
surfaces can also be seen as the wavefronts of the base curve.

Let γ(t) = ( 1
2 t2, 1

3 t3, 1
5 t5) be a Frenet type framed base curve with a singular point.

Then we have α(t) = t
√

1 + t2 + t6 and

T (t) = 1√
1 + t2 + t6

(1, t, t3),

N (t) =
1√

(1 + t2 + t6)(1 + 9t4 + 4t6)
(−t− 3t5, 1− 2t6, t2(3 + 2t2)),

B(t) = 1√
1 + 9t4 + 4t6

(2t3,−3t2, 1).

We can calculate that

κ(t) =

√
1 + 9t4 + 4t6

1 + t2 + t6 , τ(t) =
6t
√

1 + t2 + t6

1 + 9t4 + 4t6 .

Since α(0) = 0, so that t = 0 is a singular point of γ. We also have δ(0) = 6 and σ(0) = 1
6 .

The tangent developable surface of γ is as follows:

D π
2
(t, u) =

( t2

2
+

u√
1 + t2 + t6

,
t3

3
+

ut√
1 + t2 + t6

,
t5

5
+

ut3
√

1 + t2 + t6

)
.
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By Theorem 2, the tangent developable surface D π
2
(t, u) is locally diffeomorphic to the

cuspidal edge at u = 0 (Figure 4).
The expression of the rectifying developable surface is as follows:

D0(t, u) = (
1
2

t2,
1
3

t3,
1
5

t5) +
u√

36t2(1 + t2 + t6)3 + (1 + 9t4 + 4t6)3

(
(1 + 9t4 + 4t6)(2t3,−3t2, 1)

+ (1 + t2 + t6)(1, t, t3)
)
.

By Theorem 2, the rectifying developable surface D0(t, u) has cuspidal edge singularities at
(0, 0) (Figure 5).

Figure 4. γ and the tangent developable surface D π
2
(t, u).

Figure 5. γ and the rectifying developable surface D0(t, u).
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15. Yang, Z.C.; Li, Y.L.; Erdoǧdub, M.; Zhu, Y.S. Evolving evolutoids and pedaloids from viewpoints of envelope and singularity

theory in Minkowski plane. J. Geom. Phys. 2022, 104513, 104513. [CrossRef]
16. Li, Y.L.; Wang, Z.G. Lightlike tangent developables in de Sitter 3-space. J. Geom. Phys. 2021, 164, 104188. [CrossRef]
17. Li, Y.L.; Liu, S.Y.; Wang, Z.G. Tangent developables and Darboux developables of framed curves. Topol. Appl. 2021, 301, 107526.

[CrossRef]
18. Li, Y.L.; Ganguly, D.; Dey, S.; Bhattacharyya, A. Conformal η-Ricci solitons within the framework of indefinite Kenmotsu

manifolds. AIMS Math. 2022, 7, 5408–5430. [CrossRef]
19. Li, Y.L.; Wang, Z.G.; Zhao, T.H. Geometric Algebra of Singular Ruled Surfaces. Adv. Appl. Clifford Algebr. 2021, 31, 19. [CrossRef]
20. Li, Y.L.; Zhu, Y.S.; Sun, Q.Y. Singularities and dualities of pedal curves in pseudo-hyperbolic and de Sitter space. Int. J. Geom.

Methods Mod. Phys. 2021, 18, 2150008. [CrossRef]
21. Li, Y.L.; Lone, M.A.; Wani, U.A. Biharmonic submanifolds of Kähler product manifolds. AIMS Math. 2021, 6, 9309–9321.

[CrossRef]
22. Li, Y.L.; Alkhaldi, A.H.; Ali, A.; Laurian-Ioan, P. On the Topology of Warped Product Pointwise Semi-Slant Submanifolds with

Positive Curvature. Mathematics 2021, 9, 3156. [CrossRef]
23. Li, Y.L.; Ali, A.; Mofarreh, F.; Alluhaibi, N. Homology groups in warped product submanifolds in hyperbolic spaces. J. Math.

2021, 2021, 8554738. [CrossRef]
24. Li, Y.L.; Ali, A.; Ali, R. A general inequality for CR-warped products in generalized Sasakian space form and its applications. Adv.

Math. Phys. 2021, 2021, 5777554. [CrossRef]
25. Li, Y.L.; Ali, A.; Mofarreh, F.; Abolarinwa, A.; Ali, R. Some eigenvalues estimate for the φ-Laplace operator on slant submanifolds

of Sasakian space forms. J. Funct. Space 2021, 2021, 6195939.
26. Li, Y.L.; Dey, S.; Pahan, S.; Ali, A. Geometry of conformal η-Ricci solitons and conformal η-Ricci almost solitons on Paracontact

geometry. Open Math. 2022, 20, 1–20. [CrossRef]
27. Li, Y.L.; Abolarinwa, A.; Azami, S.; Ali, A. Yamabe constant evolution and monotonicity along the conformal Ricci flow. AIMS

Math. 2022, 7, 12077–12090. [CrossRef]
28. Zhao, Q.M.; Pei, D.H.; Wang, Y.Q. Singularities for One-Parameter Developable Surfaces of Curves. Symmetry 2019, 11, 108.

[CrossRef]
29. Bruce, J.W.; Giblin, P.J. Curves and Singularities; Cambridge University Press: Cambridge, UK, 1992.

http://doi.org/10.1016/j.cad.2019.05.001
http://dx.doi.org/10.1016/j.cagd.2020.101863
http://dx.doi.org/10.1112/S0024610700001095
http://dx.doi.org/10.4064/-50-1-137-149
http://dx.doi.org/10.1016/S0167-8396(99)00012-6
http://dx.doi.org/10.1111/j.1467-8659.2012.03162.x
http://dx.doi.org/10.1145/2832906
http://dx.doi.org/10.1111/j.1467-8659.2007.01059.x
http://dx.doi.org/10.1002/mma.3242
http://dx.doi.org/10.22436/jnsa.008.05.02
http://dx.doi.org/10.1002/mma.4519
http://dx.doi.org/10.1155/2016/2319741
http://dx.doi.org/10.1016/j.geomphys.2022.104513
http://dx.doi.org/10.1016/j.geomphys.2021.104188
http://dx.doi.org/10.1016/j.topol.2020.107526
http://dx.doi.org/10.3934/math.2022300
http://dx.doi.org/10.1007/s00006-020-01097-1
http://dx.doi.org/10.1142/S0219887821500080
http://dx.doi.org/10.3934/math.2021541
http://dx.doi.org/10.3390/math9243156
http://dx.doi.org/10.1155/2021/8554738
http://dx.doi.org/10.1155/2021/5777554
http://dx.doi.org/10.1515/math-2022-0443
http://dx.doi.org/10.3934/math.2022671
http://dx.doi.org/10.3390/sym11010108

	Introduction
	Basic Notions
	One-Parameter Developable Surfaces
	One-Parameter Support Functions
	Unfolding of Functions
	Example
	References

